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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî
âîññòàíîâëåíèÿ ïðîèçâîäíîé k1−ãî è k2−ãî ïîðÿäêîâ ôóíêöèè
ïî åå íåòî÷íî çàäàííûì ïðîèçâîäíûì äðóãèõ ïîðÿäêîâ è ñàìîé
ôóíêöèè. Ïîñòðîåíî ñåìåéñòâî îïòèìàëüíûõ ìåòîäîâ âîññòà-
íîâëåíèÿ.

1. Ââåäåíèå.

Îáùàÿ ïîñòàíîâêà çàäà÷è îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíê-
öèîíàëà ïðèíàäëåæèò Ñ.À. Ñìîëÿêó [1]. Îíà ÿâèëàñü îáîáùåíè-
åì çàäà÷è î íàèëó÷øèõ êâàäðàòóðíûõ ôîðìóëàõ Ñ.Ì. Íèêîëüñêî-
ãî [2], êîòîðàÿ â ñâîþ î÷åðåäü âîçíèêëà íà îñíîâå èäåé À.Í. Êîëìî-
ãîðîâà. Çàäà÷à îá îïòèìàëüíîì âîññòàíîâëåíèè ïî íåòî÷íî çàäàí-
íîé èíôîðìàöèè áûëà ïîñòàâëåíà â ðàáîòå [3]. Â äàííîé ðàáîòå èçó-
÷àåòñÿ çàäà÷à îäíîâîåìåííîãî âîññòàíîâëåíèÿ ïðîèçâîäíûõ ôóíê-
öèé k1-ãî è k2-ãî ïîðÿäêîâ â ñðåäíåêâàäðàòè÷íîé íîðìå ïî íåòî÷íî
çàäàííûì ïðîèçâîäíûì n1-ãî è n2-ãî ïîðÿäêîâ è ñàìîé ôóíêöèè.
Ðåøåíèå ïðèâîäèòñÿ ïðè íåêîòîðûõ óñëîâèÿõ íà ïîãðåøíîñòè, ñ
êîòîðûìè çàäàíû ïðîèçâîäíûå è ñàìà ôóíêöèÿ. Ïîëíîñòüþ çàäà-
÷à ðåøåíà äëÿ ñëó÷àÿ k1 = 1, n1 = 2, k2 = 3, n2 = 4. Íàì ïî-
êàçàëñÿ ýòîò ñëó÷àé èíòåðåñåí òåì, ÷òî â çàäà÷àõ âîññòàíîâëåíèÿ
ïðîèçâîäíûõ ïðè çàäàíèè ïîãðåøíîñòè â ñðåäíåêâàäðàòè÷íîé íîð-
ìå íå âñòðå÷àëñÿ ñëó÷àé, êîãäà áîëåå äâóõ ìíîæèòåëåé Ëàãðàíæà
îòëè÷íû îò íóëÿ. Äëÿ çàäàííîé ïîãðåøíîñòè â ðàâíîìåðíîé íîð-
ìå ñèòóàöèÿ, êîãäà ìíîãî ìíîæèòåëåé Ëàãðàíæà îòëè÷íî îò íóëÿ,
äîñòàòî÷íî ðàñïðîñòðàíåí (ñì [4], [5]). Ðàíåå çàäà÷à îïòèìàëü-
íîãî âîññòàíîâëåíèÿ k-îé ïðîèçâîäíîé ôóíêöèè ïî ïðèáëèæåííîé
èíôîðìàöèè î ñàìîé ôóíêöèè è åå n-îé ïðîèçâîäíîé ðàññìàòðèâà-
ëàñü â ðàáîòå [6].

2. Îñíîâíûå ïîíÿòèÿ

Ðàññìîòðèì ñîáîëåâñêîå ïðîñòðàíñòâî ôóíêöèé

Wn
2 (R) = {x(·) ∈ L2(R) : x(n−1)(·) - ëîêàëüíî àáñîëþòíî

íåïðåðûâíà, x(n)(·) ∈ L2(R)}, n ∈ N.
1
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Ïóñòü n0 = 0, n1, n2, k1, k2 ∈ N, 0 < k1 < n1 < k2 < n2. Ïðåä-
ïîëîæèì, ÷òî äëÿ êàæäîé ôóíêöèè x(·) ∈ Wn2

2 (R) ïðèáëèæåííî
èçâåñòíû å¼ ïðîèçâîäíûå n1-ãî è n2-ãî ïîðÿäêîâ è ñàìà ôóíêöèÿ,
òî åñòü èçâåcòíû ôóíêöèè y0(·), y1(·) è y2(·) ∈ L2(R) òàêèå, ÷òî

‖x(nj)(·)− yj(·)‖L2(R) ≤ δj, j = 0, 1, 2.

Çàäà÷à ñîñòîèò â îäíîâðåìåííîì îïòèìàëüíîì âîññòàíîâëåíèè
ïðîèçâîäíûõ k1-ãî è k2-ãî ïîðÿäêîâ ôóíêöèè x(·) ∈ Wn2

2 (R), 0 <
k1 < n1 < k2 < n2.
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìîòðèì âñåâîçìîæíûå

îòîáðàæåíèÿ

ϕ : (L2(R))3 → (L2(R))2.

Ïîãðåøíîñòüþ ìåòîäîâ ϕ áóäåì íàçûâàòü âåëè÷èíó

e(Wn2
2 (R), K, δ, ϕ)

= sup
x(·)∈Wn2

2 (R), Y ∈(L2(R))3

‖x(nj)(·)−yj(·)‖L2(R)≤δj , j=0,1,2

√√√√ 2∑
j=1

pj‖x(kj)(·)− ϕj(Y )(·)‖2L2(R),

ãäå K = (k1, k2), δ = (δ0, δ1, δ2), Y = (y0(·), y1(·), y2(·)), ϕ =
(ϕ1(Y ), ϕ2(Y )). Çäåñü p = (p1, p2), p1, p2 ≥ 0 � âåñîâûå êîýôôèöèåí-
òû, âàðüèðóÿ êîòîðûå ìîæíî îòäàâàòü ïðåäïî÷òåíèå áîëåå òî÷íîìó
âîññòàíîâëåíèþ ïðîèçâîäíîé êàêîãî-ëèáî ïîðÿäêà.
Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè-

÷èíà

E(Wn2
2 (R), K, δ) = inf

ϕ : (L2(R))3→(L2(R))2
e(Wn2

2 (R), K, δ, ϕ).

Ìåòîäû ϕ̂, íà êîòîðûõ äîñòèãàåòñÿ íèæíÿÿ ãðàíü, áóäåì íàçûâàòü
îïòèìàëüíûìè ìåòîäàìè.

3. Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. Åñëè δ1 ≥ δ
n1
n2
2 δ

1−n1
n2

0 , ïîãðåøíîñòü îïòèìàëüíîãî âîñ-

ñòàíîâëåíèÿ ðàâíà

E(Wn2
2 (R), K, δ) =

√
λ̂0δ20 + λ̂2δ22, (1)

ãäå

λ̂0 = p1

(
δ2
δ0

)2k1/n2
(

1− k1
n2

)
+ p2

(
δ2
δ0

)2k2/n2
(

1− k2
n2

)
,

λ̂2 = p1
k1
n2

(
δ2
δ0

)2(k1/n2−1)

+ p2
k2
n2

(
δ2
δ0

)2(k2/n2−1)

.
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Ìåòîä ϕ̂ = (ϕ̂1(Y ), ϕ̂2(Y )) òàêîé, ÷òî åãî ïðåîáðàçîâàíèå Ôóðüå

Fϕ̂s(Y ) = (iξ)ks (1− αs(ξ))Fy0(ξ) + (iξ)ks−n2αs(ξ)Fy2(ξ), s = 1, 2,

ãäå

αs(ξ) =

λ̂2ξ
2n2 + θs(ξ)|ξ|n2

√
λ̂0λ̂2

(
λ̂0 + λ̂2ξ2n2 − p1ξ2k1 − p2ξ2k2

)
λ̂0 + λ̂2ξ2n2

,

à θs(·)− ïðîçâîëüíûå ôóíêöèè èç L∞(R), óäîâëåòâîðÿþùèå óñëî-
âèþ

p1ξ
2k1θ21(ξ) + p2ξ

2k2θ22(ξ) ≤ 1,

ÿâëÿåòñÿ îïòèìàëüíûì.

Ïîëîæèì

W =
√
p21δ

2
0 + 2p1p2δ21 + p22δ

2
2,

λ̂0 =


1

4

√
δ2
δ0

(
3p1 + p2

δ2
δ0

)
, δ1 ≥

√
δ0δ2,

p21δ1
2W

, δ1 ≤
√
δ0δ2

,

λ̂1 =


0, δ1 ≥

√
δ0δ2,

p22W
2 + 2p1p2δ

2
1

2δ1W
, δ1 ≤

√
δ0δ2

,

λ̂2 =


1

4

√
δ0
δ2

(
p1
δ0
δ2

+ 3p2

)
, δ1 ≥

√
δ0δ2,

p22δ1
2W

, δ1 ≤
√
δ0δ2

,

.

Òåîðåìà 2. Ïóñòü k1 = 1, n1 = 2, k2 = 3, n2 = 4. Òîãäà

E(W4
2 (R), K, δ) =


4
√
δ0δ2
√
p1δ0 + p2δ2, δ1 ≥

√
δ0δ2,

√
δ1W, δ1 ≤

√
δ0δ2.

Ìåòîä ϕ̂ = (ϕ̂1(Y ), ϕ̂2(Y )) òàêîé, ÷òî åãî ïðåîáðàçîâàíèå Ôóðüå

Fϕ̂s(Y ) =
2∑
j=0

αsj(ξ)Fyj(ξ), s = 1, 2,
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ãäå αsj(·)− ëþáûå ôóíêöèè èç L∞(R), óäîâëåòâîðÿþùèå â ñëó÷àå

δ1 ≥
√
δ0δ2 óñëîâèÿì

αs0(ξ) = (iξ)2s−1
λ̂0 − θs(ξ)ξ4

√
λ̂0λ̂2

(
λ̂0 + λ̂2ξ8 − p1ξ2 − p2ξ6

)
λ̂0 + λ̂2ξ8

,

αs1(ξ) = 0,

αs2(ξ) = (iξ)2s−5
λ̂2ξ

8 + θs(ξ)ξ
4

√
λ̂0λ̂2

(
λ̂0 + λ̂2ξ2n2 − p1ξ2 − p2ξ6

)
λ̂0 + λ̂2ξ8

,

s = 1, 2,

à θs(·)− ïðîçâîëüíûå ôóíêöèè èç L∞(R), óäîâëåòâîðÿþùèå óñëî-
âèþ

p1ξ
2θ21(ξ) + p2ξ

6θ22(ξ) ≤ 1,

â ñëó÷àå δ1 <
√
δ0δ2 óñëîâèÿì

∑2
j=0(iξ)

2jαsj(ξ) = (iξ)2s−1, s = 1, 2,

p1

(∑2
j=0

|α1
j (ξ)|2

λ̂j

)
+ p2

(∑2
j=0

|α2
j (ξ)|2

λ̂j

)
≤ 1

,

ÿâëÿåòñÿ îïòèìàëüíûì .

4. Äîêàçàòåëüñòâà

Ñíà÷àëà ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ ïðî-
èçâîäíûõ k1-ãî è k2-ãî ïîðÿäêîâ â îáùåì âèäå. Äîêàæåì, ÷òî èìååò
ìåñòî íåðàâåíñòâî

E(Wn2
2 (R), K, δ) ≥ sup

x(·)∈Wn2
2 (R),

‖x(nj)(·)‖L2(R)≤δj , j=0,1,2

√√√√ 2∑
j=1

pj‖x(kj)(·)‖2L2(R). (2)

Äëÿ ëþáîé ôóíêöèè x(·) ∈ Wn2
2 (R) òàêîé, ÷òî âûïîëíåíû óñëî-

âèÿ ‖x(nj)(·)‖L2(R) ≤ δj, j = 0, 1, 2, è äëÿ ëþáîãî ìåòîäà ϕ èìååì

2
(
p1‖x(k1)(·)‖2L2(R) + p2‖x(k2)(·)‖2L2(R)

)1/2
=
(
p1‖x(k1)(·)− (−x)(k1)(·) + ϕ(0)− ϕ(0)‖2L2(R)

+p2‖x(k2)(·)− (−x)(k2)(·) + ϕ(0)− ϕ(0)‖2L2(R)
)1/2

≤
(
p1‖x(k1)(·)− ϕ(0)‖2L2(R) + p2‖x(k2)(·)− ϕ(0)‖2L2(R)

)1/2
+
(
p1‖(−x)(k2)(·)− ϕ(0)‖2L2(R) + p2‖(−x)(k2)(·)− ϕ(0)‖2L2(R)

)1/2
≤ 2e(Wn2

2 (R), K, δ, ϕ).
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Òî åñòü, äëÿ ëþáîãî ìåòîäà ϕ âûïîëíÿåòñÿ

e(Wn2
2 (R), K, δ, ϕ) ≥ sup

x(·)∈Wn2
2 (R),

‖x(nj)(·)‖L2(R)≤δj , j=0,1,2

√√√√ 2∑
j=1

pj‖x(kj)(·)‖2L2(R).

Îòñþäà ñëåäóåò íåðàâåíñòâî (2).
Ýòî îçíà÷àåò, ÷òî ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ íå

ìåíüøå çíà÷åíèÿ ýêñòðåìàëüíîé çàäà÷è√
p1‖x(k1)(·)‖2L2(R) + p2‖x(k2)(·)‖2L2(R) → max,

‖x(nj)(·)‖L2(R) ≤ δj, j = 0, 1, 2. (3)

Ïåðåéäåì ê êâàäðàòó çàäà÷è (3) è çàïèøåì å¼ â îáðàçàõ Ôóðüå.
Ïî òåîðåìå Ïëàíøåðåëÿ èìååì

‖x(m)(ξ)‖2L2(R) =
1

2π
‖Fx(m))(ξ)‖2L2(R)

=
1

2π
‖(iξ)m(Fx)(ξ)‖2L2(R) =

1

2π

∫
R

ξ2m|(Fx)(ξ)|2 dξ.

Òåì ñàìûì, ïðèõîäèì ê ñëåäóþùåé çàäà÷å:

1

2π

∫
R

(p1ξ
2k1 + p2ξ

2k2)|(Fx)(ξ)|2 dξ → max,

1

2π

∫
R

ξ2nj |(Fx)(ξ)|2 dξ ≤ δ2j , j = 0, 1, 2. (4)

Òåïåðü äîêàæåì òåîðåìó 1. Ïóñòü δ1 ≥ δ
n1
n2
2 δ

1−n1
n2

0 . Ïîêàæåì, ÷òî
ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ íå ìåíüøå âåëè÷èíû

λ̂0δ
2
0 + λ̂2δ

2
2. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ôóíêöèé xm(·), äëÿ

êîòîðîé

(Fxm)(ξ) =

{
D(m), ξ ∈ [ξ0 − 1

m
; ξ0]

0, ξ /∈ [ξ0 − 1
m

; ξ0],

ãäå ξ0 =

(
δ2
δ0

) 1
n2

, D(m) = δ0
√

2πm. Òàê êàê

1

2π

∫
R

∣∣(Fxm)(ξ)
∣∣2 dξ =

1

2π

ξ0∫
ξ0− 1

m

D2(m) dξ ≤

1

2πm
·D2(m) = δ20,
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è, ó÷èòûâàÿ óñëîâèå δ1 ≥ δ
n1
n2
2 δ

1−n1
n2

0 , âûïîëíÿþòñÿ ñîîòíîøåíèÿ

1

2π

∫
R

ξ2n1
∣∣(Fxm)(ξ)

∣∣2 dξ =
1

2π

ξ0∫
ξ0− 1

m

ξ2n1D2(m) dξ ≤

D2(m)

2πm
· ξ2n1

0 ≤ δ21,

1

2π

∫
R

ξ2n2
∣∣(Fxm)(ξ)

∣∣2 dξ ≤ D2(m)

2πm
· ξ2n2

0 = δ22,

òî ïîñëåäîâàòåëüíîñòü ôóíêöèé xm(·) äîïóñòèìà â çàäà÷å (4). Çíà-
÷åíèå ýòîé çàäà÷è íå ìåíåå âåëè÷èíû:

1

2π
p1

∫
R

ξ2k1
∣∣(Fxm)(ξ)

∣∣2 dξ +
1

2π
p2

∫
R

ξ2k2
∣∣(Fxm)(ξ)

∣∣2 dξ =

D2(m)

2π

ξ0∫
ξ0− 1

m

(
p1ξ

2k1 + p2ξ
2k2

)
dξ ≥

δ20

(
p1

(
ξ0 −

1

m

)2k1

+ p2

(
ξ0 −

1

m

)2k2)
.

Ïðè m→∞ âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè, ñòðåìèòñÿ ê âåëè-
÷èíå

Q = δ20

(
p1

(
δ2
δ0

)2
k1
n2

+ p2

(
δ2
δ0

)2
k2
n2

)
= λ̂0δ

2
0 + λ̂2δ

2
2

ïðè

λ̂0 = p1
(δ2
δ0

)2 k1
n2

(
1− k1

n2

)
+ p2

(δ2
δ0

)2 k2
n2

(
1− k2

n2

)
, (5)

λ̂2 = p1
k1
n2

(δ2
δ0

)2 k1−n2
n2 + p2

k2
n2

(δ2
δ0

)2 k2−n2
n2 .

Òî åñòü â ñëó÷àå δ1 ≥ δ
n1
n2
2 δ

1−n1
n2

0 ïîãðåøíîñòü îïòèìàëüíîãî âîññòà-
íîâëåíèÿ

E(Wn2
2 (R), K, δ) ≥

√
λ̂0δ20 + λ̂2δ22.

Çàéìåìñÿ ïîñòðîåíèåì îïòèìàëüíûõ ìåòîäîâ. Îïòèìàëüíûå ìå-
òîäû â îáùåì ñëó÷àå áóäåì èñêàòü ñðåäè ìåòîäîâ ϕ̂(Y ) =
(ϕ̂1(Y ), ϕ̂2(Y )) âèäà ϕ̂s(Y (·)) = Λs

0y0(·) + Λs
1y1(·) + Λs

2y2(·), ãäå Λs
j :

L2(R)→ L2(R), j = 0, 1, 2, s = 1, 2 - ëèíåéíûå íåïðåðûâíûå îïåðà-
òîðû, äåéñòâèå êîòîðûõ â îáðàçàõ Ôóðüå èìååò âèä:

F (Λs
jyj)(·) = αsj(·)(Fyj)(·), j = 0, 1, 2, s = 1, 2,
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ãäå αsj(·) ∈ L∞(R).
Äëÿ îöåíêè îïòèìàëüíîé ïîãðåøíîñòè äëÿ ôèêñèðîâàííûõ

yj(·) ∈ L2(R), j = 0, 1, 2, s = 1, 2, ðàññìîòðèì ýêñòðåìàëüíóþ çà-
äà÷ó

2∑
s=1

(
ps‖x(ks)(·)−

2∑
j=0

Λs
jyj(·)‖2L2(R)

)
→ max,

‖x(nj)(·)− yj(·)‖2L2(R) ≤ δ2j , j = 0, 1, 2, s = 1, 2.

Ïåðåïèøåì ýòó çàäà÷ó â îáðàçàõ Ôóðüå

1

2π

2∑
s=1

ps ∫
R

∣∣∣∣∣(iξ)ksFx(ξ)−
2∑
j=0

αsj(ξ)Fyj(ξ)

∣∣∣∣∣
2

dξ

→ max, (6)

1

2π

∫
R

∣∣(iξ)njFx(ξ)− Fyj(ξ)
∣∣2dξ ≤ δ2j , j = 0, 1, 2.

Ïîëîæèì

zj(ξ) = (iξ)njFx(ξ)− Fyj(ξ), j = 0, 1, 2.

Çàäà÷à (6) ïðèìåò âèä

1

2π

2∑
s=1

ps ∫
R

∣∣∣∣∣(iξ)ksFx(ξ)−
2∑
j=0

αsj(ξ)(iξ)
njFx(ξ)+

2∑
j=0

αsj(ξ)zj(ξ)

∣∣∣∣∣
2

dξ

→ max, (7)

1

2π

∫
R

∣∣zj(ξ)∣∣2dξ ≤ δ2j , j = 0, 1, 2.

Â ñëó÷àå δ1 ≥ δ
n1
n2
2 δ

1−n1
n2

0 ïîëîæèì

αs0(ξ) = (iξ)ks (1− αs(ξ)) , αs1(ξ) = 0, αs2(ξ) = (iξ)ks−n2αs(ξ), s = 1, 2.

Çàäà÷à (7) ïåðåïèøåòñÿ â âèäå

1

2π

2∑
s=1

ps ∫
R

∣∣(iξ)ks (1− αs(ξ)) z0(ξ)+

(iξ)ks−n2αs(ξ)z2(ξ)
∣∣2 dξ)→ max,

1

2π

∫
R

∣∣zj(ξ)∣∣2dξ ≤ δ2j , j = 0, 1, 2.
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Îöåíèì ïîäûíòåãðàëüíûå ôóíêöèè ñ ïîìîùüþ íåðàâåíñòâà Êîøè-
Áóíÿêîâñêîãî:∣∣(iξ)ks (1− αs(ξ)) z0(ξ) + (iξ)ks−n2αs(ξ)z2(ξ)

∣∣2 =

ξ2ks

∣∣∣∣∣∣1− αs(ξ)√
λ̂0

√
λ̂0 · z0(ξ) +

(iξ)−n2αs(ξ)√
λ̂2

√
λ̂2 · z2(ξ)

∣∣∣∣∣∣
2

≤

ξ2ks

(
|1− αs(ξ)|2

λ̂0
+
|αs(ξ)|2

λ̂2ξ2n2

)
·
(
λ̂0 |z0(ξ)|2 + λ̂2 |z2(ξ)|2

)
, s = 1, 2.

Òîãäà

1

2π

2∑
s=1

ps ∫
R

∣∣(iξ)ks (1− αs(ξ)) z0(ξ) + (iξ)ks−n2αs(ξ)z2(ξ)
∣∣2 dξ

 ≤
1

2π

2∑
s=1

ps ∫
R

ξ2ks

(
|1− αs(ξ)|2

λ̂0
+
|αs(ξ)|2

λ̂2ξ2n2

)(
λ̂0 |z0(ξ)|2 + λ̂2 |z2(ξ)|2

)
dξ

 .

Åñëè âûïîëíÿåòñÿ óñëîâèå

2∑
s=1

ξ2ksps

(
|1− αs(ξ)|2

λ̂0
+
|αs(ξ)|2

λ̂2ξ2n2

)
≤ 1, (8)

ñïðàâåäëèâî íåðàâåíñòâî

1

2π

2∑
s=1

ps

∫
R

∣∣(iξ)ks (1− αs(ξ)) z0(ξ) + (iξ)ks−n2αs(ξ)z2(ξ)
∣∣2 dξ ≤

λ̂0δ
2
0 + λ̂2δ

2
2,

òî åñòü îöåíêà ñâåðõó ñîâïàäàåò ñ îöåíêîé ñíèçó, ÷òî îçíà÷àåò îïòè-
ìàëüíîñòü ìåòîäà. Ïîêàæåì, ÷òî ìíîæåñòâî îïòèìàëüíûõ ìåòîäîâ
íå ïóñòî. Èç óñëîâèÿ (8) íàéäåì îãðàíè÷åíèÿ íà αs(ξ) è ïîñòðîèì
ÿâíî êàêîé-ëèáî èç ìåòîäîâ.

2∑
s=1

ξ2ksps

(
|1− αs(ξ)|2

λ̂0
+
|αs(ξ)|2

λ̂2ξ2n2

)
=

λ̂0 + λ̂2ξ
2n2

λ̂0λ̂2
·

2∑
s=1

ξ2(ks−n2)ps

∣∣∣∣∣αs(ξ)− λ̂2ξ
2n2

λ̂0 + λ̂2ξ2n2

∣∣∣∣∣
2

+

2∑
s=1

psξ
2ks

λ̂0 + λ̂2ξ2n2

≤ 1
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2∑
s=1

ξ2(ks−n2)ps

∣∣∣∣∣αs(ξ)− λ̂2ξ
2n2

λ̂0 + λ̂2ξ2n2

∣∣∣∣∣
2

≤

λ̂0λ̂2(
λ̂0 + λ̂2ξ2n2

)2 ·
(
λ̂0 + λ̂2ξ

2n2 −
2∑
s=1

psξ
2ks

)

Ðàññìîòðèì ôóíêöèþ

g(ξ) = −p1ξ2k1 − p2ξ2k2 + λ̂0 + λ̂2ξ
2n2 , ξ ≥ 0,

è ïàðàìåòðè÷åñêè çàäàííóþ êðèâóþ (ñì. ðèñ. 1):{
x = ξ2n2 ,

y = p1ξ
2k1 + p2ξ

2k2 .

Y

X

y(x0)

x0

y = p1x
k1
n2 + p2x

k2
n2

y = λ̂0 + λ̂2x

ðèñ. 1

Íåòðóäíî âèäåòü, ÷òî ôóíêöèÿ y(x) = p1x
k1/n2 +p2x

k2/n2 âîçðàñòàåò
è âîãíóòà ïðè x ∈ [0,+∞). Â ñèëó âîãíóòîñòè ôóíêöèè âûïîë-
íÿåòñÿ íåðàâåíñòâî y ≤ ỹ, ãäå ỹ = kx + b - êàñàòåëüíàÿ ê ãðà-
ôèêó âîãíóòîé ôóíêöèè y(x) â íåêîòîðîé òî÷êå x0 ≥ 0 Ïîñòðîèì

êàñàòåëüíóþ â òî÷êå x0 =

(
δ2
δ0

)2

. Çíà÷åíèÿ êîýôôèöèåíòîâ êà-

ñàòåëüíîé ðàâíû k = y′(x0) = λ̂2, b = ỹ(0) = λ̂0. Ãðàôèê ôóíêöèè

y(x) = p1x
k1/n2 +p2x

k2/n2 ðàñïîëîæåí íèæå ïðÿìîé y ≤ ỹ = λ̂0+λ̂2x.
Ýòî îçíà÷àåò, ÷òî g(ξ) ≥ 0, òî åñòü

λ̂0 + λ̂2ξ
2n2 −

2∑
s=1

psξ
2ks ≥ 0.

Ïîëîæèì

αs(ξ) =

λ̂2ξ
2n2 + θs(ξ)|ξ|n2

√
λ̂0λ̂2

(
λ̂0 + λ̂2ξ2n2 − p1ξ2k1 − p2ξ2k2

)
λ̂0 + λ̂2ξ2n2

,
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òîãäà óñëîâèå (8) âûïîëíÿåòñÿ ïðè âñåõ θs(ξ) ∈ L∞(R), s = 1, 2,
óäîâëåòâîðÿþùèõ óñëîâèþ

p1ξ
2k1θ21(ξ) + p2ξ

2k2θ22(ξ) ≤ 1,

â ÷àñòíîñòè, ïðè θ1(ξ) = θ2(ξ) = 0.
Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû 2. Ïóñòü k1 = 1, n1 = 2,

k2 = 3, n2 = 4. Â ñëó÷àå δ1 ≥
√
δ0δ2 óòâåðæäåíèå òåîðåìû âûòåêàåò

èç òåîðåìû 1.
Ïóñòü

δ1 <
√
δ0δ2. (9)

Ïîêàæåì, ÷òî â ýòîì ñëó÷àå ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâ-
ëåíèÿ íå ìåíüøå âåëè÷èíû

√
δ1W. Ïóñòü

∆0 =
δ20
δ21
, ∆2 =

δ22
δ21
, P =

p21
p22
,

ξ0 =
∆2 + P∆0 −

√
(∆2 + P∆0)2 − 4P

2
=(

p21δ
2
0 + p22δ

2
2 −

√
(p21δ

2
0 + p22δ

2
2)2 − 4p21p

2
2δ

4
1

2p22δ
2
1

)1/4

, (10)

ξ1 =
∆2 + P∆0 +

√
(∆2 + P∆0)2 − 4P

2
=(

p21δ
2
0 + p22δ

2
2 +

√
(p21δ

2
0 + p22δ

2
2)2 − 4p21p

2
2δ

4
1

2p22δ
2
1

)1/4

, (11)

D1(m) =

√
2πm

δ20ξ
4
1 − δ21

ξ41 − ξ40
, D2(m) =

√
2πm

δ21 − δ20ξ40
ξ41 − ξ40

.

Ïîäêîðåííîå âûðàæåíèå â ðàâåíñòâàõ (10) è (11) ïîëîæèòåëüíî,
ò.ê. èç (9) ñëåäóåò, ÷òî ∆0∆2 > 1, è, ñëåäîâàòåëüíî,

∆2 + P∆0 ≥ 2
√

∆2P∆0 ≥ 2
√
P .

Òåì ñàìûì äîêàçàíî, ÷òî ξ0 < ξ1.
Ïîêàæåì, ÷òî

δ20ξ
4
1 − δ21

ξ41 − ξ40
> 0.

Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî

δ20ξ
4
1 − δ21 > 0

èëè ∆0ξ
4
1 > 1. Ýòî íåðàâåíñòâî ìîæíî çàïèñàòü â âèäå

2P∆0

∆2 + P∆0 −
√

(∆2 + P∆0)2 − 4P
> 1.
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Äëÿ äîêàçàòåëüñòâà ýòîãî íåðàâåíñòâà äîñòàòî÷íî ïîêàçàòü, ÷òî√
(∆2 + P∆0)2 − 4P > ∆2 − P∆0.

Åñëè ïðàâàÿ ÷àñòü ýòîãî íåðàâåíñòâà îòðèöàòåëüíà, òî îíî î÷åâèä-
íî âûïîëíåíî, à åñëè ïðàâàÿ ÷àñòü íåîòðèöàòåëüíà, òî íåðàâåíñòâî
âûïîëíåíî â ñèëó î÷åâèäíîãî ñîîòíîøåíèÿ

(∆2 + P∆0)
2 − 4P > (∆2 + P∆0)

2 − 4P∆0∆2 = (∆2 − P∆0)
2.

Îñòàëîñü ïîêàçàòü, ÷òî

δ21 − δ20ξ40
ξ41 − ξ40

= δ20 −
δ20ξ

4
1 − δ21

ξ41 − ξ40
> 0.

Íåòðóäíî óáåäèòüñÿ, ÷òî äëÿ äîêàçàòåëüñòâà ýòîãî íåðàâåíñòâà äî-
ñòàòî÷íî óáåäèòüñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâà ∆0ξ

4
0 < 1, êîòî-

ðîå ìîæíî çàïèñàòü â âèäå

2P∆0

∆2 + P∆0 +
√

(∆2 + P∆0)2 − 4P
< 1.

Äîêàçàòåëüñòâî ýòîãî íåðàâåíñòâà ñâîäèòñÿ ê äîêàçàòåëüñòâó íåðà-
âåíñòâà √

(∆2 + P∆0)2 − 4P > P∆0 −∆2,

êîòîðîå ôàêòè÷åñêè óæå áûëî äîêàçàíî.
Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ôóíêöèé xm(·), äëÿ êîòîðîé

(Fxm)(ξ) =


D1(m), ξ ∈ [ξ0 − 1

m
; ξ0]

D2(m), ξ ∈ [ξ1 − 1
m

; ξ1]

0, ξ /∈ [ξ0 − 1
m

; ξ0] ∪ [ξ1 − 1
m

; ξ1].

Ïîñêîëüêó

1

2π

∫
R

∣∣(Fxm)(ξ)
∣∣2 dξ =

1

2π

 ξ0∫
ξ0− 1

m

D2
1(m) dξ +

ξ1∫
ξ1− 1

m

D2
2(m) dξ

 ≤
D2

1(m) +D2
2(m)

2πm
= δ20,

1

2π

∫
R

ξ4
∣∣(Fxm)(ξ)

∣∣2 dξ =
1

2π

 ξ0∫
ξ0− 1

m

ξ4D2
1(m) dξ +

ξ1∫
ξ1− 1

m

ξ4D2
2(m)

 ≤
D2

1(m)ξ40 +D2
2(m)ξ41

2πm
=

2πm (δ20ξ
4
0ξ

4
1 − δ21ξ40 + δ21ξ

4
1 − δ20ξ40ξ41)

2πm (ξ41 − ξ40)
= δ21,
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1

2π

∫
R

ξ8
∣∣(Fxm)(ξ)

∣∣2 dξ =
1

2π

 ξ0∫
ξ0− 1

m

ξ8D2
1(m) dξ +

ξ1∫
ξ1− 1

m

ξ8D2
2(m)

 ≤
D2

1(m)ξ80 +D2
2(m)ξ81

2πm
=

2πm (δ20ξ
8
0ξ

4
1 − δ21ξ80 + δ21ξ

8
1 − δ20ξ40ξ81)

2πm (ξ41 − ξ40)
=

δ21
(
ξ41 + ξ40

)
− δ20

p21
p22

= δ22,

òî ïîñëåäîâàòåëüíîñòü ôóíêöèé xm(·) äîïóñòèìà â çàäà÷å (4). Çíà-
÷åíèå ýòîé çàäà÷è íå ìåíåå âåëè÷èíû:

1

2π

p1 ∫
R

ξ2
∣∣(Fxm)(ξ)

∣∣2 dξ + p2

∫
R

ξ6
∣∣(Fxm)(ξ)

∣∣2 dξ
 =

1

2π

D2
1(m)

ξ0∫
ξ0− 1

m

(
p1ξ

2 + p2ξ
6

)
dξ +D2

2(m)

ξ1∫
ξ1− 1

m

(
p1ξ

2 + p2ξ
6

)
dξ

 ≥
D2

1(m)
(
p1
(
ξ0 − 1

m

)2
+ p2

(
ξ0 − 1

m

)6)
+D2

2(m)
(
p1
(
ξ1 − 1

m

)2
+ p2

(
ξ1 − 1

m

)6)
2πm

.

Ïðè m→∞ äàííàÿ äðîáü ñòðåìèòñÿ ê âåëè÷èíå

Q =
W 2

p2 (ξ20 + ξ21)
= δ1W = λ̂0δ

2
0 + λ̂1δ

2
1 + λ̂2δ

2
2

ïðè óêàçàííûõ âûøå çíà÷åíèÿõ ξ0, ξ1 è

λ̂0 =
p21δ1
2W

, λ̂1 =
p22W

2 + 2p1p2δ
2
1

2δ1W
, λ̂2 =

p22δ1
2W

.

Òî åñòü â ñëó÷àå δ1 <
√
δ0δ2 ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâ-

ëåíèÿ

E(Wn2
2 (R), K, δ) ≥

√
λ̂0δ20 + λ̂1δ21 + λ̂2δ22.

Ïåðåéäåì ê ïîñòðîåíèþ îïòèìàëüíûõ ìåòîäîâ. Ïðè k1 = 1, n1 = 2,
k2 = 3, n2 = 4 çàäà÷à (7) ïðèíèìàåò âèä

1

2π

2∑
s=1

ps ∫
R

∣∣∣∣∣(iξ)2s−1Fx(ξ)−
2∑
j=0

αsj(ξ)(iξ)
2jFx(ξ)+

2∑
j=0

αsj(ξ)zj(ξ)

∣∣∣∣∣
2

dξ

→ max, (12)
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1

2π

∫
R

∣∣zj(ξ)∣∣2dξ ≤ δ2j , j = 0, 1, 2.

Â ñëó÷å δ1 <
√
δ0δ2, âîçüìåì òàêèå αsj(ξ), s = 1, 2, ÷òîáû îíè óäî-

âëåòâîðÿëè óñëîâèþ

2∑
j=0

(iξ)2jαsj(ξ) = (iξ)2s−1.

Çàäà÷à (7) ïðèíèìàåò âèä

1

2π

2∑
s=1

ps ∫
R

∣∣∣∣∣
2∑
j=0

αsj(ξ)zj(ξ)

∣∣∣∣∣
2

dξ

 → max,

1

2π

∫
R

∣∣zj(ξ)∣∣2dξ ≤ δ2j , j = 0, 1, 2.

Ïðèìåíèì íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî äëÿ îöåíêè ïîäûíòå-
ãðàëüíûõ ôóíêöèé:∣∣∣∣∣

2∑
j=0

αsj(ξ)zj(ξ)

∣∣∣∣∣
2

=

∣∣∣∣∣∣
2∑
j=0

αsj(ξ)√
λ̂j

√
λ̂j · zj(ξ)

∣∣∣∣∣∣
2

≤

(
2∑
j=0

∣∣αsj(ξ)∣∣2
λ̂j

)
·

(
2∑
j=0

λ̂j |zj(ξ)|2
)
, s = 1, 2.

Çíà÷èò,

1

2π

2∑
s=1

ps ∫
R

∣∣∣∣∣
2∑
j=0

αsj(ξ)zj(ξ)

∣∣∣∣∣
2

dξ

 ≤
1

2π

2∑
s=1

ps ∫
R

(
2∑
j=0

∣∣αsj(ξ)∣∣2
λ̂j

)
·

(
2∑
j=0

λ̂j |zj(ξ)|2
)
dξ

 .

Ïðè âûïîëíåíèè óñëîâèÿ

2∑
s=1

ps

2∑
j=0

∣∣αsj(ξ)∣∣2
λ̂j

≤ 1, (13)

òàêæå âûïîëíÿåòñÿ íåðàâåíñòâî

1

2π

2∑
s=1

ps ∫
R

∣∣∣∣∣
2∑
j=0

αsj(ξ)zj(ξ)

∣∣∣∣∣
2

dξ

 ≤ 2∑
j=0

λ̂jδ
2
j ,
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òî åñòü óêàçàííûå ìåòîäû îïòèìàëüíû. Äîêàæåì, ÷òî ìíîæåñòâî
îïòèìàëüíûõ ìåòîäîâ òàêæå íå ïóñòî. Ïóñòü

αsj(ξ) =
λ̂j (iξ)2s−1 (−iξ)2j

2∑
j=0

λ̂jξ4j
,

òîãäà óñëîâèå
∑2

j=0(iξ)
2jαsj(ξ) = (iξ)2s−1, s = 1, 2, âûïîëíÿåòñÿ. Ïî-

êàæåì, ÷òî óñëîâèå (13) òàêæå âûïîëíÿåòñÿ.

2∑
s=1

ps

2∑
j=0

∣∣αsj(ξ)∣∣2
λ̂j

=
p1ξ

2 + p2ξ
6

2∑
j=0

λ̂jξ4j
.

Ðàññìîòðèì ôóíêöèþ

g1(ξ) = −p1ξ2 − p2ξ6 + λ̂0 + λ̂1ξ
4 + λ̂2ξ

8 =

p21δ1
2W
− p1ξ2 +

p22W
2 + 2p1p2δ

2
1

2δ1W
ξ4 − p2ξ6 +

p22δ1
2W

ξ8 =

p22δ1
2W

(
ξ40ξ

4
1 − 2ξ20ξ

2
1ξ

2 +
(
ξ40 + 4ξ20ξ

2
1 + ξ41

)
ξ4 − 2

(
ξ20 + ξ21

)
ξ6 + ξ8

)
=

p22δ1
2W

(
ξ2 − ξ20

)2 (
ξ2 − ξ21

)2 ≥ 0,

ýòî îçíà÷àåò ÷òî

p1ξ
2 + p2ξ

6

2∑
j=0

λ̂jξ4j
≤ 1,

óñëîâèå (13) âûïîëíåíî, ìíîæåñòâî îïòèìàëüíûõ ìåòîäîâ íå ïóñòî.
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