OPTIMAL RECOVERY OF TRACES IN HARDY
SPACES

K. YU. OSIPENKO AND M. I. STESSIN

ABSTRACT. We construct optimal methods of recovery of traces
of analytic functions from the Hardy space H?(B") on the sphere
of radius p using inaccurate information about their traces on the
spheres of radiuses 71 and 19, 11 < p < ro. We show that instead
of using the whole information about the trace on the sphere of
radius r; we can use only its projection on a space of polynomials
given with the same accuracy. Moreover, we construct a collection
of optimal recovery methods.

1. INTRODUCTION

Let B™ stand for the unit ball in C",
B"={z=(21,...,22) €C": [z’ =) |5]* < 1}.
j=1

Recall that the Hardy space H?(B") consists of all functions f such
that
Iy = sup [ 172 do(z) < .
0<r<1 Jgrn—-1
where do(z) is the positive normalized rotationally invariant measure
on the unit sphere

S"t={z=(2,...,2,) €EC": |z| =1}.

Suppose that for any f € H?(B") we know traces of f on the spheres
rS" ! and r,S™"! given with some accuracy. The problem is to recover
the trace of f on the sphere pS™, r; < p < rs.

More precisely, suppose that for any f € H?*(B") we know func-
tions y; € Ly(o,,), j = 1,2, where do,(z) are the positive normalized
rotationally invariant measures on the sphere rS*~!, and

17 (rj2) = 43 (rs2) [ pa0) < 055 5 = 1,2
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A recovery algorithm (method, procedure, etc.) is an operator
m: L*(o,,) x L*(0,,) — L*(0,).

At this point we impose no conditions on m. In particular, we require
m to be neither continuous, nor linear.
Given a recovery method m its accuracy is characterized by the max-
imal possible error
2 /mn
eP(H (B )’ 1, T2, 517 527 m)

= sup 1.f(pz) — m(y1, y2)(02)||L2(a)~

feH2(]Bn)7 yjeLQ(O—T])v j:1=2

1f(rj2)—y; (r;2)l| Ly (o) <65, j=1,2
We further introduce the optimal recovery error as
(1) EP(H2(BR)7T17T2;51762)
= inf ep(HQ(]B”),rl,rg,51,52,m).

m: L2(or )X L?(0ry)—L%(0p)
A method m such that
Ep(H2<IBn)7T17T2751a52) = ep(HQ(Bn),T17T2,51,527f'\”L)

is called an optimal recovery method.

Let
2s 2s
(/): /):): r%_pQ ﬁ IOQ_T% ﬁ
b2 r3 —r? \r T2 — 1?2 \ry ’
if

s5+1 s
1 01 1
2 — < =< |— 7
2 (7”2) = 0y <7”2)  5E 8
and (/):1,/)\\2> = (O, ]_), if (51 Z (52.
For a = (a1,...,0y) € ZY set |a| = a1 + ...+ ay, al = ! . ),

and z* = 2" ... 20
In [1] we obtained the following result

Theorem 1. The error of optimal recovery is given by

EP(H2(Bn)’ 71,72, 617 52) =Y /):16% + /)\\25%

and the method

R > 1 ~ ~ N
m(y1, y2)(2) = Z m Z (Alr?cg) + )\27"?0&2))2 5
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where
—1)!
(3) ) = M/ yr(rez)z®do(z), k=1,2,
nlalr, sn—1
1 optimal.

In this paper we construct a collection of optimal recovery methods
in the same problem. In particular, we show that there are methods

that use only a finite number of coefficients Y and do not use some

first of coefficients c((f).

2. MAIN RESULTS

Let Iy be the orthogonal projector of H2(B") on the space of poly-
nomials of degree N, that is,

]Nf(z) = Z Z Cazaa

§=0 |a|=j

f(z) = Z Z Ca2®.

J=0 |a|=j

if

Let IV be the orthogonal projector of H*(B™) on the subspace of func-
tions from H?(B") which are orthogonal to all polynomials of degree
N. In other words, INf = f —Ixf. Put I.f = f and I_;f = 0. Then
I7'f = fand I®f = 0.

We begin with the following recovery problem. To recover the trace
f on pS™ ! knowing inaccurate traces of Iy f on r;S" ! and I™ f on
roS"~1. More precisely, we suppose that for any f € H*(B") we know
functions y; € Ly(0,), j = 1,2, where do,(z) are the positive normal-
ized rotationally invariant measures on the sphere rS"~!, and

(4) [[1Inf(riz) = y1(ri2) Loy < 010 1Y f(r22) — y2(r2z) || o) < b
Given a recovery method m: L?*(o,,) x L*(0,,) — L?*(0,) we define
its error as follows
eiV’M(HQ(Bn)a 1,72, 51, 627 m)
= sup 1f(pz) — m(y1,y2) (P2) || Lo(0)
feH?(B™),
Y1 €YN(f,r1,01), y2€Ypm(fir2,02)
where
Yn(fr,0) ={y € La(o,) : [ INf(rz) — y(r2)|| 1,0y <0},
YM(f,r,6) ={y € La(ov) : [IM f(rz) — y(rz)|| o) <0}
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We define the optimal recovery error as

(5) E112V7M(H2(Bn)7rlar2751752)

= ] f N,M H2 ]Bn 5 (5 .
m:LQ(O'rl)Xll,I%(JT,2)_>L2(O-p)€p ( ( )7T17T2> 1, 2,m)

A method m such that
E,])V’M<H2(Bn)a7”1,7"2,51752) = eiV’M<H2(Bn),T1,7"2,51,52,7%)

is called an optimal recovery method.

It is easy to see that for N = oo and M = —1 problem (5) coincides
with (1).

The main tool in the solution of optimal recovery problems is the
solution of the duality extremal problems. In our case this problem
has the form

6) Nf(p2)Zy0) — max, [ Inf(r12)|10) < 61,
1Y f(ra2) |70y < 03, f € H(B).

For every method m and for every f € H?*(B") such that
1IN f(r1i2)[[Lao) < 0, 1Y f(722) || 12(0) < J2, we have

2|f (p2)| ooy < 1 (p2) = m(0,0)|| o) + | = S (p2) = m(0,0)]| o0
S 2657M(H2(Bn)7 1,72, 51) 52a m)

Hence, for every method m

e,]oV’M(H2(Bn>7T17T275176277”) > sup ||f(pz)||L2(U)‘
feH*(B")
11N f(r12)ll Ly (o) <61
1M f(r22)|| Ly (o) <02

Taking the infimum in m, we obtain

(7)  EYM(H*(B"),r1,72,01,0) > sup If ()| Lo (o)-
feH?(B")
11w f(r12)ll Ly (o) <01
1M f(r22)|| Ly (o) <82

Note that if N < M, then taking fo(2) = Az " with |A] — oo it is
easy to verify that the value in the right-hand side of (7) equals co.
Let

L(f, 21, 02) = =1f (02) 700y + MINF(r12)[|T 0y + A2l TV F(r22) 1,09

be the Lagrange function of problem (6). To construct optimal recovery
methods we need the following result.
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Theclrern 2. Assume that N > M > —1 and there exist Xl,XQ >0
and f € H*(B") admissible in (6) such that
L(F, M) = LF A, Na),
(a) somin | (f. A1, ) = L(f, A1, As)

®) NN F )30 — 08) + (1Y F(r22) |3,y — 63) = 0

Then the error of optimal recovery is given by

E,iv’M(H2(]Bn)7 1, T2, 517 62) =V /)\\15% + //'\\255

and the method

M
mm (Y1, y2)(2) = Z o)z

J=0 |a|=3
P SRR 3 Y
j=M+1 rt! 4+ Rar J”\?T? lal=j J=N+1]al=;

where c&k), k =1,2, are defined by (3), is optimal.
Proof. Set

S% = X167 + Apd2.
Let f € H*(B") be an admissible element in (6). Then

— 120y = = l1F (02 1300y + NN F (r12) 1300y — 03)
+ X (1T f(r22)[13 ) — 03) = L(f. M1, h0) — S2 = L(f, A1, Ae) — S
= —[1F(p2) 1310y + MU F (r12)113 0 — 0D) + Ao (1T F(122) 13, ) — 03)
= —||J?(PZ)||%2(U)

Hence, f is a solution of (6). The same arguments show that f is a
solution of the extremal problem

8) £ (0270 — max,  MIInf(ri2)13,0 + Al T f(r22) 13000
<M+ X032, f e HX(B").

Since for every ¢ € C, L(cf, A\, o) = [c[2L(f, A1, A2) we have
L(f, A, 2) = 0. Consequently,

17 ()2 = —L£(F, A, A) + 52 = S2.
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Thus we proved that

sup 1 (p2)|| 120
feH?(B")
N f(r12)llLy o) <o
1M f(r22) || Ly (o) <82
= sup 1f (p2) || 120y = S,
R AfeHQ(]B”)
)‘1”INf(TlZ)||%2(0)+)‘2||1Mf(7"22)”[, (,:,)_)\1524‘)\25

and moreover,
E,ZJJV,M(H2(BH)7 1, T2, 517 52) Z S.

Now we obtain the lower bound. For any functions yx € La(oy,),
k = 1,2, consider the extremal problem

9) Nl Inf(riz) = yi(r2)|2
+ X IV f(roz) — ya(ra2)|[2, ) — min, f € H*(B").

Write yi(riz), k = 1,2,

k(TkZ)ZZ iz 2% + Gi(2),

QQ
ou

where ¥y, k = 1,2, are orthogonal to all holomorphic polynomials in
Ly(o). Then problem (9) may be written in the form

N
Z n—i—]—‘l ! Za'|fa P+ il 2o
|al=3
0 ’I"gj ' o
X Y mtj—1) Y allfa = PP+ g5l ) — min,
a1 jal=
f € H*(B,),

where

00 M
viz)= D D) A+ niz), i) =) r Y P+ (2).

It is easy to show that for all functions y;(r12), y2(rez) € Lo(o) with
finite number of coefficients i) # 0, k= 1,2 (we denote this space of
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functions by P), the solution of this problem is

M
z) = Z Z CS)Z“

7=0 |a|=7
+ Z Z(Xlrl ) Agr2 @) o 4 Z Zc((f)z
j=M+1 Ar? +)‘2T2 la|=j J=N+1 |a|=j

where y = (y1,y2). Now consider the linear space E = L?(a,,)x L*(0,,)
with the semi-inner product

W'y e = ML Y8 ) 2oy + A2(U3,93) L2(0y):
where y' = (y1,v3), ¥*> = (y},y3). Then (9) can be written in the form
(10) If = yllz — min, fe H*B"),

where f = (Inf, IMf). If £, is a solution of (10) it can be easily verified
that for all f € H*(B")

Consequently,
If =ylE = Ilf = fllE + I1fy — vl

Thus, for all f € H*(B")
1) If = LllE < IF - vllE

= MInf(r12) = y1(ri2) 17,0 + X2l I f(r2z) — y2(re2) |17, 0)
Let f € H*(B") and y € F satisfies (4). Then for any € > 0 there exists
yi(r12),y5(raz) € P such that [Jye(ri2) — yi(re2)||.0) < €, k = 1,2.
Thus,

n f(r12) = y7(r12) || 2ae) < NS (r12) = 92(r12) | Lo
+ ly1(riz) = y1(r2)[|Ly0) < 01+ €

and
1Y F(raz) = 45 (ra2) | o) < Y F(r22) = y2(ra2) || Lo

+ |ly2(r22) = y5(122) || o0y < 02 + €.
Set g = f — f,~ where y* = (y{,y5). Then (11) implies that

Mg (r12) 17,0 + Al T g(ra2) 0 = 19115
<A (61 4 €)%+ Ao (6s + £)%
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We have the following estimate for the method m

1f(pz) = mlyr, y2) (p2) | a0y < 1F(2) = WY1, 43) (p2)]| La(o)
+ 1My — y15 92 = ¥2)(p2) || 120) < 19(p2) || 120y + Ce
(the value of constant C' depends on /):1, :\\2, r1, T2, and p but is not

significant for us).
Taking into account that for all Cy,Cs > 0

sup ||f(PZ)||L2(0)
~ feH?(B™)
)\1||INf(r1z)||2LQ<U)+)\2IIIMf(rgz)IIQLQ(g>SC’l
Cy
= o sup ||f(PZ)||L2(0)7
2 fEH?(B™)

NN Fr12)l3 oy F A2 I f(r22)I13 ) SC2

we obtain

1 (p2) = (1, 93) (p2) 1 200y = Nl9(02) 1700
< sup Hf(PZ)H%Q(a)
R R feH?(B™) R R
MIINF 1217, o)t f(ra2)ll7 () SA1(81+2)% +A2(d2+€)?
Sz + 82():1 + /):2)
= sup ||f(PZ)||%2(a)

2
S . FeH* (B
MllIn F )2 o) +allIM (a2 2, <857

= 5’2 + 52(/)\\1 +/):2)

Since € > 0 is arbitrary we obtain
Eév’M(HZ(En)ﬂ‘l,Tz;(;h(sz) < €i,v’M(H2(]B3"),7‘1,7"2,51,52,7%) <S.
This and (7) imply
EéV7M(H2(Bn)7 1, T2, 51; 52) =9
and m is an optimal method. O

First we find the error of optimal recovery. We introduce the follow-
ing notation:

log rs i
2—7“2
(12) so=(N+[a])y, a=1-—LTT1
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where [z] = inf{n € Z : n > z} is the ceiling function and (z); =
max{z,0}, a(—1) = —1, for N >0

a(N) = <30 +log (1 - (T%)Q(N_SOH)> / (2 log %)) ,

- [10g(52/51)w N {—[OJ + 51, 0y > 0y,

S1 =
' [og(ra/m)

2,2
M = (51 —logrg T;/ (210g£>) — 1.
Ty —p A1 +
For N > M > —1 consider the sets:

¥, = {(N,M):a(N) <M <N, M>0},
22:{(N,M):—1§M<a(]\/), N<z\7}u(—1,—1),

zgz{(N,M):—1§M§J\7, Nzﬁ},
24:{(N,M):J\7<M<a(1v), Nzﬁ}.
Theorem 3. The error of optimal recovery is given by

EéV’M(HQ(Bn)’T17T27(51752) - \/ /)'\\16% +X25§,

where

(N, M) € Uy,

(
(), s
(

2(s1—-1) 2 2
ﬁ) %a (NvM)GZi% 52>517
W (N, M) € X3, 03 < 0y,
( 2(N+1)
(ﬁ) , (N, M) € £, U,
T2
2(s1—-1) 2 2
> (ﬁ) %7 (N7M)€237 52>517
Ay = T2 ry =T
17 (NvM)EZfS? (52§517
P 239 p 2(M—s2)
(2) (- (2. wanes,
T2 1
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and
log r% _ r%
2 _ 9
3 weM |
2log —
(&

Proof. In accordance with Theorem 2 we should find Xl, /):2, and f €
H?(B") admissible in (6) which satisfy conditions (a) and (b). Assume
that f € H?(B"), then it can be represented in the form

7=0 |a]=j
Since monomials z* form an orthogonal system in H?(B,,) with
||Za||§{2(13n) =
(see [2], sect. 1.4.9) we have

Mo 2j
L(f A =Y o (- (T—pl) + )\1) b;

j—O

+J%:+1 (<—>2j+)\1+/\2(:—:>2j>bj ‘
. z ()0 (2))s

j=
where

J— |
bj n-'-] |ZOC|CQ’

=5
Consider the set of points on the plane R?

_(rY”

Y; = T_l ;

(14) o\
(3

These points belong to the plot of concave function

i=01,... .

€ [0, 00).
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Consequently, the piecewise linear function passing through the points
(14) is also concave. There exists the minimal integer number sp, 0 <
so < N, such that all points (14) lie under the line passing through the
point (zs,,ys,) with the slope equals yn11/xny+1. The number sy may
be formally defined as follows

SQZmin{s€Z+: Ys+1 — Ys < YN+1 }
Ts41 — Ts ITN+1
It can be easily verified that this number may be also defined by (12).
Let y = A1 + Aoz be the line

YN+1
Yy — ySO =

TNt (x - 3350)?

that is,

N 2s0 2(N—s0+1) N 2(N+1)
(15) A = (ﬁ> <1 . <ﬁ> ) L D= <ﬁ> .
1 T2 T2

It means that

p 2(N—so+1) p
M > <30+log (1 — (—) ) /(210g—)> = a(N).
T2 ™
_l’_
Then putting
R p 2M
A=~
- ()

E(f7 ;\\/17//\\2) 2 0
for all f € H?(B"). Consider the function

we have

-~ 51 (n+M—1)' M 52 (n+N)' N+1

1@ = Ml 0 TN (v )
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It is easy to verify that f € H 2(B") is admissible in (6) and satisfies

(b). Moreover, [,(]/”\, Xg,Xg) = 0. Hence condition (a) is also fulfilled.
Applying Theorem 2 we obtain that for (N, M) € ¥,

2M 2(N+1)
EéV’M(HQ(Bn)vrlar2751752) - (ﬁ) 5% + <£> (5%
1 )

Assume now that M = N = —1. Then for all f € H*B"),
L(f,0,1) > 0. For f(z) = 09
-1 f () |2ye) =0, 17 f(re2) |10 = 9.
Thus from Theorem 2 we obtain that Egl’*l(HQ(IB%”), T1,T2,01,02) = 0s.

If 6 < 61, then N =0 and Yo = (—1,1). Suppose that do > d;. It is
easy to show that in this case

s0
N:min{NeN 52 <7‘2> }
& =
Assume that —1 < M < a(N) and N < N. Then
oM
o)
r

and for all f € H*(B"), L(f, )\1, )\2 > 0. Consider the function

(n+so—1)! 0y (n+ N)! LN+
n!sg! ry T n‘(N+1)‘1 ’

where a will be defined later. We have

280
~ ~ T9
I Fr ) =3 I T = (2) 02+

1
r 250
62 — (—2) 67 >0
1

and we can choose the parameter a so that f is admissible in (6) and
satisfies (b). Hence using Theorem 2 the case (M, N) € ¥, is proved.
Now assume that

Since N < N

It means that N > N. Let us find s1 < sp from the condition

T st P T2 o
1 — =< | = )
(16) (7“1) <51_(T1>
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Hence
_ ’710g<62/(51)-‘
! log(ra/r1) |
Suppose that s; > 1. Consider the line, which passes through the
points (zs,-1,Ys,—1) and (zs,,ys, ). It has the form y = Xl —i—XQx, where
now

2(s1—-1) 2 2 2(s1—1) 2 2
N P Ty —p N p pm—=r
a7 = (_> noP R, - <_) iy

In view of concavity of the piecewise linear function passing through
the points (14) for all these points

—Yj +/):1 + Xij > 0.

2(s—1
» (s—1) p2 _ r%
T9 r% — r%

decrease as s — oo we have

2(so—1 2(N+1
/):>(p)(0 )pz—rf (p)(+)
2 =\ — 2 2=\ .

Thusif M = -1 or M >0 and
R oM

then for all f € H(B"), L(f A,A) > 0. Condition (18) can be

rewritten in the form

Since the values

log Ti —ri
M<s —1-— "2 —pp
2log —
™
Consider the function
~ n+s —2) . n+s —1)!
J(z) =a (n!(sl—l)!) AT : nls! ) r

We want to find the parameters a and b from the conditions

(19) lnfro)li e = 61, 11 Fra2) L) = 6.
It means that
aZT%(Sl—l) 4 b27,%81 _ 5%7

2(s1—1 2
a2r2( =y V2rs® = 62
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[t is easy to verify that condition (16) allows to find such parameters.

Thus we constructed the function f which is admissible in (6) and sat-
isfies (b). From Theorem 2 we obtain the value of the optimal recovery
error.

Now suppose that s; < 1. It means that d; < §;. In this case

M = —1. Then for all f € H*B"), £(f,0,1) > 0. For f(z) = 0,
||]Nf(7“12)||%2(o) = &5 <47, ||]_1f(7“22)||%2(o) = d;.
Thus from Theorem 2 we obtain that EN""(H?(B"), 71,73, 01,02) = 0.

Finally, consider the case when . M< M < a(N) and N > N (that

s, (N,M) € ¥4). Let y = i+ doz be the tangent to the piecewise
linear function passing through the points (14) that passes through the
point (0, (p/r1)*M). That is

. 2M . 259 2(M—s2)
N S O N (S O R
r1 Ty r

where sy be the minimal number such that the tangent contains the
point (xs,,ys,) from the set of points (14). Thus, s; < sy < s¢. The
number s, may be defined as the number satisfying the condition

2M
_ Yoo = | - ~
Ys, Yso—1 = 1 > Yso+1 Ys,

Tsy — Tsy—1 Tsy o Tso+1 — Ty

It can be shown that sy may be defined by (13). Again for all points
(14)

—Yj + /\1 -+ >\21’J > 0
and for all f € H*(B"), L(f, A, )\2 > 0. Consider the function

7’L—|—M n+32
—a\/
n'sz

Now to satisfy conditions ( 19) we have to choose a and b such that

GZT%M b2 2s2 — 5%’

b*r 252 =83
Taking into account (16) we have
OReR
2 NG T 0y

Hence we can find parameters a and b to satisfy (19). It remains to
use Theorem 2. O
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Now we construct a family of optimal recovery methods for the sets
X, J=2,3,4 Put

(N, M), (N, M) € ¥,

/ n o__ (N’a( ))7 (N>M)6227
(W, M) = (N, M), (N, M) € %3,
(a_l(M)vM)7 (NvM) S 247

where
a'(M)=min{N € Z, :a(N) > M}.

Theorem 4. For all integer N and M such that N’ < N < N and
M < M < M’ the methods ﬁiﬁﬂ(yl,yg) are optimal for problem (5).

Proof. Let f € HQ(Bn)y Y1 € YN(f7 7"1,51)a Y2 € YM(f7 7“2,52), and

[e.e]
yr(rez) = Zri Z B2 4 h(2), k=1,2,
=0

lor|=4
a>0

where vy, k = 1,2, are orthogonal to all holomorphic polynomials in
Ly(0). Then

1 (p2) = Mg 57(y1, y2) (p2) | 220y = 1 (p2) — Mg 57(W1: ¥2) (P2) | 220

where

N 0
G =3 S e o)=Y S @

J=0 |a|=j M+1le|=j
a>0 a>0

Moreover, v} € Y5 (f,711,61), ¥5 € YM(f, T9,02). Thus
ei)\[,M(HZ(BnL 1,72, 517 527 mﬁyﬁ) < eiV’M(H2(Bn)7 1,72, 517 627 ﬁlﬂ/"]f\\])
From this inequality we have

EéV’M<H2<Bn>, r1,72, 51, (52) < eiV’M<H2(Bn), r1,72, 51, (52, mﬁj\‘/[’)

S e]pV,M(H2<BTL>7 1,72, 517 527 7/7\1]’\77]’\2’) = EéV,M<H2<Bn)’ 1,72, 617 62)
Using the fact that

E,],V7M(H2(Bn)77’1,7"2,51>52) = EéV’M(HQ(Bn),Tl,Tz,(Sh(SQ)

we obtain that the methods my 57 are optimal. 0

Returning to problem (1) we obtain

Corollary 1. For all integer N and M such that N < N < o0 and
—1 < M < M the methods mna(y1,y2) are optimal for problem (1).
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Now we would like to consider the following question: is it possi-
ble to choose a best method in some sense among all these optimal
methods. Usually numerical algorithms (for instance, interpolation or
quadrature formulae) considered as good ones if they are precise for
some set of functions (for instance, subspaces of algebraic or trigono-
metric polynomials). In this connection one tries to make this set as
large as possible. For example, Gauss quadrature is constructed to
make the largest value of n so that all polynomials of degree at most
n are integrated precisely.

We say that a method m(y;, y2) is precise by first (second) argument
at a function f € H?(B") for problem (5) if

m(Inf,0)=f (m(0,I"f) = f).
We say that a method m(y1,y2) is precise by first (second) argument
at a set W if it is precise by first (second) argument at all functions
from W. _ .
It is easily seen that for all N < N < N and M < M < M’ the

methods mg 77(y1,92) are precise by first (second) argument at the

spaces Pyr (77]%[), where Pj; is the space of polynomials of degree at

most M and Pjé is the space of functions from H?(B") orthogonal to
Ps-

Taking into account the arguments which were given above we obtain
that the method My |arj(y1,92) is the best for problem (5) and the
method ﬁzﬁﬁ(yl, y2) is the best for problem (1).
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