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Let D C C* be a domain, v be a probability measure on D and X be
a closed subspace of L?(v). Consider Dy, ..., D, C D and probability
measures [ig, - . ., fbp o0 Dy, ... D, respectively. We suppose that X C
L*(uj),7 =0,1,...,n. We allow one of D; to coincide with D. In this
case we assume that f; coincides with v.

Write D = (Dy,...,Dyn), pt = (foy-- s fin)y b= (H1,y-esfln), Y =
(y17 s ayn)‘

1. OPTIMAL RECOVERY PROBLEM
Given y1,...,¥y, defined on Dq,..., D, such that
||f]_y]||L2(/L]) §5J7 jzlaanv

we are to reconstruct f. Here f; is the restriction of f to D; and 6; > 0,
Jj =1,...,n are accuracy levels. In particular, §; = 0 means that f is
known precisely on D;.

A recovery algorithm (method, procedure, etc.) is an operator

Ar L (pa) X+ % L*(pg) — L*(pao).-

We consider A(y), y = (y1,--.,Yn), to be the recovered value of f on
Dy. At this point we impose no conditions on A.
The maximal possible error of a method A is

€<X7D7,u757 A) - Sup ”fO - A(y)HLQ(MO)
FEX, yeL? ()X x L% (pn)
||fj_yj||L2(Hj)§6j7j:1 77777 n

The optimal recovery error is

E(X,D,ud) = inf X,D,u,6,A).
( y &5 ) AZLz(ul)X---iI}?(pn)ﬂLQ(,uo) 6( » &5 1, 0, )
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A method A such that
E(X,D,1,8) = e(X,D, 6, A)

is called an optimal recovery method.

The problem of finding an optimal recovery method (and sometimes
an extremal function at which the optimal recovery error is attained)
is usually referred to as optimal recovery problem.

2. EXTREMAL PROBLEM

The optimal recovery problem is closely related to the following ex-
tremal problem. Find

(1) | foll £2(u0) — max, HfjH%Q(M) <62, j=1,....,n, feX.

A special case of this extremal problem is when D is the unit disk D,
1o and g1 are point masses and o is the normalized Lebesgue measure
on the unit circle. Here the problem turns into

max{| f(ao)| : | f(a1)| < &1, |f|lmz < 02},

which might be viewed as a version of the classical Schwarz lemma.
Here we consider another variant of Scwarz Lemma. Let a € D and
[’ be a circle inside of the unit disk, pu be the normalized Lebesgue
measure on I', and g > 0. Find

@  sw { 15 £ € #2151 < 1, (@) < a}.

We will consider the case when the circle I' passes through the origin
and its center lies on the real axis, so that

I'={ze€C:|lz—p|l=p}), 0<p<l/2

The corresponding optimal recovery problem is: Reconstruct a Hardy
function f on the circle I' from its value at a given with some tolerance.

There are several papers where similar problems were considered for
Hardy and Bergman spaces in connection with optimal recovery in both
one and several dimensional cases (see, for example, [4]-[6]).

3. EULER EQUATION FOR THE GENERAL PROBLEM

Let K(z,w) be the reproducing kernel of X. Write

p=—po + Z)\jﬂj-

Jj=1
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Then i is a regular measure on D and every function from X is square-
integrable with respect to fi. For w € D we introduce

dfiy(2) = K(z,w)dji(z).

Obviously every function from X is fi,,-integrable.
We further define

Tqﬁ(z):/DK(zT)dﬁw(T).

Theorem 1. If f € X is a solution of the general extremal problem

above, then there exists a non-negative vector A = (Ai,..., \,) such
that

]/C\Z (Span{Tg,w € DY),
and R
N1 F sy —0;) =0, j=1,...,n.

We say that a non-negative vector A = (Aq,...,\,) belongs to the
spectrum of the problem, if there exists an admissible for this problem
function f € X such that

LA (1 f ez guy) — 1) = 0.
2. f € (span{7) : w € D})™".
In this case we call f a spectral function.

Theorem 2. Let A be the spectrum of the problem. Then

n
(3) sup = sup E >\]5]2
fex AeA S
11y S350 =L

We call a spectral point (X\l, e ,X;) extremal, if the maximum of the
right-hand side of (3) is attained at (A1,...,A,).

4. SPECTRUM OF THE SCHWARZ LEMMA

Here we have.

R 1/ 1 1 |dr|
Tw = — — — - — - +
TJrl—2T 1l—7W |T—)p

1 1 A 1 1

l—za l-—aw 27 oy 1—27 1—7
1 A A
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l—zp—pw (1-za)(l—aw) 1-zw

Al

—|dt| =
W




By Theorem 1 every extremal function satisfies the following equa-

tion
1 a
() -
— pw 1 — pw 1 —aw

for some A, Ay > 0 and all w € D. Let

- 1— /1 —4p?
— % _
Then b is the Denjoy-Wolff point of the following self-mapping of D

z —

1—pz’
and the disk bounded by the circle I' is a hyperbolic neighborhood of
b.

Consider the following functions
VI—02 (b—2Y
- (1—bz) ., J=0,1,....
These functions form an orthonormal basis of H?, and they are eigen-
functions of the operator

_ 1 p
716) = =1 (122).

and the corresponding eigenvalues are
b

aj:l—pb'

pj(2) =

Theorem 3. Let a # b.
1. If

0

=1,

p

a_l—p2

27

or

al2oz — 10— al?
5 5 YaPe* —1p 2 |
ap +ap — |al
then the spectrum of Schwarz Lemma extremal problem consists of two
parts A = Ay U Ay, where

Ay ={(0,05) « [j(a)] < 0},
A2 = {()\1, )\2) : /\1, /\2 > 0, F()\Q) = 5_2, )\1 = h(AQ)}7

where

FO) =) —<Zj<_al’>2h2u>, h(\) = (Z —’fj = ) -



2. If

p2

)
<
1—p?’

_1_p2

a

and

V0al?p* —[p—al?
ap +ap — |a|?
then the spectrum includes in addition the point

v}
p
Theorem 4. Let a = b,
A ={(0,05): 5=1,2,...,},
Ay ={((1 =) (w0 — ), ) 5=1,2,..., }.

1
Then the spectrum of problem is A = Ay U Ag, if § < Winmri and

5 <

A= A1 U A2 U {(0,0é())}, Zf5 >

It turns out that A, is the most important part of the spectrum.
Proposition 1. If a lies outside T', then F(\) — oo as A — 0.

This Proposition implies that if a lies outside I', then Ay contains
only finite number of points.

Now we will use Theorem 2 to describe the extremal points of the
spectrum.

Proposition 2. If § > |¢o(a)|, then (0, ap) is the extremal point of the
spectrum.

Proposition 3. Ifa =0 and § < 1/v/1 — b?, then the extremal spectral
point 1s

(A A2) = (1 = %) (a0 — ), ).
Proposition 4. If 6 < |po(a)|, then Ay does not contain extremal
spectral points.

Note that the function

gy =3 1)

is monotone and increases from —oo to +0o when A € (o1, ;). Let
¢; be the only zero of g on the interval (aj11, @;).
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Proposition 5. Let a # b. If § < |¢1(a)|, then the extremal spectral
point ()\1,2\2) is unique, belongs to Ay and is determined by the condi-
tion (y < Ay < .

Proposition 6. Assume that |¢i(a)] < 0 < |po(a)| and

b—a
1—ab
then the conclu/gz’on of Proposition 5 is valid, that is, the extremal spec-

tral point (/):1,)\2) 18 unique, belongs to Ny and is determined by the
condition (yp < Ag < Qp.

> p?2/3,

’y:

5. OPTIMAL RECOVERY METHOD

To construct optimal recovery methods we need the following result
(several results of this type may be found in [2], [1], [3]).

Theorem 5. Assume that there exist Xj >0,7=1,...,n, such that
the value of the extremal problem

1follZ 50y — max, Z)‘ijj”%Q(O,uj) < Z)\j@?’ fex,
j=1 j=1

is the same as in (1). Moreover, assume that for every y =
(G1y -y Un) €Y1 X -+ X Y, where Y; are dense in L*(p;), there exists
fy which is a solution of the extremal problem

Z)\JHJC] o gj”%g(ﬂ,p,j) - Hlil’l, f € X.
j=1

Moreover, let A: L2(py) x -+ - x L2 () — L*(o) be a linear continuous
operator, where the norm in L*(uy) X -+ x L*(u,) is defined as

n 1/2
lyll = (Z Iijlliz(M) ,
j=1
such that for all g = (J1,...,0n) €Y1 X -+ X Y,

A(g) = (f3)o-
Then
E(X,D,p,0) = sup 1 foll 22u0)
(S

”fj”LQ(Hj)S(sj, j=1,...,n

and the method A(y) is optimal.
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We will apply Theorem 5 to the construction of optimal recovery
method for the Schwarz Lemma type problem considered above.
Consider the extremal problem

@ [ 15— mox, M@+ Rall il < X+ 5o, S €
N

where as before y is the normalized Lebesgue measure on I' and (/)\\1, /)\\2)
is an extremal spectral point for problem (2).

Proposition 7. Suppose that either

b—a
1. a#band 6 <|p1(a)], or |p1(a)] < 6 < |po(a)| and v = ‘1 —| 2
b2/3
or

2. a=band d < p(b) =1/v1— b2

Then the values of extremal problems (2) and (4) are the same.

Theorem 6. Suppose that one of the following conditions is satisfied
1.6 > |o(a)l,
2.9 S |901(CL)‘,
3. lpr(a)] <0 < lpo(a)l, 7>,
4. a :Ab,
and (A1, A2) is the corresponding extremal spectral point. Then the error
of optimal recovery is given by

A/ A162 + Ny

_ Ay 1—|al?
M+ do(l—la?) 1-az

and the method

(5) A(y)(2)

1 optimal.

Note that for a = b the optimal method of recovery (5) does not
depend on ¢ and has the form

1— o

Aw)(2) = T4~

6. OPEN PROBLEMS

1. It would be desirable to identify the extremal spectral point in all
possible cases. We have shown that in a number of cases the extremal
spectral point is the only point in Ay such that {; < A2 < ag. Our
attempts to find a nontrivial-case when this point is not extremal failed.
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Thus, we are tempted to conjecture that the point of Ay with the biggest
Ao is always extremal.
Conjecture. If a # b and 6 < |po(a)|, the point in Ay such that

Co < A2 < g is always the spectral extremal point for problem (2).

2. It is natural to ask which choice of @ minimizes the value of prob-
lem (2) (of course, this choice of a leads to the least optimal recovery
error). It follows from above discussion that the point b plays a special
role.

Problem. Does the choice a = b always lead to the least mean square
optimal recovery error?

3. Finally, if in problem (2) we replace the constraint |p(a)| < §
with .
3 | HEOPUG -0l <0 0<r<i-jo]

then the problem becomes even more difficult. The reason is that in

the right hand side of Euler’s equation the term A\, f(a)

1—az
with ,
Mf (a— L )
1—az

and the equation turns into

1 p ! r2z
1—pwf (1 —pw) B 1—Ezf (a— 1—67;) TS (w).

Thus, finding the spectrum in this case is reduced to finding eigen-
values of an operator which is a linear combination of two compact
non-commuting operators. It would be very interesting to find the
eigenbasis which corresponds to this problem and to find the solution.

is replaced
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