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1. �°®¨§¢®¤ ¿ ´³ª¶¨¨�³±²¼ ´³ª¶¨¿ y = f(x) ®¯°¥¤¥«¥    ¯°®¬¥¦³²ª¥ �. �®§¼¬¥¬ x 2 X.� ¤¨¬ § ·¥¨¾ x ¯°¨° ¹¥¨¥ �x 6= 0, ²®£¤  ´³ª¶¨¿ y(x) ¯®«³·¨²¯°¨° ¹¥¨¥ �y = f(x+�x)� f(x).�¯°¥¤¥«¥¨¥. �°®¨§¢®¤®© ´³ª¶¨¨ y = f(x)  §»¢ ¥²±¿ ¯°¥-¤¥« ®²®¸¥¨¿ ¯°¨° ¹¥¨¿ ´³ª¶¨¨ �y ª ¯°¨° ¹¥¨¾ ¥§ ¢¨±¨¬®© ¯¥-°¥¬¥®© �x ¯°¨ ±²°¥¬«¥¨¨ ¯®±«¥¤¥£® ª ³«¾ (¥±«¨ ½²®² ¯°¥¤¥« ±³-¹¥±²¢³¥²):y0 = lim�x!0 �y�x = lim�x!0 f(x+�x)� f(x)�x � f 0(x) � dydx:� µ®¦¤¥¨¥ ¯°®¨§¢®¤®© ´³ª¶¨¨  §»¢ ¥²±¿ ¤¨´´¥°¥¶¨°®¢ ¨¥¬½²®© ´³ª¶¨¨.�±«¨ ´³ª¶¨¿ ¢ ²®·ª¥ x ¨¬¥¥² ª®¥·³¾ ¯°®¨§¢®¤³¾, ²® ´³ª¶¨¿ §»¢ ¥²±¿ ¤¨´´¥°¥¶¨°³¥¬®© ¢ ½²®© ²®·ª¥.�³ª¶¨¿, ¤¨´´¥°¥¶¨°³¥¬ ¿ ¢® ¢±¥µ ²®·ª µ ¯°®¬¥¦³²ª  �  §»¢ -¥²±¿ ¤¨´´¥°¥¶¨°³¥¬®©   ½²®¬ ¯°®¬¥¦³²ª¥.1.1. �µ¥¬  ¢»·¨±«¥¨¿ ¯°®¨§¢®¤®©�°®¨§¢®¤ ¿ ´³ª¶¨¨ y = f(x) ¬®¦¥² ¡»²¼  ©¤¥  ¯® ±«¥¤³¾¹¥© ±µ¥-¬¥:1. � ¤¨¬  °£³¬¥²³ x ¯°¨° ¹¥¨¥ �x 6= 0 ¨  µ®¤¨¬ ¯°¨° ¹¥¨¥´³ª¶¨¨ �y = f(x+�x)� f(x).2. �®±² ¢«¿¥¬ ®²®¸¥¨¥ �y�x.3. � µ®¤¨¬ ¯°¥¤¥« lim�x!0 f(x+�x)� f(x)�x = y0(¥±«¨ ® ±³¹¥±²¢³¥²).�°¨¬¥°. � ©²¨ ¯°®¨§¢®¤³¾ ´³ª¶¨¨ y(x) = x2.�y = (x+�x)2 � x2 = 2x�x+ (�x)2:lim�x!0 (2x+�x)�x�x = 2x:3



1.2. �¥®¬¥²°¨·¥±ª¨© ±¬»±« ¯°®¨§¢®¤®©�¯°¥¤¥«¥¨¥ ª ± ²¥«¼®©. � ¬¥²¨¬, ·²® ª ± ²¥«¼³¾ ª ª°¨¢®© y =f(x) ¥«¼§¿ ®¯°¥¤¥«¨²¼ ª ª ¯°¿¬³¾, ¨¬¥¾¹³¾ ± ª°¨¢®© ®¤³ ®¡¹³¾²®·ª³, ² ª ª ª ¢ ½²®¬ ±«³· ¥ «¾¡³¾ ¯°¿¬³¾, ¯¥°¥±¥ª ¾¹³¾ ª°¨¢³¾y = f(x), ¬®¦® ¡»«® ¡»  §¢ ²¼ ª ± ²¥«¼®©.� ¤¨¬  °£³¬¥²³ x0 ¯°¨° ¹¥¨¥ �x ¨ ° ±±¬®²°¨¬ ¤¢¥ ²®·ª¨   ª°¨-¢®© M0 = fx0; f(x0)g ¨ M1 = fx0 +�x; f(x0 +�x)g (±¬. °¨±. 1).
�¨±. 1.�°®¢¥¤¥¬ ±¥ª³¹³¾M1M0. �®¤ ª ± ²¥«¼®© ª ª°¨¢®© y = f(x) ¢ ²®·ª¥M0 ¯®¨¬ ¥²±¿ ¯°¥¤¥«¼®¥ ¯®«®¦¥¨¥ ±¥ª³¹¥©M0M1, ¯°¨ ¯°¨¡«¨¦¥¨¨²®·ª¨ M1 ª ²®·ª¥ M0, ²® ¥±²¼ ¯°¨ �x! 0.�° ¢¥¨¥ ª ± ²¥«¼®© ª ª°¨¢®© y = f(x) ¢ ²®·ª¥ x0:y � f(x0) = f 0(x0)(x� x0):�²±¾¤  ±«¥¤³¥² £¥®¬¥²°¨·¥±ª¨© ±¬»±« ¯°®¨§¢®¤®©: ¯°®¨§¢®¤- ¿ f 0(x0) ¥±²¼ ³£«®¢®© ª®½´´¨¶¨¥² (² £¥± ³£«   ª«® ) ª ± -²¥«¼®©, ¯°®¢¥¤¥®© ª ª°¨¢®© y = f(x) ¢ ²®·ª¥ x0), ².¥. k = f 0(x0).1.3. �¥µ ¨·¥±ª¨© ±¬»±« ¯°®¨§¢®¤®©�³±²¼ ¢¤®«¼ ¥ª®²®°®© ¯°¿¬®© ¤¢¨¦¥²±¿ ²®·ª  ¯® § ª®³ s = s(t), £¤¥s { ¯°®©¤¥»© ¯³²¼, t { ¢°¥¬¿, ¨ ¥®¡µ®¤¨¬®  ©²¨ ±ª®°®±²¼ ²®·ª¨ ¢¬®¬¥² ¢°¥¬¥¨ t0. 4



�¨±. 2.� ¬®¬¥²³ ¢°¥¬¥¨ t0 ¯°®©¤¥»© ¯³²¼ ° ¢¥ s0 = s(t0),   ª ¬®¬¥²³¢°¥¬¥¨ t0 +�t { ¯³²¼ s0 +�s = s(t0 +�t) (±¬. °¨±. 2).�®£¤  §  ¯°®¬¥¦³²®ª �t ±°¥¤¿¿ ±ª®°®±²¼ ¡³¤¥²vmean = s(t+�t)� s(t)�t :�·¥¢¨¤®, ·²® ·¥¬ ¬¥¼¸¥ �t, ²¥¬ «³·¸¥ ±°¥¤¿¿ ±ª®°®±²¼ vmiddle µ ° ª-²¥°¨§³¥² ¤¢¨¦¥¨¥ ²®·ª¨ ¢ ¬®¬¥² ¢°¥¬¥¨ t0. �®½²®¬³ ¯®¤ ±ª®°®±²¼¾²®·ª¨ ¢ ¬®¬¥² ¢°¥¬¥¨ t0 ±«¥¤³¥² ¯®¨¬ ²¼ ¯°¥¤¥« ±°¥¤¥© ±ª®°®±²¨§  ¯°®¬¥¦³²®ª ¢°¥¬¥¨ ®² t0 ¤® t0 +�t, ª®£¤  �t! 0v = lim�t!0 vmean = lim�t!0 �s�t :�²±¾¤  ±«¥¤³¥²¬¥µ ¨·¥±ª¨© ±¬»±« ¯°®¨§¢®¤®©: ¯°®¨§¢®¤ ¿¯³²¨ ¯® ¢°¥¬¥¨ s0(t0) ¥±²¼ ±ª®°®±²¼ ²®·ª¨ ¢ ¬®¬¥² ¢°¥¬¥¨ t0:v(t0) = s0(t0).2. �¨´´¥°¥¶¨°³¥¬®±²¼ ´³ª¶¨¨, ¥¥ ±¢¿§¼± ¥¯°¥°»¢®±²¼¾�¥®°¥¬ . �±«¨ ´³ª¶¨¿ y = f(x) ¤¨´´¥°¥¶¨°³¥¬  ¢ ²®·ª¥ x0, ²® ® ¢ ½²®© ²®·ª¥ ¥¯°¥°»¢ .�® ³±«®¢¨¾ ´³ª¶¨¿ y = f(x) ¤¨´´¥°¥¶¨°³¥¬  ¢ ²®·ª¥ x0, ².¥. ±³-¹¥±²¢³¥² ª®¥·»© ¯°¥¤¥« lim�x!0 �y�x = f 0(x0);£¤¥ f 0(x0) { ¯®±²®¿ ¿ ¢¥«¨·¨ , ¥ § ¢¨±¿¹ ¿ ®² �x.5



�®£¤    ®±®¢ ¨¨ ²¥®°¥¬» ® ±¢¿§¨ ¡¥±ª®¥·® ¬ «»µ ± ¯°¥¤¥« ¬¨´³ª¶¨© ¬®¦® § ¯¨± ²¼�y�x = f 0(x0) + �(�x);£¤¥ �(�x) { ¡¥±ª®¥·® ¬ « ¿ ¢¥«¨·¨  ¯°¨ �x! 0 ¨«¨�y = f 0(x0)�x+ �(�x)�x:�°¨ �x ! 0   ®±®¢ ¨¨ ±¢®©±²¢ ¡¥±ª®¥·® ¬ «»µ  µ®¤¨¬, ·²®�y! 0 ¨, ±«¥¤®¢ ²¥«¼®, ¯® ®¯°¥¤¥«¥¨¾ 2 ¥¯°¥°»¢®© ´³ª¶¨¨ ´³ª-¶¨¿ y = f(x) ¢ ²®·ª¥ x0 ¿¢«¿¥²±¿ ¥¯°¥°»¢®©.�¡° ² ¿ ²¥®°¥¬ , ¢®®¡¹¥ £®¢®°¿, ¥¢¥° , ².¥. ¥±«¨ ´³ª¶¨© ¥¯°¥-°»¢  ¢ ¤ ®© ²®·ª¥, ²® ®  ¥ ®¡¿§ ²¥«¼® ¤¨´´¥°¥¶¨°³¥¬  ¢ ½²®©²®·ª¥. � ª,  ¯°¨¬¥°, ´³ª¶¨¿ y = jxj ¥¯°¥°»¢  ¢ ²®·ª¥ x = 0, ® ¥¨¬¥¥² ¯°®¨§¢®¤®© ¢ ½²®© ²®·ª¥.� ª¨¬ ®¡° §®¬, ¥¯°¥°»¢®±²¼ ´³ª¶¨¨ { ¥®¡µ®¤¨¬®¥ ³±«®¢¨¥, ®¥ ¤®±² ²®·®¥ ³±«®¢¨¥ ¤¨´´¥°¥¶¨°³¥¬®±²¨ ´³ª¶¨¨. �°®¨§¢®¤ ¿¥¯°¥°»¢®© ´³ª¶¨¨ ¥ ®¡¿§ ²¥«¼® ¥¯°¥°»¢ .�±«¨ ´³ª¶¨¿ ¨¬¥¥² ¥¯°¥°»¢³¾ ¯°®¨§¢®¤³¾   ¯°®¬¥¦³²ª¥ �,²®£¤  ®   §»¢ ¥²±¿ £« ¤ª®©   ½²®¬ ¯°®¬¥¦³²ª¥. �±«¨ ¯°®¨§¢®¤ ¿´³ª¶¨¨ ¨¬¥¥² ª®¥·®¥ ·¨±«® ²®·¥ª ° §°»¢  (¯¥°¢®£® °®¤ ) ²® ² ª ¿´³ª¶¨¿  §»¢ ¥²±¿ ª³±®·® £« ¤ª®©.�« ±±¨·¥±ª¨¬ ¯°¨¬¥°®¬ ª³±®·® £« ¤ª®© ´³ª¶¨¥© ¿¢«¿¥²±¿ ´³ª-¶¨¿, § ¤  ¿ ² ¡«¨¶¥© § ·¥¨©, ¬¥¦¤³ ª®²®°»¬¨ ¯°®¢¥¤¥» ¯°¿¬»¥(¯°¨¬¥°, · ±²® ¢±²°¥· ¥¬»© ¢ ²¥µ¨ª¥).3. �¢®©±²¢  ¯°®¨§¢®¤®©. �° ¢¨«  ¤¨´´¥-°¥¶¨°®¢ ¨¿1. �°®¨§¢®¤ ¿ ¯®±²®¿®© ° ¢  ³«¾C 0 = 0:2. �°®¨§¢®¤ ¿  °£³¬¥²  ° ¢  ¥¤¨¨¶¥x0 = 1:6



3. �°®¨§¢®¤ ¿ ±³¬¬» (° §®±²¨) ¤¢³µ ´³ª¶¨© ° ¢  ±³¬¬¥ (° §®±²¨)¯°®¨§¢®¤»µ ½²¨µ ´³ª¶¨©(U � V )0 = U 0 � V 0:4. �°®¨§¢®¤ ¿ ¯°®¨§¢¥¤¥¨¿ ¤¢³µ ¤¨´´¥°¥¶¨°³¥¬»µ ´³ª¶¨© ®¯°¥¤¥-«¿¥²±¿ ¯® ´®°¬³«¥ (UV )0 = UV 0 + V U 0:�²±¾¤  ¢ · ±²®±²¨ ±«¥¤³¥², ·²® (CU)0 = CU 0, ²® ¥±²¼ ¯®±²®¿»©¬®¦¨²¥«¼ ¬®¦® ¢»®±¨²¼ §  § ª ¯°®¨§¢®¤®©.5. �°®¨§¢®¤ ¿ ®² · ±²®£® ¤¢³µ ´³ª¶¨© ®¯°¥¤¥«¿¥²±¿ ¯® ´®°¬³«¥�UV � = U 0V � V 0UV 2 :�®«³·¨¬,  ¯°¨¬¥°, ´®°¬³«³ ¤«¿ ¯°®¨§¢®¤®© ¯°®¨§¢¥¤¥¨¿ ¤¢³µ´³ª¶¨©. �³±²¼ ¨¬¥¾²±¿ ¤¢¥ ´³ª¶¨¨ U(x) ¨ V (x). � ¤¨¬ ¥§ ¢¨±¨¬®¬³ °£³¬¥²³ ¯°¨° ¹¥¨¥ �x. �®£¤  ´³ª¶¨¨ U(x) ¨ V (x) ¯®«³· ² ±®®²-¢¥²±²¢¥® ¯°¨° ¹¥¨¿ �U ¨ �V ,   ¯°®¨§¢¥¤¥¨¥ ´³ª¶¨© U(x)V (x)¯°¨° ¹¥¨¥ U(x +�x)V (x+�x)� U(x)V (x).�® ®¯°¥¤¥«¥¨¾ ¯°®¨§¢®¤®©(UV )0 = lim�x!0 U(x+�x)V (x+�x)� U(x)V (x)�x :�³ª¶¨¨ U(x+�x) ¨ V (x+�x) ¬®¦® ¯°¥¤±² ¢¨²¼ ¢ ¢¨¤¥U(x+�x) = U(x) + �U ;V (x+�x) = V (x) + �V ¾�®£¤  ¤«¿ ¯°®¨§¢®¤®© ¯°®¨§¢¥¤¥¨¿ ¤¢³µ ´³ª¶¨© ¯®«³· ¥¬(UV )0 = lim�x!0 U(x)V (x) + �UV (x) + �V U(x)� U(x)V (x)�x == lim�x!0 �UV (x) + �V U(x)�x = U 0V + V 0U:7



3.1. �°®¨§¢®¤ ¿ ±«®¦®© ´³ª¶¨¨�³±²¼ ¯¥°¥¬¥ ¿ y ¥±²¼ ´³ª¶¨¿ ®² ¯¥°¥¬¥®© u y = f(u),   ¯¥°¥-¬¥ ¿ u ¢ ±¢®¾ ®·¥°¥¤¼ ¥±²¼ ´³ª¶¨¿ ®² ¥§ ¢¨±¨¬®© ¯¥°¥¬¥®© xu = '(x), ².¥. § ¤   ±«®¦ ¿ ´³ª¶¨¿ y = ['(x)].�¥®°¥¬ . �±«¨ y = f(u) ¨ u = '(x) { ¤¨´´¥°¥¶¨°³¥¬»¥ ´³ª¶¨¨®² ±¢®¨µ  °£³¬¥²®¢, ²® ¯°®¨§¢®¤ ¿ ±«®¦®© ´³ª¶¨¨ ±³¹¥±²¢³¥²¨ ° ¢  ¯°®¨§¢®¤®© ¤ ®© ´³ª¶¨¨ ¯® ¯°®¬¥¦³²®·®¬³  °£³¬¥²³¨ ³¬®¦¥®©   ¯°®¨§¢®¤³¾ ± ¬®£® ¯°®¬¥¦³²®·®£®  °£³¬¥²  ¯®¥§ ¢¨±¨¬®© ¯¥°¥¬¥®© x, ².¥.y0 = f 0(u)u0:� ¤¨¬ ¥§ ¢¨±¨¬®© ¯¥°¥¬¥®© x ¯°¨° ¹¥¨¥ �x 6= 0. �®£¤  ´³ª-¶¨¨ u = '(x) ¨ y = f(u) ±®®²¢¥²±²¢¥® ¯®«³· ² ¯°¨° ¹¥¨¥ �u ¨ �y.�°¥¤¯®«®¦¨¬, ·²® �u 6= 0. �®£¤  ¢ ±¨«³ ¤¨´´¥°¥¶¨°³¥¬®±²¨ ´³ª-¶¨¨ y = f(u) ¬®¦® § ¯¨± ²¼lim�u!0 �y�u = f 0(u):�  ®±®¢ ¨¨ ²¥®°¥¬» ® ±¢¿§¨ ¡¥±ª®¥·® ¬ «»µ ± ¯°¥¤¥« ¬¨ ´³ª-¶¨© �y�u = f 0(u) + �(�u);£¤¥ �(�u) { ¡¥±ª®¥·® ¬ « ¿ ¯°¨ �u! 0, ®²ª³¤ �u = f 0(u)�u+ �(�u)�u:� §¤¥«¨¢ ®¡¥ · ±²¨ ¯®«³·¥®£® ° ¢¥±²¢    �x 6= 0, ¯®«³·¨¬�y�x = f 0(u)�u�x + �(�u)�u�x:�°¨ ±²°¥¬«¥¨¨ �x! 0 �u! 0 ¨ �(�u)! 0.�¥°¥µ®¤¿ ª ¯°¥¤¥«³ ¯°¨ �x! 0, ¯®«³·¨¬y0 = f 0(u) lim�x!0 �u�x = f 0(u) � u0:8



�° ¢¨«® ¤¨´´¥°¥¶¨°®¢ ¨¿ ±«®¦®© ¬®¦¥² ¡»²¼ § ¯¨± ® ¢ ¤°³£¨µ´®°¬ µ: y0x = y0u � u0x¨«¨ dydx = dydu dudx:�°¨¬¥°. � ©²¨ ¯°®¨§¢®¤³¾ ´³ª¶¨¨ y = (px+ 5)3.�³ª¶¨¾ ¬®¦® § ¯¨± ²¼ ¢ ¢¨¤¥ y = u3, £¤¥ u = px+ 5. �®«³· ¥¬y0 = 3u2 � u0 = 3(px+ 5)2(px+ 5)0 = 3(px+ 5)22px :3.2. �°®¨§¢®¤ ¿ ®¡° ²®© ´³ª¶¨¨�¥®°¥¬ . �«¿ ¤¨´´¥°¥¶¨°³¥¬®© ´³ª¶¨¨ ± ¯°®¨§¢®¤®©, ¥ ° ¢®© ³-«¾, ¯°®¨§¢®¤ ¿ ®¡° ²®© ´³ª¶¨¨ ° ¢  ®¡° ²®© ¢¥«¨·¨¥ ¯°®¨§¢®¤-®© ¤ ®© ´³ª¶¨¨, ².¥. x0y = 1y0x :�® ³±«®¢¨¾ ´³ª¶¨¿ y = f(x) ¤¨´´¥°¥¶¨°³¥¬  ¨ y0(x) = f 0(x) 6= 0.�³±²¼ �y 6= 0 { ¯°¨° ¹¥¨¥ ¥§ ¢¨±¨¬®© ¯¥°¥¬¥®© y, �x { ±®®²¢¥²-±²¢³¾¹¥¥ ¯°¨° ¹¥¨¥ ®¡° ²®© ´³ª¶¨¨ x = '(y). �®£¤  ±¯° ¢¥¤«¨¢®° ¢¥±²¢® �x�y = 1�y=�x:�¥°¥µ®¤¿ ª ¯°¥¤¥«³ ¯°¨ �y! 0 ¨ ³·¨²»¢ ¿, ·²® ¢ ±¨«³ ¥¯°¥°»¢®±²¨®¡° ²®© ´³ª¶¨¨ �x! 0, ¯®«³·¨¬lim�y!0 �x�y = 1lim�x!0�y=�x;².¥. x0y = 1y0x :�®«³·¥ ¿ ´®°¬³«  ¨¬¥¥² ¯°®±²®© £¥®¬¥²°¨·¥±ª¨© ±¬»±« (±¬. °¨±.3). �±«¨ y0x ¢»° ¦ ¥² ² £¥± ³£«   ª«®  ª ± ²¥«¼®© ª ª°¨¢®© y =f(x) ª ®±¨ Ox, ²® x0y { ² £¥± ³£«  �  ª«®  ²®© ¦¥ ª ± ²¥«¼®© ª9



®±¨ Oy, ¯°¨·¥¬ � + � = �2 (¥±«¨ � ¨ � { ®±²°»¥ ³£«») (±¬. °¨±. 3) ¨«¨�+ � = 3�2 (¥±«¨ � ¨ � { ²³¯»¥ ³£«»). �«¿ ² ª¨µ ³£«®¢ tg � = ctg� ¨«¨tg � = 1tg�:�²®¬³ ° ¢¥±²¢³ ¨ ° ¢®±¨«¼® ³±«®¢¨¥x0y = 1y0x :
�¨±. 3.4. �°®¨§¢®¤»¥ ®±®¢»µ ½«¥¬¥² °»µ´³ª¶¨©4.1. �°®¨§¢®¤ ¿ «®£ °¨´¬¨·¥±ª®© ´³ª¶¨¨ ) y = lnx.1. �y = ln(x+�x)� lnx = ln 1 + �xx ! :2. �y�x = 1�x ln 1 + �xx ! :10



3. y0 = lim�x!0 1�x ln 1 + �xx ! :�³±²¼ �xx = t, ²®£¤  �x = xt ¨y0 = lim�x!0 1xt ln(1 + t) = 1x limt!0 ln(1 + t)1t = 1x ln e = 1x:¡) y = loga x.y0 = (loga x)0 =  lnxln a!0 = 1ln a(lnx)0 = 1x ln a:4.2. �°®¨§¢®¤ ¿ ¯®ª § ²¥«¼®© ´³ª¶¨¨ ) y = ex. �°®«®£ °¨´¬¨°³¥¬ ®¡¥ · ±²¨ ° ¢¥±²¢  ¯® e, ¯®«³·¨¬ ln y =x. �¨´´¥°¥¶¨°³¿ ®¡¥ · ±²¨ ¯® ¯¥°¥¬¥®© x ¨ ³·¨²»¢ ¿, ·²® ln y {±«®¦ ¿ ´³ª¶¨¿, ¯®«³·¨¬(ln y)0 = x0 ¨«¨ y0y = 1 ¨«¨ y0 = y:�² ª, (ex)0 = ex:¡) y = ax.y0 = (ax)0 = h(elna)xi0 = (ex ln a)0 = ex lna(x ln a)0 = ax � ln a:�² ª, (ax)0 = ax ln a:4.3. �°®¨§¢®¤ ¿ ±²¥¯¥®© ´³ª¶¨¨y = xn. �°®«®£ °¨´¬¨°³¥¬. ln y = n lnx:11



�°®¤¨´´¥°¥¶¨°³¥¬. 1yy0 = n � 1x:�²ª³¤  y0 = ny 1x = nxn � 1x = nxn�1:�² ª, (xn)0 = nxn�1:4.4. �®£ °¨´¬¨·¥±ª ¿ ¯°®¨§¢®¤ ¿�°®¨§¢®¤ ¿ «®£ °¨´¬¨·¥±ª®© ´³ª¶¨¨(ln y)0 = y0y §»¢ ¥²±¿ «®£ °¨´¬¨·¥±ª®© ¯°®¨§¢®¤®©. �¥ ³¤®¡® ¨±¯®«¼§®¢ ²¼ ¤«¿ µ®¦¤¥¨¿ ¯°®¨§¢®¤»µ ´³ª¶¨©, ¢»° ¦¥¨¿ ª®²®°»µ ±³¹¥±²¢¥®³¯°®¹ ¾²±¿ ¯°¨ «®£ °¨´¬¨°®¢ ¨¨.� ±±±¬®²°¨¬ ¯°®¨§¢®¤³¾ ±²¥¯¥®-¯®ª § ²¥«¼®© ´³ª¶¨¨ y =f(x)'(x). (ln y)0 = '0(x) ln f(x) + '(x) � f 0(x)f(x) :�²±¾¤  y0 = f(x)'(x)'0(x) ln f(x) + '(x)f 0(x)f(x)'(x)�1:².¥. ¤«¿ ²®£® ·²®¡»  ©²¨ ¯°®¨§¢®¤³¾ ±²¥¯¥®-¯®ª § ²¥«¼®© ´³ª-¶¨¨, ¤®±² ²®·® ¤¨´´¥°¥¶¨°®¢ ²¼ ¥¥ ¢ · «¥ ª ª ±²¥¯¥³¾,   § ²¥¬ª ª ¯®ª § ²¥«¼³¾, ¨ ¯®«³·¥»¥ °¥§³«¼² ²» ±«®¦¨²¼.�°¨¬¥°. � ©²¨ ¯°®¨§¢®¤³¾ ´³ª¶¨¨ y = xx.�¨´´¥°¥¶¨°³¥¬ ´³ª¶¨¾ ª ª ±²¥¯¥³¾,   § ²¥¬ ª ª ¯®ª § ²¥«¼-³¾ ¨ ¯®«³·¥»¥ °¥§³«¼² ²» ±ª« ¤»¢ ¥¬:y0 = x � xx�1 + xx � lnx = xx(1 + lnx):12



4.5. �°®¨§¢®¤»¥ ²°¨£®®¬¥²°¨·¥±ª¨µ ´³ª¶¨© ) � ©²¨ ¯°®§¢®¤³¾ ´³ª¶¨¨ y(x) = sin x.�±¯®«¼§³¿ ´®°¬³«³sinA� sinB = 2 sin (A�B)2 cos (A�B)2 ; µ®¤¨¬ �y�y = sin(x+�x)� sin(x) = 2 sin �x2 cos x+ �x2 ! :y0 = lim�x!0 �y�x = lim�x!0 sin �x2�x2 � lim�x!0 cos x+ �x2 ! = cosx:�² ª, (sin x)0 = cosx:¡) � ©²¨ ¯°®¨§¢®¤³¾ ´³ª¶¨¨ y(x) = arcsinx.x = sin y; dxdy = cos y = q1� sin2 x = p1� x2:�² ª, (arcsinx)0 = 1p1 � x2 :
13



5. � ¡«¨¶  ¯°®¨§¢®¤»µy(x) y0(x) y(x) y0(x)y = xm y0 = mxm�1 y = px y0 = 12pxy = ex y0 = ex y = ax y0 = ax ln ay = lnx y0 = 1x y = loga x y0 = 1x ln ay = sinx y0 = cos x y = cos x y0 = � sinxy = tg x y0 = 1cos2 x y = ctg x y0 = � 1sin2 xy = arcsin x y0 = 1p1 � x2 y = arccosx y0 = � 1p1� x2y = arctg x y0 = 11 + x2 y = arcctg x y0 = � 11 + x2y = shx y0 = chx y = chx y0 = sh xy = thx y0 = 1ch2 x y = cthx y0 = � 1sh2 x6. �¨´´¥°¥¶¨°®¢ ¨¥ ´³ª¶¨¨, § ¤ ®©¯ ° ¬¥²°¨·¥±ª¨� °¿¤¥ ±«³· ¥¢ ´³ª¶¨¿ ¬®¦¥² § ¤ ¢ ²¼±¿ ¯ ° ¬¥²°¨·¥±ª¨. x = x(t);y = y(t), £¤¥ t { ¯ ° ¬¥²°. �®¯³±²¨¬, ·²® ¯¥°¢»¥ ¯°®¨§¢®¤»¥ ¯® t ¥®¡° ¹ ¾²±¿ ¢ ®«¼ _x(t) = dxdt 6= 0 ; _y(t) = dydt 6= 0:14



¨ ±³¹¥±²¢³¾² ¢²®°»¥ ¯°®¨§¢®¤»¥ ¯® t�x(t) = d2xdt2 ; �y(t) = d2ydt2 :�»·¨±«¨¬ ¯¥°¢³¾ dydx ¨ ¢²®°³¾ d2ydx2 ¯°®¨§¢®¤»¥.�®¬®¦¨¬ ¨ ° §¤¥«¨¬ ¢»° ¦¥¨¥ dydx   dt. �®±«¥ ¥±«®¦»µ ¯°¥-®¡° §®¢ ¨© ¯®«³·¨¬ ¤«¿ ¯¥°¢®© ¯°®¨§¢®¤®© ±«¥¤³¾¹¥¥ ¢»° ¦¥¨¥dydx = dydx � (dt)(dt) = dy=dtdx=dt = _y(t)_x(t):�»° ¦¥¨¥ ¤«¿ ¢²®°®© ¯°®¨§¢®¤®© ¯¥°¥¯¨¸¥¬ ¢ ±«¥¤³¾¹¥¬ ¢¨¤¥d2ydx2 = ddx " _y(t)_x(t)# = (dt)(dt) ddx " _y(t)_x(t)# = 1_x(t) ddt " _y(t)_x(t)# :�°®¢¥¤¿ ¤¨´´¥°¥¶¨°®¢ ¨¥ ¯® t, ¯®«³·¨¬ ¤«¿ ¢²®°®© ¯°®¨§¢®¤®©d2ydx2 = _x(t)�y(t)� �x(t) _y(t)[ _x(t)]3 :�°¨¬¥°. � ©²¨ ¯°®¨§¢®¤³¾ ¶¨ª«®¨¤»x(t) = a(t� sin t); y(t) = a(1� cos t):_x(t) = a(1� cos t); _y(t) = a sin t:dydx = 1� cos tsin t = tg t2 :7. �°®¨§¢®¤»¥ ¢»±¸¨µ ¯®°¿¤ª®¢�® ±¨µ ¯®° ° ±±¬ ²°¨¢ «¨±¼ ¯°®¨§¢®¤»¥ f 0(x) ®² ´³ª¶¨¨ f(x). �µ² ª¦¥  §»¢ ¾² ¯°®¨§¢®¤»¬¨ ¯¥°¢®£® ¯®°¿¤ª . �® ¯°®¨§¢®¤ ¿ f 0(x)± ¬  ¿¢«¿¥²±¿ ´³ª¶¨¥©, ª®²®° ¿ ² ª¦¥ ¬®¦¥² ¨¬¥²¼ ¯°®¨§¢®¤³¾.�°®¨§¢®¤®© n-®£® ¯®°¿¤ª   §»¢ ¥²±¿ ¯°®¨§¢®¤ ¿ ®² ¯°®¨§¢®¤®©(n� 1)-£® ¯®°¿¤ª . 15



�¡®§ ·¥¨¥ ¯°®¨§¢®¤»µ: f 00(x) { ¢²®°®£® ¯®°¿¤ª  (¨«¨ ¢²®° ¿ ¯°®-¨§¢®¤ ¿), f 000(x) { ²°¥²¼¥£® ¯®°¿¤ª  (¨«¨ ²°¥²¼¿ ¯°®¨§¢®¤ ¿).�«¿ ®¡®§ ·¥¨¿ ¯°®¨§¢®¤»µ ¡®«¥¥ ¢»±®ª®£® ¯®°¿¤ª  ¨±¯®«¼-§³¾²±¿  ° ¡±ª¨¥ ¶¨´°» ¢ ±ª®¡ª µ ¨«¨ °¨¬±ª¨¥ ¶¨´°»,  ¯°¨¬¥°,f (4)(x); � � � ; f (n)(x) ¨«¨ f_(x) ¨ ².¤.�»¿±¨¬ ¬¥µ ¨·¥±ª¨© ±¬»±« ¢²®°®© ¯°®¨§¢®¤®©. �»¸¥ ¡»«® ¯®-ª § ®, ·²® ¥±«¨ ²®·ª  ¤¢¨¦¥²±¿ ¯® § ª®³ s = s(t), £¤¥ s { ¯³²¼, t {¢°¥¬¿, ²® s0(t) ¯°¥¤±² ¢«¿¥² ±ª®°®±²¼ ²®·ª¨ ¢ ¬®¬¥² ¢°¥¬¥¨ t. �«¥¤®-¢ ²¥«¼®, ¢²®° ¿ ¯°®¨§¢®¤ ¿ ¯³²¨ ¯® ¢°¥¬¥¨ s00(t) = v0(t) ±ª®°®±²¼¨§¬¥¥¨¿ ±ª®°®±²¨ ¨«¨ ³±ª®°¥¨¥ ²®·ª¨ ¢ ¬®¬¥² ¢°¥¬¥¨ t.�°¨¬¥°. � ©²¨ ¯°®¨§¢®¤»¥ ¤® n-®£® ¯®°¿¤ª  ¢ª«¾·¨²¥«¼® ®²´³ª¶¨¨ y = lnx.y0 = 1x; y00 = � 1x2 ; y000 = 2x3 ; y(4) = �2 � 3x4 � � ��·¥¢¨¤®, ·²® ¯°®¨§¢®¤ ¿ n-®£® ¯®°¿¤ª y(n) = �(�1)n�1(n� 1)!xn :8. �¨´´¥°¥¶¨ « ´³ª¶¨¨�³±²¼ ´³ª¶¨¿ y = f(x) ®¯°¥¤¥«¥    ¯°®¬¥¦³²ª¥ � ¨ ¤¨´´¥°¥¶¨°³-¥¬  ¢ ¥ª®²®°®© ®ª°¥±²®±²¨ ²®·ª¨ x 2 X. �®£¤  ±³¹¥±²¢³¥² ª®¥· ¿¯°®¨§¢®¤ ¿ lim�x!0 �y�x = f 0(x).�  ®±®¢ ¨¨ ²¥®°¥¬» ® ±¢¿§¨ ¡¥±ª®¥·® ¬ «»µ ¢¥«¨·¨ ± ¯°¥¤¥« -¬¨ ´³ª¶¨© ®²®¸¥¨¥ ¯°¨° ¹¥¨© �y�x ¬®¦® § ¯¨± ²¼ ª ª�y�x = f 0(x) + �(�x);£¤¥ �(�x) - ¡¥±ª®¥·® ¬ « ¿ ¢¥«¨·¨  ¯°¨ �x! 0.�®£¤  ¯°¨° ¹¥¨¥ �y = f 0(x)�x+ �(�x)�x:� ª¨¬ ®¡° §®¬, ¯°¨° ¹¥¨¥ ´³ª¶¨¨ �y ±®±²®¨² ¨§ ¤¢³µ ±« £ ¥¬»µ:1) { «¨¥©®£® ®²®±¨²¥«¼® �x; 2) { ¥«¨¥©®£®, ¯°¥¤±² ¢«¿¾¹¥£®16



¡¥±ª®¥·® ¬ «³¾ ¡®«¥¥ ¢»±®ª®£® ¯®°¿¤ª , ·¥¬ �x, ¨¡®lim�x!0 �(�x)�x�x = lim�x!0�(x) = 0:�¯°¥¤¥«¥¨¥. �¨´´¥°¥¶¨ «®¬ ´³ª¶¨¨  §»¢ ¥²±¿ £« ¢ ¿«¨¥© ¿ ®²®±¨²¥«¼® �x · ±²¼ ¯°¨° ¹¥¨¿ ´³ª¶¨¨, ° ¢ ¿ ¯°®¨§-¢¥¤¥¨¾ ¯°®¨§¢®¤®©   ¯°¨° ¹¥¨¥ ¥§ ¢¨±¨¬®© ¯¥°¥¬¥®©dy = f 0(x)�x:(±¬. °¨±. 4).
�¨±. 4.�°¨¬¥°. � ©²¨ ¯°¨° ¹¥¨¥ ¨ ¤¨´´¥°¥¶¨ « y = 2x2�3x ¯°¨ x = 10¨ �x = 0:1. �y = f(x+�x)� f(x) == [2(x+�x)2 � 3(x+�x)]� (2x2 � 3x) = �x[4x+ 2�x� 3]�®£¤  dy = f 0(x)�x = (4x � 3)�x:�®«³· ¥¬ �y = 3:72,   dy = 3:70.�°¨¬¥°. � ©²¨ ¤¨´´¥°¥¶¨ « ´³ª¶¨¨ y = x.y = x; dx = �x17



�¨´´¥°¥¶¨ « ¥§ ¢¨±¨¬®© ¯¥°¥¬¥®© ° ¢¥ ¯°¨° ¹¥¨¾ ½²®© ¯¥°¥-¬¥®©.�®½²®¬³ ´®°¬³«³ ¤«¿ ¤¨´´¥°¥¶¨°®¢ ¨¿ ´³ª¶¨¨ ¬®¦® § ¯¨± ²¼¢ ¢¨¤¥ dy = f 0(x)dx;®²ª³¤  f 0(x) = dydx . �²¬¥²¨¬, ·²® ²¥¯¥°¼ dydx ¥ ¯°®±²® ±¨¬¢®«¨·¥±ª®¥®¡®§ ·¥¨¥ ¯°®¨§¢®¤®©,   ®¡»· ¿ ¤°®¡¼ ± ·¨±«¨²¥«¥¬ dy ¨ § ¬¥ -²¥«¥¬ dx.8.1. �¥®¬¥²°¨·¥±ª¨© ±¬»±« ¤¨´´¥°¥¶¨ « �®§¼¬¥¬   £° ´¨ª¥ ´³ª¶¨¨ y = f(x) ¯°®¨§¢®«¼³¾ ²®·ª³ M(x; y).� ¤¨¬  °£³¬¥²³ x ¯°¨° ¹¥¨¥ �x. �®£¤  ´³ª¶¨¿ y = f(x) ¯®«³·¨²¯°¨° ¹¥¨¥ �y = f(x+�x)� f(x) (±¬. °¨±. 4).�°®¢¥¤¥¬ ª ± ²¥«¼³¾ ª ª°¨¢®© y = f(x) ¢ ²®·ª¥ M , ª®²®° ¿ ®¡° -§³¥² ³£®« � ± ¯®«®¦¨²¥«¼»¬  ¯° ¢«¥¨¥¬ ®±¨ Ox, ².¥. f 0(x) = tg�. �§¯°¿¬®³£®«¼®£® ²°¥³£®«¼¨ª  MKNKN =MN � tg� = �x tg� = f 0(x)�x = dy;¨ ² ª¨¬ ®¡° §®¬, dy = KN .� ª¨¬ ®¡° §®¬, ¤¨´´¥°¥¶¨ « ´³ª¶¨¨ ¥±²¼ ¯°¨° ¹¥¨¥ ®°¤¨ ²»ª ± ²¥«¼®©, ¯°®¢¥¤¥®© ª £° ´¨ª³ ´³ª¶¨¨ y = f(x) ¢ ¤ ®© ²®·ª¥,ª®£¤  x ¯®«³· ¥² ¯°¨° ¹¥¨¥ �x.� ¬¥²¨¬, ·²® ¨§ °¨±. 4 ±«¥¤³¥², ·²® dy < �y. �²® ®¡º¿±¿¥²±¿ ¢®-£³²®±²¼¾ £° ´¨ª  ´³ª¶¨¨ y = f(x). �±«¨ £° ´¨ª ´³ª¶¨¨ y = f(x),¡»« ¢»¯³ª«»©, ¢ ½²®¬ ±«³· ¥ �y > dy.8.2. �¢®©±²¢  ¤¨´´¥°¥¶¨ « �¢®©±²¢  ¤¨´´¥°¥¶¨ «    «®£¨·» ±¢®©±²¢ ¬ ¯°®¨§¢®¤®©. �°¨¢¥-¤¥¬ ¨µ ¡¥§ ¤®ª § ²¥«¼±²¢ .1. dc = 0:2. d(cu) = cu:18



3. d(u� v) = du� dv:4. d(uv) = vdu+ udv:5. d�uv� = vdu� udvv2 :8.3. �¢ °¨ ²®±²¼ ´®°¬» ¤¨´´¥°¥¶¨ « � ±±¬®²°¨¬ ±¢®©±²¢®, ª®²®°»¬ ®¡« ¤ ¥² ¤¨´´¥°¥¶¨ « ´³ª¶¨¨, ® ¥®¡« ¤ ¥² ¥¥ ¯°®¨§¢®¤ ¿.� ±±¬ ²°¨¢ ¿ ¢»¸¥ y = f(x) ª ª ´³ª¶¨¾ ¥§ ¢¨±¨¬®© ¯¥°¥¬¥®©x, ¬» ¯®«³·¨«¨, ·²® dy = f 0(x)dx.� ±±¬®²°¨¬ ´³ª¶¨¾ y = f(u), £¤¥  °£³¬¥² u = '(x) ± ¬ ¿¢«¿¥²-±¿ ´³ª¶¨¥© ®² x, ².¥. ° ±±¬®²°¨¬ ±«®¦³¾ ´³ª¶¨¾ y = ['(x)]. �±«¨´³ª¶¨¨ y = f(u) ¨ u = '(x) ¤¨´´¥°¥¶¨°³¥¬»¥ ´³ª¶¨¨ ®² ±¢®¨µ °£³¬¥²®¢, ²® ¯°®¨§¢®¤ ¿ ±«®¦®© ´³ª¶¨¨ ° ¢  y0 = f 0(u)u0.�®£¤  ¤¨´´¥°¥¶¨ « ´³ª¶¨¨dy = f 0(x)dx = f 0(u) � u0dx:�® u0dx = du, ¨ ¯®½²®¬³ dy = f 0(u)du:�®±«¥¤¥¥ ° ¢¥±²¢® ®§ · ¥², ·²® ´®°¬³«  ¤¨´´¥°¥¶¨ «  ¥ ¨§¬¥-¿¥²±¿, ¥±«¨ ¢¬¥±²® ´³ª¶¨¨ ®² ¥§ ¢¨±¨¬®© ¯¥°¥¬¥®© x ° ±±¬ ²°¨-¢ ²¼ ´³ª¶¨¾ ®² § ¢¨±¨¬®© ¯¥°¥¬¥®© u. �²® ±¢®©±²¢® ¤¨´´¥°¥¶¨ -«  ¯®«³·¨«®  §¢ ¨¥ ¨¢ °¨ ²®±²¨ (².¥. ¥¨§¬¥®±²¨) ´®°¬» (¨«¨´®°¬³«» ¤¨´´¥°¥¶¨ « ).8.4. �°¨¬¥¥¨¥ ¤¨´´¥°¥¶¨ «  ¢ ¯°¨¡«¨¦¥»µ¢»·¨±«¥¨¿µ�»¸¥ ¡»«® ¯®«³·¥®, ·²® ¯°¨° ¹¥¨¥ ´³ª¶¨¨ �y = dy + �(�x)�x®²«¨· ¥²±¿ ®² ¤¨´´¥°¥¶¨ «  dy   ¡¥±ª®¥·® ¬ «³¾ ¢¥«¨·¨³ ¡®«¥¥¢»±®ª®£® ¯®°¿¤ª , ·¥¬ dy = f 0(x)�x. �®½²®¬³ ¯°¨ ¤®±² ²®·® ¬ «»µ19



§ ·¥¨¿µ �x ¬®¦® ¯®«¼§®¢ ²¼±¿ ¯°¨¡«¨¦¥®© ´®°¬³«®© �y � dy¨«¨ f(x+�x) � f(x) + f 0(x)�x:�¥¬ ¬¥¼¸¥ �x, ²¥¬ ²®·¥¥ ½²  ´®°¬³« .�°¨¬¥°. �»·¨±«¨²¼ ¯°¨¡«¨¦¥® 4p16:64.� ¤ ®¬ ±«³· ¥ f(x) = npx,   f 0(x) = npxnx . �¨±«¥»¥ § ·¥¨¿:n = 4, x = 16, �x = 0:64. �®«³· ¥¬4p16:64 � 4p16 + 4p164 � 16 � 0:64 = 2:02:8.5. �¨´´¥°¥¶¨ «» ¢»±¸¨µ ¯®°¿¤ª®¢�«¿ ¤¨´´¥°¥¶¨°³¥¬®© ´³ª¶¨¨ y = f(x) ¥¥ ¤¨´´¥°¥¶¨ « dy = f 0(x)dx¡³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ª ª ´³ª¶¨¾ ¤¢³µ  °£³¬¥²®¢: x ¨ dx.�®£¤  ¤¨´´¥°¥¶¨ «®¬ ¢²®°®£® ¯®°¿¤ª  (¨«¨ ¢²®°»¬ ¤¨´´¥°¥¶¨ -«®¬) d2y ´³ª¶¨¨ y = f(x)  §»¢ ¥²±¿ ¤¨´´¥°¥¶¨ « ®² ¤¨´´¥°¥¶¨ « ¯¥°¢®£® ¯®°¿¤ª  ½²®© ´³ª¶¨¨, ².¥.d2y = d(dy):� «®£¨·® ¤¨´´¥°¥¶¨ «®¬ n�®£® ¯®°¿¤ª  (¨«¨ n-»¬ ¤¨´´¥°¥-¶¨ «®¬) dny  §»¢ ¥²±¿ ¤¨´´¥°¥¶¨ « ®² ¤¨´´¥°¥¶¨ «  (n � 1)-®£®¯®°¿¤ª  ½²®© ´³ª¶¨¨ dny = d(dn�1y):� ©¤¥¬ ¢»° ¦¥¨¥ ¤«¿ d2y.�® ®¯°¥¤¥«¥¨¾ d2y = d(dy); dy = f 0(x)dx; d2y = d(f 0(x)dx); �® dx¥ § ¢¨±¨² ®² x, ².¥. ¯® ®²®¸¥¨¾ ª ¯¥°¥¬¥®© x ¿¢«¿¥²±¿ ¯®±²®¿®©¢¥«¨·¨®©, ²® ¬®¦¨²¥«¼ �x ¬®¦® ¢»¥±²¨ § ª ¤¨´´¥°¥¶¨ « , ².¥.d2y = dx � df 0(x) = dx � [f 0(x)]0dx = f 00(x)(dx)2:�² ª, d2y = f 00(x)dx2;£¤¥ dx2 = (dx)2.� ®¡¹¥¬ ±«³· ¥ dny = f (n)(x)dxn;20



².¥.¤¨´´¥°¥¶¨ « ¢²®°®£® (¨ ¢®®¡¹¥ n-®£®) ¯®°¿¤ª  ° ¢¥ ¯°®¨§¢¥¤¥-¨¾ ¯°®¨§¢®¤®© ¢²®°®£® (n-®£®) ¯®°¿¤ª    ª¢ ¤° ² (n-¾ c²¥¯¥¼)¤¨´´¥°¥¶¨ «  ¥§ ¢¨±¨¬®© ¯¥°¥¬¥®©.�²¬¥²¨¬, ·²® ¤¨´´¥°¥¶¨ «» ¢²®°®£® ¨ ¡®«¥¥ ¢»±®ª¨µ ¯®°¿¤ª®¢ ¥®¡« ¤ ¾² ±¢®©±²¢®¬ ¨¢ °¨ ²®±²¨ ´®°¬» ¢ ®²«¨·¨¥ ®² ¤¨´´¥°¥¶¨- «  ¯¥°¢®£® ¯®°¿¤ª .
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