HADAMARD AND SCHWARZ TYPE THEOREMS
AND OPTIMAL RECOVERY IN SPACES OF
ANALYTIC FUNCTIONS

K. YU. OSIPENKO AND M. I. STESSIN

ABSTRACT. We prove a general theorem which gives a necessary
condition of extremum in the dual optimal recovery problem in
terms of inclusion in certain annihilators. Applications of this the-
orem yield Hadamard and Schwarz type results. We also construct
related optimal recovery methods.

1. INTRODUCTION

Let D C C* be a domain, v be a probability measure on D and X be
a closed subspace of L?*(v). Consider Dy, ..., D, C D and probability
measures [ig, - - ., fbp o0 Dy, ..., D, respectively. We suppose that X C
L*(uj), j=0,1,...,n. We allow one of D; to coincide with D. In this
case we assume that ; coincides with v.

Write D = (Dyg,..., D), it = (foy---spin), 0 = (01,...,0p), y =
(yla B uyn>'

An optimal recovery problem for this setting is stated as follows (for
details on general optimal recovery problems see [8], [9], [16]). Suppose
that f € X is approximately known on Dy,...,D,. It is required to
find an optimal method of recovery of f on Dj.

This means that we are given y,...,y, defined on Dy,..., D, such
that

Hf]_y]HLQ(y,J) S(;], jzlavnv
where f; is the restriction of f to D; and §; > 0, j = 1,...,n are
accuracy levels. In particular, §; = 0 means that f is known precisely
on Dj.

A recovery algorithm (method, procedure, etc.) is an operator

A L) x ..o x L () — L (o).
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We consider A(y), y = (y1,---,Yn), to be the recovered value of f on
Dy. At this point we impose no conditions on A. In particular, we
require A to be neither continuous, nor linear.

Given a recovery method A its accuracy is characterized by the max-
imal possible error

e(X, D, p, 0, A) = sup{|[|.fo — AWl 12u0) : [ € X,
y e L2(Iu1> X ... X L2(,un)7 ||f] — yj”L2(,u,j) < 5]" ] =1,... ,n}.
We futher introduce the optimal recovery error as

(1) E(X,D,pu,d) = inf e(X, D, u, 9, A).

A: L2(p1)X ... X L2 (pn ) — L2 (10)
A method A such that
E(X,D,p,8) = e(X,D, .6, A)

is called an optimal recovery method.

The problem of finding an optimal recovery method (and sometimes
an extremal function at which the optimal recovery error is attained)
is usually referred to as optimal recovery problem.

As we will show below this problem is closely related to the following
extremal problem which we call the dual problem. Find

@) s { 1follaguy £ € X, Ifsll3ag S 0% G=1,m ).

In the special case when D is the unit disk, D =D, n = 2, measures
Lo, 41, fo are the normalized Lebesgue measures on the circles {|z| =
p}, {lz] = r1} and {|z| = ro} respectively (71 < p < r2), and X is
the Hardy space H?, problem 2 is reminiscent of the Hadamard three
circle theorem (cf. [15, Chapter 14]) which states that for an analytic
function f in the unit disk

logra/p log p/71

M(p) S M Togra/ry (rl)MIOg’I‘Z/’r‘l (TQ),

where

M(r) = max{|f(2)| : |z| = r}.
This result gives an estimate for the value of the following extremal
problem. Find

max{|[follgee = [ frillmee < 01, [[frs |l < 02},

where f.(z) = f(72).

In section 3 of this paper we consider a similar problem in the Hardy
space in the unit ball of C". We call problems of this form Hadamard
type problems.
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Another case is when D is the unit disk D, po and p; are point
masses and ps is the normalized Lebesgue measure on the unit circle.
Here problem (2) turns into

(3) max{|f(ao)| : [f(a1)| < 01, [[f[lm= < 02},

where ag,a; € D. A more general problem (with HP-norm constraint)
was considered in [13]. Results of this type might be viewed as gen-
eralizations of the classical Schwarz Lemma. In this paper we inves-
tigate another generalization of Schwarz Lemma, which is obtained
from (3) by the replacement of the point mass at ay with the normal-
ized Lebesgue measure on a circle centered at ag. As we will see this
change makes the problem much harder. In particular, it is a rare
occasion when the extremal function is rational.

The structure of this paper is as follows. In section 2 we prove two
general results, Theorem 1 and Theorem 2. The first of them gives a
necessary condition of extremum in the dual problem in terms of inclu-
sion in certain annihilators. The second expresses the value of the dual
extremal problem in terms of it’s spectrum. These results provide the
main tool for our investigation of two extremal problems one of which
is of Hadamard type and the other is a generalization of the Schwarz
Lemma. These problems are considered in section 3. Here we describe
spectra and extremal spectral points for both problems. In section 4
we prove another general theorem, Theorem 6, which gives a way of
constructing an optimal recovery method under a certain condition.
We show that in our cases this condition is met and use Theorem 6 for
the construction of optimal recovery methods in corresponding optimal
recovery problems. Finally, section 5 contains some open problems.

Acknowledgment. The authors would like to thank the referee for
very useful comments.

2. EULER’S EQUATION

The main goal of this section is to give a necessary condition in prob-
lem (2) in terms of certain annihilators. Let K(z,w) be the reproduc-
ing kernel of X. We may consider measures pig, i1, - - - , fin as defined on
the whole domain D by the trivial extension outside of Dgy, Dy, ..., D,
respectively. Write

f=—fio + Z)\jﬂj-

Jj=1
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Then 1 is a regular measure on D and every function from X is square-
integrable with respect to . For w € D we introduce

djiu(2) = K (2, 0)dji(2).
Then obviously every function from X is fi,,-integrable. The measures

g and [, depend on A = (A,...,\,). We explicitly indicate this
dependence for the regular part of 1, and write

Tg(z):/DK(z,T) Ay (7).

Recall that given a convex function g on a convex subset A of a
Banach space X, the subdifferential of g at a point ¢ € A, Jg(¢),
consists of all continuous linear functional [ on X such that for every
re A

(x —t,1) < g(x) —g(1).
It is well-known that if A is open and g is continuous at ¢, then dg(t) #
0

We will need the following result.

Lemma 1. Let X be a Banach space and gy, ga be continuous convex
positive functions in a convex neighborhood of ( € X and

h="9
g2
If ¢ is a point of local mazimum of h, then 0g1(C) C h({)0g2(C); if ¢ is
a point of local minimum of h , then h(¢)0g2(¢) C 0g1(Q).

Proof. Let ¢ be the point of local maximum. For every z in a neigh-
borhood of ¢, ¢1(z) < h({)ga(2). If * € 0g1((), then

(z—C2") < g1(2) — 91(€) < () (g2(2) — 92(C)),

which means that z* € h({)9g2(¢). The other statement is proved in a
similar way. O

We apply Lemma 1 to the following special case where

g2 = max{Y1,...,on},

and ¢1, ..., @, are positive and convex functions in a convex neighbor-
hood of ¢ € X, which are continuous at {. In this case the following
theorem of Dubovickii and Miljutin [3], (also see [6], English trans-
lation in [1], and [4]) expresses the subdifferential of go in terms of
subdifferentials of ¢;, j =1,...,n.
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Theorem A. Let X be a Banach space, ¢; : X — RU{£o0}, j =
1,...,n be convex functions on X continuous at (,
F(x) = max{p1(z), ..., on(2)},
and

F(g) = ¢j1(<) = QOJQ(C) == Spjk<<—)7
F(Q) > @u(C), if L # ju, ey Ji-

Then .
OF(¢) = co | 99;,.()-
m=1

Theorem A implies that dg2(() is the convex combination of subd-
ifferentials of those ¢; which coincide with go at ¢. If in addition all
functions g1, ¢1, . .., @, are Frechet differentiable at {, then their sub-
differentials at ¢ consist of corresponding Frechet derivatives and we
obtain the following

Corollary 1. Let g,¢1,...,¢, be positive, convex in a convex neigh-
borhood of (, and Frechet differentiable at C. If  is a point of extremum
of
h = J ,
max{®1,...,ont
then there are 0 < Ay,..., A\, <1 such that

1. iAj —1.
j=1

2. Aj (pi(§) —max{ps,...,pn}) = 0.

3.4(C) = Yo Ah(O)2(0).

Now we are ready to prove our result about annihilators.

Theorem 1. [fj?e X s a solution of problem (2), then there exists a
non-negative vector A = (Ay, ..., \,) such that
]?E (span{Tg, w € DY)t
and R
)‘j(||f||L2(Mj)_5j) :07 ]:1,,71
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Proof. For x € X write

~ ||f+:v||L2 ,
9(@) = If + 27,00, @ilx) = T’ i=1,...,n.
j
Remark that the function
f(t) + (1)

velt) = max{\/gol(:v), e \/apn(x)}

is admissible in problem (2). This implies that the function

9(x)
h(x) =
max{1(z),. .., ¢n(2)}
attains its maximum at x = 0. Since all the functions g, p1,..., ¥,

are obviously Frechet differentiable at x = 0 (since f is clearly non-
trivial), we are in the conditions of Corollary 1, and, therefore, there are
A1, ..., Ay satisfying statements 1 and 2 of Corollary 1. Since clearly

1F112,,.
J
lrgyagz{ 52 =1

we have n(0) = || f]|7, .- Write

(4) N =y, =1,
J

Then it follows from Corollary 1 that for every u € X

(5) - /D wf do + ixj/

Dj

u?duj = / u?dﬁ =0.
D
Using Fubini’s theorem we obtain

0= [T ([ atwrr e avtw)) da)

~

= [ utw) [ TR,z dit:) dvlo)
Since / Ko € X,

the last equality implies

[, Formtn a9 0.
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Finally, for every w € D we have
©) 0= [ FeKw.z)dlz)
D

= [ Fo) [ Kenm ) di) dvir) = (o
U
Note that it follows from (4) that

(7) 1A ) = D A0
j=1

In reality this equality holds on a much wider set of functions which we
call spectral functions of problem (2). They are defined as follows. We
say that a non-negative vector A = (Aq, ..., \,) belongs to the spectrum
of problem (2), if there exists an admissible for problem (2) function
f € X such that

L. /\j(HfHLz(Mj) - 53') =0.

2. f € (span{r), w e D})*.
In this case we call f a spectral function.
It is very easy to see that if A = (Ay,...,\,) is in the spectrum of

problem (2) and f is a corresponding spectral function, then equation
(5) holds, namely

—/ u?duojtZ)\j/ uf dpj = 0.
Do = :

J

Now the substitution u = f shows that (7) holds for any spectral
function, that is

j=1

Thus, we obtain the following result

Theorem 2. Let A be the spectrum of problem (2). Then

; sup Fl2e0,y =sup > A2,

© fex I HL2(uo) AEA; 395
Hfj”LQ(#j)S(Sj, ]:1 ..... n

We call a spectral point (/):1, e ,:\\n) extremal, if the maximum of the
right-hand side of (8) is attained at (A, ..., \,).
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3. EXTREMAL PROBLEMS

3.1. Hadamard Type Problem in the Unit Ball of C". Let B,
stand for the unit ball in C",

Bn:{z:(zl,...,zn>e<cn:\z|2:2\zj\2<1}.
Jj=1

Recall that the Hardy space H?(B,,) consists of all functions f such
that

1oy = sup / Wl doa) <oe, 1<p<
zl=1

0<r<1

[z 8,y = sup [f(2)],
ZEBn

where do(z) is the positive normalized rotationally invariant measure
on the unit sphere

S={z=(z1,....,22) €C":|2| = 1}.

It is well known that H?(B,,)-functions have radial limits o-almost
everywhere on the unit sphere S (see [14], sect 1.4.9), which are usually
denoted by the same letter f and

Il = [ G o).

It is also well known that the reproducing kernel for the Hardy space

1s
1

(1= (z,w))"
(see [14], sect 7.1.4), so that for every f € H?(B,) and w € B,

K(z,w) =

flw) = f()K(z,w) do(z).

|z|=1

Let 0 <71 < p<ry <1, fi(2) = f(rz). Consider the following
Hadamard type extremal problem. Find

©)  swp{ | fllmzm, : f e H (B, |frllmzm,y <6, 7=1,2}.
Theorem 3. Let 0 <1y < p <719 <1 anddy, 05 > 0. Then
1. If s € Z, is such that

(E)S+l<ﬁ< (E)S’
T2 (52 T2
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then the unique extremal spectral point of (9) is

Tg_pg ﬁ 2s ,02—7“% ﬁ 2s

r2—r2\ri) "r3—ri\r '
2. If 61 > &y, then the unique extremal spectral point of (9) is (0,1).
3. If there is s € Z, such that

51 . T y
02 A\r 2)
then the set of extremal spectral point of (9) is (/):1,/):2), where
Al, /\2 Z 0 and
(10) /)\\17"%8 + XQT%S = p2s'
Proof. Let o,, o, and o,, denote normalized Lebesgue surface area
measures on spheres of radii p, r, andry respectively. Below we consider
them as measures on B,,. We have
L= —0,+ Moy + Aoy, di(2) = K(z,w) di(z).
Thus,

N ~
T = /|z§1 K(z,7) djiy (1)

= K(z,7)K(1,w)(—do,(T) + Mido,, (T) + Aeodo,,(T)).

|z[<1

Making the substitution 7 = rn, we obtain

K(z,7)K(1,w)do,.(T) = K(z,rn)K (rn,w) do(n)

o<1 j2=1
— [ KremK@rw)dot) = K(rzrw).
|z|=1

Hence

7_)\ _ 1 + >\1 + )\2
v A=prw)r T (=i w)r (s w)n

The condition f L 7} for all w means that for all w

/|z|=1 (_ (1- thZﬂ@)” - T?(lz w))"
A

T3z w))

) f(2)do(z) = 0.
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Consequently, for all w

(11) —f(pPw) + A f(rfw) + Ao f(rjw) = 0.
If
UOEDIPBLTY
where o = (aq, ..., ), || = a1 + ...+ ay, and 2® = 20" ... 25", then
(11) means that
Z(—ij + /\lrfj + )\grgj) Z cqw® =0
=0 o=

for all w. It can be easily verified that there are no more than two
values of j for which

—p N Ay = 0.
Assume that m > k and
—p* 4 N A2 =0,
=P+ A"+ Ao = 0,
Then

2(m—k m— 2k
)\1:T2( )_pZ( k)(p) )

Tg(m_k) T‘f(m_k) 1

\ p2(m7k) _ r?(m—k) ( P )%
2 = —_ ’
rg(m—k) r%(m—k) To

(12)

and functions satisfying (11) have the following form

f(z)= Z Ca?™ + Z Ca?”.

|al=k la|=m
Since
(13) 1 (ri2)la2s,) = 65, 5= 1,2,
and monomials z® form an orthogonal system in H?(B,,) with
a2 B nla!
|2 ||H2(Bn) = m,

(see [14], sect. 1.4.9) we have
(14) 12y + 13", = 65, § = 1,2,
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where
n!
(15) ds = m Z |Ca|204!, S = k,m.
" al=s

Solving (14) for dy, d,, we obtain
§2rm — §2pam
2k zk(rg(m*k) - T%(m*k))’
622k — 522k

2%k, .2k (,.2(m—k) 2(m—k)y "
Tyt (ry - )

m —

Since dy, d,, > 0 we have

() <i=(2)
T2 2 T2

Assume that for some s =0,1,...,

s+1 s
1 51 r1
1 — — — ] .
(16) (7”2) =5 " (7”2)

It follows from Theorem 2 that in order to find extremal spectral points
we are to find

2 2
sup  (A107 4+ Aa205),
k,m€Z+
k<s, m>s+1

where Aj, Ag are defined by (12). We have

(5 2 r 2k p2k52
M2+ N2 =002 (2) - (2 2
107 + A205 105 ((52) (TQ + 72k

Fix k < s. Then we can write

M = walt) (T—p)%

) = 220 (0 = losp/ms
1—1¢ T9 1Og7"1/7“2

Observe that 0 < a < 1. It can be easily shown that w,(t) is a
decreasing function for 0 < ¢ < 1. Thus, A\; increases as m — oo.

Since , o
51 1
(5:) - (a) <0

for a fixed k < s the maximum of A\;0? + \y07 is attained at m = s+ 1.

where
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Now fix m = s + 1. Using the representations

2m
M:wﬁ@(ﬁ) g lop/mt

To ~logry/ri’

5 2 2m 2m 52
1 1 1

we obtain that the maximum of ;0% + \203 is attained at k = s. Thus,
s = ()"
M=5—5—-)

2 2 2s
T p—r 14
Ay =5 é(_) ’

Ty —T1

Suppose that for some s = 1,2, ...

0 _ (Y
52_ () '

Then
P 2s
sup  (M07+ Xad5) = sup  (A0F 4+ Aod3) = 05 (—) ,
kmeZy k,meZ T2
k<s, m>s+1 k<s—1, m>s

and the coordinates of extremal points (A1, As) satisfy equality (10).
Thus, this situation is included in the case 3.
If 5 = 62 (s =0), then k = 0 and

Sup()\léf + )\263) = (5%(}:1 + /):2) = 5%,

meZ
m>1
since ) ) ) )
3 s —p N P
A= 2 2 Ay = 2 2"
Ty —T] Ty —T

That is, again this situation is described in the case 3.
Finally, suppose that there is only one s such that

—p* AT A3 = 0.
Then any function satisfying (11) has the following form

f(z)= Z Ca?®.

la|=s

If A1, Ay > 0, then it follows from (13) that

O _ (Y
52_ T2 )
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Thus, for all Xl,XQ > 0 satisfying (10)

R R R 52 R P 2s
0%+ Rod? = 2 ()\1 1+)\2> _ 2 (_> |

52

The case when A\ = 0 or Ay = 0 may be considered in a similar
way. 0

3.2. Generalized Schwarz lemma in the Hardy space. Recall
that the classical Schwarz lemma states that an analytic function f
which takes the unit disk D = {z € C : |z| < 1} into itself and vanishes
at the origin, satisfies the inequality

[f(2)] < ||

for all z in the unit disk. Of course, this result is strongly related to
the following extremal problem. Given a € D find

sup [f(a)l

feH™>
f(0)=0

There are several papers where similar results were considered for
Hardy and Bergman spaces in connection with optimal recovery in
both one and several dimensional cases (see, for example, [11]-[13]).

Here we consider the following problem. Let a € D and I" be a circle
inside of the unit disk, p be the normalized Lebesgue measure on T,
and 6 > 0. Find

an sup{ Jitdn: g e 1l <1, 1500 < a}.

The special case of this problem when I' degenerates to a point was
considered in [13].

To simplify the notation we will consider the case when the circle I"
passes through the origin and its center lies on the real axis, so that

I'={zeC:|z—p|=p},

0 < p < 1/2. In general case the argument goes along similar lines but
computations are longer.

To solve problem (17) we once again use Theorem 1. In our case the
measure fiy is the normalized Lebesgue measure on I, p is the unit
point mass at a, and o is the normalized Lebesgue measure on the
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unit circle T. Thus,

\ 1 1 1 |dr| 1 1
’T = —_—— . .
v 9w Jpl—z7 l—7w|r—p| 1—za 1—aw
A 1 1
+ 22 _. _|dr|
21 Jipjm1 1 =27 1 —7w
1 A1 A2

= — + + .
l—zp—pw (1—-za)(l—aw) 1-—zw
The existence of an extremal function in problem (17) easily follows
from the standard compactness argument. By Theorem 1 every ex-

tremal function satisfies the following equation

(18) ——f (1 _”pw) 0 f(w)

for some A\, Ay > 0 and all w € . Our next step is to describe the
spectrum and spectral functions of problem (17). Spectral functions are
H? functions of norm not exceeding 1 satisfying the condition | f(a)| < §
and equation (18).

Let
b 1— /1 —4p?

= 2 _
It is easily verified that b is the Denjoy-Wolff point (see [2]) of the
following self-mapping of D

p
— .

1—pz
It is also easy to see that the disk bounded by the circle I' is a hyperbolic
neighborhood of b. Consider the following functions

VI=0 (b—2)’ o1
=0z \1—bz) @ =00

z

(19) pi(2) =

These functions form an orthonormal system in H?, and, since any H?-
function which is orthogonal to all ¢; must vanish at b together with
all its derivatives, they form an orthonormal basis of H?. Moreover,
they are eigenfunctions of the operator

(20) Tf(z) = — f( L )

:1—,02 1—pz

Indeed, using the fact that

p
=0
1—pb 7

(21)
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we have
o\’
1 V1—15? _1—pz
Tyj(z) = 1— - p P
Pz 1-b 1—-5
1—pz 1—pz
1 VI=0( (b—p)—bpz\’
= :OéjQOj(Z),
L—bp 1 —bz \(1—0bp)—bpz
where
b
22 = _
( ) a] ].—pb

Note in passing (though we will not use it explicitly) that the above
argument shows that the operator T is self-adjoint.

The next two theorems give a description of the spectrum of the
problem (17).

Theorem 4. Let a #b. 1. If

0

p
>
- 1_p27

_1_p2

a

or

Vi0aPp? —p — al?

o> — 5
ap + ap — |al

Y

then the spectrum of problem (17) consists of two parts A = Ay U Ay,
where

A= { (Oaaj) : |90j(a)| < 5}7
Ay = { (A, A2) A, A >0, F(X) = 82 N = h()\2) },

where
-1
— lpi(@)f 4 — lp,(a)?
F(\) = ——=2_h*(N\), h(\)= P\
SR My LU (;%_Q
2. If
2
(23) a_l_ppz <1f,027
and
2 5 - VPP —lp—al

ap + ap — |a|?
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then the spectrum of problem (17) includes in addition the point

= 2
{2 )
p

Proof. There are the following three possible cases: 1. A\; = 0, II. both
A1 and Ay are non-trivial. ITI. Ay = 0.

I. Ay = 0. In this case the corresponding spectral functions are
eigenfunctions of operator (20), defined by (19) for which

J

VI=0?|b—a
(a)] = < 0.
fei(a) 1 —ab| |1—ab| —

This shows that A; is a part of the spectrum.
II. Let A1 and Ay be non-trivial. Write the decomposition of the
Cauchy kernel centered at a in the basis {¢;}

) =Y b = (25

Suppose that c;-s are the Fourier coefficients of f in the basis {,},

that is
f=2 e
=0

Equations (18) and (25) imply

(26) ajcj = A fa)pi(a) + Aacj.

Since a # b, ¢j(a) # 0. Further, \; # 0 implies |f(a)] = § # 0.
Therefore, Ay # ;. Hence,

(27) A1 = h(Ag).

The condition A\; > 0 implies that Ay can not be bigger than «y. Since
X #0, |[fllg = 1. Thus,

(28) F(\) =02
III. Ay = 0. In this case (18) turns into

1 P\ _, [fla)
1—pzf<1—pz) _/\ll—c’zz'
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Substituting w = P we obtain
1—pz
M f(a)p?
flw) = IO
2+ (p—aw

This function is in H? if and only if

0

1—p?

P
1—p?

(29) a

If w = a, this implies
ap +ap — |al?
p? '
It is easy to show that the condition || f ||z2< 1 yields

Vi0aPp? —lp —af?
ap +ap — |al?

)\1:

(30) § <
Zo g2
If equations (29) and (30) are satisfied, then (M,O) is
p
a spectral point of the problem (17) and
(ap +ap — |al*)o
ap+ (p— a)w

flw) =
is the corresponding spectral function. O
Theorem 5. Let a = b,

A ={(0,0;): j=1,2,..},
A2 = {((1 - b2)(040 —Oéj>,Oéj>, j = 1,2,} .

1
Vi—i2

Then the spectrum of problem (17) is A = Ay U Ag, if § <

and A = A UA U{(0,00)}, if 0 >

Proof. In the considered case pj(a) = 0, j = 1,2,..., so the same
argument as in the beginning of the proof of the previous theorem
shows that A; in the spectrum and (0, ap) is in the spectrum if 6 >

1




18 K. YU. OSIPENKO AND M. I. STESSIN

Further, in our case (26) turns into

1 Aic

(ap — A2)co = )\lf(a)m 1 i 227
(Oéj—/\2>0j:07 ]:1,2,

Now the statement about the As-part of the spectrum is straightfor-
ward. 0

We will show below that As is the most important part of the spec-
trum. Equations (27) and (28) determine As. In general, these equa-
tions may have infinite number of solutions, but this does not happen
if the point a lies outside T'.

Proposition 1. If a lies outside I', then F(A) — oo as A — 0.
Proof. Observe that if a lies outside I", then

b—a
1—ab

>b

Write

(31) v:]b‘“

1—ab

Y

2j

Z;io %
oy = — Y

.
oo g
(ZFWETK)

11— abl* .
Ly

Thus, it suffices to prove that F'()) 20 5. First, we note that

Then
F(\) =

A ]. k—oo
F(b**) = w0

Let 62512 < X\ < b?*. We have

oo 723
Z b2 — )\
j=0

o] 2j
Y
S
=0

Obviously, for such A

2k+-2 2k+2 b2

v gl
\ — p2h+2 = p2k+2 1 — p2’
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or

Y Y
(32) p2k+2 = T 2\ _ p2kt2’

2k+2 1— 2 2k+2

Now (32) yields

Z )\ _ bQ] - Z A — b2k+4 - Z 62k+2 _ b2k+4

j=k+2 j=k+2
) ~2h+2 - 1 ~2h+2
DRH2(1 — A2) (1 — b2) — b2(1 —A2) A — b2h+2’
Further,
k
k—1 2j k—1 2j ﬁ 1 2 2k
¥ < vy 1 p2k - b rr
— b2 — \ — b2 — b2k b2 2 (1 —0?)(y2% — b?) b2k
j= j= P
Also
S
b2k — X T 1 —b% b2k’
Therefore,

Z 25 - b2 7214
~ b2 — N T A2 — 2 b2k — )\

Finally, we see that there is a constant M independent of k such that

if b?+2 < X\ < b% then
2K ~2h+2
(ka_)\—"_)\_ka—‘rQ)’

,)/219 72k+2
<b2k _ >\)2 + ()\ _ b2k+2)2

2k 2k+2 2
Y Y
M2 <b2k _ /\ + )\ _ b2k+2)

72]@ ,72k+2
(ka _ )\)2 + ()\ _ b2k+2>2

>
= 1k Ak+4
v v
2M? <<b2k —\)? - (A — b2k+2)2)

(33)

=0

and, therefore,

(34) F(\) =

> 1 k—oo
= oMz
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U

Corollary 2. If a lies outside I', then there is only a finite number of
spectral points with Ay # 0.

Proof. Note that the function

g(\) = |i(a)]®

(35) P

J=0

is monotone and increases from —oo to 400 when A € (a41, ). Let
¢; be the only zero of g on the interval (aji1,a;). F(A) is analytic
in (¢j+1,¢;) and has poles at the endpoints of this interval. This im-
plies that equation (28) has at most finitely many solutions in each
interval ((j+1,¢;), 7 = 0,1,.... Now the result follows directly from
Proposition 1.

O

Now we will use Theorem 2 to describe the extremal points of the
spectrum.

Proposition 2. If § > |¢o(a)|, then (0, ap) is the extremal point of the
spectrum.

Proof. We claim that ¢ is the solution of the similar extremal problem
without any constraint at a

(36) sup{/r|f|2du:f€H2, HfHHzgl,}‘

Indeed, a standard compactness argument shows that problem (36) has
a solution. Theorem 1 implies that Euler’s equations of (36) has the
form (18) with A\; = 0. Now Theorem 2 implies that «q is the maximum
value for problem (36) and g is the function where the maximum is
attained.

The condition & > |po(a)| implies that ¢g is admissible for problem
(17), and the result follows. O

Proposition 3. Ifa =0 and § < 1/v/1 — b?, then the extremal spectral
point of (17) is

(A1, A2) = (1= b*) (a0 — o), o).
Proof. The proof follows directly from Theorems 2 and 5. U

Let us show that if § < |pg(a)|, then A; does not contain extremal
points of the spectrum. We will use the following result.
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Proposition 4. Let a # b. For every 6 < |go(a)| equation (28) has
exactly one solution on the interval ({y, ayp).

Proof. Tt was shown in Corollary 2 that the function

g0 =3 100

monotonically increases when A € (aq, ap), vanishes at (o, and g(\) >
0,if A € (Co,Oéo).
Consider the function F'(A) from Proposition 1 for A € ({p, ). Then

F'(A) = GO (N,

where
- 2
G(\) = Z |SOJ Z |0 Z |05 (a)|?
- )\ aj — )\ — (a; — \)?
j7=0 7=0
For every X € (&, o) we have
|po(a |0  lpi(a |0
G = (g — A jza—)\+]zl jzoz—/\
2
[po(a)® = lwi(a)l? |05 (a)?
-2 — ——— | <0.
(a0 — A)? ; (= A)? ; (g = A)?
1
Since, obviously, F(ag) = Po@)E and F(\) — 400 as A — &+, the
0
result follows. O

Proposition 5. If 6 < |po(a)|, then Ay does not contain extremal
spectral points.

Proof. First, suppose that a # b. It suffices to prove that

(37) max (A6% + X)) > o
()\1,)\2)61\

It follows from Proposition 4 that equation (28) has a solution A5 be-
tween (o and ap. Let (A}, A3) be the corresponding spectral point. Since
C(] > oq, )\T52 + )\; > Q.

If a = b the result follows from Proposition 3. O

Proposition 6. Let a # b. If 6 < |pi(a)|, then the extremal spec-
tral point (A1, A2) is unique, belongs to Ay and is determined by the
condition (y < Aoy < ay.
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Proof. 1t follows from (27) and (28) that
) dan — Ao

(38) M6%+ Ay = + Ay < + Ao
= Lo o)
= (a5 = Ao)?

For Ay < oy the right-hand side of (38) is an increasing linear function
of Ay which is equal to a; at Aa = «a;. We see that the ﬁ/l\ncgon
A10% + Ao restricted to Ay attains its maximum at a point (A1, \p),
where Xg € (aq,00). Moreover, since \; > 0, /)\\2 € (¢p, ). The
existence and uniqueness of such a point follow from Proposition 4.

Finally let us show that even if the point A3 belongs to the spectrum,
the condition § < |p1(a)| prevents this point from being the point of
maximum of the linear form \;5% + .

First we observe that the disk (23) is the hyperbolic neighborhood
of b given by

< b2

59 ‘b—a

1—ab
Suppose that a is in the disk (23). We will show that

)\152 < 0q.

Then the same arguments as the one which precedes Proposition 4
shows that the point A3 cannot be the point of maximum. Equations
(21) and (39) imply

ap+ap — |al? 2—1|p—al?
)\152 _ P pr ’ ‘ 52 S P ’pr | |901(a)|2
P =lp—a? 1-0 |b—a|" P —lp—aP 1=V ,
B p? |1 —ab? |1 —ab p? |1 — ab|?

We are to show that the right-hand side of the last inequality does not
exceed

That is, we are to prove that

2 _p—al2 1—2
p°—|p—al b<1

p l—aP

Since
|1_ab|21_|a|ba ‘p_a|2p_|a’7
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it suffices to show that
P> —=(p—lal)> 1=V
p (1 —|alb)?

Using equation (21), it is easy to verify that the maximum of the func-

tion
p* = (p—lal)?
(1 —lalb)?
as a function of |a| is attained at |a| = b. Now substituting |a| = b

into the left-hand side of (40) and once again using the relation p =
b(1 + b*)~!, we obtain

(40) b <1

2
(2pb — b*)b 2o,
(1=0*)p
which is exactly what we wanted to show. U

Proposition 7. Assume that |p1(a)| < 0 < |@o(a)| and

b—a

> b2/3
1—ab

a

then the concluszon of Proposition 6 is valid, that is, the extremal spec-
tral point ()\1,)\2) 1s unique, belongs to Ao and is determined by the
condition that (o < Ag < Q.

Proof. Using the fact that g({y) = 0, we have

Z l¢o(a 2

o J

ap — (o i

- o« 055 1—6
> leo(@)l” ) i,YZj _ leo(@)r?
G = G(1-7?) )
Consequently,
1 S 72

ap—Co — Co(l—72)
which yields ¢y > agv?
On the other hand, since v > b*/? it follows from (38) that for all
spectral points from A, such that Ay < oy
oo lpo(a)|ar  apb?

)\152 -+ )\2 < < = < ’)/2040 < C().
[po(a)l lpo(a)l v
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It follows from Proposition 4 that there is the spectral point (Xl,XQ) €
A5 such that (y < Ay < ag. Then

/)\\1(52 +/):2 > /)\\2 > Co.

4. OPTIMAL RECOVERY METHOD

In this section we construct optimal recovery methods corresponding
to the extremal problems considered in the previous section. We begin
with the following general result which will be our main tool (several
results of this type may be found in [7], [5], [10]).

Theorem 6. Assume that there ewist /):j >0,5=1,...,n, such that
the value of the extremal problem

(1) N foll32(y) — max, ZAHfJHLz <Zm fex,

is the same as in (2). Moreover, assume that for every y =
(U1,---,Yn) € Y1 X ... X Y,, where Y; are almost everywhere dense
in L*(p;), there exists fy which is a solution of the extremal problem

(42) S Nl = Tillieq,) — min,  f € X.
j=1

Moreover, let A: L2(py) X ... x L*(pn) — L?(po) be a linear continuous
operator, where the norm in L*(u1) X ... x L*(u,) is defined as

n 1/2
I = (X Iilg)
j=1
such that for ally = (y1,...,0n) €Y1 X ... X Y,

A@) = (fio-
Then
E(X,D, p,0) = sup [ foll 2 (yu0)
€

”fj”LQ(Hj)S(Sj, j=1,...,n
and the method A\(y) is optimal.

Proof. For every method A and for every f € X such that || f;]|2(,,) <
d;, j =1,...,n, we have

2[[foll 2oy < lfo=A0) ][22 o) +11 = fo= A0 L2(u) < 26(X, D, p1, 3, A).
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Hence, for every method A

e(X7D7lI’7 67 A) Z sup ||f0HL2(#0)'

Taking the infimum in A, we obtain
(43) E(X,D,p,6) > sup 1foll 22
fex
”fj”LQ(Mj)S(Sj, j=1,...,n

Further, consider the linear space £ = L?(u;) X ... x L*(u,) with
the semi-inner product

W' y)e =Y MW Y) 2,
=1
where y!' = (yi,...,9}), v* = (2,...,v%). Now (42) can be written in
the form _
If =9l — min, fe€X,

where f: (fi,..., fn). Since fj is a solution of (42) it can be easily
verified that for all f € X

(.]?:IZJ - ?77 f)E - 07
where fg = ((f3)1,---, (fy)n). Consequently,
I =91% = I = Fll% + 1 f5 = 5l
Thus, for all f € X
(44) I = fll < NF=3llE = D Mllfs = illzag,).
j=1

Let f € X and y € L*(u1) X ... x L*(ptn) be such that || f; =yl 12(,) <

d;, j = 1,...,n. Then for any ¢ > 0 there exists ¥ = (y1,...,9n) €
Y1 X ... x Y, such that |Jy; — y;l|r2(u,) <€, j=1,...,n. Thus,

1fi=Yillezquy < 1fi—yillzg) + 1y — Uil 2,y < 0+ j=1,...,n.
Set z = f — f;. Then (44) implies that

Y NillzilEag, = 1215 < DX +e)*
J=1 j=1

We have the following estimate for the method A

1fo = AWl 2wy < lfo = AW 22 (o) + 1AW = 9l 220
< [l20l 2oy + | Allme.
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Taking into account that for all C,Cy > 0

Cy

2 2
su Z = — su z
i ZE)I? | 0||L2(,u0) Cy i ZE)I() | 0||L2(u0)7
Z?zﬁj\lzg'llizwj)éa Z?:l)‘jHZj”iQ(Hj)SC2
we obtain
1fo =A@ 7200y = 12001720
< sup HZOH%WO)

R zeX ~
S5 Nl 120, ST Ry G
N Z?:l )‘j<5j + 5)2 sup ||Z ||2
= N ONL2 (o)
Z?:l )\]5]2 zeX 0

S Nl < %50

~

S A6 +e)?
_ j - Sg}}? ||f0||%2(,u0)'

Z?:l )‘j 5g2'

||fj||L2([_Lj>S6j’ j:1,...,n
Since € > 0 is arbitrary we obtain

-~

E(X,’D,M,(S) < €<X,D,,LL,5, A) < fcu)lg ||f0||L2(y0)-
S

Hfj”LQ(#j)§5j7 jil,...,n
This and (43) imply

E(X,D, p,0) = sup 1 foll z2(uo)
eX

H‘fj|lL2(uj)§5j7 j=1,...n
and A is an optimal method. 0

We will apply Theorem 6 to the construction of optimal recovery
method for the Hadamard type problem considered in section 3. Let

2s 2s
Sog (B2 (2 A (o
(17 2)_ 7,,2_7,,2 r 72 .2 ’
2 1 1 Ty —T1 \T2
if

s+1 S
)
(45) (—) << (—) , €Ly,
T2 2 T2
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and (Xl,X2) = (0,1), if §; > 5. Consider the following extremal prob-
lem

(46) Sup{ 1 follzm,y : € HX(Bn), Ml fr iz, + Aol fra iz,
g&ﬁ+&g}

Proposition 8. The values of extremal problems (9) and (46) are the
same.

Proof. Apply Theorem 1 to the measures iy = ds, and j; = Xlarl +

Ao0,,. It is possible to show the same way (11) was derived, that
there exists v > 0 such that Euler’s equation for problem (46) has the
following form

(47) —(PPw) + v (M f (rw) + Ao f (r3w)) = 0.

Let f be the spectral function of problem (9) corresponding to the

spectral point (/\1,/\2) Obviously, f is admissible for problem (46).
Therefore, v = 1 belongs to the spectrum of (46). It suffices to show
that there are no spectral points of (46) that are greater than one.
Indeed, by Theorem 2 the value of problem (46)

max{r(A\6% + Xo)},

where v runs over the spectrum of (46).
Similar to the proof of Theorem 3 it may be shown that there is at
least one j such that

—p¥ + qurfﬂ' + VB\\Qng =0.
Thus,

If (51 Z 52, then

2j
V= (ﬁ) <1
)

Suppose that condition (45) is fulfilled. Then

)\17" +>\27“2 =p*,

’): (s+1 + )\ s+1) PQ(S—H).

Consider the function

x(t) = Xle“t + Xert,
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where
a= logﬂ, b= logr—Z.
P P
We have
x(s)=x(s+1)=1.
Since y is a convex function for all j € Z,, x(j) > 1. It means that
v <l1. 0

Theorem 7. Let (/)\\1,/)\\2) be the same as in problem (46). Then the
error of optimal recovery is given by

\/ AL02 + Ap02

and the method

Ay, y2)(2) = Z Z Aarel) + Xor3l )22,
+A2T2 =5
where " '
n—+ o —1)! o
) — %(yk(nﬂz)az Vio(o) k=12,
nlalr,
15 optimal.

Proof. Let y;(r12) and y(rez) be arbitrary functions from Ly(o). Con-
sider the extremal problem

(48) M|l f(rmz) — y1(7“12)||%2(0) + Xl f(ra2) — yQ(rzz)H%z(U) — min,
f € H*B,).
Write yi(riz), k = 1,2,

rkz Zrch(kz +y

|or|=j
a>0

where gy, are orthogonal to all holomorphic polynomials in Ly(¢). Then
problem (48) may be written in the form

o0

~ 7”1 Inl | 2
ey ,|§a\fa—c 2+ 150
P r2in)
+>\22_ 2—, 'Za'|fa—c ’2+||y2HL2(0 — min,
e ) e

f e H*B,).
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It is easy to show that for all functions y1(r12),y2(rez) € Lo(o) with

finite number of coefficients ¢ # 0, k = 1,2, the solution of this
problem is

Z Z()\lr ! +>\27’ 1@y,
§=0 17“1 +)\27’2 la|=j

Since such functions are dense in Ly(o) the required statement follows
from Theorem 6. 0

Let us turn to the optimal recovery method corresponding to the
generalized Schwarz lemma. Consider the extremal problem

(49) sup { / \fP2du: fe H?, M|f(@)]? + Ml fe < A%+ Ay } :
r

where as before y is the normalized Lebesgue measure on I' and (/)\\1, /)\\2)
is an extremal spectral point for problem (17).
Proposition 9. Suppose that either a # b and 6 < |pi(a)|, or|p1(a)] <

—b
0 < |po(a)] and v = |\—
problems (17) and (49) are the same.

> b2/3. Then the values of extremal

Proof. The same argument as in the proof of Proposition 8 shows that
there is a positive v such that the Euler equation for problem (17) is

(50) ! f( P ):y<X11f_(i_L)w+X2f<w)).

1—pw 1 —pw

Also similarly to the proof of Proposition 8 it suffices to prove that
there are no spectral points of (49) that are greater than one.

Now, let v belong to the spectrum of (49). First, let us show that a
function which satisfies (50) does not vanish at a. Indeed, let f(a) = 0.
Then f is an eigenfunction of operator T. As it was shown above,
functions (19) are the only eigenfunctions of 7". Since these functions
may vanish only at b and b # a, we come to a contradiction.

Since f(a) # 0, the argument in the proof of Theorem 4 (equation
(27)) shows that

(51) VAL = h(vhs).

Propositions 6 and 7 imply that {; < /)\\2 < agp. Note that the function
h decreases on the interval ({y, ) and is negative for A > «p. If we

suppose that v > 1, then h(yxg) either negative or strictly less than
A1. The contradiction shows that v < 1. O
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Proposition 10. Ifa =b and 6 < p(b) = 1/v/1 — b2, then the values
of extremal problems (17) and (49) are the same.

Proof. The equation (50) is still satisfied with @ = b. The same argu-
ment as the one in the proof of Proposition 9 shows that here it also
suffices to prove that v < 1. By Proposition 3

(52) () = (1= ) (a0 — @), n).
If f(b) = 0, then (50) implies that f is an eigenfunction of 7" with eigen-
value vay. Since po(b) # 0, we have voy = a;, j > 1. Consequently,
v<1.
If f(b) # 0, then (51) is satisfied. In our case it turns into
VAL = (g — vAg)(1 = b?).

Substituting A1 and A, from (52), we obtain that v = 1.

O
Theorem 8. Suppose that one of the following conditions is satisfied
1.6 Z |§00(a)|7
2.9 S |Q01(a)|:
3. [pi(a)] <8 <|po(a)l, v = b,
4. a =0,

and (/):1,/):2) the corresponding extremal spectral point. Then the error
of optimal recovery is given by

V62 + X

B A1y 1—laf?
A+ Aol —af?) 1—az

and the method

(53) A(y)(2)

s optimal.
Proof. For an arbitrary y € C consider the extremal problem
(54) X1|f(a) _?J|2+X2||f||12q2 — min, fe€H”

Using the representation
f(z) = chwj(z)v
5=0

where

1—az 1—az

wj<z>=m(a_z)j,
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problem (54) may be written in the form
2 o0
+X22 lc;|* — min, f € H”

=0

~

Co
A

VilaP "

It is easy to see that the solution of this problem is

( /):13/ 1—al?
Z) = =< = — .
)\1"‘/\2(1 — |(l|2) 1—az

By Propositions 2, 9, and 10, Theorem 6 is applicable and the required
statement immediately follows from it. O

Note that for a = b the optimal method of recovery (53) does not
depend on ¢ and has the form

A =BT

5. CONCLUDING REMARKS

In this section we would like to discuss several open problems related
to the results obtained above.

1. Our first problem is related to Theorem 6. This theorem gives
an effective way of constructing optimal recovery algorithms. Unfor-
tunately, every time it is necessary to verify whether the values of the
dual extremal problem and the problem with a single “mixed” con-
straint are the same. It would be convenient to have some general
condition under which this coincidence takes place for n > 2 (for n = 2
see [7]).

2. Returning to the Generalized Schwarz Lemma, problem (17), it
would be desirable to identify the extremal spectral point in all possible
cases. We have shown that in a number of cases the extremal spectral
point is the only point in Ay such that (5 < Ay < . Our attempts to
find a nontrivial-case when this point is not extremal failed. Thus, we
are tempted to conjecture that the point of Ay with the biggest Ay is
always extremal.

Conjecture. If a # b and § < |po(a)|, the point in Ay such that

Co < A2 < g is always the spectral extremal point for problem (17).

3. It is natural to ask which choice of @ minimizes the value of
problem (17) (of course, this choice of a leads to the least optimal
recovery error). It follows from above discussion that the point b plays
a special role.
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Problem. Does the choice a = b always lead to the least mean square
optimal recovery error?

4. Finally, if in problem (17) we replace the constraint |f(a)| < 0
with
1
Py [f(2)Pld(z —a)] <6, (0<r <1-—la]),

27r |z—al|=r
then the problem becomes even more difficult. The reason is that in

a
the right hand side of Euler’s equation the term A\, /

1—az
with
A r2z
1—dzf (a— 1—az>‘

Thus, finding the spectrum in this case is reduced to finding eigen-
values of an operator which is a linear combination of two compact
non-commuting operatoprs.

It would be very interesting to find the eigenbasis which corresponds
to this problem and to find the solution.

is replaced
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