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Abstract

We consider an optimal recovery problem for the k-th derivative of the function
on an interval from the information on the function itself, given in the mean
square metric. As a consequence of the solution we prove one Kolmogorov type
inequality for derivatives on an interval and demonstrate that the constant in
this inequality can be reduced by considering particular subsets of the function
class.
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Optimal recovery problem first appeared in the paper of Smolyak [1] and has
been widely developed in [2]-[5]. The problems of this kind are also considered
in [6]. Based on the general principles of extremal problems the new approach
can be found in [7] - [10], as well as some results in this area. In the papers
[11], [12] authors obtained some inequalities for derivatives and showed, that the
problem of finding the exact constants in such inequalities can be formulated
and efficiently solved as the corresponding optimal recovery problem. In this
paper we develop their approach and prove one Kolmogorov type inequality for
derivatives (originally obtained in [13] and discussed in the paragraph 5.3 of the
book [14]) as a consequence of the solution of the optimal recovery problem.
Moreover, we show that the constant in this inequality, which is accurate on
the whole class of functions, may be reduced on its subsets. We give explicit
expressions for these subsets and the corresponding constants.

Consider the space La(wq, [—1,1]) of measurable functions on [—1, 1], satis-
fying condition

1/2

1
Hx||L2(wa’[_171]) = </ 1 wa(t)|:c(t)|2dt> <00, we(t)=(1- t2)a.

Denote by W™ the weighted Sobolev class, consisting of functions
x € Lo([-1,1]) with absolutely continuous (r — 1)-derivative on [—1,1] and
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||x(T)HL2(wN[,171]) < 1, r € N. Suppose that for a function z € W" we
know an approximation g € Ly([—1,1]), such that ||z — g|lz,q-1,1) < 0,
0 > 0. On this information we want to recover the k-th derivative of x
as an element of Lo(wg,[—1,1]), where 0 < k < r. An arbitrary map
m : Ly([-1,1]) — Lo(wy,[~1,1]) is called a method m of recovery of z(*).
Define the error e(d, m) of the method by

e(d,m) = sup ||I(k) *m(g)HLg(wk,[—m])-
zeW?”, g€La([—1,1])
lze=gllLy(—1,11) <

Next, define the error E(§) of the optimal recovery by

E(8) = e(d,m). (1)

inf
m:Lo([—1,1])— La (wg,[—1,1])

The method of recovery m is optimal if the error of the optimal recovery E()
is achieved by the error e(d, m) of m, i.e. e(d, m) = E(9).

Consider Jacobi polynomials {P*}7°,, @ > —1, which are orthogonal on
[—1,1] with respect to the weight (1 —#2)~. It’s known ([15]), that

1 0, k#1
/ (- t2)°‘Pl“(t)P,;)‘(t)dt = { 920+l (l4q)!? k=1
-1 21+2a+1 (I+2a)1!” -
We set Y,*(t) = ZZ;E’iJ{I (éffj){’é’Pﬁ(t) and construct an orthonormal basis

{12, in Lo(wa, [-1,1]), a > —1.
Consider the set of points {(z,y:)}72,, given by the formulas

{a k<l<r, (I +k)!
X, =

G azr YT AR

Let 2, <6 2 <x4.1,s5>1r—1and put

N Ys+1 — Ys N YsTs+1 — Ys+1Ts
M= A= T T (2)
Ts4+1 — Ts Ts4+1 — Ts

Later we’ll see , that Xl >0 and Xz > 0.

Theorem 1. The error of the optimal recovery is given by

E(8) = \/ A1 + A\p02

and the following methods are optimal

mal)) = Lo {0 + X o [0, @)

l=r



where

g = / (O, (1)

h) 3\\1X2 /
ap = = 2 + €= \/7 $l>\1+)\2—yh (5)

AT+ Ao Az + )\2

e, — arbitrary numbers in [—1;1].
ProoF. Consider the extremal problem

Ho:(k)||2L2(wk7[_1,1D — max,
1N oy S 2l o1 < 6% (6)

which is called the dual problem to (1). Its solution gives the lower bound for
E(6). Indeed, for an arbitrary method m

e(d,m) = sup Im(9) = =™ L up -1 =
r€W", g€L2([-1,1])
Hm_g”LZ([—l,l])S‘s

> sup 1m(0) = ™| £, (g (—1.1)) =
zeW’"
Izl Ly —1,17) <3

172(0) = 2 My (=11 + 1 = 7(0) = 2Dy (w11

v

sup
zeW" 2
Izl Ly ((=1,17) <6

> sup 2 ).

xr
Il gy ((=1,17) <0

The inequalities are true due to the central symmetry of the set of admissible
functions. Hence

E(5) > sup Hx(k)HLz(wk7[_1,l])~
zeW”
Izl Ly (—1,17) <0

Consider the decomposition of z in the basis {Y,°}°,, which has the form
z(t) =Y 20 aY(t). We use the formula (that follows from the formula (4.5.5)
from [16])

d* 2o+ 1+ k)!

' pa _ PaJrk t

a0 = G oy er @)
to obtain ¥ (t) = S°7°, ¢ (ﬁ'HZ;,Yl . (t), which is the decomposition of (%)
in the corresponding basis in La(wy, [—1,1]). The same decomposition takes
place for z("). Denote ¢} = u; and use Parseval identity to write the problem
(6) in the following form



0o (14k)!
Dok W (—ry — max,

S wit <L Y w <6 w20,0=0,... . (7)

We write its Lagrange function, putting w; = 0, I = 0,...,k — 1, as these
coefficients aren’t included in the functional and thereby the second constraint
in (7) may be equivalently presented as > -, u; < 6.

(I +k)! [+7)
L(u, A1, Ao) = =Xy — )\252+Z ( s +>\2)+Z>\1ulg :;!:

=r

= -\ 7}\2524*271,1 ()\11’[ + Ao 7yl), u = (0,...,uk,uk+1,...).
=k

If there exist Lagrange multipliers Xth > 0 and element @, admissible in (7),
that minimizes Lagrange function

min L(u, Xl , /):2) = L(u, }:17 XZ)

u>0
and satisfies
N o0 N o0
A1 (Zam — 1) + Ao <Zﬂg —(52> =0
l=r 1=0

(complementary slackness condition), then @ brings maximum to (7). This
follows from the fact that from non—negativity of Lagrange multipliers, for all
admissible © we have the inequality

~ ~ > !
L(u7A17)\2) S _Zul (l +k)

which implies

. S . —  (l+k)
< p—
1;1121101 L(u, A1, Ag) < glzlg Z w (1 —k)!
PO IIES L
Sz, wm <l

From the fact, that 2 minimizes Lagrange function and satisfies the complemen-
tary slackness condition it follows, that

Hence,

o (L +E)! . = (I+k)
_ < _
DI ey TR S DLy
Zloioul§52 =k
Do, wmry <1



i.e. U is the solution to (7). We shall present such A;,\y and 7.

Consider expression (y;+1 — 41)/(zi+1 — x1), which is the slope of the line,
connecting the adjacent points of the set {(z;,y)};°,_,. It decreases with the
growth of [. For [ > r + 1 it’s easily verified that

Y=y _ iy lor 1tk oy -y
Tiy1 — Ig v —x—1l—k+11l+7r — 21— 211

and the same holds true for [ = r as well.

The fact that the slope decreases as the sequences x; and y; increase mono-
tonically to infinity implies that any line, connecting the adjacent points of the
set {(z1,y1)}52,_4, is a support line to the given set, and the whole set of points
{(x1,m1)}2,, lies entirely below such line (for {(x;,;)};=7 the proposition is ob-
vious). Also, there exists s > r — 1, such that #, < =2 < x,,;. Taking the
line y = Az + Ag (where A1, Az are defined in (2)), which connects the points
(zs,ys) and (Ts11,Ys+1), We come to /):1371 + /):2 —y; >0, [>k. Hence

L(u7X1,X2) Z —3\\1 - /):252, Yu 2 0.

Obviously, :\\1 > 0 as a slope of the line (Xl =0 in case k = 0). Also 3\\2 >0
being a value of the line at 0, which is bigger, than y; > 0 for I = k,...,r — 1,
as the set {(z7,y;)};—} (where z; = 0) lies below the line. Consider the element
u,
0, i ¢ {s,s+1},
ai = (521‘54,_1 - 1)/($5+1 - m8)7 i=s, (8)
(1 —0%2,) /(2511 — ), i=s+1.

It’s easy to see, that u is admissible in (7), satisfies the complementary slack-
ness condition and minimizes Lagrange function, as L(u, )\1, )\2) = f)\l )\252
Hence, the solution of the dual problem is equal to A\; + A262. And we obtain a
lower bound for the error of the optimal recovery E(J) > 1/ Xl + X252.

Consider the method (3). Now we show, that its error equals to the achieved
estimate. We use the decomposition z(t) = ;7 ¢ Y,’(t) as previously.

r—1 [eS)
L+ k)! L+ k)!
125 = ma(@)1Z oy -1,y = D90 = e0)” El _ k;! +2_(ag —a)’ El - k;!
=k l=r
r—1 00
(I +k)! L+ k)!
;9—01 Ay +Zalgz—cz)+cl(al—1)) El—k;!'

Transform  the second term  using  Cauchy-Schwarz  inequality
| <,y >| < |z|lyl|, applied to vectors

(V) (e R




‘We obtain

(
25 =m0 (DI (e 1,17y < Z(gz —a)

= ~ ~ (I+m)!
+ZA1 ()\Q(QZ —a)’+ X\ El _r;!CzQ> ;

l=r

where

A= (‘l?+(az—1) (1—1)! ) (I + k)"

o N () =k

The condition (5) is equivalent to A; < 1 and, as it’s shown above, we have the
inequality Ao >y, = (I+k)//(I = k), I =k,...,r — 1, which leads to
+nr!,

H.’L’(k) — ma(g)||%2(wk’[71 1 Z gl - Cl + /):1 Z ﬁ < )\252 + )\1
=k

l=r

Thus, we end with the proof.

We proceed to the application of the theorem to corresponding inequalities
for derivatives. For s € N consider the following set

T r ’I“)' (r)
KS =S xzeW": ||£U||L2([_171]) ’I“)' HiE ”LQ(wT,[—l,l]) , S >

Proposition 1. Let z € K, then

| Y k/2r
(s +k)! ((s T)) ||m||1 k/r ” (,«)”k/r

k
||$( )HLz(u)k,[fl,l]) < (S — ]C)' (S +7’)' Lo (w,,[—1,1])?

0<k<r<s. (9)
PrOOF. As it was shown before, the following equality takes place

sup- 1y ™ Lo (=111 = E(6)-
yeWw
lyllLy(—1,17) <3

Inserting the expression for the error of the optimal recovery from Theorem 1,

we come to inequality ||y(’“)||L2(wk,[_171]) < \/Xl +X2(52, with the constraints
1Y Lo, (1) = 1 Illzageray = 8 and @y < 672 < @444, Denote by
A* the smallest constant A, satisfying the inequality VA + Xad2 < ASLR/T

1-k/r
Lo([—1,1])°

Yoo -y = 1 and 2y < lylgyy) < @e. Take
y(t) = 2()/ 27| Ly(w,[-1,11), @ # O to obtain

when z, < 072 < x,.;. Then, ||y(k)||L2(wk7[_171]) < A*yll

* 1-k/r
128 L1y < Al 12N, 1)



2
for 5 < (|2 | £y -1,/ 112 La(=1,1))) < @st1. As s > 7, the number A*?
is a solution of the following problem of conditional extremum

(Xlx + Xg)/xk/’“ —max, T,<2<Tey.

It’s easy to see, that the maximized function has the only critical point
x* = Ak/(M(r — k)), which is a point of its global minimum, so the re-
quired maximum is attained at the ends of the interval and is equal to y; /xlg/ "

or y5+1/a:f_/:1. Consider function y(z) = ((a+x)/(a — x))l/x on the interval
0 < x < a. Calculating the derivative, we obtain

y%@==<a+x>lmlf%1(@2—a%h1a+x—+mm).

a—x a—x)? a—x

First two factors clearly are non-negative on the interval. The expression in the
last brackets is equal to 0 for z = 0, and its derivative 2z In((a + z)/(a — x))
is non-negative, so the expression is increasing and hereby also nonnegative. It
follows that function y(z) is increasing on the interval 0 < x < a. Substituting
a = s+ 1, we obtain

14k 1/k 1 1/r
stl+k < (SEIETY T e hcr<stl,
s+1—-k s+1—r

or

s+1+k _ (s+1+7\""

< . O<k<r<s+1,
S—l—l—k_(S-l-l—T‘) rest
which has the following form in our notations

k k .
Ysr1/ys < (@1 /2 )T, or yer /2t <yo/ahlT) 0<k<r<s+l.

Thus, A* = \/ys /a:’;/ ". Since the constant A* decreases monotonically with

increasing of s (which is shown above), the inequality holds for all functions
2 e

z # 0, such that z, < (|27 1,0, (1,1 / 12| 2o(=1,17)) - Substituting the

explicit expression for x, and simple transformations, we obtain the proposition

for 0 <k <r<s+1. For 0=k <r < s+ 1 inequality (9) is trivial.

Note that K] D KJ,; D ... and the corresponding constants in (9) are
accurate and decreasing to 1. On the set W7 \ K inequality of type (9) is not
true. To ensure this, it’s sufficient to consider function Yko.

In paragraph 5.3 of [14] the authors present the following inequality (origi-
nally obtained in [13]) for functions x € W, for which z(t) = ;2 ¢ ¥,°(¢) and
a=0,l=kk+1,..,r—1,

k/2r
k (r+k)l /1 1—k/r k)T
HCC( )HLz(wM—l,l]) < (r—k)! \ (2r)! ||x||L2[—1,1]||x( )HLz(wr,[—l,l])'




We consider the class of functions W = {z e W" : ¢, =0,l =k, k+1,...,r—1}
and formulate a proposition similar to Theorem 1.

Let
0, l=r—1, 0, l=r—1,
Tr =9 (14 Y= (+k)
(17:)!7 L=, =y L=

If 2, < 072 <241, 5 >1r—1, we define Xl,XQ by formulas (2). We will see,
that )\1, /\2 Z 0.

Theorem 2. Let x € W, then the error of the optimal recovery is given by

E(8) = \/ A1 + 262

and the following methods are optimal

ma(g)(t) = 3 aig Eﬁf’;;im’w (10)
l=r ’

where g; and a; from (4),(5).

PrROOF. We proceed with the proof in a similar way as in Theorem 1. Lower
bound for the error of optimal recovery is given by a solution of the dual problem

||$(k)H%2(wk,[—1,1]) — max, ||$(T)H%2(wn[—1,1] <1 ), o1y <62, =€ W,

which Lagrange function, after appropriate transformations and substitution
612 = u; has the form

> 1+ k)! l !
L(u, A1, A2) = =M1 — Ao6? +Zul (-H)| + A2 +)\1ul( +r) )
l=r ’

= =]

=)\ — 0%+ Zul (—yr 4+ Ao+ M), u = (Upy Upgr ... ).

l=r
As before, for [ > r, we can show

Yi+1r — Y < Y —Y-1
Tip1 — X X — X1

Hence L R R
L(u, A1, M) > =M — A262, Yu>0

0, I
» AT if s =7 — 1, brings

7 l:’r’

and element @, given in (8), if s >r oru:u = {

the extreme value in the dual problem.



Consider the error of the method (10). When 62 < z,., we have X2 =0,
that leads to m4(g) = 0. Then

sup 2% = ma(9 s -1y < sup ™, -
ey, P LaGor-11]) S S L 0 -1

le—=9gllLy(—1,1) <0

_ (k)12 _
= sup [k HL2(wk7[71,1]) = AL
zeWy,
Izl Ly —1,17) <0
Incase x4 < 02 < xypq, 5>,

o0

1+ k)!
Hff(k) - ma(g)”%rz(wk,[—l,l]) = Z(azgz - le&_,ﬁi,
l=r '
> l+k ~ (147!
Zal g —a) +ala —1))? ) <ZAZ ()\2 a)? Algl_r)yle)
g&ﬁ+&,
due to 2 (@ -1 (=) (4!
a a;—1 —r)! + k)!
A==+ —— ) <1.
! (& N ) =k

Proposition 2. ([14]) Let € W, then

(r—i—k)!( 1 )k/% I ||1 Ic/r | T)Hk/r
1]

k
||37( )”Lz(vﬂm[*lall) < (r— k) \ (2r)! La(w,,[—1,1])

0<k<r (11)

PRrROOF. We have the inequality

sup Y™ L -1y < E(0)-
yeEW]
Iyl (=1,17) <0

Inserting the expression for the error of the optimal recovery from Theorem

2, we obtain ||y(k)||L2(wk,[_171D < \/Xl +X252, with the constraints y € W{,
19" | Lywr =11 = L, |Wllza=1,1) = 6. The greatest value of the error of
the optimal recovery is achieved in the case 6=2 < (2r)!, when X2 = 0. Then

19" 2 (oo (=1,1)) < V) A1, with constraints y € WE, [y £, (w, (1,17 = 1. De-
note by A* the least constant A, satisfying the inequality \/Xl < ASTHRIT

Substituting :\\1 = y./x,., we get that the smallest of these constants is
o . k/2r
A* = I?;T or, by writing z, and y, explicitly, A* = E:fg: (ﬁ) .



* 1-k/r
We have, [[y® |1y, —1.1) < A ||y||L2([/_171])7 for |4 || Ly(w, (-1.1)) = 1. Let

y(t) ———=2® 540, then

T e Ly (wp(—=1,1])

1—k/7" H:L'(T)”k/r

||x(k)HL2(’LUk7[_1vl]) =< A*Hx”LQ[fLu La(wr,[~1,1])"

Thus, we demonstrated, that the inequality (11) is a consequence of the
solution of the problem of the optimal recovery from Theorem 2. Despite the
fact that on a broader class of functions W7 the inequality of the type (11)
does not exist, we proved (9) on its subsets W™ N K., s > r. We can now
refine the inequality (11) and show, that the constant in it can be reduced on
sets Wy N K], s > r. From the fact, that the error of the optimal recovery in
Theorems 1 and 2 is the same for all §, except for §=2 < (2r)!, it follows, that
on sets Wi N KL, s > r inequalities (9) remain true. Exact constants in them
are less than constant in (11) and decrease to 1 with the growth of s.
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