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We consider some extremal problems for the solution of the generalized heat equation similar
to the well-known Hadamard three-circle theorem. These problems are connected with optimal
recovery problems. We construct a family of optimal recovery methods for the solution of the
generalized heat equation using the information about inaccurate data.
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1. Introduction

We begin with one extremal problem which is known as the Hadamard three-circle
theorem (see, for example, [8]). Let f(z) be a holomorphic function on the annulus

r1 < |z| < ro.
Put

M(r) = max | f(z)|.

|z|=r

Then log M (r) is a convex function of the logr. The conclusion of the theorem can
be restated as

log ro /T logr/ry

M(T) S M(’rl) log ro /71 M(rr?) logra /Ty |

for any three concentric circles of radii 1 < r < r9.

The history of this theorem is the following. A statement and proof for the
theorem was given by J.E. Littlewood in 1912, but he attributes it to no one in
particular, stating it as a known theorem. H. Bohr and E. Landau claim the theorem
was first given by J. Hadamard in 1896, although Hadamard had published no
proof.
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The Hadamard three-circle theorem gives an estimate in the following extremal
problem

M(r) — max, M(r) <61, M(rz) <.

The exact solution of this problem which is expressed in terms of elliptic functions
was given by R. M. Robinson in 1943 [6].

In 1913 E. Landau [3] considered a very similar problem. He took derivatives
instead of circles. He proved that for all functions # € Loo(R4) with the first
derivative locally absolutely continuous on Ry and z” € Lo (R;) the following
exact inequality

/ 1/2 myl/2
o'y < 2l g a1
holds (the exactness means that the constant 2 could not be replaced by some
other constant which is less than 2). That is he found the exact solution of the
extremal problem

2"l ryy — max, [zl @) <01, 2"l m,) < 02

Then in 1914 Hadamard [1] solved the analogous problem for R.
In 1939 A. N. Kolmogorov [2] obtained the general result in this field. He found
the exact solution of the problem

2™l @) = max, Nzl po@ < 61 27 o @) < 6

The value of this problem is

)

K, 41—
Kok syosinsy
K,

where

X 1\s(m+1)
Km = % ((232 1)m+l

s=0
are the Favard constants.

These types of extremal problems are known as Landau—Kolmogorov inequalities
for derivatives and they all are similar to the initial extremal problem formulated
by Hadamard.

2. Analog of the Hadamard theorem for the heat equation

We will consider the problem which is analogous to the Hadamard three-circle
theorem but the role of circles will play the time.
Let u be the solution of the generalized heat equation in R¢

up + (—A)* %y =0,

Ul = F@). € L@,
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The operator (—A)®/? is defined as

(—A)*2g(x) = FH(€]" Fy()) (=),

where F is the Fourier transform in Lo(RY) and F~! is the inverse Fourier trans-
form, and the boundary condition means that |[u(t,z) — f(z)||z,re) — 0 as t — 0.
It is easy to show that the unique solution of (1) is the function

u(t,z) = F~H (e FIM P f()) (), (2)

Theorem 2.1: For any solution of the generalized heat equation (1)
log [[u(t, )| 1,(re) is @ convex function of t.

Proof: By Plancherel’s theorem it follows from (2) that

1 o2
R e L AR LUGI

Let 0 <t; <7 <ty. Put

ty — 1 ty — 1 1
= q= du(§) =

tg—T’ T—tl’

@BﬁFﬂafﬁ-

p

Then using the fact that 7 = t1/p + t2/q and Holder’s inequality we obtain

I e = ) e

2 to—T7 2 T—tq1
to—t to—tq

= [Ju(ts, .CC)HL;(R{}) [u(ts, x)HLQ(Rd)'

Thus we proved that

to—7 T—tq1
ta—t1

e @)l ey < I, )| o e, ) | 2

It means that log [|u(t, )| ,(re) is a convex function of ¢. O

Now we consider the similar problem with n + 1 “circles”. Namely, we want to
solve the following extremal problem

||U(7', x)HLz(Rd) — 1nax, ”u(tj7x)”L2(Rd) < 6]7 J=L2,...,n,

f € Lay(RY),

where 0 <t <...<tpand d; >0,5=1,2,...,n.
To formulate the result we consider the set

M = cof (t;,In(1/6)), 1< j<n}+{(t0)] t >0},
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Q(t) . .

1 .

In 5 .
M

1 0

hl g
tr ts,  Tels, Loy ¢

where co A is a convex hull of A. Define the function 6(t), ¢t € [t1,00) as follows
0(t) = max{s | (t,s) € M }.

It is clear that € is a polygonal line on [t1,00).

Theorem 2.2: For all >t

sup (T, )|l ey = e,
fEL2(RY)
llu(ts @)L, ay <65, §=1,2,...;n

The proof of this theorem may be obtained by the same scheme as in [4] (where
the case a = 2 was considered).

3. Optimal recovery of the solution of the heat equation

This extremal problem is closely connected with the problem of optimal recovery
of the solution of the heat equation at the instant of time 7 knowing inaccurate
observations of the solution at the instants t1, ..., t,. Let us formulate this recovery
problem more precisely.

Assume that we know functions y; € Ly(R%), j=1,...,n, such that

u(ty, ©) —yj(@)|lprey <05, F=1,...,n.

What is the best way to use this information to recover the temperature distri-
bution at the time 7 # ¢;, 1 < j < n, that is to recover the function u(r,z)?
We admit as recovery methods arbitrary maps m: (La(R?))" — Lo(R%). For a
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fixed method m the quantity

6T(L2(Rd), J,m)

= sup u(r, z) — m(y)(x)HLz(Rd)v
Jsy15eyn € Lo (RY)
llu(ts; @) —y; (@)L, @) <65, §=1,....n

where u is the solution of (1), 6 = (d1,...,9,), and y = (y1,...,Yn), is called the
error of the method m.

We are interested in the value

E.(Ly(R%),6) = inf +(Lo(RY), 6
(E2(R), ) m:(LZ(Rgl)n_»LQ(Rd)e( 2(R7), 0,m),

which is called the error of optimal recovery and in the method m, for which the
infinum is attained that is in the method m for which

E-(Ly(RY),6) = er(Ly(RY), 6, ).

We call this method the optimal recovery method.

Theorem 3.1: ForallT >t
B (Ly(R%),6) = 70,

If ts, < ... <ts, are the points of break of polygonal line 6 and ts, < 1 <ts,,,,
then the method

fﬁ(y) = Ksj *Ys; + K5j+1 *Ysjt
s optimal; here

(t8j+1 - 7')52,.+1 e‘éla(tsfrl 77)

FKS,' = . )
’ (5) (t3j+1 - 7—)63»+16|£‘Q(tsj+1_tsj) + (T - t87‘)5§;€_‘€|a(t5”1 _tsj)
(7 — t,,)02 eIl (=)
FKS]'+1 (5) = - )

(ts_7'+1 - T)5§j+16|£‘a(t5j+1_tsj) + (7— — tsj)(sgj e_‘gla(t*‘gﬁ—l _t"‘j) .
If T > t,,, then the method which is solution of the heat equation with the initial
condition

Sk

u‘t:t = ysk (.’B)

at the instant of time 7 is optimal.

The proof of this theorem for a = 2 may be found in [4].

Note that the optimal method of recovery m uses not more than two observations.
To find these observations we have to construct the set M and the polygonal line
f. Then we have to find the nearest points of break of 6 to the point 7. The
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Sj+1

observations at these points are those that are used in the optimal method of
recovery im.

Note also that we can make more precise points of observation which are not on
the polygonal line. Suppose that for some t,,, ts, <t <ts,, and

1

Then optimal recovery method gives the error less than 6,,. Indeed
[t 2) = T(y) (@) Loy < €70 < G-

Further investigations discovered a surprising fact. It was found that parallel
with the optimal method from the previous theorem there are a lot of optimal
recovery methods. To discuss this situation we consider the recovery problem for
two instant of times t; and to. Without loss of generality we assume that ¢ = 0
and to =T

The scheme of obtaining of the optimal recovery method m is the following. First,
we consider the extremal problem

[[u(r, 95)”%2(]1@) — max, ”u(oaiﬂ)”%z(ﬂz{d) = 1117, ey < 9%,

HU(T, ‘,L.)H%Q(]Rd) < 5’%7 f € LQ(Rd)

Passing to the Fourier transform and using the Plancherel theorem we obtain
the following problem

<2i>d /R e 2T Ff(€)[2 d — max, @jr)d /R PP dg < 63,

1
(2m)¢

/ e TIPf(e)de < 63, f € Lo(RY).
Rd
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There is no existence in this problem. We consider the following extension of this
problem (changing (27)~%|Ff(&)|? d¢ by a positive measure du(€)):

/ =267 4u(6) - max, / du(€) < 82,
Rd Rd

/ T () < 6 du(€) 2 0. (3)
Rd

To solve this extremal problem we consider the Lagrange function of this problem

E(du7 )\07 AT) = /

(—6_2‘&&7 + Xo + )\T6_2|E‘QT> du(§).
Rd

Then we find an extremal measure dji(€) and the Lagrange multipliers /):0, XT such
that

in L(d, ho, M) = L(di, N, A
(a) d;f?fl)go (,U, 05 T) (:ua 0 T)a

0 Ao ([ dn© -a) +3w ([ 2T aute) - 3) ~o.

Then for arbitrary yo,yr € L2(RY) we consider the extremal problem
Roll£(2) — 90() 2, ey + AT, 2) — yr(@) |2, oy — min, f € Lo(RY,

where u is the solution of the generalized heat equation (1) with the initial tem-
perature distribution f. If f is the solution of this problem, then the method

m(yo, yr)(x) = u(r, z),

where 7 is the solution of (1) with the initial temperature distribution f, is an
optimal method of recovery (see [4] for details).

Let us consider more explicitly extremal problem (3). For any og,op > 0 the
value of the extended problem

[ aue) »max, [ dute) <3,
R4 1€1>00

/ e 21T gu(e) <62, du(€) >0 (4)
|§‘§0'T

is not less than the value of (77).

The reason of the existence of a collection of optimal recovery methods is in the
fact that there is a set of og, o > 0 for which the values of these extremal problems
are the same.
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Assume that 7 < dg. Set
1 TN 7= (53 1/e 5% T 7
<2T1°g <<T) 5%» @S (7)"

3

T 1/a
o (e (T Y
= \ar ®\\17=7) & '

Theorem 3.2: For all 0 < 09 < 69 and o > or the values of problems (77)
and (4) are the same.

To proof Theorem 3.2 we consider the Lagrange function of problem (4)

E(dp, Mo, Ar) = /IR e () 4 do /E )

+ /\T/ e e qpu(g).
|§|<or

Then we show that for the same Xo, XT as above conditions

() min L(dps Ao, ) = L(dfi; o, M),

N ~re\ 52 £\ —2l¢|oT _s2 )
() Ao </£|>UO dp(§) 50) + Ar </|£<0Te dpu(§) 5T> 0

are fulfilled.
Using Theorem 3.2 we obtain the following result

Theorem 3.3: For all 0 < o9 < 0y and o > or the methods

mUOJT (y07 yT) = KO * Yo + KT *Yyr

are optimal; here

KO, 0 S |£| S g0,
(T — 7)d2elél"(T=7)

FERo(§) = (T = 7)02€lePT + 752¢ 16T

og < |f| <o,

\e—\ﬂa‘T’ |£’ > ar,
e'f‘a(T_T)’ O S |§| S UO)
T62e €T
FEr(€) = & o0 < €| < or,

(T — 7)6%eleP’T + 762e— 1T
07 |£’ > ar,

\
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Theorem 3.3 gives a family of optimal recovery methods depending on two pa-
rameters oo and op.

0 o 00 or or €]

4. Optimal recovery for the heat equation in the d-dimensional ball

Now we consider the analogous problems for the unit d-dimensional ball.
Set

d
B? = {:):— (x1,...,2q) : ]w[2:2x§ < 1},
j=1
Sl ={zeR?: |z =1}.
Let u be the solution of the generalized heat equation in B%:

w4 (=A)*?u =0, o>0,
uli=o = f(2), f € La(B) (5)

We would like to consider the following extremal problem

[u(T, 2)|| L@y — max,  [Julty, 2)||L, @) <05 7=1,2,

f e LyBY), (6)

where u is the solution of problem (5).

This extremal problem is closely connected with the problem of optimal recovery
of the solution at the instant of time 7 knowing inaccurate observations of the
solution at the instants t; and ¢s. Let us formulate this recovery problem more
precisely.

Suppose that we know two functions y;,y2 € Lo(B?) such that

[ulty, ) = y; (@)L, @) < 655 J=1,2.

We want to recover the solution at the instant 7 using inaccurate observations y;
and yo.

We admit as recovery methods any maps m: Lo(B?) x Ly(B?) — Lo(B?). For a
fixed method m the quantity

er(La(BY), 01,82, m)

= sup [u(r, 2) — m(y1, y2) (@) L, B9),
[y1,y2€ Lo (B)
llu(ts @) —y; (@)l Ly gay<;, j=1,2
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where w is the solution of (5), is called the error of the method m.
The quantity

E. (Ly(BY),61,69) = er(L2(BY), 61,02, m)

inf
m: La(B4)x Ly (B4)— Lo (B)

is called the error of optimal recovery and a method delivering the lower bound is
called an optimal recovery method.

It appears that the error of optimal recovery equals the value of extremal problem
(6). That is,

E-(Ly(B),61,62) = sup w(7, 2)|| L, Ba)-
feLy(BY)
||u(tjv$)HL2(rBd)S5jv J=12

To formulate the result recall some facts about the eigenfunctions of the Laplace
operator. We consider the case d > 1. Let Hj denote the set of spherical harmonics
of order k. It is known (see [7]) that dim Hy = ag = 1,

(d+k—3)!

m, k:1727...,

dimHk = Qi = (d+2]€—2)
and

Ly(S™ ") =) Hy.
k=0

Let {Yj(k) }7, denote an orthonormal basis in Hy. Let J, be the Bessel function

of the first kind of order p and ME”), s=1,2,..., be the zeros of J,,.
The functions

(p)
Jp(ps ' k
Zuagla) = Uy 0 ),

where r = |z, 2’ = 2/r, and p = k+ (d —2)/2, form an orthogonal basis in Lo (B?).
Moreover,

AZskj = _(/'Lgp))2Zskj-
We will use the orthonormal basis in Lo (B?)

Zskj

Yo = — 2k
" N Zsk N o we)

We recall that the operator (—A)*/? is defined as follows

(—A)2F = SOS()eS e Vo,
j=1

s=1 k=0
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where

F=Y 30 caniYars. (7)

s=1 k=0 j=1

The solution of (5) can be easily found by the Fourier method of separation of
variables. It has the form

oo 00 P ak
u(z,t) = Zze_(’“ ) tzcskjyskj(l")a

where cgp; are the Fourier coefficients of the initial function.
Set

_2 (P)\&
agp = e 2w

The zeros of the Bessel functions ,u(p) =12,..,p=k+(d-2)/2, k=0,1,...,
can be arranged in ascending order

(Pl ) (pz) <

plP < plp c<plP) <

Put 8, = as, ,,. Then
B1>02>...> 0>

We introduce the following notation

Am = [6573_7_?76%_]&1] ) AO = [ iz—h’ +OO) )

—t —t
Brei = Bm' 7 63

N ﬁtl—? — %_h 5 % € Am, m > 1,
A= Tmt
T—tl 5%
1 ’ ? € A(]a
. 1
/67'*151 o ﬁT*h 52
tzn_tl T:} % S Am7 m > 1>
N P - ﬁ7r2L+11 ‘51
Ao =
0
0, 572 S AO.
1

Theorem 4.1 [5]:  For all 61,92 > 0 the following equality

E-(Ly(B%),61,62) = \/ \162 + Ap62

holds. Moreover, the method

i i T/2 Z )\lask ylsk] + )\QQSk/ Y2skj %
y17 y2 Qg o skjs
s—1 k=0 =1 B “sk‘i')‘ ag,

where Yiskj, Yaskj are the Fourier coefficients of y1 and y2, is optimal.



June 29, 2009 11:40 Optimization paper

12 REFERENCES

It appears that in this case we also have a family of optimal recovery methods

depending on two parameters.
Put

max{k : 8277 < Xy, k €N}, [T <Ny,

N1 = Ni(61,6) = 2
1 1(61, 62) 0, LT S R,

Ny = Ny(61,89) = min{k : B[~ <Ay, k € N}.
Theorem 4.2: Foralll < N; < Nl and ]Vg < N5 the methods

Nl Ak

mNth (yla 92) = Z 67(7:7162)/2 Zy2m]Xm]

m=1 j=1

N2 -1 Ak

SV ATC L W V-
I Z ﬁgg Z 18m A@/lnz A2ﬁz Yomj Xnj
m=N;+1 j=1 Alﬂm + )\2ﬁm

Ak

+ 3 BTN i Xomg,
j=1

m:Ng

where Xpj = Y k.5 and Yimj, Yamj are the Fourier coefficients of y1, y2 for the

orthonormal basis { Xy}, are optimal.

The proof of this theorem is based on the fact that the value of the extremal

problem

lu(r, 212, 5oy — max, [lu(ty, 2)|L,@ <0, 5=1,2, f€ La(B),

which can be rewritten in the form

x o
P 9 .
g Br,Cy — max, g ﬁfglozm < 5j, i=12 a,u>0,
m=1 m=1

foralll1 < N; < ]/\\fl and ]/\72 < Ns coincides with the value of the extremal problem

0o 0o No—1
> Bram — max, Y Bham <6, Y BRom <05 om = 0.
m=1 m=N;+1 m=1
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