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VMHTEIPAJIBHBIE YPABHEHUY TUIIA CBEPTKU
CO CTENEHHO! HEJIUHENHOCTHIO B KOHYCAX

C. H. Acxa6os!

1. BBenenne

PaccmarpuBaroTcs vHTErpajibHBIE YPABHEHUS TUIA CBEPTKH CO CTe-
MeHHON HeJMHEHHOCThI0 B KOHycax mpoctpaHcTa C[0,00), cocrosimumx
U3 HEOTPHUIATEIHHBIX HEMPEPHIBHBIX HA TOJIOKUTEIbLHOM MoIyocH (hyHK-
Ui, 970 CBA3aHO C UX NPUIOKEHUSIMHU B TEOPUH (DUIBTPAIUH, yIap-
HbIX BOJH u apyrux [3—6]. JaHo yTodHeHue HEKOTOPBIX Pe3yJIbTaToB
W. Okrasinski [4-6]. B ommuue or 3tux paboT, 31€Ch YIPOIIATCS
OTPAHUYEHNUS HA 00JIACTh CYIIECTBOBAHUS PEIIEeHN, JAHBI IPYTUe 10Ka-
3aTeJIbCTBA, OCHOBHBIX ANPUOPHBIX OIEHOK W TIO-HOBOMY BBOIUTCSI MET-
puka. MccnemoBanme OCHOBBIBAETCS HA HEKOTOPOH MOIUMDUKAINY TTPWH-
nuna cKumamimux orobpaxkenuii (anasor merona A. Benenkoro [2; §;
9, c. 218]), no3BosisitoNIeil NpU yJIAYHOM BbIOODE METPUKH JIOKA3BIBATH
r100aJIbHbIE TEOPEMBI CYIIIECTBOBAHNS U €IUHCTBEHHOCTH O€3 OTpaHude-
Huil HA OOMacThb omperenenus pernenwit. Ocoboe BHUMAHUE YIEIAETCS
MO/ 9€HUIO0 TOYHBIX AMPUOPHBIX OIEHOK PEIeHUil U CrocobaM HAXO0XKIe-
HU PellleHnii, YTO BaKHO C IPUKJAJTHON TOUYKU 3PEHUI.

2. Teopema 0 HETIPEPBIBHOCTU CBEPTKU

O6o3nauum yepe3 My MHOKECTBO BCeX HEOTpULATEJIbHBIX Ha [0, 00)
dynkmmit: My = {f(z) : f(z) > 0Vz >0} Cseprky dyHKImit
k(x),u(x) € My obo3naunm uepes (k * u)(z) u ONpeseNnM PABEHCTBOM

(kxu)(x) = [ k(x —t)u(t)dt. (1)
/

Omneparop Ku = k * u, ompenensiemblii mpasoii dacrtbio (1), mpuns-
TO Ha3BIBATH onepamopom ceepmru, a GYHKIMIO k(x) — Adpom 3TOTO
omneparopa. B ciyyae HeoGxomumocTu npomokenus k(x) Ha BCIO OCh

1Poccust, Tposuerit, Yewenckuit roCcyjapCTBEHHBIN yHUBEPCHTET.
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R! = (—00, ) 6ynem canrarh, uto k(z) = 0 nmpu z < 0. OTMeTnM, 9TO
cBepTKa 001aaeT TaK HA3BIBAEMBIM C60{UCTNEOM KOMMYMATNUBHOCTIU;

x x

k(z —t)u(t)dt = [ k(t)u(x —t)dt.
/ /

Dyuxius f(x) € My HA3BIBAETCH AOKAABHO 02PAHUNEHHOT, €CJIU OHA
orpaHuveHa Ha JIO0OM KOHeYHOM orpeske u3 [0, 00).

Teopema 1 (o HerpepbiBHOCTH cBepTKY [4]). Ilycrs pynknnn k(x) n
u(x) npunamiexkar kinaccy My. Ecian k(x) — neybpiBaromast pyHkims,
a u(x) — JiokajupHO orpanumvenHas (ynkuus, 1o ux cseprka (1) ectpb
menpepsiBaast Ha [0, 00) ¢dyuknus, 1. e. (k*u)(x) € C[0, 00).

< Iycrs zg € [0, 00) — npou3BOJIbHASA TOYKA U TIOCJIEI0BATEIBHOCTD
HOJIOKUTEIbHBIX YUCEN Xy CXOAUTCH K X, T. €. {xn} — . Hyxuo 10-
Ka3aTb, 9410 limy, o0 [(k * u)(x,)] = (kxu)(xg). Tak kak {z, } cxonurcs,
TO OHA OrpanuyeHa, T. €. 34 > 0 : x,, < A Vn. [losTomy mist 10CTATOIHO
GoJsbIoro x* Takoro, uro r* > A > x, u r* > xo, umeeM (C yueTom,
aro k(z) =0 npn z < 0)

(kz*u)(xn):/k(atn—t)u(t)dt:/k:(xn—t)u(t)dt, 2)

(k:*u)(xo):/k(ato—t)u(t) dt:/k:(xo—t)u(t)dt. 3)

Tockonbky dyHKIW k() — HEYOBIBAOIAS, TO OHA TTOYTH BCIOJY HeTpe-
poieHa Ha [0, 2*]. CaemoBaresnbHo, s nouTh Beex ¢ € [0, 2]

nh_}n;@ E(x, —t)u(t) = k(xo — t) u(?t).

Haunee, Tak kak k(x) — neybpiBaomas u u(x) — JIOKAJIbHO OIPAHUYEH-
Hag byskuus, T. €. u(t) < M Vt € [0,2*], tne M — nosioxuresbHas
nocrosiHHasi, 10 k(z, — t)u(t) < Mk(z*) Vnu VvVt € [0, z*].

Urax, nocaenosareabrocTs { fr(t)} = {k(x, — t) u(t)} cxomures mo-
gtn Bewoay K f(t) = k(zo — ) u(t) n |fn(t)] < Mk(z*) € L]0, z*]. Tlo
teopeme JleGera 0 mpesesbHOM TIEPEXO/E 110/, 3HAKOM MHTErpPasia

* *

x x

lim [ k(z, —t)u(t)dt = /k(mo —t)u(t)dt. (4)

n—00
0 0
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Ucnonbaysa nocienosarensuo (2), (4) u (3), OKOHUATEIHHO MOJIYYaeM

z*

nl;rgo(k *u)(zy) = nh_>rr;o k(x, —t)u(t)dt =
0

*

x

_ /k(ajo “Du(t)dt = (k*u)(wo). >

0

3. Nurerpanbubie HepaBeHcTBa UeObIlIeBa OJ1 CBEPTKH

B nanpHeiinreM MBI 9acTo OyZeM HCIOIB30BATH CJIEAYIOMIYIO JIEMMY.

JIemma 1 (Hepasencrea Yebwimena). Ecan v(x) n w(x) Hey6bIBaro-
mue (man Hepospacraromnine) Ha [0, 00) ¢yHKIHH, TO

x x

/v(:c —Hw(t)dt < /v(t)w(t) dt (Vz €[0,00)). (5)
0 0
Ecnn ke oqHa 3 HUX HE BO3PACTAET, & APYrasi He yOBIBAET, TO
/v(:c —Hw(t)dt > /v(t)w(t) dt (Vz €[0,00)). (6)
0 0
< Tak kak
v(x —t)w(t)dt — [ v(t)w(t)dt =
/ /



TO HepaBeHCTBO (5) BBIMOJHsETCs, ecn 06e dbyukimu v(z) n w(x) He
y6bIBAIOT (MM HE BO3PACTAIOT), & HEPABEHCTBO (6) BBINOJIHAETCH, €CIIH
OJIHA W3 HUX He yObIBAaeT, a ApyTas He BO3PACTAeT. [>

4. MOHOTOHHOCTh M HEIIPEPBIBHOCTH pelrieHust npu « > 0

Pacemorpum menmmeiiHoe ypaBHEeHME TUIA CBEPTKH:

u(z) = [ k(zx —tu(t)dt, a>0, z€][0,00). (7)
/

VYpaBHeHUs TAKOTO BUJ BOZHUKAIOT, HATPUMED, IIPU OINUCAHUY TIPOIEC-
COB MH(DUIBTPAIUH KUJIKOCTH Yepe3 CTEHKH IUIHHIPHYIECKOrO pesep-
Byapa B H30TPOIHYIO OJHOPOJHYIO IOPUCTYIO CPEAY B PACIPOCTPAHEHUS
YZAPHBIX BOJIH B TPY0aX, HAIIOJIHEHHBIX ra3oM (cM. [3—6]), upudem ¢ T04-
KU 3PEHUsl 3TUX TPUIOXKEHUH HHTEPEC MIPEICTABIISIOT HEOTPUIIATEIbHbIE
Ha [0, 00) pelennst 5TOro ypaBHeHust. B CBs3M ¢ 9TUM DeIleHus ypaBHe-
uust (7) Gyzmem pasbicKuBaTh B Kiacce My.

JIemma 2 (0 MmoHOTOHHOCTH petienst). ITycrs k(x) — HeoTpHIIATE B
Hast HeyObiBaomast Ha [0, 00) ¢yuknms. Ecan u(x) € My ects pererne
ypasuenusi (7), o u(x) — HeybpiBaromas ¢pyukuus Ha [0,00).

< Ilyerb @1 < 2. Tak kak k(z) > 0 u He yOBIBaAeT, a u(x) > 0, TO

W (w3) — 1 (21) = /k(@ ~ t)ult) dt /k(atl —tyult)dt =

- /[k:(xg S ) — bl — )] ult) dt +/k(a:2 ~tyult)dt > 0.

0

Buaunt, u¥(z1) < u*(x2) npu 1 < x2. Ho Torma (rak kak u(x) > 0) u
u(z1) < u(zz) upm 1 < 2, 1. e. u(x) He yobIBaer Ha [0, 00). >

JIemma 3 (o nenpepbiBaoctu pemenus). Ilycrs k(x) — neorpuia-
resibHAsE HEyObiBaromasi Ha [0, 00) ¢yuknusa. Ecian u(x) € My ecrp pere-
Hie ypaBHenns (7), 7o u(x) siBjsiercst HenpepbIBHOIT Ha [0, 00) (yHKIHET],
. e. u(z) € C[0, 00).

< B cuny snemmbr 2 u(x) — neybbiBaromas byHKIMS U, 3HAYUT,
u(z) — nokanbHO orpannyennasi. Takum o6pasom, dyukimn k(x) n u(x)
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YZIOBJIETBODSIIOT BCEM TPeGOBaHWSIM T€OpeMbl 1, M3 KOTOpOil BBITEKAET,
gro u*(z) = (k * u)(z) ecrb menpepbiBuas (yukuus. Ho mockosibky
u(x) = 0, o u(x) Takxke saBJgeTcs HenpepbiBHOH Ha [0, 00) dyHKIMEIT,
T. e. u(z) € C[0,00). >

5. AnpuopHBIe OIIeHKH! peIleHud mpu « > 1

B nanbreiimem BCiogy, Tae pedb uger o6 ypasaeruu (7), mpeanosa-
raercs, 9T0 o > 1 m sapo k(x) ymoBieTBOpsieT IByM yCJIOBUSIM:

A) k(x) — nmeyGriBatomas Ha [0, 00) yHKIWMS;

B) k(0) > 0.

TMonaras B (7) © = 0, 3amegaem, 910 u(0) = 0, ecam u(z) ecTh pe-
menve ypasuenus (7). B cBsi3u ¢ TeM, 9TO HAC MHTEpPECYET BOIPOC O
CYIIECTEOBAHUY HETPUBUAJILHBIX PEIIeHuil ypasHenus (7), BBEJIEM MHO-
xectBo Qo = {f(x) : f(z) € C[0,00), f(0) =0, f(z) >0Vz > 0}.

Teopema 2. Ecin u(x) € Qo ecrnb pemenne ypasuenns (7), 70 GpyHK-
st u(x) ABASETCS HEYOBIBAIOIIEH H YIOBIECTBOPSIET ONEeHKAM:

< To, uro dbyHkuMs u(x) ABASETCS HEYOBIBAIOIIEH, CIEIyeT U3 JIeM-
mel 2. Tak kak mpu x = 0 yTBepkaenue (8) cnpaBeniuBo, TO Oyaem
CYHATATH BCIOAY Jajee, 9to T > 0.

Hokaxxem cHavana nepsoe HepaBeHcTBO n3 (8). Tak Kak u(z) ABna-
ercs perienueM ypasHenus (8) u k(zr) — neybObiBaromas dbyHKIMs, TO

x x

ut(x) = [ k(x —t)u(t)dt = k(0) [ u(t)dt (Vx> 0),
/ /

u(w) > [k(o) / u(t) dt] (Vz > 0), )



WJIU, 9TO TO YK€ CaMoe,
R(0)u(t)
[£(0) [ u(r) dr|

0

WuTerpupys mocaeanee HEPABEHCTBO B Tpejesaax oT 0 10 x, MOIyIuM

> k(0) (Vt>0).

Q=

x

[k(o)/u(t) dt] ' > [0‘; ! k(@)] = 2= = F(a). (10)

TaxknM 06pa3oM, JeBoe HepaBeHCTBO B (8) BhiTekaeT u3 (9) u (10).
Jokazxkem Ternepb BTOpoe HepaBeHcTBO u3 (8). B cuiy mepasencrsa
Yebbimesa (5), nmeem

nJjmn

u(z) < [/k(t) u(t) dt] “ (Vx> 0), (11)
WU, 9TO TO K€ CaMOoe, ’
k(t) u(t)
[ J B(r)u(r) dr |
WuTerpupyst mocjegree HEPABEHCTBO B mipeaenaax ot 0 10 &, moJIyduM

[/k(t)u(t) il < lo‘; ! /k(t) dt] o = G(x). (12)

0 0

<k(t) (Vt>0).

Q=

TaxknM 06pa3oM, Bropoe HepaBeHCTBO B (8) BhiTekaer u3 (11) n (12). >
ITpumep siapa k(x) = C' > 0 moKa3bIBaeT, YTO OIEHKH B (8) HEyIyd-
MIaeMBbl, TAK KaK B 3TOM CJIydae

ABJIeTCd perienueM ypasaenus (7).
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6. leBapuaHTHOCTH KJjiacca P
OTHOCUTEJbHO omepartopa 1T’

U3 Teopembl 2 ciemyer, 4ro pemenus ypasuenus (7) mpuw « > 1
€CTECTBEHHO Pa3bICKUBATL B KJIacCe
P ={u(z): u(z) € Cl0,0), F(z) < u(z) < G(x)}.

Paccvorpum HemHEHHBI HHTErPATBHBIN OmlepaTop cBepTKH 1 :

(Tu)(z) = ( k(x —t)u(t) dt) .
/

Teopema 3 (06 nnBapmantHoctn P). Kiacc P mHBapHaHTeH OTHO-
CHTEJIFHO HEJIMHEITHOTO orepaTopa cBepTKH 1.

< Iycrs u(z) € P. Hyxno mokasarnb, uro Torma u (Tu)(x) € P,
T e. (Tu)(z) € Cl0,00) n F(z) < (Tu)(z) < G(z).

1) To, uro (T'u)(z) € C[0,00) BBITEKAET U3 TEOpeMbI 1.

2) Tlokaxem, uro (Tu)(z) > F(z). Tak kak u(z) > F(zx), 10

T xT

[(Tw) ()] = /k:(x ~tyult)dt > /k:(x )P dt >

(Tu)(2) > F(2).

3) Iokaxewm, HakoHer, 4To (Tu)(z) < G(x). Tak kak u(x) < G(z),
TO TpUMeHsig HepaBeHcTBO Uebbiesa (5), umeem

(Tw)(2)]° < / Kz — 1) G(t) dt < / k() G(L) dt =

_ [O‘al]“ll/m l/tk(T)dT]ﬁde(T)dT
0 0 0
).

T e. (Tu)(z) < G(x

= [G(=)]%,
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7. Merpuyeckoe IpOCTPAHCTBO P, U €ero moJiIHOTa

Xopotio uzsectro, yro C[0, 00) HE ABJIAETCH HOJHBIM METPHUYECKUM
MPOCTPAHCTBOM. BBemeM B CBSA3U € 3TUM CIEAYIONNi KIace byHKITHH:

Py = {u(z) : u(z) € C[0,8], F(z) < u(z) < Gla)},

rae b > 0 — mpou3BOIBLHOE YUCITIO.
B cuny BosmbTeppoBOCTH OmepaTopa 1, u3 TeOpeMbl 3 BbITEKAET

Caencrsue 1. Knacc P, mHBapumaHTeH OTHOCHTEJIHHO OIEPATOPA
cBeprku T'.

Bsenem Bo muO)KecTBe QyHKIHI P, paccrosiaue mo ciaeayiomeii ¢hop-
MyJIe:

ui(z) — ua(z
po(u1,uz) = sup |1)1—2()|, 8> 0.

o<z<b  pa-1ebfT
Teopema 4 (o0 nonuore P,). Muoxkectso P, ¢ Merpuxoii p, obpasyer
TTOJTHOE METPHIECKOE MPOCTPAHCTEO.

<! BBIIOJHEMOCTH AKCHOM METPUKH OYEBHIHA. JIOKAsKEM IIOJIHO-
1y Pp. IIycrs {uy,(2)} — mobas dbyHIaMeHTaIbHAS TTIOCIEI0BATEIBHOCTh
u3 Py,. Torna Ve > 03N = N(e) > 0: ¥Vm,n > N Bblnoansercs Hepa-
BEHCTBO Pp (U, Un) < €, T. €.

W <e (Ymyn=N,Va e (0,b) (13)
Tak kak
pU/(@=D) Bz < pl/(a=1) Bb = pp
TO

|um () = un(z)| _ 1
T > — up (@) — un(2)].

Dl > (e) = (o)
Tosromy u3 (13) umeeM |up, (x) — un(x)] < Me Vm,n = N, Vz € [0, D]
(3mech yuuu, 91O Um(0) = u,(0) = 0), T e. {un(x)} — dbynnamenrans-
Hasi nocsenoBareasrocTh B C[0,b]. B cuny mosroTsr C0, b cymecTyer
u(z) € C[0, b] Takoe, 41O

lim w,(z) = u(x). (14)

n—oo
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Tokaxkem, uro u(z) € Py. Tak kak {u,(z)} € Py, t0oVnuVax € [0,d]

a—1

F(z) = [

«

[0‘; ! /k:(t) dt] Tl G(z).

0

N

Ilepexoms B mocmeaneM HEPABEHCTBE K MPEAETy MPH N — 00, C YIETOM

pasenctia (14) nonyuaem F(x) < u(z) < G(z), 1. e. u(x) € Pp.
Cxoamumocts mocsenoBarenbHocTh {u, ()} K u*(x) mo merpuke py

JIOKA3bIBAETCSI [IEPEXOJIOM B HepaseHcTBe (13) K mpejesy mpu m — 0o.

8. CyH_IeCTBOBaHI/Ie N €eAMHCTBEHHOCTDb pelnieHnmnd

Boime Mbl JJ0Ka3aau, 9TO €Ciu B Kjaacce P, BBECTH METPUKY pp,
TO P, peBpaIaercs B mOJIHOE, IPHYEM HeJIMHEeHHOe (Tak KaK, HAPUMED,
—u(x) ¢ Py, ecim u(x) € P,) merpudeckoe mpocrpancrso. Kpome toro
(cMm. caepcrBue 1), Hesmedinbiil onepaTop cBeprku 1, siAPO KOTOPOrO
yaossersopsier yciousm A) u B), neiicreyer uz P, B P.

Tokazkem, 4TO ecam siapo k() yIOBIETBOPSET €Il yCIOBHUIO:

B) cymecrsyer ¢ € (0,b) Takoe, uro k(c) < ak(0);

u aucio B onpenensercs mo Gopmye

k(z) — k(0)
R0y S, . : (15)

B

TO oneparop 1 siBysiercs: cxkumarormum. s 3Toro HaM monao0uTes

JIemma 4 [4]. s so6oro x € [0,b] cnpaBeinBo HEPABEHCTBO
k(z)e P < k(ce),

rje ¢ u 3 onpexesisitorcs u3z ycaosus B) u ¢opmyssr (15).

< PaccmoTpuM OTZIeNIbHO JIBA CIytdas.
1) IIycrb 0 < = < ¢. Torna, yaursiBas, uro k(z) He yobiBaer u § > 0,
umeem k(z)e 7% < k(z) < k(c) — 4ro u Tpe6oBaiocs.
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2) Ilycre, nakower, ¢ < ¢ < b. Tak kak 2 > ¢ > 0, O

1 k(x)—k(0)
k(z) = k(0) 4+ k(0) 2 — ——= < k(0)[1 .
(@) = h(0) + K(0) 77 O)[1 +28)
Uraxk, k(z) < k(0)[1 + Bz] Vo € [¢,b]. Ho 1 + a < e* Ya > 0 1axk,
aro 1+ Ba < €. Crenosarensno, k(x) < k(0)eP < k(c)ef?, orxyna
oxKoHuaresbHo nosyuaeM k(z)e ¥ < k(c) Vr € [c,b]. >
Teopema 5. Oneparop T : P, — P, u ABAs€TC CKUMAIOIHM, IPH
aroM YV uy(x), uz(x) € Py BBIIOIHAETCS HEPABEHCTBO

k(c)
ak(0)

po(Tug, Tup) < py(ug, u1), (16)

1Jie YHCJI0 ¢ OUPeJeIssercs u3 ycaoBus B).

< To, garo omeparop 1 neiictByer u3 P, B P,, BbITeKaer u3 cie-
crBus 1. lokaxkem nepasenctBo (16), 1. €. yro oneparop T sBisercs
cxumatonmM. Ilycrs uy(z),uz(z) € P, n o € (0,b]. B cnay teopembr
Jlarpanrka, M3BECTHOI W3 Kypca MATEeMAaTHIEeCKOTO AHAJIN3A, IS JII0OBIX
21, 29 > 0 mMeem zi/a — z;/a = i@l/o‘*l(zl — 22), T1e © NeKUT MeK Ty
z1 ¥ zo. Ilosromy, ecom z1 = zg, 22 = 29, TO U O > zo. 3HAYUT,

1|z — 2
o {2} 5

Ucnoms3ys 310 HepaBencrso u yumrsiBas, uto (Twui)(z) > F(z),
(Tug)(x) > F(x), nns seex z € (0, b] nveem

[(Tug)(x) = (Tur) ()| =

= ‘(/k(xt)w(t)dt)a — (/k(:ct)ul(t)dt)a

0 0

<

1 1
@ @
Z1 T 2

<

: [ k(e —t)us(t) dt — [ Kz —t)ur(t) dt‘
<=2 0 <

o {([F(z)]*}
| R = ) fua®) — w0 at
a [F(a)]* T

k(z —t) |ua(t) —ui(t)| dt

O—x

<

QImr

L E0)x
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Urax,
|(Tuz)(2) — (Tur)(z)| <
1 xr
gEE_ﬁﬂﬁijk“_”m“”‘““”“
Tak kak

oo u2(@) — i (@)] _

1 1
s () — wi ()] = 257 ¢ < 7T Py (s, 1),

xﬁ 6593
ro u3 (17), ¢ yuerom JjieMMmbl 4, 101y 4uM
[(Tuz)(z) — (Tur)(@)] <

x

1

< s ) [ Kot

0

1
RO

ug,ul)eﬂx/k(a?—t) e BlE=t) a1 gy <
0

k(c) z a—l o
ST DRy ¢ M) e
CrenoBaresbHO,
< gy mlem) (€ 0.),

YTO PABHOCHILHO HepapeHCTBY (16). >
Urak, Ha OCHOBAHWY NIPUHIMNA CZKUMAIOIIAX OTOOPaKEeHNil JOKa3aHA
Teopema 6 (cyuiecrBoBanusi u eauncrsennoctu). ITycre b > 0 —
soboe anciio u saapo k(x) yaosaersopsier yciaosusm A), B) u B). Toraa
HeJINHEIHoe HHTerpajbHoe ypaBHEeHHe THia cBepTku (7) HMeer equH-
CTBEHHOE peIlieHne B NpOCTpaHcTBe Py,. DTo pernenne MOKHO HAHTH Me-
TOIOM MOCJEIOBATEIHHBIX IIPHOJII>KEHHII].

Herpynro nmokasaTh, 9TO TIpM yCJIOBUAX TEOPEMbI 6 ypaBHEHHWE THTIA
ceeprku (7) UMeeT eIUHCTBEHHOE Pelienue B Kaacce Q.
xr —
Bamerum, uro ypasuenue u®(x) = fo e*~tu(t) dt, a > 1, umeer pe-
a—1)/a]z _ 1)1/(0‘_1)

menne u(z) = (ell U OHO €JIMHCTBEHHO B KJacce (Qq.
JlanbHeiIme cBeieHns: O PA3BUTHNA TEOPUH HEJTMHEHHDBIX ypPaBHEHNH

TUNa cBepTKU Buaa (7) MoxkHO Haditu B [1, 7].
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INTEGRAL EQUATIONS OF CONVOLUTION TYPE
WITH POWER NONLINEARITY IN CONES

S. N. Askhabov

In the cone I of nonnegative continuous functions on R4 = [0, co) the solvability
of the nonlinear equation u®(z) = [ k(z — t)u(t)dt, o > 1, with the kernel
k € T, is considered. That equation appears in applications of filtration theory
and arises in the theory propagation of nonlinear shock-waves in gas filled tubes
with friction.
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BOOLEAN VALUED ANALYSIS?

A. G. Kusraev?

1. Introduction. In 1963 P. Cohen discovered his method of ‘forcing’
and also proved the independence of the Continuum Hypothesis. A
comprehensive presentation of the Cohen forcing method gave rise to
the Boolean valued models of set theory, which were first introduced
by D. Scott and R. Solovay (see Scott [26]) and P. Vopénka [32].
A systematic account of the theory of Boolean valued models and its
applications to independence proofs can be found in [4, 27, 31]. A brief
and nice overview see in [21].

D.Scott [26] forecasted in 1969: “We must ask whether there is any
interest in these nonstandard models aside from the independence proof;
that is do they have any mathematical interest? The answer must be yes,
but we cannot yet give a really good arguments.”

The development of Boolean valued analysis started at the end of the
seventies have shown that Scott was perfectly right (see [17, 18, 20]). The
term Boolean valued analysis, coined by G. Takeuti (see [29]), signifies
the technique of studying properties of an arbitrary mathematical object
by means of comparison between its representations in two different set-
theoretic models whose construction utilizes principally distinct Boolean
algebras. As these models, the classical Cantorian paradise in the shape
of the von Neumann universe V and a specially-trimmed Boolean valued
universe V(®) are usually taken. Comparative analysis is carried out by
means of some interplay between V and V(®),

Boolean valued analysis starts with the fact that each internal field
of reals of a Boolean valued model descends into a universally complete
vector lattice. This remarkable fact was discovered by E. Gordon in
[6], see also [7]. In the same period, two important particular cases
were independently studied by G. Takeuti, who observed that a vector
lattice of (equivalence classes of ) measurable function and a commutative
algebra of (unbounded) self-adjoint operators in a Hilbert space can be
considered as instances of Boolean valued reals [28, 29, 30].

IThis is a synopsis of the lectures given at the Conference of Young Scientists
(Russia, Vladikavkaz, July 21-27, 2014).

2Russia, Vladikavkaz, Southern Mathematical Institute of Vladikavkaz Science
Center of the Russian Academy of Sciences.
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2. The universe of Boolean valued sets. Throughout the sequel B
is a complete Boolean algebra with the operations meet A, join V, and
complementation (-)*, with distinguished elements unit 1 and zero Q.
Given « € On, put (with On standing for the class of all ordinals):

V® .= {z: z is a function,
(38 € On)(B<a, dom(z) C V(BB), im(z) C B) }.

After this recursive definition the Boolean valued universe V) or, in
other words, the class of B-sets is introduced as

Ve .= | v,
a€On

In case of the two element Boolean algebra 2:= {O, 1} this procedure
yields a version of the classical von Neumann universe V (cp. [18,
Theorem 4.2.8]).

Let ¢ be an arbitrary formula of ZFC, Zermelo—Fraenkel set theory
with choice. The Boolean truth value [¢] € B is introduced by induction
on the complexity of ¢ by naturally interpreting the propositional
connectives and quantifiers in the Boolean algebra B (for instance,
1V 2] == [ea] V [ie2] and Vao(@)] = MIp(w)] : u € V®}) and
taking into consideration the way in which a formula is built up from
atomic formulas. The Boolean truth values of the atomic formulas x € y
and x = y (with 2,y € V®) are defined by means of the following
recursion schema:

[eyl= \/ () A[t=a]),

tedom(y)

[t=yl= \/ @O=Tey)r \ (@) =Iteal).

tedom(x) tedom(y)

The sign = symbolizes the implication in B; i.e., (a = b):= (a* V b).

Say that the statement ¢(x1,...,2,) is valid or the elements
T1,..., 2, possess the property ¢ within (inside) VB if [o(2q, ..., 2,)] =
1. In this event, we write also V®) E o(z1,...,z,).

The universe V® with the Boolean truth value mapping ¢ [#] is
a model of set theory in the sense that the following statement is fulfilled:
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Transfer Principle. If p(z1,...,z,) is a theorem of ZFC then
(Vz1,....xn € VEYVE = (21, 2,)

is also a theorem of ZFC.

Maximum Principle. Let ¢(u,x1,...,2,) be a formula of ZFC.
Then the following is provable in ZFC: for an arbitrary finite collection
z1,...,2n € VB there exists g € V® such that

[B2) p(@)] = le(zo)]-

3. Ascending and descending. As was mentioned above, a smooth
mathematical toolkit for revealing interplay between the interpretations
of one and the same fact in the two models V and V® is needed.
The relevant ascending-and-descending technique rests on the functors
of canonical embedding (or standard name), descent, and ascent.

The standard name functor. Given X € V, we denote by X* € V(®)
the standard name of X. The standard name is an embedding of V
into V® . Moreover, the standard name sends V onto V&), i.e., V ~
V@ ¢ VB where 2:= {0, 1} C B.

A formula is called bounded or restricted if each bound variables in it
is restricted by a bounded quantifier, i. e., each of its quantifiers occures
in the form (Vz € y) or (3x € y) for some y, or it can be proved
equivalent in ZFC to a formula of this kind.

Restricted Transfer Principle. For each bounded set-theoretic
formula ¢ the following is provable in ZFC:

o(T1,...,Tn) «— VB E oz, ..., z))

for each finite collection x1,...,x, € V.

The descent functor. Given an arbitrary element X of the Boolean
valued universe V(®) we define the descent X | of X as X |:= {y ¢ V&) .
[y € ] = 1}. The class X| is a set, i.e., X € V for all X € VB, If
[X # @] = 1 then X is nonempty.

Suppose that X,Y, f € V® are such that [f : X — Y] =1,ie,/f
is a mapping from X into Y inside V®. Then f| is a unique mapping
from X| into Y|, the descent of f, satistying [fl(z) = f(z)] = 1 for all
x € X|. The descent of a mapping is extensional:

[21 = 22] < [f(21) = fz2)] (21,22 € X]).
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Assume that P is an n-ary relation on X inside V®; i.e., X, P € V(®)
and [P c X" ] =1 (n € N). Then there exists an n-ary relation P’
on X | such that

(z1,...,2,) € P <= [(z1,...,2,)% € P] = 1.

We denote the relation P’ by PJ and call it the descent of P.

The ascent functor. Let X € V and X ¢ V®: i e., let X be some
set composed of B-valued sets or, in other words, X € @(V(B)). There
exists a unique X1 € V® such that [y € X1] = \/{[z = y] : =z € X}
for all y € V), The element X1 is called the ascent of X. Observe that
the ascent extend the standard name in the sense that Y is the ascent
of {y" : y € Y} whenever Y € V.

Let X|Y € @(V(B)), and f: X — Y. There exists a unique function
f1 from X1 to Y1 inside V(®), the ascent of f, such that f1(A1) = f(A)t
is valid for every subset A C X if and only if f is extensional.

4. Vector lattices. A wvector lattice is a vector space over the reals
that is equipped with a partial order < for which the supremum x V y
and the infimum x A y exist for all vectors z,y € X, and such that the
positive cone Xy := {z € X : 0 < z} is closed under addition and
multiplication by non-negative real numbers.

A subset U C X is called order bounded if U is contained in an
order interval [a,b] == {& € X : a < x < b} for some a,b € X.
A vector lattice X is said to be Dedekind complete if every non-empty
order bounded set in X has the least upper bound sup(U) € X and the
greatest lower bound inf(U) € X.

The absolute value is defined by |z|:= z V (—x). A band in a vector
lattice X is a subset of the form B:= At :={z € X : (Va € A) |z|A]a| =
0} for a nonempty A C X. Clearly, BN B+ = {0}. A band B in X whith
satisfies X = B @ B is referred to as a projection band, while the asso-
ciated projection (onto B parallel to B~) is called a band projection. Let
B(X) and P(X) stand respectively for the complete Boolean algebras of
all bands and band projections in X. More details about vector lattices
can be found in the books [2, 3, 22, 33, 34].

Most of the vector spaces that appear naturally in analysis (LP, [P,
C(K), ¢, co, etc.) are vector lattices. The vector lattice C([0,1]) is not
Dedekind complete. Moreover, given a compact topological space K, the
vector lattice C(K) is Dedekind complete if and only if K extremally
disconnected. Consider two important examples.
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EXAMPLE 1. Assume that a measure space (2, %, ) is semi-finite,
that is, if A € ¥ and p(A) = oo then there exists B € ¥ with B C A
and 0 < p(A) < oo. The vector lattice L°(Q2, %, u) (of p-equivalence
classes) of p-measurable functions on 2 is Dedekind complete if and
only if (2,3, i) is localizable. In this event LP(2, X, 1) is also Dedekind
complete. (A measure space (Q, %, u) is localizable or Maharam if it is
semi-finite and, for every &/ C X, there exists a B € X such that (i)
A\ B is negligible for every A € &7; (ii) if C' € ¥ and A\ C is negligible
for every A € o/, then B\ C is negligible, see [5, 241G].) Observe that
P(LO(Q, 3, p)) = 2/u~1(0).

EXAMPLE 2. Given a complete Boolean algebra B of projections in a
Hilbert space H, denote by &(B) the space of all self-adjoint operators
on H whose spectral decompositions are in B, i. e. A € &(B) if and only
if A= [, AdE) and E) € B for all A € R. For A,B € 6(B) put A< B
if and only if (Az,z) < (Bz,z) for all x € 2(A) N 2(B). Then &(B) is
a Dedekind complete vector lattice and B ~ P((B)), see [22] and [33].

5. Boolean valued reals. Recall the well-known assertion of ZFC:
There exists a field of reals that is unique up to isomorphism. Denote
by R the field of reals (in the sense of V). Successively applying the
transfer and maximum principles, we find an element Z € V® for which
[% is a field of reals] = 1. Moreover, if an arbitrary 2’ € V(®) satisfies
the condition [#’ is a field of reals] = 1 then [the ordered fields #
and #Z' are isomorphic] = 1. In other words, there exists an internal
field of reals Z € V® which is unique up to isomorphism. We call %
the internal reals in V(®),

Consider another well-known assertion of ZFC: If P is an Archime-
dean ordered field then there is an isomorphic embedding h of the field P
into R such that the image h(PP) is a subfield of R containing the subfield
of rational numbers. In particular, h(IP) is dense in R.

Note also that ¢(-), presenting the conjunction of the axioms of
an Archimedean ordered field, is bounded; therefore, [ (R")] = 1 by
the Restricted Transfer Principle, i.e., [R” is an Archimedean ordered
field] = 1. ‘Pulling’ the above assertion through the transfer principle,
we conclude that [R” is isomorphic to a dense subfield of Z] = 1. We
further assume that R” is a dense subfield of Z. It is easy to see that
the elements 0" and 1" are the zero and unity of Z.

Look now at the descent R := Z] of the algebraic structure &Z :=
(R, ®,®, <,0,1) within V®)_ In other words, R:= (R{,®},®/,< 1,0,1)
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is considered as the descent R of the underlying set R together with the
descended operations @) and ®J] and order £ | of the structure Z. For
simplicity, we will denote the operations and order relation in % and Z|
by the conventional symbols +, -, and <.

The fundamental result of Boolean valued analysis is the Gordon
Theorem which describes an interplay between R, &%, and R: FEach
universally complete vector lattice is an interpretation of the reals in
an appropriate Boolean valued model.

Theorem (Gordon [6]). Let B be a complete Boolean algebra, % be
a field of reals in V® | and R = #]. Then the following hold:

(1) The internal field % € V® can be chosen so that
[R" is a dense subfield of the field Z] = 1.

(2) The algebraic structure R (with the descended operations and
order) is an universally complete vector lattice.

(3) There is a Boolean isomorphism x from B onto P(R) such that

x(b)r =x(b)y = b< [r=y],
x(b)z < x(b)y <= b< [z <y]
(z,y € R; beB).

There is a strong relationships between the properties of an internal
field Z and the corresponding external vector lattice R. Clarify, as an
illustration, the meaning of the least upper and greatest lower bounds
in R. For @ # A C %/ and all a € R and b € B the equivalences hold:

b < [a=sup(A)] <= x(b)a = sup x(b)(A);
b< [a=inf(A1)] < x(b)a = inf x(b)(A).

6. Vector lattices within Boolean valued reals. The converse
to Gordon Theorem is essentially true: An Archimedean vector lattice
is representable as a vector sublattice of the internal reals & in an
appropriate Boolean valued universe considered as a vector lattice over
the field of standard reals R".

Theorem (Kusraev [10]). Let X be an Archimedean vector lattice,
let Z be the reals in the model V®) | and let j be a Boolean isomorphism
of B onto the Boolean algebra B(X). Then there exists an element 2~ of
the Boolean valued universe V® satisfying the conditions:

28



(1) V® |= “2" is a vector sublattice of the field % considered as
a vector lattice over the subfielf R".”

(2) X':= 2] is a laterally complete vector sublattice of %) which
is majorizing and invariant under each band projection x(b) (b € B).

(3) «(X) is an order dense sublattice in % for some o-continuous
lattice isomorphism ¢ : X — X',

(4) for every b € B the band projection in %] onto {1(3(b))}++
coincides with x(b).

7. Transfer principle in action. According to above two results
the theorems about real numbers can be “externalized” by transfer so as
to yield results about universally complete vector lattices. Depending
on which Boolean algebra B (the algebra of measurable sets, open
regular sets, or projections in a Hilbert space, etc.) forms the base
for constructing a Boolean valued model V(®) we obtain various vector
lattices (the spaces of measurable functions, semicontinuous functions,
or selfadjoint operators, etc.). Thereby the remarkable opportunity
opens up to expand the treasure-trove of knowledge about the reals to
a profusion of classical objects of analysis.

A general scheme of applying the method is as follows. Assume X C
V and X ¢ V(B are two classes of mathematical objects. Suppose we
are able to prove the following

Boolean Valued Representation Result: Every X € X embeds into an
Boolean valued model, becoming an object 2" € X within V().

Boolean Valued Transfer Principle then tells us that every theorem
about 2" within ZFC has its counterpart for the original object X in-
terpreted as a Boolean valued object 2 .

Boolean Valued Machinery enables us to perform some translation of
theorems from 2~ € V(B to X € V making use of appropriate gene-
ral operations (ascending—descending) and principles of Boolean valued
analysis.
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8. Some long standing problems solved by means of Boolean valued analysis are listed in the follow-

ing table.

Problem Stated Reduced to (by | Solved References
(author/year) | means of BA): (author /year)

Internal characterization | S.S.Kutateladze | Weakly compact | Kusraev [16]; see

of subdifferentials 1976 convex sets of | Kutateladze [19] for

functionals 1982 details

Desintegration in Dede- | A.D.Toffe Combination of Hahn— | Kusraev 1984 [12];  see

kind complete vector lat- | V.L.Levin Banach and Radon- [11]  and

tice M. Neumann Nikodym theorems [19] for
1972/1977 details

The Kaplamsky problem: | I. Kaplansky Homogeneity of B(H) | Ozawa 1984 [23, 24]

homogeneity of type I | 1953 (H is a Hilbert space)

AW*-algebras

The Wickstead Problem: | A. Wickstead Cauchy functional | Gutman, 1995 | [8] and [13];

Order boundedness of d- | 1983 equation Kusraev, 2006 | see [20] for

homomorphisms details

Maharam extension of a | W.Luxemburg | Daniell —method of | Akilov [1]; see [11]

positive operator A.Schep 1978 integration Kolesnikov and [20] for

Kusraev, 1988

details

Classification of injective
Banach lattices

H.P. Lotz
D.I. Cartwright
1975

Classification of AL-
spaces (L; spaces)

Kusraev 2012

[14, 15]
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BYJIEBO3HAYHBINT AHAJIN3

A.T. Kycpaes

CTaThsl mpeCcTaBisieT CO0O0¥M KOHCIEKT MUHHUKYDPCA JIEKIIWH, TPOYHUTAHHBIX HA
BiagnkaBka3ckoi MOJIOIEXKHON MaTEMATUIECKOHM IIKOJIEe (BnagHKaBKaS, 2127
utons, 2014). JTaercss 0630p OCHOBHBIX NPUHIUIIOB W NPHEMOB GyJI€BO3HAYHOIO
MOJEJIMPOBaHUsI, JaeTcsi o0Iasi cxeMa NMPUMeHEHHs OyJeBO3HAYHOIO TIPUHIIUIIA
mepeHoca K 33/1a9aM (MYHKIIMOHATIHLHOIO aHAJIN3A U MPUBOAUTCA HEOOIBIION CIu-
COK IIpo0JieM, peIleHHBIX C IIOMOINBI0 OYIeBO3HAYHBIX MOJeeit.
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O ITPUHIIUIIE JTIATPAH2KA B TEOPUU S5KCTPEMYMA

I. I'. Marapuia-Nnsses!

MuTtepec K 3KCTPEMATBHBIM 33Ja9aM, T. €. 33/1a4aM HA MAKCUMyM U
MUHUMYM, MPOSIBUJICS yKe Ha 3ape paspurus mMaremaTuku. OCHOBHBI-
MU CTUMYJIAMU JIJIsT PEIIEHUsT TAKUX 33449 ObLIN, MO-BUIAMOMY, JTH060-
3HATEJLHOCTh W CTPeMJIeHNe K coBepinencTBy. [lo3anee, yxe B 18 Beke,
BBISICHIJIOCH, YTO MHOTHE 3aKOHBI TPUPO/IbI OCHOBBIBAIOTCS HA BapHAaIlH-
OHHBIX (KCTPEMAJbHbIX) HpuHIMIaX (10 3ToMy noBoiy dinep (1707-
1783) 3amermi: «B mupe He mpoucxoauT HUYEro, B YyeMm He GbL1 Obl BU-
JIeH CMBICJI KAKOTO-HUOYIb MAKCUMyMa UJIM MUHUMYMAay ), ¥ 3TO CTAJIO
BAYKHBIM TMOBOJOM [IJIsi MCCJICIOBAHUS IKCTPEMAabHBIX 3aja4d. Henb3s
HE HA3BATh TAK¥Ke W MparMaTuYecKue TPUUNHBL, TI00Y K IAIOIINE PEIiaTh
SKCTpEeMAJIbHBIE 33Ja9u. eJIOBEKY CBOWCTBEHHO HAMIYYIIAM 0OpazoM
HCIIOIB30BATh PECYPChI, HAXOAIIUECS B €0 PACIOPSI)KEHUN, U MOTOMY
9KCTPEMAJIBHBIE 331491 €CTECTBEHHBIM 00Pa30M BO3ZHUKAIOT MPHU YIIPAB-
JIEHUW PA3JINYHBIMU TPOIECCAMHU, B IKOHOMUKE, WHKEHEPUH.

Cpenn nanboJsiee paHHUX, TOYHO PEITIEHHBIX 33,189 — TaK HA3BIBAEMast
U3ONEPUMEMPUNECKAA 3a0a4a — 3a7a9a 0 (popMe KPUBOH 33 1aHHON [1UTH-
HBI, OXBATBIBAOMIEH HanOOILITYIO IIOMANL? U 3a7a9a 0 (POpMe TIOBepX-
HOCTH 3aJaHHOI1 ILJIOIIA 1, OXBATHIBAMOIIEH HauboIbmuil 0obeM. OTBeTb
HA 3TH 3aJ0a4u JJist MbicauTesieii Jpesueit 'penun ObLIM cCUMBOJIAMHU CO-
BEPINIEHCTBA, YeJIOBEYECKOTO pasyMma. KpynHeiimue ux NpeacTaBUTeNIu:
Epkmun, Apxumen u Anosionuit — CTaBUIU U PEINAIN PA3JTAIHBIE TE0-
MeTPUYECKHe 33Ja9u Ha SKCTPpEMyM. 3ajada O napajjesorpaMMme Hau-
GOIBIIIel TLIOIAIN, KOTOPBIM MOXKHO BIIMCATH B TPEYTOJBHUK MPUBOIUAT-
ca B «Hauanax» Esknuzma (II1 B. 10 H.3.); 3372498 O IMAPOBOM CErMEHTE
MaKCHMAaJIbHOTO 00beMa TIpW 3aJaHHON TIIOMIAIN ITApOBONH WACTH TO-
BEPXHOCTH 3TOTO CEIMEHTA COJEPKUTCS B COUMHeHusx Apxumena (Toxke
I1I B. ;10 1.9.); 3312498 O MUHUMAJIBHOM PACCTOSHUM OT TOYKHU ILIOCKOCTH
JIO AJUTUICA W O HOPMAJISAX K JUIUICY U3 MPOU3BOJILHOM TOYKHU IIIOCKO-
ctu Gbla mocTaBsieHa u perena Anosutonvem (ITI-IT B. 1o H.3.) B ero
3HAMEHUTHIX «KoHUKaxX».

TlepBBIit 3KCTpEMa/IbHBIN TPUHINN B €CTECTBO3HAHWUU BbIIBUHYJI
II. ®epma (1601-1665) B 1662 1. CorsiacHO 3TOMY HPHUHIMILY CBET <«H3-

1Poccust, Mockra, Mockosckuit rocymapcrsenusiii yuusepcurer um. M. B. Jlomo-
HocoBa; Bnamukaskas, FOMU BHIT PAH.
2Q1BeT B Hei NPUBOAMUJ B CBOUX COYMHEHUsIX ele Apucroresib (IV B. 10 H. 3.)
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OmpaeTy TAKyI0 TPAEKTOPUIO, BIOJb KOTOPOil BPeMs, 3aTPAYNBAEMOE UM
HA MPEOIOJIEHNE TIyTH OT OJHOM TOYKY JI0 APYTOil, MUHUMAJILHO. 3AKOHbI
[IPEJIOMJIEHNS CBETA, YCTAHOBJIEHHBIE SKCIIEPUMEHTAIbHO, HAXOAATCS, UC-
XO/Ist W3 ITOTO TMPUHINTIA, KAK PEIEHNs COOTBETCTBYIONINX SKCTPEMAJIb-
HBIX 337a4.

TlepBoii 3amaveil MHKEHEPHOTO COEpyKaHUs ObIJIa TaK HA3BIBAEMAas
aspodunamuecras 3adaua Hovromona (1643-1727) o rene Bpamenus 3a-
JIAHHOW TIUPUHBI U BBICOTHI, UCIBITHIBAIOIIEM HAUMEHBIIIEE COTTPOTHUBIIE-
HU€e B HEKOe# «PeIKOil cpejie», oCTaBieHHas U peneHHas HpioToHOM B
1687 r. B «MaremaTnuecKnx HAYaIaX HATYPATHHON (UIocodums.

B 1638 1. TI. ®epma manucan mucbmo P. Texapry (1596-1650), B KO-
TOPOM OH OINHKCHIBAET OOHAPYKEHHOE MM CJIEAYIOIIee SBJIEHUE: B TOYKE
JIOKAJIbHOT'O YKCTPEMYMa MOJIMHOMA JINHEWHAs 9acTh €ro MPUPAIIeHUs
paBHa HyJi10. B TepMuHax pou3BoHO# (B TO BpeMsi TAKOIO IIOHSTHS €ILE
He ObLI0, OHO BO3HMKJIO T103Ke B paborax Heiotona u Jleitbuuia (1646
1716)) 370 03HAYAET, YTO B TOUKE JIOKAJTHLHOTO SKCTPEMYMa, TPOU3BOIHASL
pasua mymo. Ceiiuac 3TOT pe3yabTaT MO MPABY HA3BIBAETCS Meopemoti
Depma, n OH OBLT TEPBOH TOMBITKON MOHITH CTPYKTYPY HEOOXOIMMBIX
yCJIOBHIA SKCTPEMYMAa B JOCTATOYHO 0obmieit curyaruu. [losromy magaso
TEOPUHU FKCTPEMYMA OOBITHO OTCUUTHIBAIOT OT 1638 1.

3areM, e1Ba POAUBIIUCEH, TEOPHS SKCTPEMYMA COBEPIIIILIA HEOXK Y TAH-
HBI MOBOPOT: TOSBUJINUCH 337a4H, B KOTOPHIX TPeOOBAIOCH HANTH MUH-
MyM WJIA MAKCUMYyM He (DYHKIUH OJHOTO TIEPEMEHHOTO, & (DYHKIMOHATIA,
re camu (hDYyHKIWUY SBIAIOTCS EPEMEHHBIMU BETUIUHAME. DTO MPOU30-
uwio B 1696 r., korna Moranu Bepuysm (1667—-1748) B nepsom B ucropuu
HaydHoM xypaase “Acta Eruditorum” omy6amkoBas cTaThio, 03aryiaB-
smennyio «HoBas 3a7a4a, K pemennto KOTOPOi MPUTJIAIIAIOTCS MaTEMa-
THKH». B craThe ObL1a mocTaBeHa 3a7a9a 0 OpaxuCTOXPOHE, T. €. 3a7a49a
0 HaxOkKAeHnn POPMbI KPUBOH, COEIMHATONIEN ABE TOYKHA B BEPTUKAb-
HOIt TIJIOCKOCTH, BJOJIb KOTOPOil TEJIO MO JeHCTBUEM CHJIbI TSXKECTH 0e3
TpeHNsA TPOXOIUT My Th OT OJHOI TOYKH A0 APYTO# 3a KpaTdaiiiiee BpeMs
(mocTanoBKa, BO3MOXKHO, ObLIa HaBEAHA (OJIee PAHHUMU DA3MbIILICHY-
svu Tanmies (1564-1642) va sty remy). Ha npussis 1. Bepuymum or-
kimkHyauch ero 6par 1. Bepuyiu (1654-1705), ero yuuress JleiiGuui,
Jlonurans (1661-1704) u HeroToH, npu 3T70M KaXK/Ablii U3 HUX DEIIUII 3a-
Jady 1o csoemy. IIpnmepno uepe3 qeTBepTh Beka V. Bepuynan nocrasu
mepej CBOMM yueHUKOM JleoHapmom DitjaepoMm mpobsieMy HaXOXKIEHUS
O0IIIX METOJIOB PEeIeHus 3a/1a9, CXOIHBIX € 33a49eil 0 OPaXUCTOXPOHE.
Qiiytep crpaBmics ¢ 3TOH TPOOIEMOl U HAIes aHajgor teopembl Dep-
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Ma — HEeOOXOIMMOE YCJIOBUE IKCTPEMyMA JJIsi IKCTPEMAJbHON KDPUBOM.
Nwm okazanoch auddeperimanbHOe ypaBHEHNE, TOJIYYHBIIee HA3BAHIE
ypasuenus Jisepa.

B 50-e rr. BocemHanmaToro croserus B3omnia 3Be3na 2Kozed-Jlyn
Jlarpanzka (1736-1813), KoTOpbI#i pazpaboTas HOBbIH METOJ UCCIEI0BA-
HUS 3314, W3YIABIIUXCA DIIEpOoM, U TOIYyIWBINUI HA3BAHUE MemModa
6apuayul. ITO JAJI0 TOBOJ, JUIepy BCe HAIPABJIEHUE, CBI3aHHOE C M3Y-
YeHUEeM IMOJ0OHOrO POJa 33149, HA3BATD 6APUAUUOHHBIM UCHUCAEHUEM.
[Tomumo 3toro Jlarpamk npe/uioxKuI IpueM UCCAeI0BAHUS IKCTPEMATTb-
HBIX 337a9 C OTPAHUYEHWSME, 33JaBAEMBIMU DABEHCTBAMU, KOTOPBIH
CTAJN HA3BIBATH NPAGUAOM MHOodcumenrel Jlazpanowca. Jlarpanxk BHeC
OTPOMHBIN BKJIAJ U B OCO3HAHWE TOTO, YTO BAPUAIMOHHOE UCYUCJICHUE
SIBJISIETCST OCHOBOM MHOTHX TUiaB ecrecTBO3HaHusi. CaMO BapHAIMOHHOE
HCYUCIeHNe WHTEHCUBHO PAa3BUBAJIOCH BILIOTH 10 40-X IT. ABaAIATOrO
CTOJIETHS.

B konrme 30-x TT. poanoCh HOBOE HAMpaBJIEHWE B TEOPWHU 3KCTPE-
MyMa, KOTOpPOe OBLIO CTUMYJIMPOBAHO TOTPEOHOCTSIMUA MATEMATHIECKO-
IO OCMBICJIEHUST MPOIECCOB U sIBJICHUH SKOHOMUKH. OHO MMeeT TOYHOe
BpeMs cBoero poxkzaenuss — 1939 r., Korma Bwimia 6porropa Jleoruga
Buranmbesnua Kanroposuua (1912-1986). 910 HampaBaeHue MOy IO
Ha3BaHUE AUHEUH020 NPOZPAMMUPOSAHUA W CBI3AHO C U3yUeHNEM 33/1a4
MUHUMU3AIUY (M1 MAKCUMU3AIAK) JIUHEHHBIX (DYHKIUH Ha BBITYKJIBIX
MHOPOIpaHHUKaX. 3areM, B 40-e IT. JaHHOE HAIPABJIEHHE B 3HAYUTEb-
HO# cTerneHu ObLIO MOIJIOIIEHO PA3/IEJIOM TEOPHUH SKCTPEMyMa, KOTOPOe
CTAJU HA3BIBATH 8bINYKABLM NPOZDAMMUPOSAHUEM. 3TECH UBYTATOTCS 3a-
a9 MUHAMHU3AMUNA BBITYKIBIX (DYHKIWI HA BBIMYKJIBIX MHOXKECTBAX,
TJIe CAMU MHOYKECTBA, 33JAI0TCsI, KaK MPABUIIO, (DYHKITMOHAILHBIMA OTPa-
HAYEHUSIMU THUIIA PABEHCTB, HEPABEHCTB U BKJO4YeHUil. B Te ke Bpemena
cTay u3ydarThCsd U IJIQJIKWAE 33[a91 C OTPDAHUYCHUSMY THUIA PABEHCTB U
HEPABEHCTB.

B 40-e rr. BO3HUKJIO €111€ O/THO HATIPABJIEHNE B TEOPUHU IKCTPEMATBHBIX
347144, BBI3BAHHOE PA3HOOODPA3HBIMU MPOGIEMaMy yIpaBJIeHUs (Ipou3-
BOJICTBEHHBIMHU MPOLIECCAMM, KOCMUYECKO# HaBuranueit u T. 1.). Ono mo-
JIy9MJIO HA3BAHUE ONMUMAALHO20 Ynpasrenus. Hadana reopun, cBsa3an-
HO# ¢ W3ydYeHueM 33734 ONTUMAJBLHOIO YIPABJIEHUs, ObLIU TOCTPOEHBI
JIeBom Cemenosuuem ITonTpsirnabiv (1908-1988) u ero kosuteramn.

Boiimie 66110 CKAa3aHO, YTO [JIsl IVIAJIKHUX 33024 (C OrpaHUICHUSIMY TH-
na paBeHCTB) JlarpaH:K mMpeIoKII MEeTO X pernenus. BoT 4ro oH caMm
CKa3aJ1 1o 3TOMY TOBOTYy: « MOXKHO BBICKA3aTh CJeAyomuil oOIuii mpun-
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nun. Eciu uimercss MAaKCUMyM WJIM MUHUMYM HEKOTOPO# (byHKINKM MHO-
IUX TIEPEMEHHBIX MPU YCJIOBUM, 9TO MEXKIY ITHUMH [MePEMEHHBIMU HMe-
€TCs CBSA3b, 33/IABA€MAasi OJHUM WJIA HECKOJIbKUMY YPABHEHUSIME, HYKHO
npubaBUTh K (DYHKIMH, O KOTOPOil TOBOPUJIOCH, (DYHKIIUH, 33 IAIOIINE
YPABHEHUS CBS3U, YMHOKEHHBIE HA HEOMPEIEJIeHHbIE MHOXKUTEJN, U UC-
KaTh 3aT€M MAKCUMYM W MUHUMYM MOCTPOEHHOI CyMMBI, KaK ecyiu Obl
nepeMeHHble ObLTH He3aBUCUMbL. [losyYeHHbIE ypABHEHUS, TPUCOETHHEH-
HbIe K YPABHEHUSIM CBS3H, TOCIYKAT JJIs OIPEIETIeHNs] BCEX HEU3BECT-
HbIX». VlHa1Ye roBOpsi, HEOOXOIUMOE YCIOBHE IKCTPEMYMa sl TAKUX 3a-
JIad COCTOUT B TOM, YTO B TOYKE JIOKAJIHHOTO SKCTPEMYMa, B TJIAIKON 3a-
Jlade ¢ OTPAHUYEHUSIMU TUTA PABEHCTB JOJXKHO YIOBJIETBOPATHCS HEOD-
XOJIUMOE YCJIOBHUE IKCTPEMYMA IIOCTPOEHHO# CyMMbI (KOTOPas Telephb Ha-
sbiBaercsd pynkuueit Jlarpanxka) B 3aza4de 6e3 orpaHudeHuii.
BrocnencrBun oka3anock, 9T0 HEOOXOAMMBIE YCIOBHS IKCTPEMyMa B
CaAMBIX PA3JIMYHBIX 33]a9aX MOTYT OBITH (DOPMATIHLHO BHIBEJIEHBI, TTOIB3Y-
SICh perenToM Jlarpan:ka, ecau IpUIaTh eMy 4yTh 00Jiee pacIiupeHHOe
TOJIKOBAHME. DTO sIBJIeHUE BIepBhie ObLI0 obHapyxkeno A. 1. Modde u
B. M. TuxomupoBbiM mpu pabote Ham cBoeil Kauroit «Teopus sxcrpe-
manbHbix 3azga4» (M.: Hayka, 1974), a camo npaBuiio BbIBOJA HEOOXO 1~
MBIX YCJIOBHUI 9KCTpEMyMa ObLIO UMU HA3BAHO MPUHUuUnom Jlazpanoica.
Kaxk paboraer npunrun Jlarpanxa Huzxke 0yaeT 00bsiCHEHO Ha, TpUMe-
pe Hanbosee ob1IIel IKCTpEeMAaIbLHOM 33144, 8 KMEHHO 3a,Ja9H1 OTITUMAJIh-
HOrO ympasienusi. A ceifgac 6oJiee IOAPOOHO PACCMOTPUM Ty TOCTAHOB-
Ky, OTHOCUTEJILHO KOTOPO# Jlarpamk ¢chopMyIupoBal CBOM MTPUHIKII.
Cnosa Jlarpanzka OTHOCHIUCH K 3a7a9aM BUA

folx) = extr, fi(x)=0, i=1,...,m, (1)

rae dyHKIuK onpemeseHsbl HA R™) a extr o3Hadaer ub0 MAKCUMyM, JIvi-
60 muanmyM. Cama 3a1a4a (npeacrasiennas 3anuchio (1)) 3axkouaercs
B HAXOXKJIEHWW TAKWX &, YAOBJIETBOPSIONMX cooTHormenusm f;(x) = 0,
i=1,...,m, HAa KOTOPBLIX PYyHKIHUS f) TPUHAMAET MAKCUMAJIbLHOE ¥ MH-
HUMAaTbHOE 3HaueHnsi. COrIaCHO PEKOMEHIAIMAM HAJIO0 COCTABUTH (DYHK-
mmio (dbynkmmo Jlarpamka) mammoit 3amaum: £ (x, \) = Yoo Aifi(z)
(v Jlarpamxka Ao = 1), re X = (Ao, ..., A ) — HABOP «HEOTPEIETEHHBIX
MHOXKUTENEH» (MHOKUTEEH Jlarpanka). lajee HaI0 MCKATH MAKCHMYM
U MuHAMYM QYHKIMN £ 10 T «KaK ecjid Obl IepeMeHHble ObLIi He3aBH-
CHMBI», T. €. HaJI0 BBIIACATH HEOOXOIMMBbIE YCJIOBHS IKCTPEMYMA, B 331496
6e3 OrpaHuIEHNI:

ZL(z,\) — extr,
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KOTODPBIE TAIOTCA yKe YIOMSHYTO# Teopemoit ®epma:

m

i=0
rae f!(x) — npomssonusle (rpaguentsl) dbyakuuit f;, 0 < i < m, B T09-
Ke .

Mb1 nostyynm n ypasaeauii. OTHOCHTETLHO MHOXKATENEH \; 3TH ypaB-
HEHUs OJHOPO/IHBI, ¥ TI03TOMY OJUH U3 HUX MOXKHO CUUTATH, HATIPUMED,
paBHBIM equHUIE. B pesyabraTe uMeem n+m ypaBuenuii (m ypaBHeHuUit
CBSI3M) IS HAXOXKJIEHUSA 1 + 1 HEU3BECTHDIX.

Temepnb mpuBeeM TOYHBIN PE3YIbTAT, KOTOPBIH ObLT CHOPMYIUPOBAH
U JI0OKAa3aH 3HAYUTEIbHO nosxke. Ho cHavaia HamoMHNM OIIpeiesIeHre JIo-
KaJIbHOTO 3KcTpeMyMa. Touka T € R™ HA3BIBAETCS A0KAALHBIM MUHUMY-
mom (marcumymom) B 3amade (1), ecin HaiineTcs: Takast OKpecTHOCTH U
sroit Toukm, 9To fo(x) = fo(x) (fo(z) < fo(x)) mns Beex xz € U Takux,
gro fi(z) =0,i1=1,...,m.

Teopema (mpasusio muoxkutesieii Jlarpaunxka). ITycre T — Jiokasb-

HEbIi 5kcTpeMyM B 3agade (1) n ¢yakmun f;, i =0,1,...,m, HenpepsIB-
"o s pepennnpyempr B T. Torja cymectsyer Takoil HeHy/eBoif HabOD
muoxkureseit Jlarpamxa A = (Mg, A1, ..., A\m), 9410

m

Z(@,X) =0 & Y N fl(@) =0,

i=0

e
o Ofi Ofi .
@) = <ax1(x),..., ax;(x) , 1=0,...,m.

MHuorue pe3yabTaThl aHAIN3a, AJITe0Phl, TEOMETPUH, TEOPUH TPUOJIH-
KEHUN MOTYT OBITh TOJYYEHBI KAK CJAEICTBUS TPABUJIA MHOXKUTEJIEH
Jlarpamxka. K cozkaJjieHnto, 9T0 He BOIILIO B CTaHIAPTHBIE Ky PChl MATEMa-
THKH, XOTsI CAMO 3TO mpaBmjio ObL10 copmynuposano Jlarpanxkewm ere
B 1797 r. 31ech, B Ka9ecTBe MOATBEPIKICHNUS CKA3AHHOTO, JOKAKEM C TTO-
MOIIIHIO TIPABUJIA MHOXKHUTEJEH JlarpaHka, 9T0 y CHMMETPUIHON MaTpu-
IIbI COOCTBEHHBIE BEKTOPHI 00PA3YIOT OPTOTOHAJIBHEIH 6a3uc. IToT dakT
JIEXKUT B OCHOBE MHOI'MX yTBEpXKJeHWi (HAIpUMED, IPUBEICHUs KBa/JI-
paTudHOil GOPMBI K [JIABHBIM OCSIM ).

Nrak, mycrs A — HeHy/leBas CUMMeTPUYHAS MAaTPULA Pa3Mepa 1 X n
u (-, ) obo3Havaer ckansipHoe mpon3Besenne B R™. Paccmorpum 3amady

(Az,z) - max, (x,z)=1L1. (2)
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9ro 3anaya euga (1), rae fo(x) = (Az,x), a fi(z) = (z,2) — 1. yHK-
uust fo, OY4eBUIHO, HempepbiBHA, a MHOKecTBO {x € R™|(z,2) = 1}
OIPaHMYEHO U 3aMKHYTO, IO3TOMY IO TeopeMe BeiiepiiTpacca pemenue
samaqn (2) cymectsyer. O6o3HaunM ero depes el.

Dynkuns Jlarpamxa 3amaun (1) umeer Buz

2L (2,20, \1) = Ao fo(x) + Mfi(z) = Ao(Az, 2) + M ((z, ) — 1).

Oyukimu fo u f1 HenpepbiBHO auddepentmpyembr Ha R™. [eiicTeu-
TesibHO, ycTh © € R™. g moboro h € R™, ucnosp3ysi CBOICTBA CKa-
JISIPHOTO TIPOM3BEIEHUS U CUMMETPUIHOCTH MATPHUIIBI A, mMeeM

fo(x +h) — fo(x) = (A(x + h),x + h) — (Az,x) = (2Az, h) + (Ah, h).

Iycrs |x| = /(z,2) — eBrIMIOBA HOpMa 3jemeHTa © € R™ u || A =
max|, <1 |Az| — mopma marpuupt. Torma scmo, uro |Az| < ||All|z| u,
cJTleIOBaTeIbHO, IO HepaBeHcTBy Koru — ByHsaKoBCKOTO

|(Ah, h)| < |Ah|[] < [|Al|Rf2.

Taxkum obpaszom, fo(z + h) — fo(x) = (2Az, h) + o(|h]). D10 o3HAUACT,
no onpenenennto, aro f)(z) = 2Az. IcHo, 9TO 3TA MPOM3BOTHAS HETIPE-
poiHa Ha R™. AnajorndHo ycranasimsaercs, uaro f1(z) = 2z.

Cornacuo mpaButy MHOXKUTeEJEH Jlarpanika HAlIeTCS TAKOW HEHYJTe-
BOIi Habop MHOkUTesel Jlarpanzxka (A1, A11), 9TO

ZLo(e* X1, M1) =0 & Ag124et + Aj12et = 0. (3

N

TTokaxkewm, aro A\g; # 0. eiicrurensHo, eciu Aoy =0, T0 A\13 # 0, u
toraa us (3) cremyer, uto e = 0. Ho 310 HEBO3MOMKHO, TaK Kak (€', el)=
1 B cuay (2). Urak, Ag; # 0 u u3 (3) nomyuaem, 4to

A
Aet = 1 (4)
Aot
1. e. e! — cobcTBeHHbI BeKTOP MAaTPHTIBI A.
PaccMOTpuM Teneph TaKyro 9KCTPEMATBHYIO 3344y :
(Az,x) = max, (z,2)=1, (z,e')=0. (5)

TTo Tem ke COOOparKEHWsIM, YTO W BBIIIE, Y HEe CYIIECTBYET DEIeHUE.
O60o3naunM ero uepes e2.

Dyukius Jlarpanxka 3anaqu (5) uMeer Buj
L(2, 00, M, A2) = Xo(Az, x) + M ((z,2) — 1) + Ao (2, eb).
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CroBa, coTJIacHO IpaBwTy MHOKHUTe e Jlarpanyka (yauThBast, 9TO TPO-
U3BOJIHASA JTUHEHHOTO oTOOpaskenus T — (z, el) ectb el), naitnercs nemy-
JieBoit Habop muoxkureseii Jlarpanxka (g2, A2, Aa2) Takoii, 4To

(€%, Moz M2, Aaz) =0 & 2Xga4e? + 2Xj0e% + Agge! = 0. (6)

ToxaxkeM, 9TO Aoy = 0. JleficTBUTENBHO, YMHOMKAS CKAJIAPHO Ha, e’
soipazkenue B (6), yuurbisas (4) u 1o uto (e2,e!) = 0, a (el,e!) = 1,
OymeM mMeThb

0= Ao2(Ae?, e') + Aia(e? e) + Aoz (el et) =
= —(A01/)\11)(€2, 61) + Aoz = Aaa.

Jasee niokaxkeM, 910 Ag2 7# 0. Ecimm 661 310 6b110 Tak, TO A\127#0. Ho
torza u3 (6) mocaenosano 6b1, 9o €2 = 0, a 3T0 HEBO3MOYKHO, TTOCKOIh-

Ky (e2,e?) = 1. U3 (6) momyuaem, uto Ae? = —Aja/Ag2e?, T. e. €2 —

COOCTBEHHBIH BEKTOP MATPHILI A, OPTOTOHAIBLHELI e’ .

IIpomomkast 3TOT Tporecc, Mbl Ha k-OM Iare PacCMOTPUM SKCTPe-
Manbhyto 3ajgauy (Az,r) — max, (v,7) =1, (z,e¢') =0,i=1,...,k—1.

Paccyxxmast aHaJIOrUIHO TPEABIAYIIEMY, TPUXOJAUM K TOMY, 9TO Pe-
IMenne TOM 3aJa4M, KOTopoe obo3HaunM 4epe3 eF, ecTh cobeTBenmbIit
BEKTOP MATpHIILI A, OpTOroHambHBI BekTOpam el, ... eF~ 1.

Takum ob6pa3om, 3a n MIATOB MBI IOCTPOUM OPTOHOPMUPOBAHHBIH 6a-
smc el,. .., e", cocroamuit u3 COOCTBEHHBIX BEKTOPOB MATPHIHI A.

Ilepeiimem Teneps K 00bsICHEHUIO TOTO, KAaK paboraer npuHiui Jlar-
pamka. TouHee TOBOPsi, PACCMOTPHUM CJIEAYIONIYIO 3329y ONTUMAaJIHHOTO
YIPABJICHUS:

/f(t,x(t),u(t)) dt —» min, &= (t,z,u), u(t) €U, )

x(to) =T, x(tl) =T,

U TOPOOyeM MOHSTH BHJL HEOOXOJAUMbIX YCJIOBHI MUHUMYMa B 9TOM 3a-
nade, caemaysi (popMasibHO pekoMmenpanusaM Jlarpamxka.

B sroit 3amave f u ¢ — dyukun tpex nepemenubrx, U — HEKOTO-
poe MHO)KeCcTBO Ha TpsiMoii. IlepemenHast u HA3bIBAIOTCS YNPABAEHUEM,
a x — ¢asosol nepemennol. IHTepec K TaKOTO cOpTa 3aJadaM BO3HUK
B 50-€ IT. mPOIIIIOr0 BEKa B OTBET HA 3aIPOCHI MPAKTUKA: TPeOOBAIOCH
OIITUMAJILHO (B TOM UJIM MHOM CMbICJIE) YIIPABJIATD PA3IMIHBIME IIPOLIEC-
CaMM, YYUTBHIBAS €CTECTBEHHYIO OIPAHUYEHHOCTH PECYPCOB (MaTepPUaIIb-
HBIX, SHEPTETUYECKUX ¥ T. II.). B HameMm cjiydae IpoLece ONMUCHIBACTCS
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muddepeHnmaIbHbIM ypaBHeHneM & = o(t, x,u) (Ha «BXOI» TONAETCS
yupasienue u(-), Ha «BbIxoze» noaydaem z(-)). Mbl xoTuM HaiiTu Takoe
yupasienue U(+), 4robbl coorBeTcTBYIOIAas (a3oBas nepemennas T(:) B
HA4YaJbHBII U KOHEYHBINI MOMEHTHI BpEMEHU o U {1 MPUHUMAJIA 3HAYEHUS
Zo W X1, 9100 U(-) Iy KaxKaOro t € [to,t1] He BBIXOAMIIO 32 TIPEJIEIThI
muOXKeCTBa U (0TParzKalomero OrpaHndeHHOCTb HAIIUX BO3MOXKHOCTEH )
M, HAKOHEI, YTOOBI 3TO ynpasjeHue ObLIO ONTHUMAJBHO B TOM CMBICJIE,
410 uHTerpas Ha mnape (Z(-),u()) npuHUMAT MUHUMAJILHOE 3HAYEHUE.

Heobxomnmbie ycioBus MUHEMYMAa, B TIOIOOHOI 3a1ax€ OBLITH Oy de-
HBI B 50-€ IT. U MOy HA3BAHUE NPUHUUNG Makcumyma TTonmpseu-
HQ. DTO OTHO U3 HAMOOJIEE TPKUX JOCTUKEHUN TEOPUM IKCTPEMATBHBIX
3a7a4.

Hasnee paccyxaem sppucrudecku. Byjgem cmorpers Ha 3azady (7)
KaK Ha 3a7ady MuHUMH3anuu QYyHKIUU ABYX nepemeHHbix (-) u u(-),
YIOBJIETEOPSAIOIMIAX COOTBETCTBYIOIAM orpanndennusaM. Orpanndenue
z(t) — (t, z(t),u(t)) = 0, t € [to,t1], MOKHO BOCTIPHHMMATH KAK KOH-
THHYYM PaBEHCTB, KaXKI0€ W3 KOTOPBIX HAJ0 YMHOXKHTH HA <HEONpe-
JIeJIEHHBIH MHOXKUTEJIb», KOTOPbIH 0003Ha4uM (CJeys TPAIUIUK) Yepes3
p(t), 1 «CA0KUTH», T. €. HpoMHTErpupoBarh. Takum obpaszom, dyHKIMs
Jlarpamska 3amaqn (7) umeer BHUI

Z(Z()v u()v >‘) -
t1
= /(Aof(tvx(t)w(t)) + p(t)(&(t) — p(t, (1), u(t)))) dt +
to

+ po(x(to) — wo) + pa (x(t1) — x1),

rie A = (Mo, p(+), to, 1) — HaBOp MHOMKHTeNed Jlarpanka.

IIycrs (Z(-),u(-)) — pemenue 3amaun. Beimmmem HeOOGXOTUMBIE
ycaoBust munuMyma dymkuuu Jlarpaaka B 3TOH TOYKE OTAEIBHO TIO
() m mo wu(-). Iycrs w(-) = u(-). Torma 3amada MUHAMH3ALHS
dyukuun Jlarpamxka no z(-) — 310 Tak HasbiBaeMas 3ajada Bouib-
Ha — CTaHJAPTHAsA 3a/]a4a KJIACCHYECKOrO BAPHAIUOHHOIO HCYHCTE-
nus. Ecim obosnaunth 4vepes L mnojpIHTErpasibHyio (yHKIMIO, T. €.
dynximio L(t, z(t), Z(t), u(t), Ao, p(t)) = Mo f(t, z(t), u(t)) + p(t)(z(t) —
o(t,z(t),u(t))), To HEOOXOAMMBIE YCJIOBHS B TAKON 3a/1a9€ MMEIOT BUJI

~C L)+ L) = 0 5 pl1) = —p(OF() ~NoFa(t)  (8)

(rme Lg(t) = Ly (t, 7(t), 2(t), @(t), Ao, p(t)) 1 AHATOTMIHO /7151 OCTATBHBIX
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dbyHKIHMi ¢ KpBIIIKOi) u

Li(to) = po, Li(t1) = —p1 < plto) = po, p(t1) =—p1.  (9)
Iycrs reneps z(-) = Z(+). Cuemys Joruke, HaJI0 IMOHSATH, YTO O3HAYA-
er MunumyM Gynkuuu Jlarpanxka no yakuuam u(-). Jug sroro wHamo
onucarb TOT 3anac Takux GyHKUM (yupasJjenuii), KOTOPbIMUA Mbl Dac-
mosiaraeM. Hawmbostee mpocToil BapuaHT, KOTOPBIH OOBIYHO PACCMATPU-
BAeTCsI, 9TO KYCOYHO-HenpepbiBHbIe DyHKIMKN u(-) Ha [tg,t1] Takue, 94TO
u(t) € U B Toukax HenpepbiBHOCTH u(-). OBO3HAUNM MHOXKECTBO TaKUX
dyHkIWmit yepe3 % .

Urak, «Bepst B upunuun Jlarpanzkas, pyHnkuus () goszKHa 10CTAB-
aath MuHnMyM byHKmn Jlarpanzka mo Bcem u(-) € %, 1. e. (Ipu 3TOM
MBI MOYKEM, OYE€BUIHO, BLIODOCUTH BCE cjlaraeMble B byHKIUM Jlarpan-
JKa, He 3aBucsme or u(-))

t1

min, / (Nof(t, 2(t), ult)) — p(t)p(t, Z(t), u(t))) dt =
° (10)

= /(Aof(t, z(t), u(t)) — p(t)p(t, 2(t), u(t))) dt.

TTokazkem, 9TO OTCIOIA CJIEIYET, YTO B KAXKIOM TOUKe ¢, Te hyHKIms
u(+) HempephIBHA, CIPABEJINBO PABEHCTBO

min(Ao f (1, 2(8), u) — p(t)p(t, Z(t), v)) =
= Xof(t,z(t), u(t)) — p(t)e(t, T(t), u(t)).

JleficTBUTEIHHO, TOMyCTAM, 9TO 3TO COOTHOIIEHWE HE BBIMOJIHEHO, T. €.
CYLIECTBYIOT TOYKA T € [to, {1], B KOTOPOii byHKIMs U(-) HENPEPbIBHA, 1
snement v € U Takme, 4TO

Ao (7, 2(7),v) — p(7)e(7, 2(7),v)) <
< /\Of(Ta ZE(T)a a(T)) - p(7)¢(77 f(T)a 17(7'))

Tak kak dyurmmm t — Ao f(t,Z(t),v) — p(t)e(t,Z(¢),u(t)) n t —
Aof(t,Z(t),u(t)) — p(t)e(t,Z(t), u(t)) HEMPEPHIBHBI B HEKOTOPOil OKpeC-
THOCTH TOYKH T, TO HaiigeTcs Takoe 6 > 0, 910 11st Beex t € [7— 0,7+ 6]
CIIPABEITINBO HEPABEHCTBO

Aof (2, 2(t),v) — p(t)p(t, Z(t), v)) <

(11)
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Paccvorpum dbyukuuio 4(-), paBHyo v Ha otpeske [T — §,7 + 4] u u(+)
3a mpeJiesiaMu ITOro oTpeska. Torma sacHo, 9To

t1

/(Aof(t, z(t), u(t)) — p(t)e(t, 2(t), u(t)) dt <

to
t1

< /(Aof(t, z(t), u(t)) — p(t)e(t, 2(t), u(t))) dt

to

B nporusopedne ¢ (10). Tem cambim paserctso (11) cupasemugo.

Cootnomenus (8), (9) u (11) (nmocsemmee MoxKHO 3anucaTb B (Hop-
Me MaKCUMyMa, IOMEHSAB 3HAKW MEepe Ao f U P HA TPOTUBONOJIOKHBIE )
W €CTh NPUHIMN MakcuMyMa IloHTpsruHa nias gaauoi 3amaun. Toumyio
dopmysupoBKy He OyzeM NPUBOIUTH, HO CYTh ee (KaK U B IPABHUJIE MHO-
kureneil Jlarpan:ka) B TOM, 94TO CyIIECTBYyeT TakoOil HeHysieBoil HabOp
vroKuTeseit Jlarparmka A = (Ao, p(+), {0, f41), ITO BHITOTHSIOTCS YCIIO-
Bus (8), (9) u (11).

Pemenne KOHKpeTHBIX 3a7a9 HA OCHOBE NPHWHIMIA JlarpaHzxka mpo-
HCXOJINT, KAK MPABHJIO, TI0 CJEAYIOIEH CXeMe: BBITHCHIBAIOTC HEOOXOIU-
MBbI€ yCJIOBHsI SKCTPEMYMA, MOTOM OHHM AHAJU3UPYIOTCS M B PE3YJbTATE
HAXOJAT «M0JJ03PEBAEMBIi» HA IKCTPEMYM OOBLEKT (CKazKeM, (DyHKIMIO).
Tlocsie 3TOrO MPOBEPSAIOT, YTO HAWIEHHBINH 00HEKT IEHCTBATEIHLHO €CTh
pelnenne TaHHON 3a7adn. BaykHO TIpW 3TOM OTMETHTBH, UTO 3a9aCTYIO
HAM Hy?KHA JIAIIb CTPYKTYPa HEOOXOJMMBIX YCJIOBHMA, /sl 9€r0 BIOJHE
JIOCTATOYHO BJAJEHUS NPHUHIMIOM JlarpaHrka, a HE 3HAHUEM COOTBET-
CTBYIOILIETO TOYHOTO pe3y/abTara. Bojiee TOro, MHOTIA TaAKOrO Pe3yJIbTa-
Ta MPOCTO HET, & MpUHIUT Jlarpamrska 1aeT MpaBUIbHBIE OPAEHTUPHI I
pelenns 3a0a4n.

ON THE LAGRANGE PRINCIPLE
IN THE THEORY OF EXTREMUM

G. G. Magaril-1'yaev

The lecture is devoted to a brief history of the theory of extremal problems and
the emergence of the principle of Lagrange. Gives examples and shows how the
principle of Lagrange works for the problem of optimal control.
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OPTIMAL RECOVERY OF LINEAR OPERATORS
FROM INACCURATE INFORMATION!

K. Yu. Osipenko?

1. Introduction

What does it mean to solve a problem in an optimal way? Assume
that we have a problem p to be solved. Usually we have some infor-
mation abut this problem. This information as a rule is incomplete
and/or inaccurate. We denote it by I(p). Suppose we have a method
(algorithm) m to solve this problem. The method m uses the informati-
on I(p). To compare the quality of different methods with each method m
we have to associate a number indicating the error of the solution of the
problem. We denote this number by e(p, I, m).

Usually we want to have a method that can be applied to several
problems of the same type. Assume that we have a set of problems 2.
Then for the set & the error of the given method m may be defined as
follows

e(P,I,m) = sup e(p,I,m).
peP

If we want to find a good method for problems & we have to find
a method for which the value e(42,I,m) as small as possible. Denote
by .# the set of admissible methods. Then we want to find a method m
such that

e(2,I,m) = (P, I,m)=E(P,1, #).

inf e
me.H
We call the method m an optimal method and the value E(P, I, #) is
called an optimal error.

It may appears that E(Z,I,.#) is not sufficiently small. Then we
may try to find another type of information about problems from & that

IThis research was carried out with the financial support of the Russian Founda-
tion for Basic Research, grant NeNe 14-01-00456, 14-01-00744.

2Russia, Moscow, MATT — Russian State Technological University of K. E. Tsiol-
kovsky; Moscow, Institute for Information Transmission Problems, Russian Academy
of Sciences; Vladikavkaz, Southern Mathematical Institute of Vladikavkaz Science
Center of the Russian Academy of Sciences.
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can provide a better error of solutions. In other words, we can consider
the following problem

inf E(2,1,.4),

Ics

where .# is some set of information.
Let us consider some examples.

2. Optimal interpolation

Let W be some class of functions defined on a domain D. Denote
by ps the problem of finding f(t), t € D, for a function f € W. Put

Ips) =I(f) = (f(tr),..., f(tn)), tjeD, j=1,...,n.

Let .# be the set of all mappings m : R®™ — R. We put

e(ps, I,m) = [f(t) —m(I(f))I
Here & = {py : f € W}. Thus,

e(Z,1,m) = sup [f(t) —m(I(f))| = e(t, W, I, m).
few

To find an optimal method we have to consider the following problem

E,W,I,.#)= inf ]Re(t,VV,I,m).

m:R"—

This problem is called the problem of optimal recovery of a function
f € W at a fixed point ¢t from the information about the values

f(tl)a ey f(tn)
3. Optimal integration

Let ps be the problem of finding the integral Lf = fab f(#)dt for
a function f € W. With the same I(f), &, and .# we obtain the
problem of optimal integration on the class W from the information
about values of f at a fixed system of nodes

b

/ ) dtm(I(f))|~

a

E(L,W,I, #)= inf sup
B m:R" =R few
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Note that if instead of .# we consider the set .#, containing only
linear functions m, that is,

m(I(f)) :Zajf(tj% a; €R, j=1,...,n,
j=1

then we obtain the well-known problem of finding optimal quadrature
formula for the class W and a fixed system of nodes.

One may ask how to choose such points a < t; < ... < t, < b
for which the optimal error will be minimal. In this case we obtain the
following problem

E(L,W, 7, M) = in E(L,W,I,4),
€
where & ={I: a<t; <...<t, <b}.

4. Optimal numerical differentiation

In notation of the first example this is the following problem

E/(6W,1,.4) = inf  sup |f/(t) —m(I(f))].

m:R*—R few

5. Optimal interpolation for W1

We consider complete solutions of some previous problems for simple
classes.

Denote by W1 the class of real functions f defined on the interval
[—1, 1], absolutely continuous, and satisfying the condition

|f/(t)) <1 almost everywhere on [—1,1].
Following the first example we put

€ (t’ Wolovlfam) = filll;ll})l |f(t) - m(If(f))|7

oo

E({t,WL,I;) = inf e(t,W]

m:R?*—R

If(f):(f(tl)aaf(tn))v t_:(tla"'atn)a
1.

—1<t1<...<t, <
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Denote by a(t) the nearest point to ¢ from the set of nodes {t1,...,t,}
(in the case when ¢ is in the middle between ¢; and ¢;1; we set for
definiteness «(t) = ¢;). Thus,

t, —1<t< B,
a(t)=t;, Y= cp bt o0 -1,
tn, =t <L

~

Put f(t) = |t — a(t)] (see Fig. 1).

Fig. 1.

It is obvious that f € WL and —f € WL. Moreover, I;(f) =

o~

I:(—f) = 0. For any method m we have

o~

2(t) = | F(t) = m(0) = (= F(&) = m(0)| <
< [J() = m(O)] + | = J (&) = m(0)] < 2¢ (t, Wi, Ir,m) .
Consequently, for all m
e (t, WL, Ir;m) = f(t).

Hence N
E (tholova) = f(t) (1)

We obtain the lower bound. Now let us obtain the upper bound.
Define the method m by the equality m(Iz(f)) = f(a(t)). Then
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Since |f/(7)] < 1 we have

[£(t) = Fla@®)] < [t = a®)] = ().
Thus, for all f € W1

We have N
E(t, W3, I;) <e(t, Wy, Ir,m) < f(t).

Taking into account the lower bound (1), we obtain that
E(t, Wy, Ir) = (1)

and m ia an optimal method. Consequently, if we have function values
f(t1),..., f(tn), then an optimal method of recovery of f(t) on the class
WL is the following f(t) =~ f(a(t)) (see Fig. 2).

fla(?)) F(ta)
f(t1)
-1 t ts t, 1 t
f(t2)
Fig. 2.

There may be several optimal methods. Among them there is one
which has good properties. It is called the central method. We construct
the central method for the above problem. Let y = (y1,...,y,) € R™.
Put

W, ={feWs: Lf =y}.
Consider the set
Ay ={f@t): feW,}.
For the fixed ¢ the set A, is an interval on R and
SuPfew, f(t) +infrew, f(1)
Cy = 5
is the middle of it.
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For any y, such that W, # () and for all f € W, we have

inf sup [f(t) — ¢l = sup [f(t) —c,l.
c€R rew, few,

Thus for any method m and for any y, W, # 0,

sup [f(t) —m(y)| = sup |f(t) — ¢yl
few, FEW,
Consequently, the method m.(Izf) = cr,5 is the optimal method which
is the best for any fixed information I f. Such methods are called central
methods.

The explicit form for the method 7. may be found using the following

picture

Yj+1
Cy
Yj
t; t; t t;* tir1
Fig. 3.
Y1, -1<t<ty,
Yis t; <t <t
i=1,...,n—1,
Yityis1 . tit+tita * skook
N S 4esign (Y41 —y5) (T— =2 tr <t <t
mc(Iff)(t): 2 ( J J)( 2 )’ j]_l Jn’ )
Yj+1, t;* <t< tj+17
i=1,...,n—1,
Yn, ty <t <1

o Littin 1Y+1 — vyl

i +1t41 n [Yj+1 — yjl
J 2 2 ’ '

2 2

*k
tj =
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6. Optimal recovery of the minimum

Now for the same class W1 and the same information I; we consider
the problem of optimal recovery of the (nonlinear!) functional

Lf= min f(t).

te[—1,1]
The error of any method m : R™ — R is

e (LW, I;;m) = sup |Lf—m(Izf),
feEWL

The problem is to find

E(L,WL.I;)= inf e(L,Wi, Iym)

m:R*—R

and an optimal recovery method.

We construct the central method in this problem. For the fixed y € R™
we again deal with the set W, = {f € WL : I;f =y} # 0. All functions
from W, are between two piecewise linear functions. The upper function
we denote by Z,(t) and the lower function by z,(t).

Zy(t)
Zy(t) Yi+1
Zu(®) 2y (t)
u Zy(t)
2y (t)
t ti+1 i
Fig. 4.

Thus for all f € W,

w20 < mi < mi .
telo1] u(t) ter[ril{l,uf(t) ter[ril{l,uzy(t)

It is clear that

min Z,(t) = min ;.
te[—1,1] u(t) 1<]<ny]
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It may be shown that
Yir1 + Y tit1—t;

. =
te[g'lﬁltrjlﬂ] 2 2 9
Taking into account intervals [—1,¢1] and [t,, 1] we obtain
. b=
tEI[IE?,l] 2y(t)
= min —h y2+y1_ﬁ yn"‘yn—l_hn_l _h
Y1 U R 5 5 Un s

where hg =t1 +1, hj =tjp1 —t;,5=1,....,n =1, hyy =1 —1,.

Thus the method

- 1 .
) = (v, 2,0+ min, 0

L. Y2ty Yn tYn—1  hn-1
+§mln{y1h0,77,,,_7 n 2” N n2 ,ynfhn

1 .
) =5, i +

is the central method for recovery of minimum. It may be shown that

1 . h hp—
E (LWL, I;) = §mm{h0,71,...,"Tl,hn}.
For the equidistant system of points ¢; = —1 + 2= j =1 .
We have
1 Y2+ 11 Ynt Yn—1 1
(Itf) \]\ y]+2m1n{y1) 2 3ty K 2"1 s Yn _%

7. Optimal recovery from Fourier coefficients

Let f be a periodic function on T = [—m, 7] and the Fourier series

oo
_ ?0 + kz_; ay cos kt + by sin kt),

where

1
z—/ Yeosktdt, k=0,1,2,...,
™
T
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1
by, = /f(t)sinktdt, k=1,2,...,

T
T
converges uniformly to f.

Suppose that instead of precise values of the Fourier coefficients of f
we know their inaccurate values ay, by such that

ao—ao +Z ar — ar)” (bkffl;k)Q) <4
k=1

where § > 0. The problem is to recover f at some point 7.
We cannot take as approximation the series

(Zik cos kT + Ek sin kT)

hE

0
5 +

=
Il

1

since it may differ from f(7) as much as desired or even be nonconver-
gent.
A. N. Tikhonov proposed to take the following series

~ a e 1 _ ~
flt) = % + Z TToi (ar cos kT + by sink7),
k=1

where « has the same order of smallness as § (in particular, it is possible
to put a = 0). He proved that if f € Lo(T) and f is continuous at 7,
then f(7) — f(r) as § — 0.

L4 (T) is the linear space of functions for which

/|f(t)|2dt < o0.
T

This method are known as Tikhonov regularization.

There are several questions to this method.

1. Are there any better method? How to compare various methods?

2. What is the error of approximation when ¢ is fixed?

3. Do we need to know all inaccurate values ay and b7

We try to answer these questions and construct a family of optimal
methods for this problem. We call the approach that we use Kolmogorov
regularization since it based on ideas of A. N. Kolmogorov.
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We begin with the setting of the problem in terms of optimal recovery
theory.

Let #5*(T) be the space of 2m-periodic functions with absolutely
continuous ("1 and (™ € Ly(T). Set

WET) = { & €/ s (2,0 <1}

Suppose that for every x € WJ'(T) we know the Fourier coefficients

1
aj(x):;/z(t)cosjtdt, i=0,1,2,...,
T
1
bj(:n):;/:c(t)sinjtdt, i=12...
T

given inaccurately. _

Suppose that we know y = (ag, a1, b1, ...) such that ||[Iz — y||;, <4,
where Iz = (ag(x),a1(x),b1(x),...). Here the norm in Iy is defined by
the inner product

apCo

(u, vy, = 5 + Z(akck + brdy),

k=1
u:(ao,al,bl,...), U:(Co,dl,cl,...).

Using this information we would like to find the best method of
recovery of x(7) at some point 7 € T. For every method of recovery
m : lo = R we define the error of the method by

e(W3(T),I,6,m) = sup |lz(7) — m(y)|.
€W (T), y€ls,
Hz—yll1, <o

We are interested in the optimal error of recovery

E(WS(T)aIaé) = inf C(WQTL(T),I,(S,TTL),

m:lo—R

and the method for which this value ia attained.
Let a be the solution of the equation

1 oo 1
3T ket (1+ak?)?

2
S 0
k=1 (Ttak?")2
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(it may be shown that for every § > 0 there exists the unique solution
of this equation).

Theorem. The method

~ o0 1 » -
m(y) = % + I; TT a2 (ak cos kT + by, sin k)

is optimal and
E (WQTL(T)) Ia 6) = )‘1(@ + 62)7

where

o an %
w= (X e )

k=1

8. Optimal recovery by finite number
of Fourier coefficients

We begin with the case when we know exact values of Fourier
coefficients. Let A € Z; = {0,1,2,...} and B ¢ N = {1,2,...} be
finite sets and for every x € W3 (T) we know the Fourier coefficients
{ar}rea and {by}rep. That is for every = we know the vector Fa pr =
({ar}rea, {br}pep) from RY, N = card A + card B.

Using the information F4 pz we want to find a function which
approximate ("), 0 < r < n — 1, in Ly(T) in the best way. Now the
error of method m : RN — Ly(T) is defined as follows

er (W3(T),Fag,m)= sup Hx(’“)—m(FABx

zeW (T) )HL2(T)'

The error of optimal recovery is defined by

E,. (W3(T), F = inf » (W3 (T),Fap,m).
(W) Fag) = _inf e (W3 (D), Fanm)
Since for every ¢ € R & = ¢ € WJ(T), it is easy to show that in the
case when 0 ¢ A Eo(W3(T),Fa p) = oco.
Put
= ko(A4, B) = mi i i .
ko = ho(4,3) = min{ mip, b, min, ¥}
It means that {0,1,..., ko —1} € A, {1,...,ko— 1} € B, and ko ¢ A or
ko ¢ B.
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Put xo =1 and x, =0 for r > 1.

Theorem. Let 1 < r < n—1orr = 0 and 0 € A. Then
E.(WP(T), Fag) = kg ™" and for all & = {ox}rea and B = {Bi}resn
such that

k/’ n—r k/’ n—r
|04k:_1|< 7 akeAa |6k‘_1|< 7 ak€B7
ko kO
the method
m(Fa,pz)(t) = % Xr + Z k" oy ay, cos(kt + mr/2) +
ke A\{0}

+ Z k" By by sin(kt + 71 /2)
keB

is optimal
Let us consider the case when r = 0. Note that we may take as an
optimal method the method

m(Fa,pz)(t) = % + Z ay, cos kt + Z by, sin kt.

ke A\{0} keB
But the method
a ko—1
M(Fapa)(t) = = + Z (ax cos kt + by sin kt)
7 24

is also optimal and it does not use coefficients a, and by if k > k.

9. Optimal recovery by finite number
of inaccurate Fourier coefficients

Now we consider the case when for every x € W3 (T) we know y €
RY such that |[Fa,pr — ylleo < 0, where |lylloc = maxo<j<n—1|yjl,
y= (yOa Yiy--- 7yN71)'

It means that instead of exact values of Fourier coefficients we know
{Adk}keA and {gk}keB such that

lap —an| <6, ke A, |bp—by <6, keB.

Again we want to recover z(") in Lo(T)-metric.
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Here we define the error of m by

e (W3(T), Fap.6,m) = sup ]2 —m(y)||, -
zeWH(T), yell,
[|[Fa,Bx—Y|lco <O

The error of optimal recovery is

E, (W2(T), Fap,6) = inf e, (W2(T), Fa.p,6,m).

m: 1N —Ly(T)
Set
p
D= max{p €Zy: 26° ZkQ" < 1}, po = min{p, ko — 1}.
k=0
Theorem. If 1 <r<n—1orr=0and0 € A, then
E, (WE(T), Fa5,6) =

1 52 Po k 2(n—r)
- T2 k1
(po + 1)2(n=7) Tyt (Po + 1)

k=1

and the method

o B o Po k 2(n—r)
m({ar}rea, {brtren)(t) = Xt kzz:l <1 a <p0 + 1> ) 8

x k" (ay cos(kt + 7r/2) + by sin(kt + 7r/2))

is optimal.

10. Hadamard three-circle theorem
and inequalities for derivatives

We begin with one extremal problem which is known as the
Hadamard three-circle theorem. Let f(z) be a holomorphic function on
the annulus

r1 < |z| < re.

Put
M(r) = max |f(2)].

|z|=r

55



Then log M(r) is a convex function of the logr. The conclusion of the
theorem can be restated as

logro /7 log /71

M(T’) < M(rl)logw/m M(r2)logr2/r1 .

for any three concentric circles of radii r1 < r < ro.

The history of this theorem is the following. A statement and proof
for the theorem was given by J. E. Littlewood in 1912, but he attributes
it to no one in particular, stating it as a known theorem. H. Bohr and
E. Landau claim the theorem was first given by J. Hadamard in 1896,
although Hadamard had published no proof.

The Hadamard three-circle theorem gives an estimate in the following
extremal problem

M(r) — max, M(r1) <61, M(r2) < da.

The exact solution of this problem which is expressed in terms of elliptic
functions was given by R. M. Robinson in 1943.

In 1913 E. Landau considered a very similar problem. He took deri-
vatives instead of circles. He proved that for all functions x € Lo (Ry)
with the first derivative locally absolutely continuous on Ry and z” €
Lo (Ry) the following exact inequality

1/2 1/2
12|z ) < 22072 @ 212 5
holds (the exactness means that the constant 2 could not be replaced by

some other constant which is less than 2). That is he found the exact
solution of the extremal problem

2l L) = max, 2@y <01, (127 L0@s) < 02

Then in 1914 Hadamard solved the analogous problem for R.
In 1939 A. N. Kolmogorov obtained the general result in this field.
He found the exact solution of the problem

7P,y = maxs el <0 (0P, @) < 52

o (R)
The value of this problem is

Kk a—k/rok
T@él /7“52/7“
T

)
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where
s(m+1)

400
7EZ 25+1m+1
5=0

are the Favard constants.

These types of extremal problems are known as Landau—Kolmogorov
inequalities for derivatives and they all are similar to the initial extremal
problem formulated by Hadamard.

11. Hardy—Littlewood—Pdlya inequality
and optimal recovery of derivatives

One more example of Landau—Kolmogorov type inequalities is the
Hardy-Littlewood-Pélya inequality.

In 1939 Hardy, Littlewood, and Pélya proved that for all integer
0 <k <randall x € Ly(R) N WI(R)

—k/r ) k/T
12®] 1y < Ml iy 127y,

This result may be formulated in the same form as Hadamard’s
theorem.

Theorem. log 2|, ) is a convex function of k.

It is possible to define fractional derivatives then k will be continuous
argument.

We may consider more than three circles in Hadamar’s theorem and
more than three derivatives in the Hardy-Littlewood—Pdlya inequality.
The more values of convex function we know the more precise we can
estimate the function.

Let k1 < ... <k, and k1 < k < k,. Consider the following extremal
problem

— max, HI J <05, j=1,...,n, xE%kn(R).

Hx (kv)HLg(R)

e

Let,
M =co{(kj,logd;), j=1,...,n}

be a set in R2. Put

O(z) =min{y: (z,y) € M }.
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Theorem.
sup [|=® HL2(R) =),

Ly@ S0

j=L...,n

log §j 3
O(x)

Fig. 5.

12. Optimal recover of derivatives

Suppose that we know functions y1,...,yn € La(R) such that
k; .
Hx( J)—yjHL2(R)<6j j=1...,n.

We want to recover z(*).
Any recovery method is a map m : (La(R))™ — La(R).
The error of method m is defined as

e(D*, K,5,m) = sup Hx(k) — m(y)”
zeWF (R),
(kj)

L2 (R)’

”93 fyjHLQ(mz)géj’

j=1,...,n

here K = (k1,...,kn), 6 = (01,...,0,) and y = (y1,...,Yn)-
The error of optimal recovery is defined by

E(D* K,6) = e(DF, K, 5,m).

inf
m: (La(R))™— La(R)
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The method for which the lower bound is attained is called optimal
method of recovery.
Let kj,,...,k;. be the points of break of polygonal line #. Denote
by Fz the Fourier transform of .

Theorem. For all k1 < k <k,
E(D* K,5) = '™,

Ifk;, <k <k

J<+1;

1< s<r—1, then the method

m(y) = (Ls * Yj.) + (Rst1 * Yjoys )5

(kjerli )5325+1( iT)kjS
(. 1e — ) 7500+ (5 — g )37, 77

Js+1

(k — kj, )03 (—ir)"er
— k)62 rie + (k — k)02 77N

Js+1

FRei1(7) = (ZT)k T

js+1

is optimal. For k = k;,, 1 < s < r—1, the method m(y) = y,, is optimal.

13. Analog of the Hadamard theorem
for the heat equation

For the heat equation we will consider the problem which is analogous
to the Hadamard three-circle theorem.
Let u be the solution of the heat equation in R?

up = Au,  uli—o = f(x), f€ Lg(Rd).

Theorem. Let u(t,z) be the solution of the heat equation. Then
log [|u(t, -)|| L, (ray s a convex function of t.

In other words, for all t; < 7 < to

to—T7

lar, Yl agey < s Ol ez I

Now we consider the similar problem with n+ 1 “circles”. Namely, we
want to solve the following extremal problem

[|u(r, ')HLz(Rd) — max, [u(t;, ')HLz(Rd) < 95,
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j=1,2,...,n, f€ Ly(R?),
where 0 <t < ... <tpand 6; >0,j=1,2,...,n.
To formulate the result we consider the set

M = co{(t;,logd;), 1 < j<n}+{(t0)|t=>0}

where co A is a convex hull of A. Define the function 8(t), ¢ € [t1,00) as
follows 0(t) = min{y : (¢,y) € M}. It is clear that 6 is a polygonal line
on [t1,00).

Theorem. For all 7 > t;

sup HU(T, ')||L2(Rd) = 69(7—)'

fEL2(RY),
llw(ts, )y ety <655
j=1,2,....n

14. Optimal recovery of the solution
of the heat equation

The considered extremal problem is closely connected with the
problem of optimal recovery of the solution of the heat equation from
inaccurate observations of the solution at time moments ¢1,...,t,.

Assume that we know functions y; € L2(R?), j = 1,...,n, such that

Nlu(ty, ) = yi(Mo,mey <95, F=1,...,n.
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What is the best way to use this information to recover the
temperature distribution at the time 7 # ¢;, 1 < j < n, that is to
recover the function u(7,-)?

We admit as recovery methods arbitrary maps m : (L2(R%))" —
L2(R%). For a fixed method m the quantity

er (L2(RY),0,m) = sup lu(7, ) =m(y) (), @),
Fy1se o yn€L2(RY),
llwts, ) =5 (Il g ety <05
Jj=1,....n

where u is the solution of the heat equation with the initial function f,
0 =(01,...,0n),and y = (y1,...,Yn), is called the error of the method m.

We are interested in the value

E; (Ly(RY),6) = inf + (La(RY), 8,m) ,
(L2(R7), ) s (D (R o () © (L2(RY),6,m)

which is called the error of optimal recovery and in the method m, for
which the infinum is attained that is in the method m for which

E-r (LQ(Rd)a 5) =€r (L2(Rd)7 5a ﬁl) .

We call this method the optimal recovery method.
Let ts,, j = 1,...,7, be points of break of 6. For 7 € (t,,,t,,,,) put

2(r—ts;)

As, = bsjpr — T <5sj+1 ) fegH1 Tty
S; T I
sjin — ts; 55]‘
2(ts; g —7)
A T — tSj ( 55_7‘ ) fsjp1~ts;
Sj+1 T :
tsjpa — s, 6sj+1

Theorem. For all 7 > t; E-(Ly(RY),8) = ?D. If 7 € (t,,ts,,,),
then for all v; such that
2 —T (s, —T
>‘5j+1 |’7j(€)|262|€| (Fo; =) + /\sj |1 - 7j(§)|262‘§‘ by =7 < >\5j )‘sj+1a

all methods

m(y)(t) = (K * ys, ) (1) + (Ljs1 * ys;00) (),

where

PR, =€, L (6) = (1= ;(9)el n ™,
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are optimal. For 7 = t,;, j = 1,...,r, methods m(y)(t) = ys,(t) are
optimal and for T > t,, the method

m(y) = F (e P00 Ry, (6)) ()

is optimal.
The condition

2 —T 2(t,. —T
Aoy |15 (€)12H s =) 4 X1 — 5 (6) P21 Cosnn =7 <N X

Sj+1

may be rewritten in the form

M1 VHLE2 Vi A+ pe — 1
’7](5) - < )
H1 + p2 M1+ p2

where

2 2
hr = Ay AP e =),

It can be shown that u1 + po > 1 for all £ € R%. Thus, v;(£) may be
chosen from the interval

{ p VEapeyp e — 1 11 n Viipe/p 4 pe — 1
p1 + o w1+ o T+ e w1+ o '

Note that optimal method of recovery uses not more than two
observations. To find these observation we have to construct the set M
and the polygonal line . Then we have to find the nearest points of
break of 6 to the point 7. The observations at these points are those
that use in optimal method of recovery.

tj, tiop




Note also that we can make more precise points of observation which
are not on the polygonal line. Suppose that for some t,,, ts; <t <ts,,
and 0(ty,) < 1ogdm,.

Then optimal recovery method gives the error less than §,,. Indeed

s ) = RO gty < ED < G
15. Optimal recovery of signals

The Hardy-Littlewood—Pdlya inequality may be considered as the
solution of the following extremal problem

HI(k)HLz(R) — max, ||z]r,m) <01, Hx(n)HL2(R) < 0.

We will consider a slightly different extremal problem which closely
connected with problems of signal reconstruction

Hx(k)HL2(R) —max, [Fz|p,a,) <0, Hx(”)HLz(R) <1,

where F'z is the Fourier transform of z and A, = [—0,0], 0 > 0.

We consider the problem of optimal recovery of z(*) knowing the
Fourier transform of x giving with some error on A, .

We assume that = € W¥(R),

W R) = {x € Ly(R) : (™Y is loc. abs. cont., Hx(")HL2(R) < 1}.

Moreover, we assume that for any = € W2 (R) we know a function
y € La(Ay) such that

|Fz —yllr,a,) <O

The problem is to recover z(*) knowing .
Any method of recovery is a map m : La(A,) — L2(R). The error of
such method is defined as follows

eq(m) = sup [|=®) — mW)|, m)-
CEGWzN(R),yGLz(AU),
1Fz—yllLyas)<d

We are interested in the value

eq(m),

inf
m: Lz(Ag)*}Lz(R)
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which is called the error of optimal recovery and in the method m, for
which the infinum is attained that is in the method m for which E, =
es(m). We call this method the optimal recovery method.

Set )
. (n)ﬁ 21\ 2 in{c,5}
= (- — = min
o k 52 , 09 0,0},

o= (e (3 (5))

methods

As
are optimal.

For a fixed error of input data consider the error of optimal recove-
ry E, as a function of o. The larger interval (—o,0) we take the less
error we have. But beginning with & the error E, does not change.

Consequently, for ¢ > & the observed information becomes partially
redundant. To avoid this case the following condition

n\ nex
52 2n <2 (_)
o ™%
should hold. This inequality may be considered as some “uncertain
principle.”
Now consider the set of optimal filters « obtained in the previous
theorem. Let n = 2 and k = 1. Then this set is defined as follows

1 t[2t2 — 1]
1+ 4¢2 1+4¢2

Oé(Jot) —

X
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Corollary. For all

methods
_ 1 ok ict
m(y)(t) = o (i) y(§) e~ d§ +
I€]<o”
by [ Fa@u© e i
o' <|€| <00

are optimal.

Note that obtained methods do not smooth the input data on the
interval [—o’, o).

= o
Fig. 8.
16. Scheme of proof

It can be easily obtained the lower bound
E, > sup | x(k)| .
zeW (R), | ‘LNR)

1Fz||Lyag)<o

Passing to the Fourier transform and using the Plancherel theorem
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we obtain the extended extremal problem with measures

52
%a

[t aute) > max, [ aute) <
R

A(‘f

/ e du(e) <1, du(€) > 0.

R

Using the Lagrange principle we obtain that E2 > \162/(27) + A2,
where \; and As are Lagrange multipliers.
To obtain the upper bound we have to consider methods

m(y)(t) = = / (i€)F o (€) y(€) ' de

T or
As

and to obtain the error of these methods.
For simplicity we consider the case ¢ = oco. Passing to the Fourier
transform we get the following extremal problem

o [ 1681 Fate) ~ (19O ds - max
R

[1Fse) ~wpde <, 5 [enpaoPas <t
R

Put z = Fx — y. Then the extremal problem has the form
1
oz [ €¥1092(0) + (1 - a(©)Pa(©) ¢ - max,
R

JEGR T G
R R

By the Caushy—Schwarz inequality we have

|a(€)2(€) + (1 — a(§)) Fa(§)|* <

o?(&) | (1—a(f))?
(Al MW

<

) M=) + A2 Fa(e)?).
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Using this inequality we obtain that

52
2 < v
E; < S(a) <>\1 o + /\2> ,

where

(o) = s (2 (41 U OFY),

¢eR A Ag&2n
For all o such that

042 —« 2

S(a) < 1 and the upper bound coincides with the lower bound. It is
easy to show that inequality (2) is equivalent to the inequality from the
theorem.

10.
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OTITUMAJIbHOE BOCCTAHOBJIEHUNE JIMHENHBIX
OIIEPATOPOB I10 HETOYHOI1 TH®OPMAIII

K. IO. Ocunenko

B pa6ore paccmarpuBaercsi o0muii oaxo/ 1 K 3aa9aM BOCCTAHOBJIEHUsI 3HAYEHUH
JIMHEWHBIX ONEePATOPOB HA OCHOBAHWH HETOYHO 33JaHHON umHMOpManuu o6 3ire-
MEHTaX, Ha KOTOPBIE JefCTBYIOT JInHelHbIe onepaTopsl. K TakuM 3a7a4aM OTHO-
CcUTCs1 GOJIBIMUHCTBO TTPO6IEM, BO3HUKAMONUX B BBIUUCIUTEIHHON MaTeMAaTHKE —
33391 WHTEPIOJISIIIUHN, TUCJIEHHOI0 HHTETPUPOBAHUS, YUCI€HHOr0 nuddepeniiu-
POBaHWS, BOCCTAHOBJIEHHS] CUTHAJIOB 110 HETOYHO 33JAHHOMY CIEKTDY, PEeIleHHe
3a/la49 MaTeMaTu4deckou ¢usukm u T. 1. [Ipemaraemsiit B paboTe moaxo/1, OCHO-
BAHHBIN HA TEOPHUA ONTUMAJIBHOT'O BOCCTAHOBJIEHUA, TIO3BOJISIET CPABHUBATH Pa3-
JINYHBIE METOABI M HAXOUTH HAWIYUIINH U3 HUX. DTOT MOIX0 JEMOHCTPUPYETCS
Ha pAJe IPOCTERMUX MOJEJIBHBIX 33/1a9aX, B KaXK/I0M U3 KOTOPBIX HAXOAUTCSH OII-
TUMAJIBHBI METOJT BOCCTAHOBJIEHUSI U YKA3BIBAETCSI €T0 MOTPEITHOCTb.
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MATEMATNMYECKOE MOJEJIMPOBAHUE TPAHCIIOPTA
HAHOCOB B IIPUBPE2KHBIX BOJHBIX CUCTEMAX HA
MHOT'OITPOIIECCOPHON BLIYUCINTEIBHON CUCTEME

CyxunoB A. W.,! Yucrakos A. E.,2 IIponenko E. A.3

BBenenne

Cpenn pa3HooOpasnsi TPUPOSHBIX SABJIECHUH 0CO00€ MECTO TIO CJIO0XK-
HOCTH, MHOTOODPA3HIO U MPAKTUIECKON 3HAYUMOCTH TTPUHAJIEIKUT TTPO-
1eccaM, MPOTEKAIONIAM B TPUOPEKHBIX BOJHBIX CHCTEMaX. B ycioBusax
BO3pACTaHUs AHTPOIOTEHHON HATPY3KM HA MPUOPEKHO-TIETH(OBbIE 30-
HBI peajIn3allisi KOHIIENIINY YCTONINBOTO PA3BUTHS BO3MOXKHA C YI€TOM
Bcex (haKTOPOB U TIPOIIECCOB, OMPEIESIONINX COCTOsiHNe Oeperos. una-
MHKa OeperoB u MpuOPERKHOro penbeda THA BO MHOTOM OIPEIe/sSeTCs
XapaKTepoOM IepeMeIeHnsi HAHOCOB B GEperoBoii 30He MO, BO3AeHCTBI-
eM BOJIH U TedeHuil. I[Ipu KOHCTPpYKTHUBHOM TIpeoOpa30oBaHuu pebedOoB
HEOOXOIMMO YUUTHIBATH AUHAMUKY TPOMUJS [THA B NMPUOPEKHON 30HE
BOJOEMa TIOJI BO3JEHCTBMEM BOJIHOBBIX MpoleccoB. Heobxommmbr 060cC-
HOBAHHBIE METObI PACYETA i JOCTOBEPHOTO TPOrHO3a IUHAMUIECKUX
nporeccoB 6eperoBoit 30ubl. OaauM u3 Hanbosee 3pHEKTUBHBIX METO-
JIOB HCCJIEJIOBAHUS PEATHHBIX MPONECCOB MUAPOJAMHAMUKN B HACTOSIIIEE
BpeMs CTAaHOBUTCS YMCIIEHHOE MoAeanpoBanne. Takum obpa3om, mpobJie-
Ma pPabOThI, 8 IMEHHO TTPOTHO3UPOBAHNE (DOPMUPOBAHUS TPOMUIIS THA B
NpuOPEKHON 30HE BOIOEMA TPpY 00PA30BAHNY HAHOCOB CPEICTBAMU UHC-
JIEHHOT'O MOJIEIUPOBAHUS, SBJISIETCS aKTYAJIbHOMA.

1. Baslaua TpaHCIOPTa HAHOCOB

Jis onmcanusa OMHAMHMKH MOPCKHX HAHOCOB B pabOTe MPUMEHSIOT-
Cs ypaBHEHHs, KOTOPbIE OMHUCHIBAIOT TepedOopMHUpPOBaHIE MPUOPEXKHOM
30HBI BOJIOEMOB, TJIe BOJIa U TBEPJIble YaCTHUIIbI TIEPEMEIAIOTCA B OJIHOM
HATIpaBJIEHNH. Y DABHEHMUS MIPOIecca TIepeMeIeHust HaHoCcoB [6-8, 19, 20]
MOTYT OBITH 3aMKUCAHBI B CJIEIYIONIEM BUIE:

L e, 99,
=) %+ o * 3y

13 Poccmsa, Tarampor, Taranporckuii macTETyT nM. A. I1. Yexosa PTIY (PUHX).
2Poccusi, Taranpor, HU1 MBC IO®YV.
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0, 1T < Toe, (p1 — po)gd’

rame H — rnybuHa JHA, OTCYMTHIBAEMAsA OT HEBO3MYIIEHHON HOBEPXHO-
CTH BOZOEMA, W — HOPHUCTOCTb IPyHTA, () = {Qs, @y} — pacxox HAHOCOB,

Q’ Awd|1;|ﬁ71157 |T| = Thc ¢ T

|Q| = @, T, Yy — TOPHU3OHTAJBbHBIE JEKAPTOBBI KOOPIUHATEI, T, — KaCa-
TeJIbHOE HAIIPAZKEHHE Ha JHE, TpC — KPUTHYECKOE 3HAYCHHE KACATETbHO-
ro HAIPAXKEHHUSA, IIPH KOTOPOM HAYMHAETCSA II€PEMENeHIe HAHOCOB, § —
yCKOpeHue CBOOOJHOTO MAJIeHUs, p — IJIOTHOCTh YKuUIKocTH, A u  —
6e3pasmepubie nocrosuube (A = 19,5, 8 = 3), W — yacToTa BOJHBL, d —
XapaKTEePUCTUKA OCAIKOB.

BamumemM KacaTenbHOE HAIPAXKEHHE I HAKJIOHHOHM IIOBEPXHOCTH
JIHA:

7= T — asin ST, (2)

rae S(z,y,t) — OCTPHIl yroJ MEXKIy BEKTOPOM HOPMAJIH K MOBEPXHOCTH
THA W BEKTOPOM CHJIbI TPABUTAIIMM B MOMEHT BPEMEHW t, 7T — €IWHNY-
HBII BEKTODP, HAIIPABJCHHDIA B CTOPOHY TPAJIHMEHTa IIyOHHBI, o sin S —
JIONOJTHATEILHOE TAHTE€HIUAIBHOE HAIPSZKEHUE Ha JHE BOJOEMA, BbI3bI-
BaeMoOe TPABMTAIMOHHBIME cuamu. B ciywae |6y = 0, |7| = 75 umeer
MECTO PABEHCTBO: The = (uSiN g, TJIE Yo — YTOJ €CTECTBEHHOTO OTKOCA
IPYHTa B BOJE.

Takum obpasom, cucrema ypasuennii Ay napamerpa [Hunbaca npu-
HEMAET CICIYIONHNA BHI:

- Tp — sin STpe71/ sin g
s =
(Pl - Po)gd

,  TitgS = grad(H), (3)

rme Ys — mapamerp Ilunbaca a1 HAKIOHHOTO THA.
C yderoM OrpaHuYeHU Ha KacaTeIbHble HANPSIKEHUS HA JHE Pac-
4eTHOM obsactu cucreMa ypasaenuit (1)—(3) npuaumaer Bug [8, 19, 20]:

OH e . .
(1-— 5)§ + div(k7y) = div(k(7pe/ sin o) grad(H)), (4)
Awod . The ‘51
k= — rad(H X
((p1 — po)gd)? ‘Tb sin o grad(th) (5)
X h( P grad(H)‘ - Tbc),
sin g
1, >0,
rae h(z) = 0’ v —0 dynkuna Xesucaiiga.
) X b
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VYpapuenue (4) IONOIHIETCA HAYAILHBIM YCIOBAEM
H(:c,y,()) :HO(xay) (6)

Ha rpammne pacueTHoit 00JaCTH OTCYTCTBYET TOTOK, BBI3BAHHBIH
BJINSTHAEM TDABUTAIMOHHBIX CHJL:

Hy(x,y) = 0. (7)

2. YucJsieHHbIE SKCIIEPUMEHTHI IO ITepedOPMUPOBAHUIO JHA
C UCTOJb30BaHUEM JABYMEPHOI MOJEJN TUAPOSUHAMUKA

g pacdeTa TaHTEHIIMATLHBIX HATPSKEHUN B MOJETN TPAHCTIOPTA
HAHOCOB HeobxoanMa nHMOPMAITHS O TToJI€ BEKTOPa CKOPOCTH HAa JTHE BO-
noema. s onucanus ABUKEHUS BOTHON CPEJIbI UCIOJIH30BAHA CHCTEMA
ypaBHenuit Mesikoit Bozpbl [2, 9, 13, 25]. McxontbiMu ypaBHEHUAME MOJIE-
JIV TUJPOIMHAMUKY SABJISIOTCS

((H + &u)y + (H + &uul, + (H + vul, =
= —g(H + )&, + (H + Oparl), + ((H + &pu)| + =2 - 22,

voop P
((H +&)v)i + (H + Quly + (H + vy, = (8)
= —g(H + €)€, + ((H + vl ), + ((H + ), + L2 — 22,

&+ (H +Qu); + (H +§v)y, =0,

rae & — dynkuua nogbema yposus, V = {u,v} — BekTOp CKOpOCTH
JIBUYKEHWST BOIHON cpenbl, (i — Ko3ddunment typOyseHTHOrO 0OMeHa,
Tp, Tp — TAHTEHIMAIBLHOE HATIPS’KEHNE HA TIOBEPXHOCTHN 1 THE KMUIKOCTH,
H — ray6una Bomoema.

Cucrema ypapuenuii (8) paccMaTpuBaeTCs MPU CJIELYIOMUX MPAHNY-
HBIX YCJIOBHSX:

U, =0, v, =0, & =0,

rIe 1 — BEKTOP HOPMAJIW K TPAHUIE PACUYETHON 00IaCTH.

Ha ocHOBe MOCTPOEHHBIX AJTOPUTMOB OBLT pPa3pabOTaH KOMILIEKC
IporpamMM, TpeTHA3HAYEHHBIN /I MOJEJIUPOBAHUSA PACITPOCTPAHEHUST
HAHOCOB B MEJIKOBOJAHBIX Bozoemax [7, 8]. Paspaboranublii KOMILIEKC
pOrpaMM HMCHOJB3YETCd I PACcCYeTa JBYMEPHOTO BEKTOPA CKOPOCTH
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TeYEHWs BOIHON CPEIbl M YUNTHIBAET TYPOYJIEHTHBIH 0OMEH, T€OMETPHIO
JTHA, BETPOBbIE T€UEHUS W TPEHUE O JTHO.

Ha puc. 1, 2 npuBenenbl pe3yabTaThl YUCJIEHHBIX SKCIIEPUMEHTOB MO-
JIeTMPOBaHMs JIMHAMUKHN m3MeHeHus penbeda gua. IIpm sTom paszmep
pacuaetnoii cetku paseH 200 x 200, mar mo NpoCcTpaHCTBEHHBIM TTepeMeH-
ubM 0,1 M, mar no Bpemenn 0,01 ¢, CKOPOCTh JABUIKEHWs BETpa 5 M/c 1
HamnpasJena cieBa nanpaso. Ha puc. 1 npeacrasien HavanbHbIN peabed
nHa (CHU3Y) U HOJIOXKeHre CBOOOJHON OBEPXHOCTH (CBEPXY).

XM

Puc. 1. Haganbusiil penbed [HA U IOJI0XKEHHE CBOOOAHON TOBEPXHOCTH.

MogaennpoBanue mporecca TpaHCIOPTa HAHOCOB TIOKA3AJI0, YTO MPH-
MepHO 4epe3 20 MUHYT reoMeTpus [HA HAYNHAET MPUHUMATH KOHUYE-
CKYI0 CTPYKTYypy. CKOPOCTH TeUEeHUs YKUIKOCTA MAKCUMAIHHA B MHKOBOM
yactu obusiactu (Ha MUHMMAJIbHBIX Liybunax). DyHKIMs BO3BBIIIECHUS
YPOBHS NPUHUMAET MOJIO2KUTEbHbIE 3HAYEHUsI B JIEBOI YACTH PACUeT-
HOIT obsiacTu (¢ HABETPEHHON CTOPOHBI), ¥ OTPUIATEJbHBIE — B PABOIi.

Yepes 40 MuHyT HAOIIOIAETCS TIPUCYTCTBHE BOJTHOOODPA3HOM CTPYK-
Typbl (DYHKIUY BO3BBIMIEHUsI YPOBHS HE TOJBKO B JIEBOI 9aCTH, HO U B
00JIACTH MMMKOBBIX 3HAYEHUI TTyOHHBI.

Yepes 60 muayT ycmiamBaioTcs KojeOanwsi (pyHKIUU BO3BBIIIEHUS
YPOBHSI B JIEBOM CBOE€H YAaCTH W B O0JACTH IHUKOBBLIX 3HAYECHHH TIyOH-
ubl. Ha mHe pacyeTrHoit 061acTi 00pa3yoTCs TPSIIb.

Yepes 80 MuHYT 001aCTH C MTUKOBBIMU 3HAYEHUSMY TJTyOUHBI TIPOIOJI-
2KaeT CMEINAThCs BJIEBO, TPOWCXOIUT PACITUPEHNEe 00JIaCTH B CTOPOHBI,
HePIeHIUKYJISIPHBIE JIBUKEHUIO BeTpa (puc. 2).

Yepes 100 munyT 06/1aCTH C TUKOBBIMY 3HAYEHUSAMU TJIYOUHBI TIPO-
JIOJIKAET CMEeIIAThCs BIEBO, TIPOMCXOINT PACIINPEHUE 00JaCTH B CTOPO-
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HBI TIEPIIEHINKYJ/ISTPHBIE IBIKEHUIO BETPA, PYHKIINST BO3BBIMIEHUS YPOB-
Hsl TPUOOPETAET SPKO BHIPAKEHHYIO KOJIe0aTeIbHY 0 CTPYKTYPY C HABET-
PEHHO# CTOPOHBI, & TAKKE MMPOUCXO/IUT PACIIAPEHNE 00JIACTHA B CTOPOHBI.

Puc. 2. l'eomerpus nua u GyHKIUs BO3BBIIEHUsT YPOBHS depe3 80 MUHYT.

PesynbraTs! sKCieprMeHTa TIO3BOJISIIOT TPOAHAIN3UPOBATH TUHAMU-
Ky M3MEHEHWsI TeOMETPUM [THA, (DYHKIINU BO3BBIMIEHUsT YPOBHS, 00pa30-
BaHUs BOJTHOBBIX CTPYKTYP ¥ HAHOCOB. JlaHHas MaTeMaTuIecKasi MOJIEb
U pa3zpabOTAHHBIN KOMILIEKC ITPOrPAMM MO3BOJISIOT MPEICKA3ATh JIUHA-
MUKY u3MeHeHus pesibeda JHa, MOSBIEHHE MOPCKUX TP U KOC, UX POCT
7 TpaHcHOPMAIIHUIO.

3. MogeaupoBaHue IABUXKEHUS B3BeCH

B Mogenm TpanciopTa B3BEIEHHBIX YACTHUI] UCTTOIB30BAaHA, JeKapTOBa
crcTeMa KOOPAWHAT B TOPU3OHTATBHON TIOCKOCTH W 0 — KOOPAWHATHAS
CHCTEMA B BEPTUKAJIbHOM HanpasJenuu [1, 3, 4]:

=1
0:h+n7 To =T, Yo=Y, to=1t,
3mech 0 = a = 0 Ha CBOOOIHOM MOBEPXHOCTH, 0 = b = —1 Ha aue; H =

h +mn — obuias riay6uHa 10 cBOOOHON moBepXHOCTH, h = h(z,y) — ruy-
6una BosHOro o0bekTa, n = 1)(t, ,y) — BO3BbIIIEHHE CBOOOIHOI TIOBEPX-
HOCTH OTHOCHTESHHO Teon 13 (yPOBHS MOps). [l Onmmcanus TpaHCIOPTA
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B3BEIIEHHBIX YACTHUIl UCIOJB30BAHO ypaBHeHue Iuddy3un-KOHBEKITNU-
peakiuu, KOTopoe MOXKeT 6bITh 3a1UCcaHo B cienyomem suze [14, 15, 22]:

a_C+ua_C+va_C+aib(wfw)a_Cf
ot Oor oy H 00

) oC B aoC a—b\? 0 aoC
%(D%)%—y(pha—y)*( i > %{D%}*F’

rme C' — xonnenTparus ocazgka [r/n mmm kr/m?|, V = {u,v,w} —
COCTaBJIAIONIME TI0JI BEKTOPA CKOPOCTH [M/c|, ws — ruapaBiudecKas
KPYIHOCTH WJIU CKOPOCTb OCAKJICHUsI B3BECU B BEPTUKAJHLHOM HANPAB-
aennn [m/c], H — ray6una [m]|, Dp, D, — rOpU3OHTANBHBIN U BEPTH-
KasbHBIH K03 burments! TypoytentHoit muddysun [m?/c|, ¥, y — xo-
OpIMHATHI B TOPU30OHTAIBHOM HAIIPABJICHHH, 0 — KOOPJUHATA B BEPTHU-
KaJbHOM HATIPABJICHUW,  — BPEMEHHAdA mepeMentas [c|, F — dbynkuus,
OIUCHIBAIONMIAS HHTEHCUBHOCTD PACHPEIEICHIA HCTOYHUKOB 3arPA3HIO-
WX BEMIECTB.

Ha cBobozmoii mosepxuocTu I's IOTOK B BEPTUKAIBHOM HATIPABICHUN
paBen mymio. Takum obpazom,

a—b oC
— | Dy—wsCy = 0. 1
( H ) ao_’w Ck 0 ( 0)
Bo6sm3u oBepxHOCTH JTHA
a—b oC
I'y:\—— ) Dy—=F—-D sCr =0, 11
b ( H ) 80' —+ w, Ck 0 ( )

rie E — notok sposun [kr/m2c], D — WHTEHCHBHOCTH OCAKJICHHUST OCAT-
ka [kr/m%c|, Cx — maccoBas KommeHTpanus B3secu [Kkr/m2], n — emu-
HUYHBI BEKTOP HOPMAJHN K OTKPBITOf rpanute Lopen.

D= 0, To > Tkr,
wsck(]- - %)7 To S Thrs

(12)
M = 07 Te < TkrE,

M(T;—:E - 1)) ) = TkrE,

I7le T — KacaTeqbHOe Halpszkenne casura y aua [H/m2|, 74, — Kputnde-
CKO€ KacaTeJbHOe HAIPsXKEHHUe y [IHA, KOTOPOe OIEHWBAETCS HA OCHOBE
J1abOPATOPHBIX HUCIBITAHUN KAk BejwmdwHa co 3uadenusavu ot 0,05 10

0,15 [H/m2].
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4. TpexmepHas MoJeJ b TUAPOANHAMUKNT

Paccmorpum HempephIBHYIO MOZE/h THIPDOAWHAMUKA KUIKOCTH BO-
JI0EMA, WCXOIHbIE YPABHEHWs KOTOPOIl MPEeICTaBJISAIOT CcOOOil citeryio-
mee [13, 16-18, 21, 24]:

— ypapnenne Hasre — Crokca (Peiinosnbca):

ou ou ou a-—0» 8u77i’c 8( ac>+

at " "oz Ua_er q Yoo~ p+8m ox (3)
13
B aC a—b\? 9 oC
a Dz_ a_ D'u_ )
*ay( ’ay>+( H ) ao[ ao}
v ov. Ov a=b ov_ Py 0 ( o
ot oxr oy H 9o p 0z \ "0z )
1
B v a—b\> 0 v
a Dz_ a_ Dv_ )
+ay( ’ay)+( H) aa[ ao}
dw 0w Ow a=b dw_ Py 0 () 0w\,
ot o 9 H 9o p oz \ "oz
B} B b\? 0 o 18)
w a — w
oy (0 )+ () 7 [P
— ypaBHEHUE HEPa3PbIBHOCTHU:
dp  O(pu)  9(pv)  a—bI(pw)
op —0. 1
ot " on oy T H o0 0 (16)
VYpasuenue (16) 1/1g HECKUMAEMO¥ KUJIKOCTH UMEET BUJL
ou OJv «a —bé)_w _o. (17)

e —
ot Oy H 0o
IomHOE THAPOANHAMEYECKOE JABAeHNe CBA3aHO ¢ TIyOMHOH COOTHO-
MICHAEeM

P(a:,y,z,t):p(m,y,z,t)—i—pg(z—n). (18)
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VpaBHeHUsT pacCMaTpUBAIOTCS € YyYETOM CJIEAYIOIINX TPAHWIHBIX
YCJIOBHIA:
— Ha BxoJe (60KOBas rpaHuUIa, HA KOTOPOH 3a/1aeTCsl UCTOYHUK ):

11
|74 Y, 0yt :Oa ) Y, 0,t :p_a
n(@,y,0,t) Pn(@,y,0,t) = —

— GOKOBas rpaHuIa 6€3 NCTOTHWKA:
Vi(x,y,0,t) =0, pl(x,y,0,t)=0;
— Ha Bbixozie (6OKOBas rpaHuia):
Vi(z,y,0.t) =0, pla,y,0,t) =0
— Ha jHe (HUXKHsAs IPAHULA):
pDR(u)n (2, y,0,t) = =7o(t),  pDr(v')n(x,y,0,t) = =7 (1);
w(z,y,0,t) =0, pl(z,y,0,t)=0;

— BepxXHsd rpanura (BOAHAs MOBEPXHOCTD):
pDh(u/)n(xa Y,0, t) = Tz (t)a PDh('Ul)n(fa Y, o, t) =Ty (t),

/
w(z,y,0,t) = —&, pl(z,y,0,t) =0;
P9
rge II — moTOK BEKTOpa CKOPOCTH YepPe3 MOBEPXHOCTH, S — ILIOIMAIb
HOBEPXHOCTH, T4 (2,Y,0), Ty(Z,y,0) — COCTABIAIONNE TAHTEHIUATLHO-
ro Hanpsixkenus (3akon Ban-Zlopua), V = {u,v,w} — BekTOp cKOpOCTH
JIBAKEHUS BOJHOM Cpebl, ¢ — yCKOPeHHe CBOOOIHOrO naienus, P — nas-
nerne, Dy — ko3ddurment TypOyIeHTHOrO 0OMEHA IT0 TOPUIOHTATHHBIM
HampasyierusM, D, — Ko3ddunmenT TypOyIeHTHOrO 0OMEHAa O BEPTH-
KaJhbHOMY HATPABJICHWIO, p — TIJIOTHOCTH YKUIKOCTH.
CocTapisiomme TaHTEHIMAIBHOTO HATIPSIKEHNsT 71 CBOOOIHON TIO-
BepxHOCTH [25]:

Tx = Pacp(|w|)wz|w|v Ty = pan(|u_)'|)wy|u7|,

rjie W — BEKTOP CKOPOCTH BETPA OTHOCHUTEIBHO BOJBL, P, — IJIOTHOCTH
aTmocdepsl,

. 0,0088, |w
Cy(jl) = ¢ 000 1
0,0026, |w

— Oe3pa3MepHbIil KO3 UIHEHT.

76



CocraBsionme TaHTEHIMAILHOTO HAMPSIKEHUs IJIs JIHA, C YIEeTOM
BBEJICHHBIX 0003HAUEHMH, MOT'YT OBITH 3aIIMCAHBI CJIEIYIOIIHM 00Pa30M:

7 = pCo VDUV, 7y = pCy(I77.

Paccmorpennas Huzke anmpoKCUMAaIns MO3BOJISIET HA OCHOBAHUU W3-
MEPEHHBIX MyJIbCAIUN BEKTOPA CKOPOCTH PACCUUTHIBATH KOI(DMUITHEHT
BEPTUKAJIBHOTO TYPOYJIEHTHOTO TEPEMETTHBAHS, HEOIHOPOIHBIH 1O TJTy-

oune:
1 [(auN\>  [ov\?
— V2A2C - -
VﬁX“'A2 <82> +<8z>’

rae U, V — TyIbCcaluy TOPU3OHTAIBHBIX KOMIOHEHT CKOPOCTH OCDPE]I-
HEHHBIE 110 BpeMenu, A — xapakTepHbIii mar cerku, C, — 6e3pa3MepHas
SMIUPUYECKAs KOHCTAHTA, 3HAYEHNE KOTOPOH MOXKET ObITh OMpPEIeseHO
HA OCHOBE pacdeTa MPOIEecca 3aTyXaHus OJHOPOTHON M30TPOIHOMN Typ-
Oy/TEHTHOCTH.

5. Metoa pelieHns CeTOYHBIX ypaBHEHUM

CeTounble ypaBHEHUs, MOJIYIYEHHBIE B PE3Y/IHTATE KOHEUYHO-PA3HOCT-
HBIX allpPOKCUMAIMi, MOYKHO 3aliCcaTh B MaTpuIHOM Buje [19]:

Az = f, (19)

rae A — JIWHERHBIH, MOJI0KUTENFHO OpeiesienHbIii onepaTop (A > 0).
s naxoxpenus perienus 3anauu (19) GyueM uCHoIb30BaTh HESBHbBI

uTepanuonHbiil npouecc [11]:

m+1 m
B ——T A= (20)
Tm+1

B ypasuenuun (20) m — nomep wurepaiuu, 7 > (0 — UTEPALMOHHBIN
napamerp, B — HeKOTOPBIit 00paTUMBIi OIepaTOP, KOTOPHIi HA3BIBAETCS
npemobyciasauBaresieM uian crabununsaropom. Obparenne oneparopa B
B (20) 10MKHO OBITH CYIMIECTBEHHO TIPOIIE, 9€M HEIOCPEICTBEHHOE 00pa-
menue ucxoauoro omeparopa A B (19). Ilpu nocrpoenun B ucxomuiu
U3 aJUTHBHOTO MPEICTABIEHAs onepaTopa Ag — CUMMETPUYHON 9acTn

oneparopa A:
Ay=Ri+ Ry, Ry = R;, (21)

rae A= AQ +A1, AO = AS, A1 = —Ai‘
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OmnepaTop-mpe 100y CIaBINBATENb 3AMUAIIETCS B CIEIYIOIMIEM BUIE:
B=(D+wR)D Y (D+wRy), D=D*">0, w>0, (22)

rme D — HeKOTOPBIit omepaTop.

Cootnomenus (21)—(22) 3a7a10T MOAUMUIUPOBAHHDIH TIOTIEPEMEHHO-
rpeyrosbabiit Meros (MIITM) perrenus 3a1a49u, €CJIU ONMPEIEJIEHbI OTe-
paropst Ry, Ro m ykKazaubl cnocoObI ONpEIesIeHUs] MaPaAMeTPOB Ty 1
n omeparopa D. AJropur™M aJanTHBHOrO MOAMPUIUPOBAHHOTO MOIE-
PEMEHHO-TPEYTOJBLHOTO METO/Ia MUHMMAJILHBIX TOMPABOK JJIsT PACYeTa
CETOYHBIX yPABHEHUI ¢ HECAMOCONPSA?KEHHBIM OIIEPATOPOM UMEET CJIETy-
fouwmit Buz (eMm. [5, 10, 12, 23)):

(Dw™, w™)
(D*lewm, ngm) ’

r™=Ax"™ — f, Blwm)w™, Wp,= (23)

(A()U)m, wm)Q

2
—1-
Sm (B-tAgw™, Agw™)(Bw™, w™)’
s2 km
(B71Ajw™, Ajw™) RV Ea oy

Ko =

(B*lewm,Aowm)’ Om = 1+k’m(]—*572n),
(Agw™, w™)
B*lewm,Aowm)’

Tm+1 = Hm(

m+1 _ _m m =
€T =T —Tm+1W 5 Wmtl = W,
re r’ — BEKTOp HEBA3KHU, w'" — BEKTOP MOMPABKHU, B KAUYECTBE ONEpa-
Topa D MCHoJb3yeTcs AuaroHajbHast 9acTh oneparopa A.

OLeHKa CKOPOCTH CXOAMMOCTH Pa3pabOTaHHOIO METO/A MMEET B

v —1 . 2 (B~tAjw™, Ajw™)
<— = — (v —
Py v v(VI+k+VE), k (B Agw, Aguw)’

e v — uncao oGyciosaenHoctH oneparopa Cy, Co = B~1/2AyB~1/2,

6. IlapanjeabHBIN BapMaHT MeToAa
PellleHnsl CEeTOYHBIX ypaBHEHU’IA

W nes mapaniesbHOro airopuTMa METOIA PEIeHnsl CETOYHBIX YPaB-
HeHWii 3aKkio9aercs B caeaytommeM [10]. Tlocie pasbuennst nexomHoit pac-
YeTHOMN O6H3CTI/I Ha 9aCTHU 11O ABYM KOOPJAHWHATHBIM HAITPABJICHUAM KaZK-
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JIBIH TIPOIIECCOP TOJIy9YaeT CBOK PACUYETHYIO O0JIACTH, KAK MOKA3AHO HA
puc. 3, IpU 3TOM CMEKHBIE 00JIACTU TTEPEKPHIBAIOTCS ABYMSI CJIOSMHU y3-
JIOB TIO HANPABJIEHUIO, TIEPIEHIUKYISAPHOMY ILIOCKOCTU Pa30MeHusi.

Puc. 3. Jlekommno3urus 061acTH.

TToce TOro KaK KaxKabIil MPOIECCOP TOJYIUT WHMOPMAITUIO It CBO-
eif 9acT 00J1aCTH, PACCIUTHIBAETCS BEKTOP HEBS3KH U €I0 PABHOMEPHAS
HOpMa. 3aTeM KaxK bl IPOIECCOP OMpeieisieT MAKCUMABHBINH TI0 MOJTY-
JIIO 9JIEMEHT BEKTOPa HEBSA3KHU U MEPEIAeT €ro 3HAYCHNE BCEM OCTABITTHM-
cs BhIUMCAUTENAM. Tenepnb A7 BhIYUCIEHUsT PABHOMEPHONH HOPMBI BEK-
TOPa HEBA3ZKH JOCTATOYHO Ha KazKJIOM IIPDOIIECCOpe HaTH MaKCHMaJb-
HBIN 3JI€EMEHT.

PaccvoTpum napasieibHbINA aJITOPUTM pacdeTa BEKTOpA MOMPAaBKY:

(D + wmR1)D™ YD + wyRe)w™ = Dy™.

rme Ry — HWXKHe-TpeyrosbHasd MaTpulia, a Re — BepXHE-TPeyTroJabHAas
MaTtpwurna. g Beraucaenns BeKTOpa NOMPAaBKU HYKHO MOCTIEIOBATETHHO
PelnuTh J1BA YPaBHEHUS:

(D4 wnR1)y™ =r™, (D + wnRe)w™ = Dy™.

Buauase Borancisercs BeKToOp "', pu 3TOM PACYET HAYNHAETCHA B
JIEBOM HUYKHEM YTUIy. 3aTeM U3 [MPABOrO BEPXHEro yIjia HAYUHAETCS BbI-
qucenne BekTopa nonpasku w'. Cxema pacdera BekTopa Y™ m3obpa-
xkena Ha puc. 4. (Ilokazana mepeada 3JEMEHTOB TOCIE PACIETa JIBYX
CJIOEB TIEPBBIM IIPOLECCOPOM. )

Ha mnepBom 1mare BhramciieHHit TEpPBBIM TPOIECCOp 00pabaTHIBAET
BepXHUil Cj0#i. 3aTeM OCYIIEeCTBIISETCS TEpeIada MePEKPhIBAIOIINXCS
3JIEMEHTOB CMEXKHBIM TIporieccopaM. Ha ciemyromiem 1mare mepBblii mpo-
meccop obpabaTbiBaeT BTOPOii CJI0i, a ero cocenqn — mnepsbiit. [lepegaqda
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3JIEMEHTOB TIOCJIE PACYETa NIBYX CJIOEB TEPBBIM MPOIECCOPOM TOKA3AHA
Ha puc. 4.

B cxeme gy pacdera BekTopa ¢"’" TOJBKO MEPBLIH TPOIECCOD HE TPe-
OyeTr MOMOJIHUTENHHOM WHMOPMAINT W MOXKET HE3ABUCUMO OT JAPYTUX
MPOIIECCOPOB BECTH OOPAbOTKY CBOEH YacTh OOJIACTH, OCTAJbHBIE MTPO-
IIECCOPBI JKIYT PEe3yJIbTATOB OT MPEILIAYIIEro MPOIECCopa, MOKAa OH He
MePeIacT BLIYUCIEHHBIE 3HAYEHUS CeTOYHBIX (DYHKIHI, /s Y3JI0B CeT-
KU, PACIOJIATAONIUXCA B MPEAMIECTBYIOMINX MO3UIUAX JTAHHON CTPOKH.
IIporecc mpomosizKaeTcss 10 TeX IMOp, MOKa He OyayT pacCIuTaHbI BCE
CJION.

AmnanornunbiM obpasom mMoxuo pernuth CJIAY ¢ BepxHe-Tpeyrob-
HOU MaTpureil Ui pacdera BEeKTOpa monpasBku. Jlasee BBIYUCISIOTCS
CKaJIpHbIE Ipou3BeieHus (23) U BBIIOJIHSIETCs EPeX0Jl HA CJIe Ly oIuii
UTEPAIMOHHBIN CJIOM.

Puc. 4. Cxema ans pacdera BekTopa y™.

AnropuTM  aJANITHBHOTO TOMIEPEMEHHO-TPEYTOJBHOTO METOIa pPea-
JIM30BaH  MHOTOMPOIECCOPHON  BBhrumcanTenbHoil  cucremoit  (MBC)
POIl HUT KO®Y. ITukosasi mpoumssomurenbuocts MBC cocraBisier
18.8 TFlops. MBC Bkiouaer B cebs 8 KOMIBIOTEPHBIX CTOEK. BbI-
guciuresbioe noie MBC mocrpoeno na 6aze umndpacrpykrypsr HP
BladeSystem c-class ¢ "HTerpupOBaHHBIMI KOMMYHHUKAIIMOHHBIMHU MO/TY-
JIIMH, CHCTEMaMW 3JIEKTPOMUTAHUS W OXJaKJIeHNs. B KadecTBe BhIUMC-
JINTEJIbHBIX Y3JI0B mcnojib3yercs 128 omnoTumnubix 16-saepubrx Blade-
cepsepoB HP ProLiant BL685c, kakaplit u3 KOTOPHIX OCHAIIEH Y€THIPb-
Mms 4-apepabivu mporeccopamu AMD Opteron 8356 2.3GHz u onepa-
TUBHOH MaMATHIO B o0beMe 32I'B. O0Imee KOMMYECTBO BHIUUCINTEIHHBIX
sanep B koMmriekce — 2048, cyMMapHBIi 00beM ONepaTUBHON TaMATH —
4 TB.
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PesynbraTer pacuera yckopenusi u 3(OGEKTUBHOCTH B 3aBUCHMOCTHU
OT KOJIMYECTBA TIPOIECCOPOB JIJIsl TAPAILIETHHOIO BADUAHTA ATATITHBHOTO
MONEPEMEHHO-TPEYTONBHOIO METO/Ia TIpUBeieHbl B Tabure 1.

Tabauna 1
3aBHCHUMOCTH YCKOPeHUs U IPGDEKTUBHOCTH
OT KOJIMYECTBA TPOIECCOPOB
KonudvecTtBo Bpewms, ¢ Yckopenune DbDEeKTUBHOCTDH
IIPOIIECCOPOB
1 7,490639 1 1
2 4,151767 1,804 0,902
4 2,549591 2,938 0,734
8 1,450203 5,165 0,646
16 0, 882420 8,489 0,531
32 0, 458085 16, 351 0,511
64 0,265781 28,192 0,44
128 0,171535 43,668 0,341

7. HYucaeHHbie SKCIIEPpUMEHTHI 110 OCaXkK/1I€eHU10 B3BeCn
n Hepe(bopMI/IpOBaHI/IIO JAHAa C UCIIOJIb30BaHMEM
TpeXMepHOﬁ MoOJeJid TnAPOANHAMUKN

B kadectBe mpmMepa MPAKTUYECKOTO HCIOJIH30BAHUS MTPOOIEMHO-
OPHEHTUPOBAHHOTO KOMIIJIEKCA MMPOTPAMM PEIIAeTCs 3a1a4a epedopmu-
pOBaHUS JOHHON OBEPXHOCTH B PE3YJIbTATE OCAXK/IEHUs B3BECHU HA [IHE,
a 3aTeM IepeHoca OCaXKJIEHHOro MaTepuaJa 1o auy. B kadecrse ucciemry-
€MOTO 00BEKTa, PACCMATPUBAJICS BBIIEJIEHHBIN YIaCTOK BOTHOTO OOHEKTA
B BHje napasuienenunena mqinaoit 5,0 kM, mupunoit 5,0 KM, ruryOmHON
3,0 M. Cpefnsisi CKOPOCTH TeYEHUs COCTaBAAa 1 M/c, pa3Mepbl pacyer-
noit cerkn 100 x 100 x 20.

Ha pwuc. 5, 6 mpeicTaBAEHBI PE3YABTATHI YUCJTECHHOTO MOJAETUPOBAHNS
pacupeiesieHusi KOHIIEHTPAIIMY B3BEIEHHOTo BemecTsa. Ha puc. 5 — pac-
deTHBIN nHTEepBaa 50 4, Ha puc. 6 — pacuerHurit maTepBan 150 1.

Ha puc. 7, 8 mpencraByienbl 3HaUeHNs TIyOUHBI U TepedOPMUPOBAHNS
JOHHOI TIOBEPXHOCTH B pacueTHOM mHTepBaJse 50 4, 150 ¥ cooTBeTCTBEH-
HO.

PesynbraThr skcriepuMenTa O3BOJSIOT MPOAHATU3UPOBATH TUHAMU-
Ky U3MEHEHHUs TeOMeTpun IHa, 00Pa30BaHus CTPYKTYP U HAHOCOB, IIEpe-
HOCa B3Becell B akBaropuu. Jlanras MmareMarndeckasi MOJIeJb u pa3pabo-
TaHHBIN TTPOOIEMHO-OPUEHTUPOBAHHBIN KOMIIJIEKC TTPOTPAMM TIO3BOJISIOT
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MPEICKA3ATH MOSBJIEHNE MOPCKUX TPl W KOC, UX POCT u TpanchopMar-
[UT0, MPOTHO3UPOBATH U3MEHEHHE TT0JIsT KOHIIEHTPAIMHN B CJIydae BHIOPOca
OT UCTOYHUKA, TPOTHO3WPOBATH 3anjIeHNe TTOIXOIHBIX CYAOXOIHBIX KaHa-
JIOB, 3aHOCUMOCTb THAPOTEXHUUECKNX KOHCTPYKIINI M COOPYKEHU.

0,781
0,585
0,39
0,195
0

Puc. 5. [Tosie KOHIIEHTpAIMHU B3BEIIEHHBIX YACTHII.

1,837
1,378
0,918
0,459
0

Puc. 6. Tlosie KOHIIEHTPAIMU B3BEIIEHHBIX YACTHUII.
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0 1275 2500 3750 5000

Puc. 7. 3nauenne royOuHsl B pacieTrHOM naTEpBase 50 |.

L
1R8N

i

i

ARERRRRRERAE

(LT

0 1275 2500 3750 5000

Puc. 8. 3unauenune rioyOunsl B pacieTHoM mHTEpBase 150 .

8. IlpumMep nmpakTUYeCKOr0o MCHOJIb30BaHNSA KOMIJIEKCA
mporpaMM OJis pacdera nepedopMupoBaHUd JOHHOMN
TOBEPXHOCTHU NPHU JHOYTJIyOMTEJIbHBIX paboTrax

Ha ocnope paspaborannoro xommiekca ajiass MBC ObL1 BbITOTHEH
pacuer yriepba peIOHOMY XO3sHCTBY 3a MEPUOJ, PEMOHTHOIO YepIIAHUs
TToaxoaHOroO CyI0XOMHOTO KaHAIA K TprdaiaM ApXaHTeIbCKOrO TepMu-
Hamna. JlaoyrnyourenbHble pabOThI HA MOAXOMIHOM KAHAJE BBIMTOTHAIOT-
cst caMmooTBO3HBIM 3eMiecocoM Turna 3C-TP 1300/2-2162, na akBaTopun
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npuYajioB TepMuHajia — rpeiidepubiM 3emcHapsaoM (miaBkpas). IIpo-
M3BOIUTEILHOCTD OOOPYIOBAHUS TO TPYHTY COCTaBJsieT: rpeiidepHbiil
semcHapan — 122, 4 M3 /4, caMooTBO3HBIH 3emmecoc — 778 M> /4.

Camoorsoszmsrii 3emsecoc tuma 3C-TP1300/2-2162: o6beM TproMa
npu pas3paboTke meckos — 1000 M?; HOpMa 3arpy3KH TPYHTOBOTO TPIO-
Ma — 741 M3, IpomOIKUTEIBHOCTE cOPOCA TPYHTA HA MOIBOTHOM OTBA-
sae — 0, 1 ga. I'peiicbepubiit 3eMcHADS/T: OTBO3KA IPYHTA HA TTOABOIHBIN OT-
BaJl OCYIIECTBIAETCS JABYMS IPYHTOOTBO3HBIME Iasiangamu tuma [1C-
TP500/2-442 ¢ emKocTBIO TPpyHTOBOrO TpioMa 500 M%; HOpMa 3arpysKu
IPYHTOBOTO TPIOMa PA3PAbOTAHHEIM IPYHTOM COCTABJSET 455 M>.

IIpomsBoanaocs MomenmpoBaHNe PACTPOCTPAHEHNST B3BEITEHHBIX Ya-
CTHI, IPU BBITPY3KE TPIOMA CAMOOTBO3HOTO 3€MJIECOCA B OTBAJI.

WcxonupIiMu JaHHBIME SIBASIOTCS: TIyOmHa Bomoema — 10 M; 00b-
em sarpyskn — 741 m®; ckopocts Tewenmsa — 0,2 M/c; CKOPOCTH OCa-
skaennst — 2,042 mM/c; uiotHOCTH TpyHTa — 1600 KF/M3; TPOLIEHTHOE
cozieprkanne nibuteBaThix gacTuil (d Menbire 0,05 MM) B MeCYaHBIX TPYH-
Tax — 26, 83%.

ITapamerpsr pacdeTHoi obnacTu: JiuuHA — 3 KM; mupuHa — 1,4 KM;
AT IO TOPU30HTAJIBHOI TPOCTPAHCTBEHHOM KoopamHaTe — 20 M; I1ar mo
BEPTUKAJLHON TPOCTPAHCTBEHHON KOOPANHATE — 1 M; PACUYeTHBIN WHTEP-
BaJI — 2 4.

Ha pwuc. 9 npusenen pesynbrar pacdera Tpoduis TOPU3OHTAILHON
COCTaBJIAIOIIENH BEKTOPpA CKOPOCTU ABUKEHUA BOTHONI CpeJIbl.

-10
0 0,05 0,1 0,15 0,2 0,25

Puc. 9. IIpoduns BeKTOpa CKOPOCTH JBUKEHHUsI BOJHOI CPeIbI.
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Ha pwuc. 10 mpuBeseHbl 3aBUCHMOCTH OT BPEMEHHU (4) 0G'beMOB BOJIBI
(v, M%) ¢ comepxanmenm B3Bemenubx gactut (1 — Gomee 100 wmr/m,

2 — 6onee 20 Mr/m1, 3 — Gonee 0,75 mr/).

453 T T 1 T T
1,04
078 i T ! !
st

0,26

0

0 04 0,8 1,2 1,6 2

Puc. 10. 3aBuCHAMOCTH OT BDeMEHH 06BEMOB BOAH (MITH. M3 )
C cozlepyKaHueM B3BelIeHHBIX dactuly: 1 — Gosee 100 mr/ i,
2 — Gonee 20 mr/m, 3 — Gosee 0,75 mr/.

Ha pwuc. 11 npusenena dyukius penbeda THA TOCIE OCAKICHUS
B3BEIIEHHBIX YACTHUI], OOPA30BAHHBIX MPU BBIIPY3KE TPIOMA CAMOOTBO3-
Horo 3emiiecoca. [lamuTpoit mokazana riyOmHA ydIacTKa.

Puc. 11. Oyaxnus penveda mgHA HOCTIE OCAXKIEHUS B3BEIICHHBIX YACTHII,
00pa30BaHHBIX IIPH BHIIPY3Ke TPIOMa CAMOOTBO3HOTO 3€MJIECOCa.

PesynbraTer skcrniepuMenTa O3BOJISIOT MPOAHATU3UPOBATH UHAMU-
Ky U3MEHEHHUs reOMeTpun AHa, 00Pa30BaHus CTPYKTYP U HAHOCOB, IIEpe-
HOCa B3Beceil B aKBATOPHUH, & TaKyKe YPOBEHD 3arpsa3HEHUS BOJ.
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9. 3akJrodyeHue

TlocTpoena aByMmepHas MaTeMaTHYIeCKas MOJETb TPAHCIOPTA HAHO-
COB B MEJIKOBOIHBIX BOAOEMAX, YAOBJIETBOPAIONIAA OCHOBHBIM 3aKOHAM
COXpaHEHUA. MO,Z[GHL YYUTBIBACT ABE MPOCTPAHCTBEHHBIEC IEPEMECHHBIE U
crepyromue pU3NIECKHE MapaMeTPhl W MPOIECCHI: TOPUCTOCTH TPYHTA,
KPUTHIECKOe 3HAYeHWe KacaTeJIbHOTO HAMPSKeHWd, Tpu KOTOPOM Ha-
YUHAETCS TEPEMEINEeHNe HAHOCOB, TypPOYIeHTHBIH OOMEH, TUHAMUYECKH
U3MEHSIEMYI0 TEOMETPHUIO THA U (DYHKIINIO BO3BBIIIEHNST YPOBHS, BETPO-
BbI€ TE€YEHUA W TPEHUE O JJHO. OHI/IC&HLI IPOrpaMMHBIE KOMIIJIEKCHI U
pPe3yAbTATHI UX MIPUMEHEHN A, UCIOJb3YIONNe MOJIEJIN TPAHCIIOPTA HAHO-
COB B IIPUOPEKHBIX BOAHBIX CHCTEMAX, /IJI PACIETa CKOPOCTH JIBUKEHIUS
BOZHOM Cpe/ibl UCIIOJIb30BAHBI AByMEPHAS W TPeXMepHAas MOJIEe N THAPO-
JUHAMUKHN.

PaccvoTpenmbie Momenn u pa3paboTaHHbBINH MPOOJIEMHO-OPUEHTHPO-
BaHHBIN KOMILIEKC porpamm s MBC mpuMeHuMbI 11 KOJIUIeCTBEH-
HOT'O TIPOTHO3a MPOIECCOB nepedopMupoBanus peabeda ana, 6eperoBoit
JIMHUH, TIEPEHOCA 3arPA3HEHNH U IKOJOTHIECKUX M3MEHEHNH B TTPUOPEK-
HbIX aKBATOPHUAX U MOT'YT 6bITb IIOJIE3HDBI IIPU CTPOUTENHBCTBE U IKCILITY-
aTallu TUIAPOTEXHUYICCKUX COOpy}KeHHﬁ, CO3JaHUHN TIPOEKTOB 3alllUTHI
Geperos, 00eCeYeHnr SKOJOTHIECKOI 6€30TTACHOCTH M PEKPEAITHOHHOTO
pexKuma miIsgKei.
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SEDIMENT TRANSPORT MATHEMATICAL MODELING
IN A COASTAL ZONE USING MULTIPROCESSOR
COMPUTING SYSTEMS

A. 1. Sukhinov, A. E. Chistyakov, E. A. Protsenko

A nonstationary two-dimensional model of sediment transport in a coastal zone
of reservoirs is considered. The following physical parameters and processes are
taken into account: the soil porosity; the critical value of the tangent tension for
which the sediment movement begins; the turbulent exchange; the dynamically
variable geometry of the bottom and the level elevation function; wind currents;
and the friction on the bottom. Two-dimensional and three-dimensional models
of hydrodynamics in a coastal zone of reservoirs as well as a transport model
for weighted particles are constructed and are implemented on a distributed
computing cluster. A number of numerical results are discussed.
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YUCJIEHHOE MOJEJIMPOBAHUIE
KOHBEKTUBHBIX JBUZKEHIIT!

B. I. ITu6yann>

Ilpn jpuckpeTm3anmm HEJIWHEHHBIX 337189 TUIPOJIWHAMUKN BAYKHO
obecrieunTh HACTEI0BAHNUE CBONCTB Aud HepeHnmaabHbIX OTepaTOpPoOB B
KOHEYHOMEDHBIX AHAJIOraX UCXOAHBbIX ypasuenuii [9]. Takue mumernue-
ckue (mimic — noJpazkarh) CXeMbl IO3BOJIAIOT YCIENIHee MOJEIUPOBATD
CTallMOHADHbIE U HeCTallMOHAPHbIE KOHBEKTUBHbBIE JIBUKEHUS, aHAIU3H-
pOBaTh YCTONYUBOCTDH TeUeHUil, nx OudypKaIiu, HeeJUHCTBEHHOCT Pe-
JKUMOB.

OcobbIM sBIIsIETCST KIAACC 33109 QUIBTPAIMOHHON KOHBEKIIUHU C 3aKO0-
HoM Tpenus Jlapcu, /yisi KOTOPBIX 0OHAPY2KEHO OTBETBJICHNE HEPEPbhIB-
HOI'O CeMeHCTBa CTAIlMOHAPHBIX PEKUMOB OT COCTOAHUA MEXaHUIeCKOIO
paBHOBecHst [7]. TOT HETPUBHANBHBII MEPEX0] ObLI OOBLICHEH € MOMO-
MBI TEOPNH KOCMMMETPUH BeKTOpHBIX moseil [11]. CroiicTa cemeiicTs
CTAIMOHAPHBIX PEIeHul 1T 33a49u (DUIBTPAIINOHHON KOHBEKITUN TeTl-
JIOIPOBOJIHOMN KUAKOCTH U3Y4aauch B psize pabor [2-6, 8, 10, 12].

s annpokcuManus ypPaBHEHWN B €CTECTBEHHBIX ITEPEMEHHBIX HC-
TIOJIB3YIOT KOHEYHO-PA3HOCTHBIE CXEMBI C BBIYUCIEHNEM KOMIIOHEHT CKO-
POCTH, TEMTIEPATYPHI B y3JIaX CMEIEHHbIX ceToK. B [3] mokasaHo, uTo
MEeTOI, KOHEYHBIX PA3HOCTEH [IJIs TIIIOCKOH 3a,1a49u (PUIIHTPAITMOHHON KOH-
BEKIMH TI03BOJISET MOJIYYUTh KOHEIHOMEPHbBIE CUCTEMbBI OOBIKHOBEHHBIX
nuddepeHnuanbHbIX YPAaBHEHUH, KOTOPbIE COXPAHSIIOT CBOHCTBO KOCHM-
METPUU UCXOTHON 3a/1a4u.

C uCrmob30BaHNEM MUMETHYIECKON CXeMBbI TIPOBEIEH AHAJIN3 COCYIIe-
CTBOBAHUSA JIByMEPHBIX KOHBEKTUBHBIX JIBUKEHNI B KOHTEIHEpPE TIPAMO-
YIOJIBHOT'O CeYeHUsd, 3all0JITHEHHBIM BA3KON HECXKMMAaeMOH TeIlI0NpPOBO/I-
HOM KuakocTbio. Onpemenerbl 06JaCTH YCTORIUBOCTH CTAIMOHAPHBIX
PEKUMOB B 3aBUCHUMOCTH OT IlapaMeTpa Y/JIMHEHHOCTU KOHTelHepa u
U3ydeHbI TePeX0Ibl TPU M3MEHEHNH YIIPABJISIONINX TTapaMeTPOB /1 CTa-
IIMOHAPHBIX JIBUXKEHUI € PA3JIUYHBIM YHMCJIOM KOHBEKTHUBHBIX BAJIOB.

1PaGora BBImOIHEHA mpu (UHAHCOBOH moagep:kke Poccuiickoro ¢ouga dyHma-
MEHTAJbHBIX HccaeqoBanuii, mpoekT Nt 14-01-00470.
2Poccusi, Pocror-na-lony, FOxuwiit dbenepansubii yHusepcuTer.
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1. YpaBHeHnus bUIbTPAIMOHHON KOHBEKIIUU
MHOTOKOMIOHEHTHOM >KNIKOCTH

B [12] BBIBeieHBI ypaBHEHNS] KOHBEKIINM MHOTOKOMIIOHEHTHOMN »KUJI-
KOCTH Ha 0cHOBe Mojenn Japcen. IIpn oTcyTCTBIA MACCOBBIX CHJT M BHYT-
PEHHUX UCTOYHUKOB TEILIA JJI KOHEYHOTO YUC/Ia npuMmeceii (S) 31u ypas-
HeHHs B Oe3pa3MepHBIX IIePEMEHHBIX MOYKHO 3alMCATh B BH/JIE

o S+1
— _ v LA —
e5p = VP T+ Y MOk, V-7=0, (1)
r=1
oor I
brﬁ +v-VO" =k, A" +7-k.
3aeck U(x,y, z,t) — BEKTOPHOE TI0JIe CKOPOCTH, P(Z, Yy, 2, t) — JaBJieHue,
0'(x,y,2,t) — TemmepaTypa KHJIKOCTH, OTCUMTLIBAEMAs OT CPETHErO
snavenns, 0" (z,y, z,t) (r =2,...,5 + 1) — OTKIOHEHNST MACCOBBIX KOH-

ueHTpanuil npuMeceii ot cpenHux yposHeil, (x,y, z) — Touka obaacru D,
3aHATON )KUJIKOCTBIO,  — BpeMs, k= (0,0,1) — opT, MPOTUBOTIOIOKHBIf
HAIPABJIEHUIO CUJIbI THAXKECTH.

PaccvarpuBaemas 3amata nMeer cieayoomuit Habop 6e3pa3zMepHbBIX
MapaMeTpoB: TOPUCTOCTH &€, KUHETHUIECKHe KO3 duimeHTs b,, 9ucia
Tlpanaras k,., uabTpanroHHbIe TapamMeTpbl Pames A, r > 1.

Has nnocknx apuzkennii (v = 0, 9,(...) = 0) ypaBHeHHs KOHBEK-
MM MOTYT OBITH 3aIMCAHbI Yepe3 (PYHKIUIO TOKA 1), KOTOPasi BBOIUTCS
COOTHOIIEHUAMHE V1 = Oy, V2 = —0,7. B cityuae TennonpoBoauoit »xu /-
KOCTH 0e3 mpuMeceil ypaBHEHMs 3aMUCHIBAIOTC CIAEAYIOMUM 00pa3oM:

bi=N0+ A0~ JO0)=F, 0=A0-0,0=G. (2

Baecw J(0,1) — byukuus Axobu:
J(8,v¢) = 0,00, — 0,00,1. (3)
VYpapuenus (2) noJIyYeHbl B MPE/INOI0KEHUN HECY IIECTBEHHOCTH yUue-
Ta, MHEPIUHN JBMKeHHd. [lajiee paccMaTpUBAECTC s KOHBEKIHA B OJHOCBI3-

Ho#t obsractu D, Ha rpaHuile KOTOPOH CTABATCS KPAEBbIE YCJIOBUS I
TeMmrepaTypbl u MYHKIUNA TOKA!

Olsp =0, *|sp = 0. (4)

Havasnbuble yciaoBus 3a1ai0Tcs TOJIBKO i Temieparypol 0(x,y,0) =
Oo(x,y), a byskus ToKa Bo Beeil obiactu D HAXOAUTCs 110 HAYAIbHOMY
pacrpesiesieHuio TeMmepaTyps! §y n3 3amaqun Jupuxie.
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Kocummerpmeit cucremst (2)—(4) Gymer BekTopHOe mose (¢, —6), op-
TOrOHAJIBHOE NPABOii YacTu cucrembr (2),

/ (Ftp — GO) da dy = 0. (5)

2

B Tom, uTo uHTErpasbHoe TOXKAECTBO (§) CHpaBeIJIMBO, MOXKHO y6e1uTh-
Csl HEIIOCPE/ICTBEHHOM 10/ICTAHOBKOI Bbipaxkenuii F' u G u3 (2), uarerpu-
POBAHUEM TI0 YACTAM U y4eToM KpaeBbix yciosuii (4). Ilpu sTom ycra-
HABJIMBAIOTCS TAKKe CJIEIYIOIINE TOXKIeCTBA i hyHKImunu Arobu

[0y vzdy=o (6)
9
/J(w, 0) 0 dz dy — 0. (7)
9

2. PasHocTHBIEe ypaBHEeHUs MJIOCKON 3agadu
dbunabpTpanuoHHoil KOHBEKINN

Jlns coxpaHeHWs B PA3HOCTHBIX yPABHEHHUSIX CBOHCTBA KOCUMMETPUN
ucnonb3oBana cxema Apakassl [1], oGecrieunBIIas cOXpaHeHHE PAZHOCT-
HBIX aHAJIOTOB MHTErPaIbHBIX ToXKaecTB (6)—(7).

Hans npsimoyronbanka 2 = [0, a] x [0, b] KOHEUHO-PA3HOCTHAS ATITPOK-

CUMaIisi CTPOWTCS HA PaBHOMEpHON cetke {(Tn,Ym)|Tn = nhi, n =
0,....N+ 1, yn = mho,m = 0,....M + 1}. Baecb hy = a/N,
hy = b/M — maru ceTku 1O T U Y COOTBETCTBEHHO, TeMmiieparypa 6

1 DYHKIWS TOKA 1) BBIYNUCISIOTCS B Y3JaX (L, Y )-

Ha aByxTO49edHOM IMIAOJI0OHEe BBOIATCSA PA3HOCTHLIE OMEPATOPHI Tep-
BBLIX TPOM3BOIHBIX W BHIYHUCJICHAS CPETHEr0, OXBATHLIBAIONIAE CYYan IIe-
JILIX ¥ TIOJIYIEJbIX 1 1 M,

fn+1 m fn m
51 = : : )
( f)n+1/2,m Tntl — Tn
frmi1 = fn,
(6yf)n,m+1/2 = st nm’
Ym+1 — Ym (8)
fn ,m + fn,m
(50zf)n+1/2,m = + 9 )
fn,m + fn,m
(50yf)n,m+1/2 = +12 .

91



C ucnonb3oBanueM (8) 33Ja10TCA TEPBBIE PA3HOCTHBIE MTPOU3BOIHBIE
Ha TPEXTOYE€IHOM H_[a6HOHe u ,Z[I/ICerTHBIﬁ AHAJIOI JIallJlaCHaHa

Dy =06:000, Dy =06,00y, b =020+ 6,0,.

17151 BBIYHMCIIEHNS CPETHETO U MEPBBIX TPOU3BOIHBIX B Y€THIPEXYTOJIb-
HUKE IIPUMEHAIOTCA CJIeAyIolne KOMIO3UIINN PA3HOCTHBIX OlePATOPOB:

do = doz00y = d0y00z, dx = 0200y = 00y0z, dy = 6ydox = 0020y
Jlis anmpoKCuMAaIN AKOOMaHa MCIOIb3yeTcss (hOpMya
Jn,m(ea ¥) =B [Ds (GDW) - D, (9wa)]n,m +
+ (1= ) [d (dobdyy) — dy (dobdrt))],, ..,

KOTOpasi COXPAHSET CBONCTBO KOCHMMETDHUHU [Jisi BCEX 3HAYEHUIN Tapa-
Mmerpa 3 n npu § = 1/3 obecriednBaer JOMOIHATEIHHO COXPAHEHUE YCII0-
BUsI TUPOCKOIMUYIHOCTH JIJIsi PASHOCTHOTO aHAJIOra.

B pesynbraTe momydaercs ciremyomnas CACTeMa OObIKHOBEHHDBIX -
depeHIuaNbHbIX YPaBHEHUI: Opm = Fom = (ARO + ADyp — J)
0=Gpm = (Apy — Dwe)n,m .

KomneuHo-pasHoCTHBIH aHaIor yCIOBUS KOCUMMETpUHU (5) UMeeT BHI

nm’

N M
DD (F = GO)pm = 0. 9)

CrpaBeyiMBOCTb TOXKAECTBA, (9) yCTAHABIMBAETCSA C HUCIOJIH30BAHUEM
JUCKPETHBIX Bepcuit popmyninl I'puna u cymmvmupoBanus o dactam. [Tpu
9TOM BBIIOJHAIOTCH AUCKPETHbIE BapHaHThl TOXK1ecTB (5)—(7)

N M N M
Z Z Jnm(9,¢) wnm = 0; Z Z Jnm(eaw) enm =0.

n=1m=1 n=1m=1

3. AnnpokcuManuu ypaBHEHU
B €CTECTBEHHBIX MepPEeMEeHHBIX

JIig ucenenoBanis TPEXMEPHBIX 33184 (PUIBTPAMOHHON KOHBEKIINH
B [2, 8] pa3BUThI ALIPOKCUMALIUK C IPUMEHEHUEM CMEILEHHBIX (Pa3HeCceH-
HBIX) CeTOK. B ciy9ae TemnonpoBomHOlM KUIKOCTH [7Isi TUCKPETH3AITAN
BBOJSATCS y3JIbI TISITA THTIOB: JIJIsT TEMTIEPATYPHI 6, TABICHUS P N KaXKIOH
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KOMTIOHEHTBI BEKTOPA CKOPOCTH v. ITOOBI 00ECTIeUNTh OTCYTCTBUE KOH-
BEKTUBHBIX 4/IEHOB B Pa3HOCTHOM aHAJIOIe YDaBHEHU:A TEIJIOBOH 3HEp-
UM, UCIIOJIb3YeTCA CJleIyIoas alllIPOKCUMaI

= i ik (10)

s=1 n=1, i,k

®opmysa (10) npumensiiach Jjisi pacyera TPEXMEPHOIl KOHBEKIIUYU Tell-
JIOTIPOBOJIHOM YKUIKOCTH B [2, 8], rye ObIIM BBIUYNCIEHBI OJHOTIAPAMET-
puiecKue CeMeMNCTBa TIJIOCKUX CTalITMOHAPHBIX ,ZI;BI/I)KeHI/Iﬁ, OTBEYAIOIIIUE
KocumMeTpun 3anauu. s mnockoit 3anauu u3 (10) caemyer dbopmysna,
U3 KOTOPO# IOCTe BBEJEHHUsS CETOYHONH (PYHKIUH TOKA MOJYyYIAETCs all-
npoKcuMalus ApakaBbl.

4. EcTrecTBeHHasd KOHBEKIIUA B IIPAMOYTOJIbHUKE

B upubmmxkennun Obepbeka — Byccunecka aBymepHbie ypaBHEHUs
KOHBEKITUH B 6€3pa3MEpPHBIX TIEPEMEHHBIX UMEIOT CJIE YOI BUL;
Vi + (V, V)V = —Vp+ AV — GGrT,
1 (11)
T— _—

P AT, divV = 0.

Ty + (V,V)T =
Brec V = (u(z,y,t),v(z,y,t)) — BEKTOp CKOPOCTH, p — naBienue, T —
TeMmmeparypa, t — Bpems, § = (gl,gg) — BEKTOD, 33JaI0Inii HApaB-
JIEHWE CHJIbl Ts2KeCTH. B ypaBHeHHUsI BXOadaT Ge3pasMepHble I1apaMer-
pot llpangrns Pr u I'pacroda Gr, 4epe3s KOTOpbIE ONPEIEIIeTcs Iuc-
a0 Panes Ra = GrPr. PaccmarpuBaercst mpsiMOyTOJIbHBIN KOHTEWHED
D ={z € [0,L],y € [0,1]} ¢ TBepAbIMU CTEHKAMH, 3aTOJHEHHBII Bs3-
KO HEeCXKMMAEeMOH TeTIOMPOBOAHON YKUIKOCTHIO, HAa TPAHUIE ODJACTH
3a1aHO JiuHeitHoe pacupenesenue Temueparypbl Tlop =1 — y.
Sajaga perniasach YUCIEHHO B €CTECTBEHHBIX MEPEMEHHBIX METOIOM
KOHEYHBIX PA3HOCTEH, il JUCKPETU3ALNH 110 IPOCTPAHCTBEHHBIM II€pe-
MEHHBIM TTPUMEHSIJIUCH CMEIEHHbIe CeTKU. B pacdyeTax MCnosb30Baaach
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JUCKPETH3alNs ¢ siYelkaMu, OJM3KUMU K KBAJIPATHBIM, T. €. BHIYUCIIE-
HUsl IIPOBOJMJIMCH HA CeTKaX pasmepa [Lm]| X m, rue m — 4Yucjo BHYT-
PEHHMX y3JI0B 0 KoopauHare y. I[IpuemyieMasi TOYHOCTH PACIeTa CaMUX
JBUZKEHWI W TIOPOTOBBIX 3HauUeHwit umcaa Panea Ra mocTuranach mpu
m ~ 30.

Jasa knaccuuKanuyu pacCYNTAHHBIX KOHBEKTUBHBIX JIBUKEHUH MC-
MONIb3YIOTCS caemaytomue obo3Hadenusa: Sy u Py — COOTBETCTBEHHO Jis
CTAIIMOHAPHOTO M ABTOKOJIEOATESIHHOIO pelierns: ¢ k OCHOBHBIME BaJia-
mu (gueiikamu), Sy — COCTOsIHME MEXAaHMYECKOrO PABHOBECHs V =0,
T = 1 — y. OcHOBHBIM Jajiee HA3BIBAETCS BAJI, KACAIOIIUICA OTHOBPE-
MEHHO [IBYX MPOTHUBOMOJIOXKHBIX CTEHOK KOHTeiHepa. Obo3nadenue Sy
HCIIOTB3YeTCs JIJIsl CTAIIMOHAPHOTO COCTOSIHWSI C BPAIEHUEM KpaiHero
JIEBOTO BaJa MO 9acoBOi CTpenke, a S; — I7d PeXHMa C BpalleHHeM
JIEBOTO BaJa MPOTUB YaCOBOM CTPEJIKH.

5. O6aacTu ycTOWYMBOCTH CTAIMOHAPHBIX PEXXUMOB

Pacdersr KOHBEKTHBHBIX PEKUMOB ITPOBEAEHBI JJIs ITPAMOYTOIbHY-
koB jummHbl 1 < L < 4 mpu unciax Panes 0 < Ra < 10% u unciax
IIpanarna Pr = 1,3, 10. Ilomy4uens! cTranmoHapHbIE PEIIEHUST ¢ YUCIOM
BAJIOB OT OHOTO M0 oaumHHaAnaTu. s KBagpaTHoit obsactu peannsy-
I0TCsl CTalMOHAPHbIE aBuKenus S U Sg, ¢ pOCTOM L 49uCIIO PeKUMOB
yBesmauBaercs, u npu L = 4 gmusa Pr = 1 cymecTByoT AMana3OHbI 4u-
cen Paness Ra, nist KOTOPBIX yCTOWYMBHI pexkumbl Sk, k = 3,...,7, a
s Pr=10 — S, k=3,...,11.

Ha puc. 1 npencraBnena kaprta 00acTell yCTOWYIUBOCTHA CTAIIMOHAD-
HBIX PEXUMOB, paccumtanubix mas Pr = 1. Ha miockoctu mapamer-
poB Ra n L momepamvu k 00O3HAYEHBI KPUBbLIE, OTBEYAIOIINE TPAHUIIAM
YCTOHYUBOCTH CTAIMOHAPHLIX PEKUMOB S, u S} (I CTAIHOHAPHBIX
peIeHuii ¢ OIMHAKOBBIM YHMCJIOM OCHOBHBIX BaJIOB O0JIACTH YCTONYHBO-
ctu coBnagaior). Ilpu nepexone napamerpa Pajies Ra depe3 HUKHIO
rpanuiry 06JIACTH yCTOWYHUBOCTH CTAIMOHAPHBIX PEXKMMOB PEAIN3yeTCst
pexkum Temonepesadu Sy, a B pe3yabrare nepexoaa Ra depe3 BepxHIO
TPAHUILY Peasn3yercsi OAUH U3 ABTOKOIe0ATETbHBIX PEXKUMOB Fj.

JJ1s pacCMOTPEHHBIX 3HAYEHUIT yInHEHHOCTH KOoHTelHepa (1 < L <
4) mosrydeno, uro yucsao [IpasaTisa 3aMeTHO BIMseT Ha KOJIUYECTBO CO-
CYIIECTBYIOIIUX CTAIMOHAPHBIX PEXKUMOB u HPOPMY uX 0bJacTeil ycToii-
guBoctu. C ymeHnbienneMm ducjaa IIpaHaTis mpaBble TPAHWUIBI 0OJa-
CTH YyCTONYMBOCTHU CTAIMOHAPHOTO PEKUMA CMEITAIOTCS B CTOPOHY 00JIb-
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mux L w BeIpacTaeT 3amnac ycroiuanBocTu no uucay Ra. B To ke Bpems,
00J1aCTH yCTORYUBOCTH PEKUMOB C PABJIMIHBIM YHUCJIOM BAJOB MMEIOT
CXOJTHBIE YEePTHI.

N3 puc. 1 BumgHO, 9TO JJjIs KAXKIOTO CTAIMOHAPHOTO PEXRUMA Sk C
yBesmueHneM [ KpuBas BEpPXHEH TPAHUIBI 00JIACTH YCTONIUBOCTH BO3-
pacTaeT 10 MaKCUMyMa, KOTOPBIH TPUMEPHO OJUHAKOB JIJIST BCEX PEXKU-
MOB. 3aTeM ciieJlyeT MOHUXKEHWe, HO TpaBas IPAHUIA JTOCTUIAETCS [TPU
JIOCTATOYHO BBICOKMX 3HA4YeHUAX yucjia Panes. KpuBas uuxkueit rpanu-
bl BHAYAJIE UJIET BHU3, Jlajiee CaelyeT MOYTH MPIMOIUHENHBIH YIaCTOK,
a 3aTeM TPOUCXOJIUT €e PE3KOE TIOBBITIEHNE TIOC/Ie TIepecevdeHns ¢ HIK-
Heil rpanuieit ycroitauBocTr pexnma Siy1. g kaxkmoro cocrosiuust Sy,
“MeeTcCs IJINHA KOHTelHepa L, Mpu KOTOPOH MUANA30H yCTONIUBOCTH
no guciay Pases makcumasnen. CoorsercrByioniee orHomenue L/k npu
Pr =1 ue npeBocxonut 1,6 u mormkaercs ¢ poctom k.

Ra

10°

10

Puc. 1. Ob6sacTu yCTONYUBOCTH CTAI[MOHAPHBIX PEXUMOB, Pr = 1.

Ilpu yBenwdaenwm umcna Ilpamarnsg obacTu yCTOWYIHMBOCTH WMEIOT
GoJiee CIIOXKHBII BUJI, a UX J€Bble Y4acTH i pexkumoB Sy, (k > 5) namno-
MWHAIOT «PYKaBa». DTU PEKUMbBI CYIIECTBYIOT B KOHTEHHEPAX C IJIUHON
MEHBIIE TOM, 94TO ObLIA OMpeesIeHa B KAaUeCTBE MPABONH T'DAHUIIBI TTPU
Pr =1, u npu 3TOM MaJ aAuana3oH 3HadMeHni Ra, TpU KOTOPBHIX JaHHbIH
PexKUM yCTONYUB.

CranpoHapHbIE JIBUXKEHHS C OJMHAKOBBIM YHCJIOM OCHOBHBIX BaJlOB
HE OCTAIOTCS TOJIHOCTHIO MIEHTUIHBIMU TPYU MW3MEHEHUHU MapaMerpoB L
n Ra. 1 0OHOTO M TOTO YK€ CTAIIMOHAPHOTO COCTOSIHUS HAOJIOTAIOTCS
3HAYUTE/IFHBIE BAPUAIWY B IMPOTOPIIUSIX BAJIOB.
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Ha puc. 2 npecraBjienbt pacipeaeeHrst TEMITIEPATYPhI U JIMHWH TOKA,
pexkuma Sy quisa obmactu ¢ L = 3,75, BbIYUCIIEHHBIE TIPU PA3IHMIHBIX
quciaax Pames.

0 1.75 3.5 0 1.75 3.5

1.75 35

Puc. 2. I30TepMBl U JTHHUA TOKA CTAIMOHAPHOTO pexuma Si,
L =3,75, Pr=1.

6. CocymeCTBOBaHne CTallMOHaAPHBIX
Pe2KMMOB U IIepeXxXoabl

C yBenuueHuem JIJIUHBI KOHTeHHEpa L pacTer Yucjao COCYIIECTBYIO-
IIUX YCTONYUBBIX CTAIMOHAPHBIX PEIEHUI, XapaKTePU3yIOMNXCS pa3-
JIMYHBIM YHUCJIOM OCHOBHBIX BaJioB. s KoHTeitnepa nnuabl L KOImde-
CTBO YCTOMYMBBIX CTAIMOHAPHBIX pexuMoB npu Pr = 10 Gosbire, dem
npu Pr = 1, a 9uCJ0 COCYIIECTBYIONINX PEKUMOB — MeHbITie. Hampumep,
ang L = 2 u Pr = 1 umerorcs auamna3onsl yuces Pames, mpu KOTOPBIX
OJTHOBPEMEHHO yCTOWYUBHI PEXRUMBI S1 u Sy, Sy u S3. dna Pr = 1 u
L = 3 ectp untepBan 4qucen Ra, npu KOTOPHIX HAOJIOIAIOTCS Y€THIPE
cTamuoHapHbIX perenus Sk, k = 2,...,5, npu L = 4 onHOBpEMEHHO MO-
IyT CyIIECTBOBATH MATH perennii, a npu L = 5 — 1ensix mectb. C po-
crom uyncjia Ilpauariss Pr 9uciio yCTONYUBBIX CTAIMOHAPHBIX COCTOS-
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HU, KOTOPbIe MOTYT OBITh TOJyYEHBI B KOHTEWHEDE 33JaHHON JIJINHBI,
yBesm4auBaercs; Tak, upu Pr = 10 u L = 4 obHapyKeHO [eBATH CTAIM-
OHAPHBIX JBU2KEHUH C PA3JIUIHBIM YUCJIOM OCHOBHBIX BAJIOB: OT TPEX IO
OJIMHHAIIATH.

IIpu w3menennn napamerpa Ra, BHIBOISINEM CTAIMOHAPHBIA PEKUM
S 13 00J1aCTH yCTOWYNBOCTH, HAOJIIOIAETCS TIEPEXOTHON TTPOIIECC, B Pe-
3yJIbTaTeé KOTOPOTO PEAJTM3YETCs NPYTroil CTAIMOHAPHBIN WU ABTOKOJIE-
6aresnbublii pexkuM. [Ipu ymenbinenuu Ra (nepecedenue HuKHEH rpaHu-
bl YCTONYUBOCTH) yCTAHABJIUBAIOTCS TOJBLKO CTAIMOHAPHbBIE COCTOSHUS,
B Y9ACTHOCTH, 3TO MOMKET OBITh MEXAHUYECKOEe paBHOBecue Sy (pe:kuM
remionepenayn). [Ipu nepexoe 4epe3 BEPXHIO TPAHUILY YCTORIUBOCTH
B 3aBHCUMOCTHU OT [UIMHBI KOHTEWHEpPA peasm3yercs im0 aBTOKOIeHa-
TEJIbHBII PEKUM C TEM K€ YUCJIOM BAJIOB, JINOO CTANMOHADPHBINA DEXKUM
C MEHbBIITUM YHCJIOM BaJjOB.

s Pr =1 B Tabnuie 1 npeacTaBieHbl JaHHBIE O TIEPEX0IAX CTAIH-
OHApHBIX pemenuit Si, kK = 1,...,9, npu nepeceuennn napamerpom Ra
HUXKHEH W BepXHel rpaHui] 06/acTu ycToidnBocT. B 3aBucuMocTH OT
Tuna (HOPMUPYIONIUXCS PEKUMOB HUKHsIS TPAHUINIA yCTOHYIUBOCTH CTa-
[IMOHAPHOTO pernenus S, Pa3bMBaeTCss HA HECKOJIBKO Yy9aCTKOB 1m0 L.
IIpu uucre BajoB k = 2,3 BO3MOXKHBI TPU THUITA, TIEPEXOIOB: S — Sk_1
(s1eBbIit yuacTok), Sy — So (1eHTpasgbHbIH yuacTok) u Sy — Sk+1 (Tpa-
BbIii y4acTok). C poCTOM 4mCIa COCYIIECTBYOIINX YCTORYMBBIX PEIIeHu
BO3PACTAET YUCJIO BO3MOXKHBIX TPAHCGHOPMAIIHIT [JIsi CTAIMOHAPHBIX Pe-
xkumoB. IIpu Bexose napamerpa Ra 3a HUXKHIOIO TPAHUILY YCTOWYIUBOCTH
JI7IsI JOCTATOYHO MAJBIX 3HAYEeHH AuHbI L pexxum Sk, k > 3, mepexoaut
B Sk—_o u HOpMUPYETCsT KOHBEKTUBHBIN PEKUM C YHUCJIOM BAJIOB TOH Ke
YETHOCTHU. 3aTeM Tpu yBenwdeHnn L HAOIIOMAETCs CIe Ty IOINIi TIOPSI0K
peanmu3yonmxcs PeXRuMoB: Sk_1, S, Sk41-

Tabanna 1

PexuMbl, peaqusyomuecs npu nepexoge Ra 4epes HEKHIOK /BEPXHIOR
rpaHuIbl 06JACTH YyCTOWIMBOCTH permenust S, Pr = 1

Si\L | 1.0 1.5 2.0 2.5 3.0 3.5 4.0

S1 So/Pl* So/Pl Sa/P1 — — — —

So S1/51 Sl/PQ* So/P2* So/PQ S3/P> S3/P2 —

S3 - — Sa2/S> SQ/Pg So/Ps| So/Ps| Sa/Ps
S4 — — - SQ/SQ 53/52 SO/P4 SO/P4
S5 - - - - S3/Ps | S3/S3| Sa/Ps
Se _ - - - - S4/Sa| Sa/Ps
S7 - - - - - - S5/S5
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Bepxusis rpanuna ycroianBoctu pexxuma Sk, k = 2,3, MoxkeT ObITh
pa3bura Ha TPU yYaCTKa: IPU MAJBIX 3Ha4YeHUsX L cramuonap Sy mpe-
obpasyercs B pexkum Sji_1, [JIs IMEHTPAJIHHOTO y4acTKa HAOJII0IAeTCst
nepexo K aBTOKO/Ie0aTeTbHOMY PesKUMY P}, OCHOBaHHOMY Ha, TI€PUOIHU-
gecknx Tpanchopmanuax Sy — S; — Sk, a npu COIBIHX 3HAYEHHAX L
dbopMuUpyeTcss HeCTAIMOHAPHBINH pexkuM Py, 171 KOTOPOTO XapaKTEPHBI
KOJIeOAHUST BEPTUKAJIBHBIX OCEl BAJIOB BJIEBO-BIIPABO M HE MEHSETCS HA-
npasjienue Bpaienusi BajoB. Cocrosiaus Sk, k > 3, TpancdopMupoBa-
JIUCh 00 B CTAIIMOHAPHBIE IBUXKEHUS C YUCIIOM BAJIOB TOM YK€ 9eTHOCTH
Sk_2, MO0 B aBTOKOJIEOATEILHBIN peskuM Py

Nu

Puc. 3. Asrokosiebarenbublit pexxuM Ps: rpaduk 3aBUCHUMOCTH
or BpeMenu uucia Hyccenbra Ha BepxHeill CTEHKe U JIMHUHU TOKA;
L=1,5,Gr=31-103%, Pr=1.

CranroHapHbBIE COCTOSTHUS ¢ MAJIBIM YHCJIOM BAJIOB TIEPEXOIST B aBTO-
KoJIe0aTeIbHBIE PEKUMBI, OCHOBAHHBIE HA TIepeBOpOTax Bajos. Ha puc. 3
MPEICTABIEH aBTOKOJIE0ATE/bHBIN pexkum P pu Pr = 1, L = 1,5 u
Ra = 3,1-10*. Ilpusesens rpaduK 3aBUCKMOCTH OT BpeMenu uucia Hyc-
cesibTa Ha BepxHeii rpannie Ny (t) = fOL T,(x,1,t) dz, n THHAN TOKA JJIst
COCTOSIHUIT B MOMEHTbI BpeMeHu, orMedeHHble Ha rpaduke N (t). Buauo,
YTO JIBUMKEHUE SIBJISIETCS CUMMETPUYHBIM OTHOCHUTEIHHO IEHTPATBHOIO
BEPTUKAJIBHOTO cedenusi. JJuHAMUKA STOTO PEKUMA HOCUT PETAKCAIIMOH-
HBII XapakTep: JOCTATOYHO J0JT0 OCHOBHOE JIBUKEHWE COCTOUT U3 JIBYX
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BAJIOB, & B BEPXHEH HACTH KOHTEWHepa MeJJIEHHO HAPACTAIOT YIJIOBBIE
BUXPH. 3aTeM CJIeyeT ObICTPBIN Mepexo/] K COCTOSHUI0, HATTOMUHATOIIE-
My S5, HOCTIe 4ero IPOUCXOAUT MeJIeHHAs TpaHcdopMaIys OCHOBHBIX
BAJIOB C HAPACTAHUEM YIJIOBBIX BUXpell B HUXKHEH 4acTh KOHTeiHepa.

Puc. 4. Asrokonebarensubiit peskum P3': rpaduk 3aBECEMOCTH
or BpeMenu uucia Hyccenbra Ha BepxHell CTEHKe U JIMHHUHU TOKA;
L=1,5,Gr=35-10%, Pr=1.

IIpu yBeswuenun umcsia Panes Ra cuMMeTpudHbIi mepuoandecKuii
PEKUM TEPSIET YCTOWYUBOCTh W BOSHUKAET PEKUM C HECUMMETPUIHBIMU
MEPEXOTAMY MEXKIY MPAKTUIECKU CHMMETPUIHBIMUA COCTOSTHUSIMU, HATIO-
MUHAIOINMY JIBHKeHns So u S5. Ha puc. 4 npusenen rpaduk 3aBucnmo-
ctu oT Bpemenu gucya Hyccenbra Ha BepxHEil CTEHKE U JIaHbI pacipeie-
JIEHU JINHUH TOKA TAHHOTO PEKUMa B MOMEHTHI BPEMEHH, OTMEYEeHHBIE
Ha rpaduke Np(t). Buano, 4ro B pesysibrare «yABOEHHs» HUKJIA 33 TOT
7K€ BPEMEHHOI TTPOMEXKYTOK MTPOUCXOIUT deThipe nepeBopota. C pocToMm
quca Paes mepron kosiebaHmit JaHHOTO PEKUMA YMEHBITAETCs. 3/1€Ch
TaK¥Ke Pean3yercs COCYIIEeCTBOBAHNE PEXKUMOB: CTAIIMOHAPHBIE COCTOSI-
Hust S1 U ST ycTON4mMBBI IpU TeX ke 3HadeHusAx Ra u L, 19 KOTOPBIX
BBIYUCJIEHBI ABTOKOJIE0ATETbHBIE PEIKUMBIL.

Agrop riy6oko npusnarenen KOMU 3a noanepxky, a komneram C. O. Co-
6onesy u A. JI. HemueBy — 3a momomuip.
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NUMERICAL MODELING OF CONVECTIVE FLOWS

V. G. Tsybulin

Two themes are considered: preservation of cosymmetry for compitational sche-
mes and scenario of transition in natural convection. The brief review of corres-
ponding author’s results is given.
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BBEJIEHUWE B TEOPIIO
OBPATHOW 3ATAYN PACCEAHNA!

A. B. IIIa6ar?

1. BBenenne

PaccmarpuBaercs 3a1a4a 0 Boccranosienun norennuana U(x, k) o6-
obmennoro ypasHenus lllpeaunrepa ¢,, = U1t 10 BpoHCKHaHAM «(bYHK-
i Mocras. BpoHckuaubl B CIEKTPAIBHON 3a/1a9€ 3aBUCAT TOJIHKO OT K,
a ko3 duuuentor U(x, k) — Toabko or x. Ilepexon Kk HOBOIl He3aBucH-
MO TepeMeHHOM k aHAJIOTUY€EH, B ONpeIeIeHHON Mepe, TpeoOpa30BAHIIO
Oypre, u 33/1a9a PACCEAHNS CBOIUTCS K U3Yy9YEHUIO CBONCTB, UTPAIOIIAX
poab mHTerpasioB @ypbe, MyJIbTUNINKATHBHBIX WHTETPAJIOB, OMpeIes-
IOIUX BPOHCKUAHBI.

B omnomepHOil Teopum paccesHUS KPaeBble YCJIOBHUS 33aJAI0TCA HA
400, ¥ BO3HHKAIOIIKE 3/1€CH BAPUAHTHI PA3JIMIHOIO MOBEIEHUS PeIie-
HUN MOYXKHO MPOWJIIIOCTPUPOBATH CJEAYIONIAM TPUMEPOM U3 XOPOIIEro
(me obmerdennoro) yuebnuxa [6]:

P = (p(x) + q(2))¢, /Iq(x)ldx < 00, /|p'(x)|dm <oo. (1)

BTopoe u3 3Tux ycnomit o3nadaer, uto p(r) uMeer npegen pt npu x —
oo. Ilpeamonoxus aag ompefenenHocTr pT > 0, MOXKHO HafTH Tapy

pelienuni
x

wi(ac) A exp i/\/p(s) ds|, (2)

o
KOTOpble 00pa3yoT GYyHIAMEHTAJIBHYI0 CHUCTEMY pEIeHuil ypaBHe-
aus (1). OgHO M3 3TUX peleHuil pacTeT, & JAPyroe CTPEMUTCA K HYJIIO
NpU T — OO0, W CTPOSITCS OHU KaK PEIICHUs ABYX PA3HBIX MHTEPAJIb-
HbIX ypaBHenuii. OyHKuuio ¢(r) B JIABHOM YJI€HE ACUMITOTUKK MOXKHO
UTHOPHUPOBATD.

Pa6oTa BBIIOTHEHA IIpu (DUHAHCOBOM Ioajep:kke Poccmiickoro domnga dymma-
MEHTAJIBHBIX HCCIenoBaHuit, npoexT Ne 13-01-12460-ODU-M-2013.

2Poccus, Yepnoronoska, MuctuTtyT Teopermueckoit cdbusmxu um. JI. JI. Jlamaay
PAH.
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B pa6ote [9] paccmarpuBanachk 3amada o byHkuusx Vocra ypasHe-
nusg [IIpegumrepa ¢ 1e1bTa00PA3HBIMU TOTEHITHATAMHA:

Yo = (K + q(x)) =Y (e — ;). (3)

ITpu k = 0 yc0Bus HA CKA€IOK IPOM3BOJHBIX ¢)) = 1), B TOUKAX T = I,
j € Z, HempepBIBHOTO B 9TUX TOYKAX perrenns ¢ (x) ypasHenus (3) maror

Y’ (x)

fi= A

f,
: fj+1=7j+1+ﬁ7 Aj =z — 5. (4)
1=

B obmewm ciyuae mpu k # 0 umeem
U@, k) = aj e +bje ™, (a,b); = (a,b)j-1 5;(k). (5)

Ssubiit Bux 3Tux Marpur S;(k) OpuBeneH HUXKE B JJOKA3ATEILCTBE JIEM-
MBI, [JIe UCIOJIB3YIOTCS COKPAIEHHBIE O003HAUECHHST: Tij = T; — L, (T <
T < ijrl), ﬁj = ’)/j/2k

JIlemma 1. Ilycrs marpuna S(k) = S(k;n) sBiasercs ynopsgoden-
HBIM IIPOH3BEJCHIEM N SJ€MEHTAPHBIX Marpul] paccesaus S; (k). Torxa
dbyukuns kS (k) apiasercs nenoli n ee 3HaAYEHHE B HyJIe ONDEIEISETCS
¢opmyoit

n

. 1 -1

j=1
n) ZZ’Y]‘ +Z%’Y]‘Iji + Z ViV VT Tlj o
i<j i<j<l

< Jdoka3aTebCTBO TPOBOIUTCA WHIYKITUEH TI0 YUCTY 1 COMHOYKUTE-
Jeit B popmyiie

ﬁ(lejwjj e e Al S R

{ej = exp(2kz;),

€; = exp(—2kz;),

73 KOTOPOI TOJIy94aeM, OMyCKas JJisd KPATKOCTH 3aBUCUMOCTH OT K, 9TO

1+An _en/\n
S(n)S(nl)(en% 1_%) o
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{a(n) = (1 +7n)an—1) +Anenb(n — 1),
b(n) = —Apena(n — 1) + (1 — 5,)b(n — 1).

Tlostomy

ok a(n—1,k) =a+2kao + ...
bn—1,k) = —a+2kBo+...
)

o a(na k) = O‘(l JF’Yn:En) Jr”Yn(OéO + 50) + ..
b(na k) = 70‘(1 + 7nmn) - 'Yn(ao + ﬂo) + ..

U, HE3aBUCUMO OT KOHKDETHbIX 3Ha4YeHuii o, Bo, cymma a(n, k) + b(n, k)
ocTaeTcs peryiasapHoi B Touke k = 0. >

Takum obpasom, B ciydae obirero mosoxkenus S(k;n) mMeer B Hy-
Jie TIOJIIOC M YCJIOBHME €r0 OTCYTCTBHS 3aIUCHIBAETCS B BUJE YPABHEHUS
a, =0.Ilpun=3

a(3,k) +0(3,k)és = 1 + 71 Ers + 72 Eaz + Y1 Y2 E12 Eas, (8)

a(3,k) =1 +Z%’ +Z% j Eij + 717273 E12 Eas, (9)
J 1<j
rne B;; =1— e?k(@i=25)  Apamormumas (4) npoexTusHas bopMa peKyp-
PEHTHBIX COOTHOMIECHUH ABJIETCA CIeACTBUEM (7) M 3aNMMChIBACTCA B TEp-
MWHaX OoTHOIeHuH ¢(n) = €,b(n)/a(n) caexyromum obpasom:

2k 2k 4k
(c(n) +1— _> <c(n B 1)e2k3($n7xnfl) +1+ _> + — = 0. (1())
Tn Tn fo
3AMEYAHUE 1. ITonydennsie Boiie (pOpMyJibl IPUMEHUMbI U K 3a-
JadgaM ¢ mepuogmdeckumu kodddunuentamu. Hampumep, B ciydae (4),
006e3pa3MepuB EPUOINUECKOE PEIIeHNe U TIOJIAaras £; = j, MBI HOJIy4aeM

1 1
e =Bta—jog, B =
f(x) 2
CnekTp coorBercrBymomero ypapuenusi IIpeanarepa paccmarpusasicst
B KHure [3, c. 323].

3AMEYAHUE 2. s ypaBaenus (3) ¢ BelIECTBEHHBIM HOTEHIMAJIOM
B BUJIE KOHEYHON CyMMbl 0-(DYHKIMI 4nUCI0 COOCTBEHHBIX 3HAYEHHUH KO-
HEYHO W, B CHJIy OCHALIATUMOHHBIX Teopem IlItypma, coBnagaer ¢ uauc-
JIOM TIepeMeH 3HAKA B IOCJIEI0BATEIBHOCTH ¢(x;), Tae pemrenue ¢(x)

+-, Jj<xz<g+ 1L

|

1
v
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(cMm. [9]) orBeuaer nynesomy 3Hauenuto k = 0 B ypasuenuu (3). ®opmy-
aa (nemma 1) o(x4) = 14+ y1241 + Yoxa2 + Y3243 + 172T21 %42 + ... +
V1Y27Y3%21T32T43 AEMOHCTPEPYET CTPYKTYDY 3JEMEHTOB 3TOH MOCTeN0-
BATEJILHOCTH (2;) B 00IIeM CiIydae.

2. KBasukJaccuka

s ypasuenns Illpeaunrepa ¢ GDUHATHBIM TOTEHITHAIOM

B KadecTBe (yHKIMA VlocTa BRIOUPAIOTCS perentst Y (2, k) ¢ acmvm-
rorukoit e*F* (cm. (2)) ma coorsercrsytomeii Geckoneunoctu. B pac-
cMarpuBaeMoM HaMu ciydae (3), oboznauus a(k) = a(n, k), n > 1, n
b(k) = b(n, k), n > 1, Mbl nosiydaem (CM. JIOKA3aHHYIO BBILIE JIEMMY ),
9TO
ekz < —h (h>0),
w—i_ ($, k) = kx —kx ( )
a(k)e"™ +b(k)e ", x> h,
_ e~k x> h (h>0),
w (x’ k) = kx —kx ( )
—b(—=k)e"™ + a(k)e ", x < —h.
Bponckuan stux dyukuuii Hocra

9 rg — g = (@ ¢7) = —2ka(k), (12)

KaK TOKa3aHo B pabore [9] (cm. rakske [4]), sBasiercs nesoit dyHKuIu-
eif 9KCIOHEHITHATHLHOTO THTA, 00JIaJaroIeil ciieayomei acCuMITOTHKOM
B MIPaBO# MOJYIIJIOCKOCTHU CIIEKTPAJIBLHOTO TapaMeTpa:

N
i
k) ~ (1 —), Rek >0, |k > 1. 13
=T (1+3). Rek>0. b (13)
Taxkum ob6pasom [9], mus BoccraHOBJeHUsT KOIDOUIHEHTOB Y1, ..., VN

B dopMyJie s TOTEHITHAJIA,
N
u(x):Z’yjé(x*l’j), T <Te<...<xp<...<ITN (14)
j=1

JI0CTaTOYHO, B cuity (13), Haiitu KoadbdUIreHTh ACUMIITOTUYECKOIO Pa3-
Joxkenus Bpouckuana ka(k) upu k — 4o0o. HJononuurensuyio uudop-
Malfio O HOCUTEJIe TIOTEHIINAIA MOXKHO M3BJeYh W3 aHAJIOTMYHBIX (13)
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ACUMIITOTUYECKUX paB.HO)KeHI/If/i AJI1 HOPMUPOBAHHBIX Ha IKCTOHEHTY KO-

spduimenton b(k) = b(N, k):

N-1
—e 2N p(k) =y H (1 + ;—2) . k— +oo,
j=1
_ o 2kxy ~ | _ _
e b(k’)thH( 2k)’ k — —o0.
j=2

Bce ocrasbuble napamerpsl notennuana (14), T. €. pacCTOSHUS MEXKITY
y3J1aM1, MOYKHO U3BJI€Yb U3 HOpMyIbl (CM. jgemmy 1)

an) = W+ Y v+ Y iy v ... (15)
i<j i<j<l
B ofrmem cayvae a(n+ 1) npeacrapisier cob0i MHOTOUIIEH OT Y1, - . ., Yn,
u npu 7y, = 0 muHorowiex a(n + 1) mepexoauT B MHOTOUIEH &(n) OT
Yiy-vesYn—1 U T. A. Takum 06pazom, UCIOIb3ys PEKYyPPEHTHBIE POPMY-
JIBI JIEMMBI 1, MBI TIOJTy9aeM ClIeayiolnee yTBepxK aeHne 06 3¢ dHeKTUBHOM
crocobe perrennst OOPATHON 3a0aYN PACCESTHMUS.

Teopema 2. B kiacce 0-o6pazubix norennuasios (14) B kBazukjaccu-
9eckoM IpHOIIKeRnH BpoHcKnaH Gynknmit Hocta sB/sercs maorode-
woMm crermerr N +1 110 06paTHBIM CTEMEHSIM TapaMeTpa k, HyJId KOTOPOTO
COBMaJIaloOT ¢ MapaMeTpamu v;, j = 1,..., N, morennnaia.

Hysmu k = k; Bponckuana (12), pacmosozkeHHble B IPABOIl TOJIYIIOC-
KOCTH, OTBEYAIOT COOCTBEHHBbIM 3HauenusaM ypasuenus (11). Coorser-
cTByOMIIe co6CTBERHBIe (DYHKINH TTPOTIOPIMOHATLHE! (byHKImsM ocTta
YE (2, k;) m crpemaTcs K Hy IO IpH & — £00. JIONOHATEIbHBIH CIEKTD,
UTPAONHi BAXKHYIO POJIb B OOPATHOM 3a1a49€, 00pa3y 0T 3aBUCSIINE OT X
Kak oT mapaMerpa Hynu k = K;(z) npoussenenus dyHxuumit Mocra [9):

A(x, k) =~ (z, k)Y T (z, k), Rek > 0;

16

Az, k) = a(k), |z] = oo. (16)

Tlepexonm oT aWHEHAHOTO ypaBHEeHUsT BTOpOro nopsaaka " = Uy K ypas-
HEHUIO TPETHEro MOPSIKA

Appe =4UA, + 2U, A, (17)

[l <IIPOM3BEIeHHii» IPeI0CTaB/ISeT JONOTHATEIbHLIC BO3MOKHOCTH B
Teopun paccesiHust. MoxkHO mpoBepnTh, 9To mpu Rek > 0, a(k) # 0
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perienue Kpaesoit 3amaun (16) mia ypaBHEHHIO TpeThero nopsaaka (17)
prosiae onpegengerca seibopom a(k). Ipu U(z, k) = k% + g(x) ocobbrit
WHTEPEC TIPEJICTABISET CHEUATbHOe permenne ypasaenus (17) B Bume

bopMaIbHOTO psla o O6PATHBIM CTeNeHAM A = —k2:
1 1
Alz. k) ~ 1+ — — (3¢ — oy 1
(k) ~ 1+ 52q(2) + 535 (307 — da) (2) + (18)

Oror GOPMATLHBIN psif ABIAETCS MPou3Bosiiel dyuknueit Geckoned-
HOTO HabOpa «BBICIIUX» CUMMETPHUil CreKTpaabHOi 3agaun (11).

3. O6o06mIennsa

Dyuxiuu Vocra 6oee obmiero Buga (2) BOHUKAIOT B aKyCTUIECKOM
3a/1a9e pacCesiHus:

() Ype = k%), c(x) =1, x — Foo0. (19)

I[Ipeamonaras «CKOPOCTb» ¢(x) KYCOUYHO-IIOCTOSIHHOf € pA3PbIBAME B TOY-

Kax T = x;j, HaiimeM OPMyJIBI, ONUCHIBAIOIITE [Tt ypaBHenus (19) me-

pexor ¢ orpe3ka I; = [r;,z,11] Ha cocequue orpe3ku. IIycts c(z) = ¢j,

x € I;. Ilpencrasus pemenne ¢ = ¢(z, k) Ha orpe3ke I; B BuIe iuHei-
HO KOMOMHAIIMU SKCIIOHEHT

= q, efit 4 p. e kit ) < X k.difﬁ 20

Y =a;eT £ bje” T, x; <x<xyy, i (20)

J

 o6osHasms ¢ = [a;ei%i, bje~ki%i], amanormuno (5) maxomm
- - eYi 0
Vil =1 B Sy, Ej= g e ) Y = kizia—g). (21)

Taxum 00pa3oM, I aKyCTHYeCKOH 3a7aYd 3JIeMEHTApHBIE MATPHIILI
paccestaust S (k) (cM. geMMy 1) UMEIOT CIEAYIONIHi BHI:

_ B aj = (1+a;)eY%, a; =aje 29,
(aj b;8; ay), 37( ) o (22)
bj = (]. — Oéj)@yj, bj = bje yJ,

rae o = c¢j/cj—1. Obosnauus wepe3 a(n) = 27" [[(1 + a;)exp D y;,
MBI TIOJTy9aeM JIErKo 0600MaeMble SBHbIEC BBIPAXKEHUS [ JTE€MEHTOB
PaCCMATPUBAEMOTO MATPUIHOTO TTPOU3BEICHMS:

a(2) = a(2) (1 + 51(’2) , b(2) =a(2) <b—1 + ‘_“bQ) :

a1a2 ai a1a2
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biby  bob biasb
a(3):a(3)(1+ 12+ 23+ 16123)7
a1a2 asa3 a1a2as3

by aiby  aidsbs  bibabs
LAz + ,
ai a1az a1aza3 aiazas3

bibs  bobs  bsb
a(4):a(4)<1+ 12+ 23+ 34+
a1a2 az2a3 azay

Bldgbg 62@31)4 6162@31)4 61b263b4
+ + + + .
a1G203 420304 11020304 41020304
Boobie, koaddunuenTst a; = a;(n) B3aTux GopmMyIax cogeprKaT TOIbKO
JeTHBIE MOHOMBI OT b/a, a koadpdbunuente: b; = bj(n) — ToIBKO HeUeT-
uste. Hymu a(n) = a;j(n), j > 1, 1aior cOGCTBEHHbIE 3HAMCHUS AKyCTHYIe-
CKOIf 33/1a91 pacCeaHNs C Pa3pbIBAMU B TOUKAX & = X1 < X2 < ... < Tp.

B wactuocTu, mpu n = 2
1—a1 1—as

2)=0 & gy — 2 ——® )
a(2) exp(2y2 y1)+1+a1 o

PaccvoTpum ¢BSA3H aKyCTHYECKON 3a/1aUM PACCESTHUS C W3BECTHOM
CIEKTPAJbHON 3a/1a49eit

d ko u(x)
%\I/ =Wz, k)¥, W(x,k)=ck+V(z)= (v(:c) e ) , (23)

rie ¥ — pekrop-bynknus ¢ Komnonentamu P u 2, a o = diag(1, —1).
OTmerum, 4YTO pelleHust CUCTEMbl yDaBHEHMI nepBoro mopsaka (23)
MOKHO YMHOMKATH Ha IKCIIOHEHTHI, TaK Kak 1) = 1;1 et )2 = 1;26”6 —
u(z) = u(z)eP=*% 7(x)v(x) = u(z) v(z). Takum obpasom, ypaBHeHus
He MEHAIOT CBOErO BUJA TIpH 3Toi 3amene ¥ — U u BCE CBOINTCS K
CABUTY CHEKTPATLHOrO mapamerpa k = k + « npu o + 5 = 0. Ucxox-
Hag ¢opmysia (2) Teopun paccesiHusi, B COOTBETCTBUU ¢ y4eOHukom [6],
NPUHAMAET TENePb CIELYIOMUHi BUI;

x

+ /u(s) ds] ,oui () = kK Fu(@)v(z).  (24)

Zo

U (z) ~ E* () exp

o0
Ilpr 3TOM IpeamnoaraeTcd, 9To fzo |[V'(z)|dz < oo m 4TO B TIpesese
& — 00 coBCTBEHHBIE 3HaUeHNsT MaTPUIlbl W (00, k) SABISIOTCS TPOCTHIMU.
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Orpanununmes 37ech caydaem k = 0. B aTom cayuae ykazanHas BbIIe
dopmysa g coberBennbix 3uadenuit £u(x) marpunst Wz, k) yupo-
maercs 1 obo3HaIaeM: a2 = uv. BajKHO OTMETHTD, 4TO [azKe IJis KOM-
nuiekcHoit dyukimn V (z) nepemennas a(x) = /u(z) v(z) pexyunpyercs
K BEIIECTBEHHO3HAYHOM MPY BBHIMOJHEHUHN YCIOBUSI

u=+0 — o =uv =%y (25)

3aMEHSAIOIIET0 YCJIOBUE BEIIECTBEHHOCTH MOTEHIUAJA JJId yPABHEHUS
Mrypma — JIuysuss (11).

s npusenenus W(z,0) = V(x) Kk quaronajbHOMy By Mbl Oyaem
HCIIOB30BAaTh CIEAYIONyIo (hopMyIIy:

_ (0 w) _a /1 -1 h 1 u %,
V(’U 0)2h(h h)a(—h 1) < {vah. (26)

Haiinem sniemenTapHble MATPUTIHI PACCETHUS M1 KYCOYHO-TIOCTOTHHOTO
TIOTEeHITAAIA:

0 .
V(z)=V; = (vj 18), Tj <x < Tjpl, (27)

HCTIOAB3ys o 1 h BMECTO uv U v COOTBETCTBeHHO. Hampumep, B caydae ¢
JBYMsI TOYKAMU PA3PBIBA P & = T1, To B ITUX 0003HAUEHUSX IOy IAEM

ho, <1, aghg, ag/ho,
h(z) = h1, z€[z1,22], v(z) = aihy, u(®)=<ai/h, (28)
ha, x> x4, aoha, as/hs.

Cunras 3amanHbIM MaTpudHOe perenne Wo(x) mpu @ < 1, HaiizeMm Mar-
puunbie pemenne ¥, = U, (r) Ha OTpe3Kax & € [Ty, Tpt1], UCTOIB3YS
ycioBus ckieiiku stux pemennit U,(z) = ¥;_¢(zr) B TouKax r = ;.
Banucas V;(x) B Bume, anamornduoM (20), nomygaem

V;(z) = Hj E;(z) Cj,

vazo _ (€540 1 -1 (29)
E](:L') =e = < 0 e—;caj) , Hj= (h] h]) :

Yenosue ¥y (x) = Uo(z) = HoEo(x)C upu x = x1 Jaer
1

El(:mle(;*_f f;;>Eo<x1>co, U (30)
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Ilepenncas ciremyoniue yCaoOBuA CKJIEHKN B BHJE

Ej(mj)cj|j=n+1 = Hr;llHnEn(anrl — ) En(2,)Ch,

MOJIy9aeM PEKYPPEHTHBIE (DOPMYJIBI [IJIsT BHIYUCTICHS 6’n = En(2,)Chp:

. _ (A48 v B =) g
|j=”+1 2 <’7n(6n - 1) (1 + 571)77:1) En(@n)Cr, (31)

rae By d:efhn/thrl, Yn = €Xp Qp(Tpy1 — Tn).

ITPUMEP. IlosicHuM CTPYKTYpy NPHUBEIEHHBIX BBIIIE OOMHUX (POPMYIT
Ha npumepe norennuana V(z) ¢ apyms Toukamu paspbisa (28). Ilosnaras,
He orparmumBas obmmuoctn 1 = 0, @ = as = 1, u nmpumMenss Gopmy-
aer (30), (31), Haxomnm

e = L (B0 ATNB 1)
By(22)C2 = 5 (71(51 -1) (1 +61)711) “

11+ B-1
Cl_§(ﬂ1 1+5)CO’

rae

G _ho ol _
E2($) - (0 ea:) ) B - h_17 61 - h_27 Y1 = GXP(CY1$2)-

PexyppenTabie dhopmysbl (31) MOXKHO mepenucaTh CIEAYIONHUM 00~
pasom (cm. (21)):

N\" (an b
B0l mn = (3) (30 an) B
Am\ _ (OmTm ’Y;zlaﬁ Amp—1 ' (32)
bm ’Ym(sm OmYm bm—1
3aeck ap, u b, (PAaBHO Kak ¥ Uy, En) SABJISIOTCSA OJHOPOJHBIMYA MHOTOUJIE-
HAMH CTEIEHH 7 IIePEMEHHBIX 'yji = exp[to;(zjy1 — x;)], mputem a, b

03HAYAET 3aMeHy 'yj'." <> 7; U BBeJIeHbI 11epeobO3HAYeHUs] Oy = B + 1,
Om = Bm — 1. B wactHOCTH,

a =017, @ =01y, bi=d&v, b=,
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u B cuiy (32)
as = 01027, V4 + 01027 5, b2 = 0162 g + G102y

Gs = 010971 V5 + 010271 V4, by = 016271 Vg + 010271 7 -

Cpasuus 31u GopMmyJibl ¢ aHaIOruIHbIMU popMyaamu (22) mis aKy-
CTUYECKON 33a9UN PACCESTHUS, Mbl OOHAPYKUBAEM UX COBIIAIEHUE C TOU-
HOCTBIO 10 ODO3HAUEHUH. ITO WHTEPECHOE HAOIOIEHWE MPUBOINT, Ha-
npuMep, K BOMPOCY O CIEKTPAJbHBIX XAPAKTEPUCTUKAX KYCOTHO-TIOC-
TOSIHHBIX MOTEHIMAJIOB (27), COOTBETCTBYIOIIMX AUCKPETHOMY CIEKTDY
AKyCTUYECKOU 3aJ1a4u.
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AN INTRODUCTION TO THE THEORY
OF INVERSE SCATTERING PROBLEM

A. B. Shabat

A problem of reconstruction of the potential U(z, k) of the generalized Schrodin-
ger equation by wronskians of “Jost functions” is discussed.
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INCEBJOAHAJ/INTNYECKOE ITPOJOJIZKEHUE
C BECOBBIMU OIIEHKAMMN

T. M. Auagpeepa’

Ilycts E — coBepiiennoe kommnakTHoe MHOKecTBO B C. Ilpemmoso-
xnM, 910 i byakmmn f 1 E — C cymectByior

lim F®(2) = fP(Q) — D)

C—z, z—
ren ¢

(2) eC, keNy, zekE.

Oyukiua f uazpiBaerca C-6eckoneuno duddepenyupyemots na E, ecnu
npu ai066x 1 € Ng u 0 < k < n B dopmyne Teitnopa

7 F
ST 4 o (k))!

OCTAaTOYHBIE YJIEHBI YIOBJIETBOPDAIOT yCJIOBHUAM:

fP () =P (z=0)+.. (=" "+ Ry i(2,¢)

Ry ix(2,¢) =0 (|z — C|”*k) paBHOMepHO 10 z,( € F.

Yepes CZ°(F) obozmarmm cemeiicrso Beex C-6eckonetno muddepen-
nupyembix Ha F QyHKIWA.

E. M. dpbkun B paborax [1, 2] ycTaHOBHUII HEIIOCPEACTBEHHYIO CBSA3b
Mex Iy Kjaaccamu Kapiremana HA JAaHHOM KOMITIAKTE U KJIACCAMU (DYHK-
1uii, 00JIaJAI0NINX TPOIOJIKEHUSIMU C KOMIAKTa B KOMILJIEKCHYIO TLIOC-
KOCTh C COOTBETCTBYIOIUMU OIEHKAMMU %—g BOJIM3U KOMIIAKTA.

B macrosameit pabore pesynbrarsr E. M. /IsiHbKHHA PACIPOCTPAHSI-
FOTCS HA TMPOCTPAHCTBA OECKOHETHO AuddepeHIupyeMbix pyHKIni, 3a-
JIABAEMBIX TIOCJIEI0OBATEIHLHOCTSIMU BECOB OOIIEro BUIA.

st mpon3BONIBHOM BRIMYKII0# Ha [0, 00) GYHKIMK 1) TOJI0KUM

|Rn 1 (¢, 2)[(n — k +1)!

sup sup  su =: ,
n;(’) nggn (,ze%, (n+ 1)leb(ntD|¢ — p[n—Fk+1 Il
(#z
| fM(2)] " "
sup sup O e il 171+ 1]

2€EE n>0

u obpazyem npoctpanctBo Ay (E):={f € C(E) : ||| flll4 < oo}

Poccust, Pocros-na-lowy, FOsxusrit denepanbubiii yunsepcuTer.
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[Mycts mocnenosarenbrocTh W = (1,)72 | BBITYKIBIX BYHKIHI yI0-
BJIETBOPsIET yCuoBuaM & = o(¢p(x)), £ — 00, p € N, u

(Vp eN) (3C, > 0) (dp(t) < Ppta(t) +Cp), t=0.

O6pasyewm 1o Heit uHeitHOE npocTpancTBo Ay (E):= U;ozl Ay, (E), na-
JIeJIEHHOE TOIOJIOTHeH BHYTPEHHEr0 WHIyKTUBHOTO TIPEEA.

Bsenewm erme oo nmpocrpanctso. st Beca i u guddepennupyemoit
B R? bynxmum F momoxmm

| F'|y:= sup ‘8—F(C)‘ ¥ (loa(1/p((.B))
C¢E 0z

rae ¢* — conpsixennas no FOury c ¢ dbynkuns, a p(¢, E) — MuHIMYM
u3 1 u paccrosinus ot z 10 E. O6pasyem 6aHAXOBO NPOCTPAHCTBO

PAy(E) == {F € C*(R*)NAy(E) : |F|y < oo}

¢ Hopmotit |||F|y = ||F||y + || F|s. Ilo Becosoit mocmenosarensuoctu U,
KAK BBIIIE, ONPEe/IeJUM BHYTPEHHHU{ WH/yKTUBHBI [IPeet

PA\I;(E)I: D PAwp (E)

OCHOBHBIM PE3yJIHTATOM PAOOTHI SBJISIETCS

Teopema 1. IIpenmoozkuM, 9T0 BECOBasi MOCJIEA0BATENBHOCTE W,
KaK BblIIIIe, YAOBJETBOPSIET JIBYM JIONOJTHUTEIBHBIM YCIOBHSIM

(3D >0) (Yp(@)+z<Py(z+D)+D) (Vo =0) (VpeN);
(¥p € N) (3C, > 0) (y(x) + 2 < Ups1(2) + Cp) (V> 0).

Tora HMeeTCsT TNHEHHBII HEIPEPBIBHBIH OIepaTop MPOAOIXKEeHH, Aeii-
crytommit n3 Ay (E) B PAy(g).
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JINHEVHBIN HEIIPEPBIBHBIN ITPABBITT OBPATHBIN
K OIIEPATOPY IIPEJICTABJIEHI S
B (LB)-ITIPOCTPAHCTBAX

B. A. Bap3sues!

TTo nocaenosarenbrocTn P := (@,
ypnennio (Vn € N 30, @ @ni1(2)
BecoBoe npocrpanctso Ppeme P(P)

N, HAIIpaBJIEHHO BJI€BO MO MOJ-
( )+ Cy, z € C) obpasyem

so
Moz1 E(#n), Tae

Jne
<

z
E(pn):=13f€ HOC): [|flle,:=sup /)] <oop, mneN.
2eC e‘Pn(Z)

Conpsizkenroe ¢ P(®) mpocrpancreo P/(®), odeBnaHo, mMeer BU[
P'(®) = U,_, P.(®), tae P,(®):= {v: v — numeiinsiii GpyHKInoHAT
na P(®) c [lv[[},, <oo}.

3amernm, 9To npu KaxkaoM ¢pukcuposaddoMm A € C nesbra-yHKImMs
IA(f) = f(N), f € P(®), aBusiercs 51eMEHTOM COIPSI?KEHHOI'O [IPOCTPAH-
crea P’(®) u, Gosee Toro, Bce 6y € P{(P), A € C.

ITycre A = (Ag)52; — HOC/IEIOBATEILHOCTD MONAPHO PABIHIHBIX TO-
YeK KOMIUIEKCHOM miiockocTu ¢ [Ag| — oo npu k — oo. Ilo nocienosa-
teapHOCTH A = (A\g)52; 00pasyeM GaHAXOBBI IPOCTPAHCTBA

Ko, A):= {c (cj)52 et = Z|c]| epn(X }, n €N,

u (DFS)-mpocrpancreo K (@, A):= |7~ | K (¢n, A).

Ilpeanoxenmne 1. /lonyctum, uto & — rKaHOHHmYIECKAasT 1OC/I€/I0BA-
rerrocTs (B empicae [1]). Pan 3572 ¢ 40y, cxoqnres B Pj(®) abeomor-
HO TOTJIa H TOJBKO TOrjga, Korja ¢ = (cj)jen € KY(®, A).

U3 npennokenns 1 omepatop W : ¢ = (¢)72, — D72, ¢j0y; neii-
creyer u3 K'(®,A) B P/(P) auneiino u nenpepoisHo.

Hanee obpasyem 1o HaIM BecaM ¢, € $ 6aHaxoBbIe TPOCTPAHCTBA

dy
Bl A)i= {d= @R+ i sup 5 <o)

"Poccust, Bnagukaskas, FOMU BHI] PAH.
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a 110 HUM TIPOCTPAHCTBO Pperiie mOc/Ie10BATETLHOCTE KOMILIEKCHBIX Ui~
cen P(®,A):= ,_, E(¢n,A) ¢ Tononorueii, 3asann0ii Ha60poM HOPM
(I lnnen:

Pacemotpum onepatop cyxennsa R : f — (f(A;))52,, KOTOpHIif, 0ve-
BUJIHO, JeiicTByer HenpepbieHO u3 P(P) B P(P®, A). Torma conpsizKeHHbIiH
¢ unm onepatop R’ meficreyer uz K1(®, A) B P/(®) u R'(c) = > jen OA; €
st Beex ¢ = (¢j)jen € KH(®, A), otkyza crenyer, aro onepatop R’ cos-
namaer ¢ W.

B cuny pedrexcusnoctu npocrpancts P(®) u K1(®,A) us sbume-
U3JI0KEHHOro cieayer, uro onepatop W nmeer JIHITO Torma u Toabko
torma, korga R mmeer JIHJIO. 910 3akmiodenne MO3BOJNAECT HAM IMPH-
MeHWUTh pe3yibrarhl u3 [2] o cymecrsorannu JIHJIO y onepartopa R K
Bompocy o cymecrBoBanuu JIHITIO y oneparopa npeacrasienus W.

ITycrs mocnenoBarensHoctn A u @ cornmacosanst [3] u & npaBuib-
nag [3]. Eciu cymecrsyer ¢dyukuust L, yaoBierBopsiomas yCJIOBUIM
(L1)—(L3) paboTsl [2] ¥ BHITOJHAIOTCS YCIOBHS

(Vn) (3m) (3C >0)

1
(sup om(z+0) < inf son<z+o+c), cec, W
I¢I<1 I¢I<1

(Vn) (3m) 3C > 0)

(r?gwwo < min UG +O) +n(2) ~ om(2) +c>, cec, ¥

re 1) — HeKOTOopas JioKaabHO orpanndennas B C dyuknus. Torma

Teopema 1. ITycts ¢ npasuipnas, A u ® cornacopanpr,  — kaHo-
HUYecKasl [0CJIeJ0BATEIbHOCTD, yAoBaeTBopsiomas ycaopusm (1) u (2).
Hpeanonoxum eme, uro ¢pyuknus L umeer B Toukax u3 A mpocrole Hy-
JIM, IDYTUX HyJell y Hee HEeT H oHa yoBjerBopsier ycaosusy (L1)—(L3).
Torma caenyromue ycJI0BHs PABHOCHIbHBL:

(i) Oneparop npeacrapienns W : K'(®,A) — P/(®) nmeer JIHIIO.

(il) Umeercs rakas nenasi B C, x Cy ynkuus G(z, \), koropast yuo-
BJIETBOPSIET YCJIOBHSIM

G(z,2) = L(z), z€C,
(V1) @m) (AC > 0) (|G(z, )] < Cert@TEN+aN=enN)) -, \ e,
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HamomHuM, 9TO CMBICST TOTO, 9TO OMEPATOP TPEICTABICHUS WMEET
JIHIIO, 3akitouaercd B TOM, 9TO B CJIy4ae €ro CyIIeCTBOBAHUSI HMEETC st
MPUHIMNAATBHAS BO3MOXKHOCTH JIMHEITHO U HEMIPEPHIBHO B 3aBUCAMOCTH
OT PA3JIATaeMOro JIEMEHTa HANTH KO3(DDUINEHTHI PA3IOKEHUSA.

JIutepaTtypa

1. Abanin A. V., Pham Trong Tien. Continuation of holomorphic functions with
growth conditions and some of its applications // Stud. Math.—2010.—Vol. 200.—
P. 279-295.

2. Ab6ammn A. B., Bapsue B. A. O CcyIeCTBOBAHWH JIMHEHHOTO HENPEPLIBHOTO Je-
BOro 06paTHOrO y oneparopa Cy»KeHusi Ha npocrpancreax ®Ppeme nesabix GyHK-
muit // U3s. By3os. Ces.-Kask. peruon. EcrecTs. Hayku.—2013.—Ne 4.

3. Abamma A. B., Bap3ueB B. A. JloctaTodHble MHOXKECTBA B BECOBBIX IPOCTPAH-
crBax ®perme nenbix dyuknuit // Cub. mat. xxypua.—2013.—T. 54, N 4.—C. 725—
741.
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JOCTATOYHOE YCJIOBUE OBIJIBHOCTHU
MIOJIMOJIYJIEN PAHTA 1 C JIBYMS OBPA3YIOIIINMU

T. A. BoakoBasi'

[Tycrs ) — BRIMyKJIast orpanndennas obaacts B C, P:= [1, Ho(0)) —
OPOCTPAHCTBO MEJIbIX (DYHKIHUI [ IKCIOHEHIMAIBHOTO THIIA, YIOBJIETBO-
psomux yenosuio hyp(8) < Hq(f), toe hy — uupukarop dbyskuuu f,
Hq — onopras ¢yukmusa obaactu {2 B CMBIC/IE KOMILIEKCHOTO AHAJIH-
3a. PaccmarpuBaem P Kak Tonosjoruveckuit Momuyiab HaJ Kojabiuom Clr]
MHOTOYJIEHOB OT 7. 37eCh T — MPOU3BOJIbHAS Mejias (PYHKIUsS MUHU-
MaBHOTO THTIA TPH TIopsAKe p = 1.

Iycte A € C, A:= 7~ 1()\), O(\) — xoab10 pocTKoB byHKIMWMI, 0
KanbHo anamuTiaecknx na A, Or(X) — moakomsno O()), cocrosmee 3

kommoznnuii u o m, u € O(N). Paccmarpuaem O(\) Kak MOmysib Hanz
kosbioM Oy (A). Ilycrs I — 3amkuyThiil mogmonyinb B P. O603Hauum

I(\) murnManbublil moamomyib O (A)-moxynst O(X), Briouarommii 1.
Hommomyns I fomyckaeT JIOKaIbHOe ONMCAHWe, eI OH COBMNAJIAT CO
CcBOeIl JIOKaIBHOM 0607104K0# [y (I(A) N P).

IIpeanonoxxum, 9To 3aMKHYTHIN oaMOayab I C P nopoxaeH dhyHK-
musMu % ,9 € P, 1. . COBIIaIaeT ¢ 3aMbIKaHWEM B P MHOXKeCTBa CyMM
Buga pF + q¥, rue p,q € Clr|. Huxke Mbl chopmyaupyem OfHO gocTa-
TOYHOE YCJIOBHE, TPU KOTOPOM TOAMOLY/H | OyI€T TOIyCKATh JOKAJIBHOE
onucanue. DOpMyIUPOBKA ITOTO YCIOBUsI TPeOyeT HEKOTOPON TOATOTOBR-
K.

Bo-nepsoix, OymeMm mpeanosarartb, 9T0 (PYHKIUS T ABJISIETCS TEJI0MH
(byHKIMEH BIOSHE PETYJISPHOrO POCTa NPH HEKOTOPOM yTOYHEHHOM IO~
panke p(r) — p € (0,1) ¢ BCIO/Ly 110JI0KUTEIbHBIM UHIAXKATOPOM. JIerko
yOeIUTHCS, YTO CYIIECTBYET TaKasi KOHCTAHTA K 2> 1, YTO BHE HEKOTOPOTO
MHOKECTBa, HYJIEBOH OTHOCUTEJILHON MEPBI BBITIOJHSIOTCS OIEHKN

KT el < R(n(2)]) < w2l

rae 7i (r) = v(Inr), v — obparnas k dynkmun u(r) := ).
Bo-Bropbix, cauraem, 9ro obpasyiormime F u ¥ A0MyCKAIOT TPEICTaB-
nennsa F = ofF u¥9 = pgG coorBercrBenno, rae ¢, f, F, g, G — HeKO-
ropbie Tiesbe Gyukmmu. Cauraem, aro byukiuu f, F, g, G aBiagorcs
T-CAMMETPUYHBIME, T. €. TPEJICTABIAIOTCS B BUIE KOMIO3UIMiL f:= fo ,

Poccusa, Cnasauck-na-Ky6anu, ®TBOY BIIO «Ky6I'V».
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F.= FO7T g:=gom, G GO7T F;[ef,F g,G—TO)KeHeKOTopLIeue—
JIbIe (byHKLU/H/I HyCTL A= {)\ }, Ti= {7:} — nocnenoparenapHOCTH HyIEH
byHrIMit Fud COOTBETCTBEHHO, 3aHYMEPOBAHHBIE KAKUM-JIN00 0Opa-
oM. CumTaeMm, 9TO BCE 3JIEMEHTHI IIOCIEI0BATEILHOCTEH A u T nexar
BHE €IMHUYIHOIO KPyTa H

A= max{sup Sup ——

neN ,u(|)\ |) neN H([Fnl)

B-tperbux, cunraem, uro ¢yukiuu f4 u g% nexar B P. 3uauur,

[Tl MHAUKATOPOB My, heg dyukimit 4 = ¢fgG n gF = pfgF n

HEKOTOPO# OTpaHWYEHHON TPUTOHOMETPUYECKH BBIMYKJION 27-TIepHO/Iu-
vyeckoil dyukimu h () BbIIOJHEHBI pABHOMEDHBIE 110 § OLEHKY

max {hse (0), hyz ()} < h(0) < Ho(0).

Teopema. Eciu ajist HekOTOPOro § > 0 yI10BIE€TBOPSIIOIIETO Y CIOBHIO
h(0)+d < Hq (0), HymeBbie MHO)ecTBa A 1 T’ MOXKHO yropsiiounTh Tax,
YTO BBIIOJTHEHO HEPABEHCTBO

In S, A\T7
hmfs < - 1+2p<2ﬁ5) (h+96),

}<+oo.

"_”X’:u(tn)
riae
S. '*Z i i t,:= max ma {|X| |A|}
n-— ~ /’y\i /):l 9 n-— i:l,“}‘(,n X 28 f}/’L

h= hmax — min {hmin; 0} ) hmaX:: mGaXh (9) ) hmin = memh (9) )

TO 3aMKHYTBIH HOAMOIYJIb I, MOpoxKaaeMblii (pyHKIUsIMI F 1Y | nomyc-
KaeT JIOKAJIbHOe OMHCAHIE.

Caenctue 1. Ecin F = G u pofgF € P, o I obuen.

CaencrBue 2. Ecin F = of, 4 = og u ofg = % € P, ol
obrTeH.

Caencrsue 3. Eciu pyuknnu F uY aBasiOTCs T-CUMMETDHIHBIMU
un %9 € P, o I obuen.

Caencrsue 4. Ecin F = ¢of , 9 = g, p — nenas pyHKIHS BIOJHE
PETYIATHOTO pocTa IpH mopsaake p = 1 u hp + hg — hy, < Hq, 0 I
00T TEH.

Jlerko Bugers, uto npu f = g = F = G = 1 noagmonyns I nmeer
o/Hy 00pas3ymolLyo ¢ (ABJeTcs TJIaBHBIM), 3HAYUT, cieacrBue 1 0606-
maeT pe3yabTat P. I. IInchbMeHHoTo, KOTOPHIi YyTBEPKIAET, UYTO TIaBHBIE
MOAMOIYIU B P [IOMyCKAIOT JIOKAJBHOE OMUCAHUE.
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IMPUMEHEHNE MHTEPIOJIAINN JUHENHBIX OITEPATOPOB,
OI'PAHNMYEHHBIX HA KOHYCAX, K HEKOTOPBEIM
BOIIPOCAM TEOPUN BA3UCOB ITIPOCTPAHCTB ®PEIIE

A. K. Oponos!

O60061maeTcst KJIACCHIeCKas 330a49a WHTEPIOJAINN JUHEHHBIX OTle-
PATOPOB, OIPAHUYEHHBIX HA TAPAX DAHAXOBBIX TPOCTPAHCTB, HA CJIydail
JIMHEITHBIX OMEPATOPOB, OIPAHUYEHHBIX HA TIAPAX KOHYCOB. BBoauTCs 11O~
HATHE WHTEPIOJISIITHOHHOIO CBOMCTBA TPOWKM KOHYCOB M PABHOMEPHOTO
WHTEPHOJATMOHHOTO CBONCTBA CEMENCTBA TPOEK KOHYCOB IO OTHOIIEHUIO
K TPOiiKe OaHAXOBBIX MPOCTPAHCTB. [loyden pe3yabraT 0 paBHOMEPHOM
WHTEPIOJSIIMOHHOM CBOWCTBE CEMelCcTBA KOHYCOB B TPOCTPAHCTBAX Be-
COBBIX YUCJIOBBIX TIOCIEJIOBATETHHOCTEN.

Teopema. Ilycte E; = co(a;), F = co(b;) (i = 0,1), E = co(a),
F = ¢o(b), npuuem By C E C Ey, Fy C F C Fy u 6anaxoBa TpOiika
(Eo, E1, E) obiagaer HHTEPHOJISAIHOHHBIM CBOHCTBOM 110 OTHOUICHHIO K
6anaxosoii Tpoiike (Fy, F1,F). Ilycts &/ — MHOXeCTBO KOHYCOB B w™
TaKOe, 4TO JJIS Ka’KJI0ro KOHyca () € f BBIMOJIHSIIOTCST YCIOBUS:

1) Q — HIXKHSAS HOJIyPEIIETKa B w;

2) @nN Ef’ — TOTaJBHBII KOHYC B MPOCTpaHcTBe E;

3) QN E;* # {0},

Torma cemericTBO TPOEK KOHYCOB
M ={(Ef,QNEf,QNET): Qe o}

0671a1a€T pABHOMEDHBIM HHTEPIIOISAIHOHHBIM CBOHCTBOM 10 OTHOITCHHIO
K 6aHaxosoii Tpoiike (Fy, Fy, F).

JIutepaTtypa

1. Cerda J., Coll H. Function cones and interpolation // Math. Nachr.—2005.—
Vol. 278.—P. 227-239.

2. Kammunkwmit B. M., /Iporos A. K. IlpuMenenne HHTEPIOISAIMOHHBIX CBORCTB Orre-
pPATOpPOB, OTPAHNYEHHBIX HA KOHYCAaX, K HEKOTOPBIM BOIPOCAM TeOpUH GA3UCOB B
npocrpancTsax ®peme // Mar. dopym.—2014.—T. 7.—C. 88-103.

Poccust, Pocros-na-lowy, FOsxusrit denepanbubiii yunsepcuTer.
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OB OJIHOM CBOHCTBE OPTOTOHAJIbHO
AIIATUBHBIX ITOJIMHOMOB!

3. A. Kycpaepa®

HeoGxonnmble CBeIeHNsT U3 TEOPUH BEKTOPHBIX DEIIETOK cM. B [3, 4].
Bce paccmaTpuBaemble HUXKE BEKTOPHBIE PEIIETKH CUUTAIOTCS apXUMe-

noBbiMu. st 11060 KOHEYHOH 10CIIe10BaTeNbHOCTH (X1, ..., TN ) dJe-
MEHTOB PaBHOMEPHO IOJIHOH BEKTOPHOH pemeTku E BhIparxkeHue BHIA
f(z1,...,2N) MOKeT ObITh KOPPEKTHO OIIPEJIEJIEHO, €CJH TOJbKO f —

TIOJIOKUTEIHHO OJHOPO/IHAs HenpepbiBHas dyukims ua RY. Uzyuenne
TaKUX BBIPAYKEHUN HA3BIBAETCH 00HOPOIHLIM PYHKUUOHAADHBM UCHUC-
aenuem (cm. [4]).

O yHKIMOHAIIBHOE UCYHUCJIEHNE TO3BOJISIET, B 9aCTHOCTH, KOPPEKTHO
ONPeNIe/INTh B IMIPOU3BOJIBHOW PABHOMEPHO MOJIHOW BEKTOPHOW peIleTKe
FE cymmbr G4 opgaaka s u reoMeTpuueckue cpeanne &:

1
N s

Gs(x1,...,xN):= z:|avi|S ,
i=1

N

N
S(x1,...,an) = | []lxil
i=1

Ilycts E — BekTOpHAs pererka, Y — IPOU3BOIbHOE BEKTOPHOE TIPO-
CTPAHCTBO, s — nemnoe gucyo > 1. Orobpaxenue P : F — Y waszbiBaercs
00HOPOOHBIM NONUHOMOM ceneny § (WU S$-00HOPOOHBLM NOAUHOMOM),
eC/IN CyIeCTByeT s-auHelinbii omeparop P : E¥ — Y, umenyemslii no-
poorcdarousum 1s nomaroma, P, takoit, uto P(z) = P(x,...,z) (z € E).

Tosopst, yro nosmuom P : E — Y opmozonasvro addumusen unu
opmoaddumueeH, eCmu st TFOOBIX TU3bIOHKTHBIX I,y € E Bhmonnsercs
P(z +y) = P(z) + P(y). Hanomuum, 410 0u3sionkmHocms 3J1€MEHTOB
x 1 y o3uakaer |z| A |y| = 0. CBoiicTBa OPTOrOHATBLHO A JUTHBHBIX OJI-
HOPOJIHBIX TIOJIMHOMOB TIOJIPOGHO paccMOTpeHs! B [1, 5].

Cremyrommuit pe3yabTaT yCTAHABINBAET CBI3b OJHOPOIHOTO TTOJINHO-
Ma C CyMMaMM HOPSAJIKA $ U CPEJIHAM reOMEeTPUIECKHM.

Pa6oTa BBIIOTHEHA IIpu (DUHAHCOBOM Ioajep:kke Poccmiickoro domnga dymma-
MEHTAJIbHBIX HUCCJieaoBanuii, mpoexkT Nt 12-01-00623-a.
2Poccus, Bragukaskas, FOMI BHIT PAH.
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Teopema. Ilycte E — paBHOMEpHO TOJIHAsT BEKTOpHAsl DEHIETKA,
Y — kBasumosiHOE JTOKAJBHO BBIIIYKJO€ HmpocTpadnctBo, P : B — Y —
OPTOrOHAJIbHO AJJTUTHBHBII OrPAHUYE€HHBIH S$-OJQHOPOJHBIH I1OJIMHOM,

P: E° —Y — nopoxnaromuii CHMMETPHYIHBII S-JIMHEHHbBIIT OrmepaTop
nonaoMa, P. Torna mMeroT MeCcTo CAeAyIoNne paBeHCTBA:

P(Gs(mlaamN)):P(xl)++P(‘TN) (xla"'al'NEEJr);

P(&(x1,...,25)) = P(x1,...,25) (x1,...,25 € Ey).

JokazaTesbCTBO ONUPAETCs HA YCTAHOBJEHHbIH B [5, Teopema 4] pe-
3yJABTAT O JUHEAPHU3AIUN TOJINHOMOB, COTJIACHO KOTOPOMY JII000# OpTO-
TOHAJTHLHO A TUTUBHBIN OTPAHUYEHHBINH S-OHOPOIHBIN oMHOM P, neii-
CTBYIOIINH W3 pABHOMEPHO TIOJTHON BEKTOPHOI pereTKn I B KBa3umoJ-
HOE JIOKAJIbHO BBIMYKJI0€ TPOCTPAHCTBO F', MOXKeT OBITH Ipe/ICTaBIIEH B
BH/IE

P(z) = S*°) (x € E),

rme S : B — Y — orpaHndeHHBIN JUHEHHBIH omneparTop, a & +— ¢ =
@s(x, . ,x) =205 ... 0s T — KaHOHUYECKUUT TOAUHOM, TEHUCTBYIOMINN
uz F B E*°. 3nece E°° — s-aa cmenens BeKTOpHO# pemetku F, a Oy :
E? — E%° — nonmmauHeRHbIHi OmepaTop, MOPOXKIAIONINA KAHOHNIeCK Ui
MTOJTMHOM, OJTHO3HAYHO OMpPeIe/IseMble CJIEIYIONNMHU YCIAOBUSIMU:

(1) E*® — BekTOpHad perrerka, 2 < s € N;

(2) @y : E* — E*°® — 0pTOCMMMETPUYHBIN PEIIeTOYHbIH $-MOpdu3M;

(3) mna JnoGoit BekTOpHO#N pemerku F u 060ro cuMMeTpudHOro
perieTodnoro s-mopduszma ¢ : F¥ — F cymecTByer eIWHCTBEHHBIH pe-
mero4Hblit romoMopdusm ® @ E%° — F| rakoit uto ® o ©5 = ¢.

TlousiTve CTeTeHNn BEKTOPHI PEIeTKH BBEJIEHO U M3y9eHO B [2].

JIutepaTtypa

1. Benyamini Y., Lassalle S., Llavona J. G. Homogeneous orthogonally additive po-
lynomials on Banach lattices // Bull. London Math. Soc.—2006.—Vol. 38, Ne 3.—
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2. Boulabiar K., Buskes G. Vector lattice powers: f-algebras and functional calcu-
lus // Comm. Algebra.—2006.—Vol. 34, Ne 4.—P. 1435-1442.

3. Meyer-Nieberg P. Banach Lattices.—Berlin etc.: Springer, 1991.

Kycpaes A. I. Maxxopupyewmsie omeparopst.—M.: Hayka, 2003.—619 c.

5. Kycpaesa 3. A. O mpeaCTaBJIeHUNH OPTOrOHAJBHO AJUTHBHLIX HOJHHOMOB //
Cub. mar. xypu.—2011.—T. 52, Ne 2.—C. 315-325.

b
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OB OIHOU TEOPEME BJIOZKEHN S
JJIg BECOBBIX ITPOCTPAHCTB JIEBET'A
C ITIEPEMEHHBIM IIOKA3BATEJIEM

M. I. Maromen-Kacymos!

IIpm nccmeoBaAHNT HEKOTOPHIX BOMPOCOB TEOPUH MPHUOJINKEHWI CyM-
vamu Oypre — Xaapa B BECOBBIX IPOCTPAHCTBAX Jlebera ¢ mepemen-
HBIM MOKA3ATEJEeM BO3HUKAET HEOOXOIMMOCTD HAJIOKEHUS HA BEC YCJIO-
BHil, IPA KOTOPBIX OYJIET BBIOJIHEHO BJIOKEHUE

Ly(E) C LY(E). (1)
Hampuwmep, moctpoenne psaos Pypre — Xaapa a1t Kaxka0i GbyHKIANA
fe qu(x)(E) BO3MOXKHO B TOM U TOJBKO B TOM CJIydae, KOTJIA UMe-
er mecro coorroienue (1). B nanuoii paGore ucciepyrorcs ycJaoBus Ha
Bec w(z), MpM KOTOPBIX OyIer crpaseianBo Biaoxkenue (1).

Tlepeitmem K 60JI€e CTPOTOI TTOCTAHOBKE 3a0aYHN.

ITycrs w(x) — HeoTpHIIATESFHAS TTOYTH BCIOAY (T1. B.) MOJIOXKUTEIh-
Hag cymmupyemas (yHKuus (Bec), onpejesieHHas Ha MHOxecTBe F =
[0, 1] ¢ mepoit JIebera u. BecoBbiM npocrpancTsom Jlebera ¢ nepeMeHHbIM

nokasatenem Li ") (E) HASBIBACTCA MHOKECTBO H3MEPHMBIX Ha F dyHK-
it f(z), ynosaersopsomux yeaosnio [, | f(z)[P@w(z) p(dx) < oo,
rae p(xz) — w3mepumasn Ha E meorpunaresmpuaa dbynkmus. Kak n3sect-
HO [1-3], ecm

1 < essinf p(x) < esssup p(z) < oo, (2)
z€E z€E

xr
TO TOIIOJIOTHS IPOCTPAHCTBA Lﬁ( )(E) HOpMUDpYeMa U OJIHy U3 IKBUBa-

JIEHTHBIX HOPM MOKHO OIIPEJIEJINTh, Tojaras aus f € Lﬁ(m)(E)
; f(@)
Ifllpe),w(E) = inf {a >0: /‘T

E

Hanee cumposiom & (E) Gynem 0603Ha4aTh MHOKECTBO M3MEPHUMbBIX HA
muOKecTBe E dynkumii p(z), yaosnerBopsiommx ycaosuo (2). Ham

p(z)
w

(x)dx < 1}.

Poccus, Bnagukaskaz, FOMI BHIT PAH.
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—

TaKKe MoHa0buTcs obozHadenne P (E) nnsa nogMuoxecrsa u3 Z(F),
BKJIIOYAIOIIErO TOJBKO Te P(Z), KOTOPBIE YIOBIETBOPIOT JOMOJTHATE b
HOMY orpaHndennio 1 < essinf,cp p(x).

MHOKeCTBO BeCOBBIX (GDYHKIWMH w(x), YIOBIETBOPSIONINX YCIOBHSIM:

(H1) w(z) > Ci(w) >0, z € By = {z € E:p(x) =1} (n.8.),
(H2) Hw_ﬁﬂp/(.)(%) <oo, By =E\ E;

Gyaem obosnauars uepes J(E, p).
Cremyromas TeopeMa Jaer JOCTATOYHbIE YCJIOBHS sl CIIPABELTABO-
ctu coornoienus (1).

Teopema 1. Ecin w(z) € (E,p), p(x) € P(E) 1o umeer mecro
Bioxkerne (1), mpuaem

[F1(E) < e(p w)l[ fllpe),w(E)-

Ha Bonpoc o Tom, nackonbko yceaosus (H1) u (H2) asngaiorcs neo6-
XOJIUMBIMH, B KAKON-TO CTENEHW OTBEYAIOT NMPHUBEICHHBIE HUKE YTBED-
JKJICHUSI.

Teopema 2. ITycrs p(z) € P(E) u nmeer mecro (1). Torma Bec w(x)
6yzer ypopsaersopsits yciaopuio (H1).

—

Teopema 3. Ilycrs p(x) € P(E). Jna toro 4robel uMega0 MeCTo
proxente (1), Heobxommmo, arobsr w(x)*®) € LY(E) aus moboit m3me-
pumoit ¢yaKnuH ox), KoTopast mpu HEKOTopoM £ > () yIoBI€TBOpsIET

YCJIOBHIIO
1

p(z) -1

3AMEYAHME. Ecan B ycaosun (3) B3sith € = 0, To n3 Hero 6yjer

t+e<a(z) <1, xz€E. (3)

_ 1
cnesosars yenosue (H2). Heiicteurensno, mycrs [, w(x)” »@-Tdr < oo.
Torma, Tak Kak

P'(z)
/‘w(aﬁ)*ﬁ dx = /w(a?)fp(wgfl dx,
E E
TO
Hw_?l') (F) < o0
p'(+)

126



JIutepaTtypa

1. Cruz-Uribe D., Fiorenza A. Variable Lebesgue Spaces: Foundations and Harmonic
Analysis.—Berlin—Heidelberg: Springer-Verlag, 2013.—312 p.—(DOI 10.1007/978-
3-0348-0548-3).

2. Diening L., Harjulehto P., Hasto P., Ruzicka M. Lebesgue and Sobolev Spaces
with Variable Exponents.—Berlin—-Heidelberg: Springer-Verlag, 2011.—509 p.—
(DOI 10.1007/978-3-642-18363-8).

3. IMapamyaumos . . O Tomonorau npocrpanctsa LP®) ([0, 1]) // Mart. 3amerrn. —
1979.—T. 26, Ne 4.—C. 613-632.

127



MIPUBJINYKEHNE ®YHKIINN JNCKPETHBIMI
CYMMAMUI ©YPBE — AKOBU

M. C. Cynranaxmenon'

Uccrenyercs 3amada 0OpabOTKU U CKATHS OJHOMEPHBIX W JIBYMEp-
HBIX CUTHAJIOB, 38JaHHBIX HA HEPABHOMEPHBIX CETKAX.

PaccMmoTpuMm aucKpeTHyio ceTky Qy = {tj}§v=—01 € [-1,1], B koro-
poit y3ibl t; momumHeHsl yemoBuaM 7); < t; < 7541 (0 < j < N —1),
a TOYKH 1);, B CBOIO O4epenb, BBIOPAHBI Tak, 4T0 —1 = g < m <
N2 < ... < nn-1 < ny = 1. IlycTs 1719 HEKOTOPO# HENPEPHIBHON HA
[—1,1] dyuknun f(t) 3amaHB ee 3HAUEHHS B TOUKAX t;. IIpudaem m3me-
peHns IPOU3BeNEeHbI ¢ OMHUOKOH, T. €. 331aHbl u3Mepenus y; = f(t;)+¢&;
(0 < j < N —1), BKOTOPBIX HE3aBHCUMBIE CJIyIaitHble IOIPEIIHOCTH &
yzoBieTBopsioT yenosuaM EE;] = 0, E&¢;] = J?(Sij (0<j< N-1),
rae E[X]| — maremarndeckoe oxkujanue caydaiinoit seamannsl X. Tpe-
OyeTcst IPUOIMKEHHO BOCCTAHOBUTSD f(t) B Touke ¢ € [—1, 1] mo muckpet-
HOl mHMOpPMAIHH {Z; };V:—Ol.

B macrosimeit pabore manHas 3a1a9a PENIaeTCs MOCPEICTBOM ITPAME-
HEeHHMsI TPSAMOTO W 0OpaTHOrO mpeobpaszoBannii Pypbe MO AUCKPETHHIM

nonuHOMaM SIko6u ﬁﬁ‘ ]’\B, (t), o6pasyrommM Ha )y OPTOHOPMHUPOBAHHYIO
cucremy ¢ secom k%2 (t) = (1 —t)*(1 +t)7:
N-1
o (63) P (t) £%7 (1) Any = S,

s

)

Jj=0

riae An; =141 — 1j, Onm — cuMmBoa Kpounekepa.

B pa6orte [1] aBTOpOM GBLITO UCCIIEJOBAHO ACUMITOTHIECKOE IOBEJIE-
HI€ HTOJNHOMOB ]32‘ f,(t) upu n, N — 00, 4TO TO3BOJINTIO B JAJIbHERIIIEM
u3yuTh B padore [2] ammpoKCHMATHBHBIE CBOMCTBA YACTHYHLIX CYMM
Oypbe — Axodbn

n
SEN(f ) = FP PN,
k=0
rae

N—1
FOP =3 Ft) P () k2P () An.
=0

1Poccust, Maxauxamna, JJHIT PAH.
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Jlajiee, TyCTh Ha TLIOCKOCTH 3aJaHA CETKA

Qnar = {(@a ) o 27 e [-1,1) x [-1, 1],

=0, j=0
B KOTOPO¥
€ <7 L&i41, 0<KIi<N -1,
€6 <y <€y, 0<Kj<N-1,
npIIeM

—l=¢gy<e1<es<...<en_1<eny=1,
—l=¢g<ea<ea<...<ey_1<ey=1.

Briome ananorudHo oHOMEPHOMY CIy4aio BBOJUTCS CHCTeMa JIBY-
MEPHBIX JUCKPETHBIX MOJIMHOMOB AK00OU Pﬁ;ﬁ(m, Y), OPTOHOPMUPOBAH-
HBIX Ha )7, ¥ KOHCTPYUPYIOTCS COOTBETCTBYIOIINE IBYMEDHBIE CYMMBI
@ypne — Axobn S5 (x,y). CraBurcs 3a1a9a UCCIIENOBANNS ATPOKCH-
MATUBHBIX CBOMCTB TAKHX CYMM, a TaKKe€ WX UHUCICHHON peanu3anuu
U M3y4eHus BOIPOCA YCTOHYMBOCTH BbIMUC/IEHUS KAK 3HAYEHMH caMux
IOJITHOMOB Pnan’i (z,y), rak u kKoapduuuenro Pypre — Arobu f,‘f,ﬁ
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OBOBIIIEHHOE ®YHKIIMOHAJIBHOE NUCHYUCJIEHUE
B PEITETOYHO YIIOPAJOYEHHBIX AJITEBPAX

B. B. Tacoes!

Ilycts F — paBHOMEpPHO TIOJTHAST BEKTOPHAS PEITeTKA, X1, . ..,LN € F.
B paGore [4] 6bu10 MOKa3aHo, 4TO Jyist (GDYHKIHUHA ¢ CO 3HAYECHNUSIMH B
MIPOU3BOJILHOI f-moganredpe uaeaabHOrO MeHTPa KOHCTPYKTHUBHBIM 00-
pa3oM MOXKHO onpezuenutb ©(-,x1,...,xy) € E. Tomomopduszm ¢ —
o(,x1,...,TN), HA3BIBAEMOE 0600UEHHbIM PYHKUUOHAADHBIM UCHUCAE-
HUeM, CIIYKAT 0000ITIIeHNEeM aHAJIOTHYHBIX pe3ybTaToB u3 [1, 2, 3]. Hemnn
JTaHHOM pPabOTHI — MOCTPOUTH (DYHKIMOHAJIHHOE WCYWNCJIEHWE B PABHO-
MEPHO MOJIHBIX f-aaredpax ¢ eIUHUIEH 11 HePEePhIBHBIX (DYHKIHIT T0-
JIMHOMHAJIFHOTO POCTA CO 3HAYEHUSME U3 UIEATHLHOTO TEHTPA.

O6o3naunm 9epes Hom (L) n Hy, (L) MHOXKecTBO Beex R-3HAYHBIX pe-
IMIETOYHBIX TOMOMOP(U3MOB ¥ MHOKECTBO R-3HAUHBIX MYJILTUTIIHKATUB-
HBIX PEINIeTOYHBIX TOMOMOPMU3MOB HA L.

OnPEAENEHUE 1. [Iycrs E — BekTopHas pemerka u A — f-anrebpa.
FE nasvBaercs aeevim f-modyasem nad A, eciv BHITTOTHSIOTCS CJI€IY IOIIHE
yCIIOBHS:

(1) E sBagercd jieBbIM MOJyJeM HaJ A OTHOCUTEJLHO yMHOMKEHUS
(m,2) = mxuz3 AXE B E, 1. e. 1 (z+y) = max+my, (r+p)x = mxtpx,
m-(p-x)=(mp)-zum-(Ax)=(Ar) = Ar-x) nua Bcex ,p € A,
r,y € Eu )\ eR,;

2)m-z>0aqmaBeex0<TeAun0<zeE;

(3) u3 Toro, uro x 1 y cnenyer m-x Ly s scex m € Aux,y € E.

IIpaBwiit f-momynb Ham A ompenensiercs anajgorudno. Ilycts E —
f-anrebpa. Beskyto f-nomanrebpy B E, SBISAIONIYIOCS JIEBBIM f-MOIyJIEM
Hazg A, Oyaem Ha3bIBATHL IPOCTO f-Mmodysem.

JIemma. ITycrs L — f-momyap vHag A. JJna sroboro w € H(L) cy-
mecrByer eanHcTBeHHbIT w € Hp, (A) rakoi, uro ||&|| = 1, w(rz) =
w(m)w(z) aag Bcex 1 € A mwx € L. IIpu stom, Ao = @ s Beex
0O<XeRnweH(L).

Ilycrs x1,...,2y € E He paBHBI HYJII0 OJHOBPEMEHHO M [ =
{e,z1,...,xn}. CumBomom A{(r)) Gyaem obo3navars f-moaMonyns B F,

Poccus, Bnagukaskaz, FOMIU BHIT PAH.
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MOPOYK/IEHHBIH MHOXKECTBOM &, Alr]y, Oyaer o3Hauarh 3aMbIKaHWE MHO-
xeeta {(w(z1),...,w(zy)) € RY 1 0 # w € Hyu(A((x)))}. peano-
JO0XKHUM, 9T0 3aMKHyToe MHOKecTBo K C RN comepsmut Afr],. Bse-
neMm byskunu dtq, ..., dty, I, nefictByomue mo 3akony dt;(t) = t;Ig,
I:tw Ig, Iy — ToxaecTBennbi onepatop Ha I, t = (t1,...,tx) € RY.
O6o3naunm f-anrebpy HempepbiBHBIX (yHKIWI ¢ u3 K B A moguHO-
muasibHoro pocra 4epes B(K,A), 1. e. ¢ € HB(K,\) torna u TOJIBKO
TOra, KOrJa CymecTByer nokaszareab n € N u wmcio M > 0 Ttakwe,
qro |p| < M(I +dty + ...+ dtn)". Bamernm, aro B(K,A) asnser-
ca f-momynem mam A. Ctpykrypa f-momayinasi onpemesnsieTrcs (hopMyIoi
wf(t):=mo(f(t)) mascexte K, me€ Anu f e B(K,N).

OnPEAEJEHUE 2. Ilycte E — paBHOMEpHO mojHas f-ajarebpa
C MyJbTHUILUINKATUBHON emuHuneil e, ri,...,ryn,y € E, A — 3amkmy-
tast o HopMme f-niomasnrebpa B Z(E). Ilpeamoaoxum, 410 Afr]m C K
u ¢ € B(K,N\). Bynem nucarb y = @(-,x1,...,TN), €CJAU BbINOJ-
usiercss paserctBo w(y) = w(p(w(z1),...,w(xN))) ia Bcex w €
Hy (A((e, 21, ..., 2N,Y))).

Teopema. Ilycts E — paBHOMEpHO moJiHas f-ajarebpa ¢ MyJIbTH-
IJIHKATHBHON equHmIeii e, A — paBHOMEpHO 3aMKHyTas f-mogaarebpa
Z(E), 1,...,an € E uy:={e,x1,...,on}. Ipeanonoxum, aro 3a-
mrHyTOoe mommuoxkectBo K C RN comepsxkur Alr]y,. Torma oTobpasxe-
aue h : ¢ — (-, x1,...,TN) €IHHCTBEHHBIH A-MOIYIbHBIN FOMOMOD-
¢musm u3 B(K,A) B E rakoit, aro h(I) = e u h(dt;) = x; (1 < i <
N). Bomee toro, h(#(K,\)) coBmagaer ¢ paBHOMEPHBIM 3aMBIKAHM-
eMm f-mogmonyns B E, mOpoXJIeHHBIM 3JIeMEHTAMH €,T1,...,TN, T. €.

h(%(Ka A)) = A<<6,m17 s ,Q'JN>>-
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MOJEJIUPOBAHINE COCYHIECTBOBAHIIA
BJIN3KOPOJACTBEHHBIX ITOMIYIAITNAN HA
IMPOCTPAHCTBEHHO-HEOJHOPOJHOM APEAJIE

A. C. Tyranosa', O. JO. Bepemeenko!

PaccmarpuBaercs cucrema muddepeHnna bHbIX YPABHEHUH, MOIe-
JIUPYTOINAsl PACIPOCTPAHEHHE TI0 KOJBIIEBOMY apeasy IBYX KOHKYPHUDY-
IOIIUX 33 eJAuHbIA pecypc p(x) 6IM3KOPOACTBEHHBIX HOILYJISIMIA:

i=—g +muf, f=1-"C pa)=er®,
p(x)
0 0
b= —dgtmf, 0= =% )

u(z,0) = up(z), v(z,0)=wvo(x).
MurpanmoHHble TIOTOKH ¢1, g2 YIUTHIBAOT Tuddy3nio:

q1 = —kiu' +upi(z,v), 1 =ai(lnv) + i(lnp), @)

G2 = —kov' +vpa(w,u), 2 = az(lnu) + Bz(lnp)".
Dyuxyu 7;(x), ki(z), o;(x) u 5;(x) onpeessoT COOTBETCTBEHHO Napa-
MeTpBhI pocTa, mudPy3un U MATPATTHOHHBIE KO(DDUITHMEHTHI IOy ISATIHIA.
s cucremnt (1), (2), ZOMONHEHHO YCIOBUAMY TEPUOIUIHOCTH, YKA3a-
HBI JBE JIEMMBI.

JIemma 1. Ilpu k; = o; + i, ¢ = 1,2 y cucremsr (1), (2) cymecrByer
cemericTBO cTanmoHapHBIX perrenmii u = yel(®) v = (1 —)et®) v € R.
Jlemma 2. Ilpu mke = m2k1, p1 = w2 = 0 cucrema mmeer KOCHM-

merpuio L = (nav, —n1u), KOTOPOii OTBEYaeT CeMeHCTBO CTAIIHOHADHBIX
peleHuii ¢ mepeMeHHBIM CITEKTDOM.

Boruncaurenbubie skcnepumenThl B cpene MATLAB noarsepauim
CYIIIECTBOBAHME YCTAHOBJIEHHBIX JJeMMaMu 1, 2 CTAITMOHAPHBIX PEIeHMIT.

Poccust, Pocros-na-lowy, FOsxusrit denepanbubiii yunsepcuTer.
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BAPUAHT BECCETOYHOT'O METOJ/IA BUXPEI1
B AYENKAX JJ19 AHAJIN3A IBYMEPHBIX TEUEHUN
HEBS3KOI HECZKIMAEMOII KINJIKOCTN

H. 0. Xacmarysmnal

TloBbimeHHBINT UHTEPEC MEXAHWKOB K M3YYEHUIO TJIOCKUX BUXPEBBIX
JBUXKEHUH WAEATHHON KUIKOCTH CBSA3AH C UX PA3HOOOPA3HBIMU TTPHUJIO-
KEHHSMU B 33/1a9aX THAPOSMHAMUKHN, TUHAMUKHA OKEaHa W aTMOCQepHI.
B nammoit pabore mpemsioykeH BapHaHT OECCETOYHOrO METOMa BHUXpeit
B dYefikax s pacyera JUHAMHUKNA OAapOTPOIHON >KHUIKOCTH Ha cdepe
¢ ygetom cuiabl Kopnosmca.

IlycTe B HAYAIBHBIN MOMEHT BPEMEHU B HEKOTOPOI obsactu D 3a1a-
HBI KOOpAUHATHI N KUIKAX 9aCTHI] ¥ 3HAYEHNE 3aBUXPEHHOCTH W B HUX.
Cunraercs, 9T0O 3aBUXPEHHOCTH II€PEHOCUTCH MACCHBHO KUJIKON 4acTu-
neit. JIng pacdera JMHAMHUKA KUJIKAX 9aCTHI] HEOOXOINMO PEIaTh CH-
cremy auddepeHInaIbHbIX yPABHEHMIA:

Ha kazx/10M BpeMeHHOM I1are MHTErPUPOBAHUS STOH CUCTEMBI HY2KHO
HAXOJUTH (DYHKIINIO TOKA 1) N3 YPABHEHNUS:

—Ap+ A%y =w+ l')/7”2,

2
rae v = const, r = y/x2 + y2, A% = const.

Takas 3amada MOXkKeT OBITh PACCMOTPEHA B PA3JUYHBIX 00JIACTSAX,
TPU PA3JIMIHBIX KPAEBBIX YCJIOBUAX HA (DYHKINIO TOKa 1. B nHacros-
el pabore 3ajada PacCMOTPEHA B TPSIMOYTOJBHOM KOHTeliHepe D =
{(z,y) : |z] < a/2; |y| < b/2} upu nepuopuyecKux KpaeBbIX YCJIOBUAX
Ha (yHKIHIO TOKA ).

st pertienust ypaBHEHNs, CBSI3BAIONIETO 3aBUXPEHHOCTh W W (DYHK-
IIUI0 TOKA ), UCTIOIH30BAJICS TPOEKINOHHbIN MeTos Byonosa — lanép-
knHa. OYHKINA TOKA ¢ PA3bICKUBAJIACH B BHIe OTpe3ka psga Dypoe:

4 kg ky

1
DI T IR

k=1 i=1 j=1

Poccust, Pocros-na-lowy, FOsxusrit denepanbubiii yunsepcuTer.

133



B kauectBe 6a3ucHbIx DyHKINH UCTOTB30BAJIACEH TIOJHAS CUCTEMA TPU-
TOHOMETPUYIECKUX (DYHKIHH, yIOBIETBOPSIONIAX KPAEBBIM YCJIOBUIM 3a-
Jla9d ¥ yCJIOBUIO HOPMUPOBKH.

Hewuspectubie k03¢ duImenHTs pa3aokenns (DyHKIUN TOKA 1) 3a70a-
FOTCST BBIPAXKEHUSIMU:

a/2 b/2
a?b?
5= E(w,y)dad
U 4m2(i202 + j2a2) + A2a2D? / /w(x,y)gw(x,y) Z ay,
—a/2 =b/2
L
a/2 b/2
1 gl
1 _ 1 2 32
woo—ﬁ / /w(x,y)gooda?dy—12A2 (a® + b*)Vab.
—a/2~b/2

150

OcHOBHaS CJI0YKHOCTH 3/1€Ch 3AKJII0YAETCS B BHIYUCIEHUN NHTETPAJIOB
IZ J1s1 HAXO0K IeHW 3TUX WHTErpaJsIoB obacth D pasbuBanach Ha Npoy
S9€EK TMPSAMOYTOJIBbHOM (DOPMBI, B KaXKI0M U3 KOTOPBHIX W ANMPOKCHUMU-
poBajlack MHOTOYJIEHOM TPeTheil CTemeHu ¢, (¢ — HOMep sSdefiKu), KO-
3¢ durmeHTs KOTOPOro HAXOAWINCh METOOM HAUMEHBIIAX KBAJAPATOB.
Bue sdeiiky 3aBUXPEHHOCTDH I0OJIATAJIACH TOXK/IECTBEHHO PABHON HYJIIO.
9TO MO3BOIUIIO AHAJATHIECKN BBIYUCIATEH MPUOIMNKEHHOE 3HAYEHNE WH-
TErpaJjoB IZ

Boutn npoBesennl TeCTOBBIE pPaCUeThl, KOTOPbIE MMOKA3BIBAIOT, UTO
[IpeJJIoyKeHHad 4YUCJeHHAad CXeMa pacyeTa JUHAMUKH KUJKAX YaCTUlL,
BO-MIEPBBIX, COXPAHAET YCTONYUBDBINA CTAIMOHAPHBII PEXKUM HA JTOCTATOY-
HO OOJIBIIIOM WHTEPBAJIE BPEMEHHU, BO-BTOPHIX, KAYECTBEHHO BOCIIPOU3BO-
JUT W3BECTHBIM aHAJINTUYECKUN Pe3yIbTaT.
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CUJIBHO PA3JIOYKUMAS TIOJIVTPVIITTA
JIMHENHBIX OTHOIIEHU

A. T. Ymes!

OcHOBHOIT pe3yIbTAT TOKJIATa — TEOPEMA O TIOCTPOEHUH CHIILHO Pa3-
JIOKUMOM TIOJIyTPYTIIBI JIMTHEHHBIX OTHOIICHUIA.
Iycrs X — 6anaxoBo npocTpancTBo. MHOXKECTBO JIMHEHHbIX (3aM-
KHYTbIX ) OTHOLIeHH Ha npocrpancTBe X oboznaunm LR(X) (LCR(X)).
ONPEAENEHUE. [Toayzpynnotl sunetinms omuoueHul Ha3bIBAETCs
dyHKIHSA
T:(0,00) > LR(X)

CO CBOMCTBOM
T(t + s)x = T(t) T(s)x, t,s>0,
ngig aoboro x € X.

ONPEAENEHME. Ilomyrpynmna 3aMKHYTHIX JUHEHHBIX OTHOIIEHWH T :
(0;00) — LRC(X) nasbIBaercs cuabmo pasdrovicumol, ecmm X = X_ @
Xy; X, Xy —unBapuantabl orHocuresbuo T(t), t > 0; 37— : (0;00) —
EndX_ :T_(t)r = T(t)z, t > 0, z € X_; 3T} : (0;00) — EndX; :
Ty(t)x = T(t) o, t >0, x € Xy, rae uepes EndX 0603HAYEHO MHOKe-
CTBO JINHEHHBIX OTPAHNYEHHBIX OMEPATOPOB Ha X .

OnpeENEHUE. ITycte A_, A — remeparopst moayrpynn T, T..
Torna zenepamopom noayepynnv, T HA3BIBAETCS OTHOIIEHHE

A=A_& (—44).

OnPEAENEHUE. OtHomenne A € LR(H) Ha3bIBAETCS HOPMAALHBIM,
ecim D(A) = D(A™); AA* = A" A, tne A* — conpsixkennoe K A oTHOITIE-
HIIE.

Teopema. Ilycts H — ruabsbepToOBO MIPOCTPAHCTBO H PE30JIbBEHTHOE
MHOxkecTBO p(A) HOpMasbHOro ynHeiinoro ornomenns A € LR(H) co-
J€PIKAT MHOXKECTBO

{AeC: a—y<Red<a+~},

1Poccus, Bnagnkaskas, FOMI BHIT PAH.
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JUIT HEKOTOPHIX a,y € R. Torma BepHBI CAEAVIONINE YTBEP>KICHHUS:
H=H dH @H, ;A=A ®A_ P Ay; nupuuem A0 = A0, onepa-
TOpbl A_, A} SIBJISIOTCSI HODMAJIBHBIMHA H SIBJISIFOTCSI TEHEPATOPAMH IO~
JIyTDYII HOpMaJIbHbBIX ortepaTropos 1, T kaacca Cy Ha HOAIPOCTPaH-
crBax H_, Hy cooTBeTcTBeHHO; OTHOINEHIE A SBJISIETCS T€HEPATOPOM
CHJIBHO PA3JIOKAMOI MOTyTpy NIl TUHEHHbIX oTHOMmeHn T'="T_@®T L
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Cexkus 11

MaTemMmaTnueckoe
MOJIeJIMPOBaHNIE






MATEMATNYECKOE MOJIEJIMPOBAHIE ITOTOKOB
BO3IYXA B 'OPOJICKOI 3ACTPOUKE C JJOMAMNI
OJIMHAKOBOI BBICOTEI

M. B. Bouuk!

B paGore mpoBomnTCS CpaBHEHNE PE3YJIbTATOB PACYETOB B JIByMep-
HOM W TPEXMEPHOM TPHUOIMKEHUH JIJisi OJHOTO BapHaHTa KOHQUrypa-
MM TOPOJICKOM 3acTpoiiku. Pacuernas objacTh mpaAMOyroabHOE ¢op-
MBI C PABHOMEPHBIM IMAroM 1 M OpeicTaBisger COOON THUIWYHYIO OIu-
HOYHYIO YJIWILy € JOMaMH OJWHAKOBON BBICOTHI TO e€e CTOpoHaM. B ka-
yecTBe Macirtaba IJIMHLI BHIOpaHa BHICOTA JOMOB, paBHas 15 m. Ilu-
pUHA YIUIBI TMPUHAMAJIACH PABHOMW OIHONW BBICOTE JOMOB, PACCTOS-
HHE OT BXOIHOW TI'PAHUIBI JIO TOABETPEHHON CTOPOHBI YJIWIBI — Jie-
CATH BBICOTAM, OT HABETPEHHON CTOPOHBI YJHUIBI 70 BBIXOJHOM Trpa-
HUIBI — JBAJIATH BBICOTAM, OT HUYKHEH TpaHWIBI pacyeTHON obJa-
CTH 70 BepXHell TPaHWIBl — IMIeCTH BBICOTAM. PaccTosHue 1o Tpe-
Thell KOOpJWHATE B TpexMepHOil 3amade cocrapmio 20 M. Pacuers
MPOBOWIACH € UCHOJIBL30BAHUEM CBODOHO PACIPOCTPAHAEMOTO TAKe-
ta OpenFoam npu mommepKkKe TpOrpamMmbl « Y HUBEPCUTETCKHUN KJla-
crep» (http://www.unicluster.ru) m ygajseHHOro IOCTyma K KOHCOJIW
HA YIPABJSAONIEM y3Ji€ BBIYUCIUTEIbHOrO Kaacrepa (2012), “BL2x220
Cluster Console,” https://unihub.ru/resources/bl2x220cc Web-mabopa-
ropuu Unihub (UniHUB.ru).

BoraucaurenbHbii 9KCOEPUMEHT TPOBOIUIICS JIJisi HHTEPBAIA BPEMe-
ar o1 0 10 100 c. (¢ marom 0,001 c¢.) ¢ HCHIONTB30BAHUEM CTAHIAPTHOTO
pemaresst pimpleFoam, K —e momenu TypOyIeHTHOCTH U TTPUCTEHOIHBIX
dyHKIMI B COOTBETCTBYIONIMX IPAHUYHBIX YCIOBUSAX [2].

PesynbpraThl pacdeToB MOKa3ayid, 9TO 3a YKA3aHHBIA MTPOMEKYTOK
BPEMEHU TEYEHWE BO3/YIIHBIX IOTOKOB CTAIMOHUPOBAJIOCH, MPUYEM
ObICTpee MpU TPEXMEPHOM MozenupoBanuu. Kpome TOro, B 3TOM CIy-
Yae BHYTPH YJWILI 00pa3yercs OJWH BUXPh W OJWH BUXPH B CJEIE 33
3aCTPOMKOI, BO3AyX B KarKJOM M3 KOTOPBIX NEPEMEIAETCA MO YaCcOBOM
cTpenike. B ciydae JByMEpPHBIX PACYETOB KAPTHUHA MEHSETCS He TOJIBKO
KOJINYECTBEHHO, HO W KAY9eCTBEHHO: BHYTPH YJIHUIBI 00pa3yercs BUXDb,
B KOTOPOM BO3JYIIHBIA MOTOK MEPEIBUTAETCS TIPOTUB YaCOBOM CTPEIIKH,

'Poccusa, Brnagukapkas, FOMIU BHIT PAH; Mockpa, ®UHAHCOBBI yHHBEPCHTET
upu IlpaBurenscree PO.
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a TI0 YaCOBOH CTpeJIKe TOTOK BO3/IyXa MEPEMEIIAeTCs B BUXPE HAJ Beeit
3aCTPOIKOM, KOTOPOTO HE OBLIO B TPEXMEPHOI MOIEIN, U B BUXPe OOIb-
1IIero BEPTUKAJIBHOTO pa3Mepa, ¥eM B TPEXMEPHOM pacdeTe, B CJejie 3a
3acTpoitkoit. ['opn3oHTaILHBIE Pa3MeEPbI BUXPS B CJie/le 3a 3aCTPOUKOi
coctapuan 130 M B ciydae ABYMEDHBIX PAcCYeTOB W 55 M — B Cjydae
TPEXMEPHBIX.

Pacnpenesienne ropu3oHTaIbHON COCTABILAIONIEH CKOPOCTH BO3IyXa
IIO BBICOTE JIOMa B OEHTPE YJIUIbI IIOKA3aJ10, YTO B 3aBUCUMOCTH OT Ba-
puaHTa pasMEpHOCTHA PACYETOB BO3/YyIIHBbIE ITIOTOKW BHYTPHU YJIULBLI IIe-
peMenalTca B TPOTUBOMOJIOXKHOM HANpPaBJIEHUHU, MIEHTPhI BUXPER pac-
TOJIATAIOTCST HA PA3HON BHICOTE — CEMb U JIeBATH MeTpoB. CKOPOCTH BO3-
BPATHBIX [IOTOKOB BO3/lyXa B yJUlle 3aHUKEHA B C/Iy4dae IBYMEPHBIX pac-
9€eTOB, &, IPUMEPHO, HA BBICOTE H—6 M HaJ KPBITIAMU JOMOB HAXOIUTCS
EeHTP BTOPOro BUXPA.

CpaBHeHre pacmpejiesienns TOPU30HTAIBHON COCTABJISAIONIEN CKOPO-
CTHU BO3/yXa ITO BBICOTE B CEUYEHNM, HAXOAAIIEMCS 38 3aCTPONKOI Ha pac-
CTOSIHMM, PaBHOM 1/2 OT BBICOTHI JOMOB, MOKA3aJI0, YTO CKOPOCTH TIO-
TOKOB BO31yXa B BerHeﬁ YJaCTH 3HAYUTEJIbHO OTJIMYA€TCA U B ClIy4dae
JBYMEPHBIX PACYETOB LIEHTP BUXPA PACIIOIAraeTCA BbIIe YPOBHA KPBbIIIL.

Takum 00pa3oM, IBYMEpPHBIE W TPEXMEPHBIE PACUETHI [JIsi OJHOW U
TOI YKe pacueTHO 00JIaCTH MOTYT MIPUBECTU K PABHBIM KOJIUIECTBEHHBIM
¥ Ka4ueCTBEHHBIM pe3yiabraram. OIHAKO, /JIs PAaCCMATPUBAEMON 3a1a4u
CPaBHEHUE DE3YJIbTATOB PACYETOB € IKCIEPUMEHTAIbHBIMU JaHHbIMU [1]
OKa3aJ10, YTO 3HAYUTEJIbHO TOYHEE Pe3yJ/IbTaThl pACYETOB B TPEXMEPHOM
IPUO/IMKEHIH.
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O MATEMATUYECKUX 11 KOMIIBFOTEPHBIX
MOJEJIAX ITP1 NCCJIEJOBAHNUN
KOHINPKY/IAPHO-TAPMOHINYECKIX CBOIICTB
KOHEYHOMEPHBIX METPUYECKUX TPYIIII JIA!

II. H. Knenukos?, O. I1. Xpomosa?

1. BBenenne

Ocobbrit uaTepec B aud hepeHnuaabHol TeOMeTPUN MPECTABIISIOT
koHgopmube TpeobpazoBanus. Cpenu HETPUBHUAIBHBIX KOH(MOPMHBIX
npeoOpa30BaHUil MOXKHO BBIJIEJIUTh T€, KOTOPHIE TIEPEBOIAT Te0Ie3ude-
CKHe OKPYKHOCTH B Te0JIe3MYEeCKrNe OKPYKHOCTH. Takwme KOH(OPMHbBIE
npeobpaszopanns Obltn onpenenensl K. dHo B [2], u Ha3BIBAIOTCS KOH-
mupKyasapabivu. Takzke K. ZHo BBeT B paccMoTpeHne TEeH30p KOHITUP-
KyJISPHO! KPUBU3HbI, ABJIAIONIAICS HHBAPUAHTOM JIAHHOTO MPeobpa3o-
BaHUS.

2. O6o3HaueHus n (pakThI

Iycrs (G, g) — n-mepuas rpynuna Jlu ¢ neBouHBapuanTHOI (11ceB-
110) puMaHoBoil Merpukoil. O6o3nauum uepe3 V ca3HocTs Jlepu-Husura,
gepes R(X,Y)T = VyVxT — VxVyT + Vix y)T — Tensop Kpupus-
ubl Pumana, gepe3 r = tr(V — R(V,X)Y) — men3zop Puuum u uepes
p = tr(r) — ckanspuyto kpuBnsny, rue X, Y, T, V — BeKTOpHbIE TOJIS
na G. Torga mensop KoHUUPKYAAPHOT KPUSUSHDL OTIPEICTIACTCA PABEH-
CTBOM

p
ZJ=-—R-—-—1r
R onln = 1) 9By,

rae
H@K(U17U;2, us, U4) -

= H(uy,u3) K (u2,uq) + H(ug,us) K (us,us)—
—H (u1,u4) K (uz,u3) — H(uz,u3) K (u1,us)

1PaBora mmmonmena mpm moggepxkke Comera mo rpamtam Ilpesmmenta P®,
rpaat HIII-2263.2014.1, IIpaButenscrBa P®, rockonTpakT Ne 14.B25.31.0029, Mu-
HHCTEPCTBA OOpaszoBamusi U Hayku P®, xox mpoekrta: 1148, a Takrke IPOrpaMMBbI
crparerndeckoro passutus @PT'BOY BIIO «Antl'Vy, npoekt Ne 2014.312.1.4.
2Poccusi, Baprayst, Anraiickuit roCy1apCTBEHHBIHI YHHBEPCHTET.
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— mpousBesenne Kynkapun-HoMmuazy, nim B KoopanHaTax:

Zhijk = Rnijr — L(gij Ghk — Gik Ghyj)-
n(n —1)

Ilo amamorum ¢ TeH30pOM KOH(MDOPMHON KPUBU3HBI HA30BEM TEH30D
KOHIIMPKY/ISAPHOH KPUBU3HBIL 2GPMOHUNECKUM, €CTTH BBIOTHAETCA YCJIO-
Bue div Z = 0.

Iycrs ganee G — Tpex(ueThipex)MepHas rpynna Jlu ¢ JeBonHBapu-
AHTHOH (IICEBJI0) PUMAHOBOM MeTPUKOiL, {g, [-.-]} — coorBercTByIOmAas aj-
rebpa JIu. Torga cymecTByeT B3anMHO OTHO3ZHAYHOE COOTBETCTBUE MEXK-
Jly MHOYKECTBOM CKAJIIPHBIX MPOM3BEJEHUI B (§ B MHOKECTBOM JIEBOWH-
BapUaHTHBIX (IICEBJO)pUMaHOBbIX MeTpuK B (. Bynem o6o3nauarb co-
OTBETCTBYIOILEE CKAJIAPHOE [IPOM3BE/IEHNE Yepe3 (-, ) U HA3bIBATD I1apy
{9, {-,-)} mempuueckol arzebpoti Jlu.

3. OcHoBHOII aJrOopUT™M

B permmennn 3a1a9n 06 HAXOXK IEHUY KOHEYHOMEPHBIX rpym Jlu ¢ jie-
BOMHBAPHUAHTHOI1 (IICEB/I0) PUMAHOBON METPUKON M TFaPMOHUYECKUM TEH-
30POM KOHIUPKYJIAPHON KPUBU3HBL MOYKHO BBIJIEJIUTD CJI€yIONIIEe OCHOB-
HbIE 3TaIlbl:

1) oTbICKaHNe KOMIOHEHT T€H30Pa KPUBU3HBI U 3HAUCHUS CKAJISPHOMN
KPUBU3HBI;

2) HaXOXKIEHWE KOMIIOHEHT TE€H30pa KOHIMPKYJIAPHONW KPUBU3HBI U
€ro JMBEepPreHIuy;

3) pewenue cucrembl ypasaenuit div Z = 0.

Pemenne 3a7aum HA KajyKJOM 3Tamne MTPOBOIAMIIOCH IO CJEYIOMEMY
aaroputmy. IlepBoHAYAIBHO CTPOUIACH yI00HAS /I BBIYUCIUTEIHHON
paboTh MOJIENTh MCCTeayeMoro obbekTa. Jlajee co3maBaiach mporpamMma
JUTsL peasu3alu B cucreMe aHaiautudeckux pacderoB Maple. Cnemyto-
Uit mar ObLI MOCBAIIEH AHAJIN3Y U UCTOJKOBAHUIO MOJIY 9€HHBIX PE3yJib-
taToB. Ilocse wero mesnascs BBIBOA O CTPYKTYPE U3y94aeMOrO OObeKTa U
0 BO3MOXKHOCTHU yTOYHEHUSA MOJEN.

Takum 00pa3oM, /I HAXOXKIEHUST KOHETHOMEPHBIX Tpym Jlu ¢ je-
BOMHBAPHUAHTHOI1 (IICEBJ0)PUMAHOBON METPUKOl M raAPMOHUYECKUM TEH-
30pPOM KOHIIUPKYJISIPHOM KPUBU3HBI HEOOXOAMMO B JIOKAJIBHOM crcTeMe
KOOPJMHAT PEeajnu30BaTh CJIeIYIONLYI0 CXeMY:
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3amaua:
HaiiTi KOMIOHEHTBI TeH30pa KPUBU3HBL (R k) U CKAJIAPHYIO
KpUBU3HY (p) JIEBOMHBAPUAHTHBIX (TICEBJIO)PUMAHOBBIX METPUK
HA KOHEYHOMEpPHO# Tpymme JIn

MaremaTudeckass MO/IeJib:
ik
pP=Tikg
jt
rik = Rijre 9’
S S S
Rijie = ¢ Vot = U5 Dise + T Dis e
s __ ks
i =Tijkg
Lije = 1/2(cijk — ¢jki + Ckij)
k
Cijs = Cij Gks)
2de cF. — cTpyKTypHbIE KOHCTAHTBI anreOpsl Jln
1] Y
gij — KOMIIOHEHTBI METPUYECKOIO TE€H30Da,
I'ij.x — cumBomer Kpucroddena nepsoro poaa,
S
I'?; — cmmpoant Kpucroddens sroporo poa,
g"® — KOMIIOHEHTHI KOMETPHUYECKOTO TEH30Da,
R;jit — KoMHIOHeHTHI TeHzopa Pumana,
T3k — KOMIIOHEHTBI TeH30pa Puaun,
p — CKaJspHas KPUBU3HA,
N — Pa3MEpPHOCTH Tpynmsl JIn

HpI/IMeHeHI/Ie cucremM KOMHbIOTepHOﬁ MaTeMaTUuKm:

1) mumem mponeaypy JUist OTBICKAHAS KOMIIOHEHT TEH30Pa
KPUBU3HBI U CKAJIAPHOH KPUBHU3HBI;

2) 3a71a€M MACCUB CTPYKTYPHBIX KOHCTAHT (cfj), METPHYECKUii
TeH30p (¢;;) ¥ HAXOAUM KOMIIOHEHTBHI T€H30Pa KPHBU3HLI
U CKaJIAPHYIO KPUBU3HY
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3amaua:

HaiiTiu KOMIOHEHTbI T€H30pa KOHIUPKY/IAPHONR KPUBU3HbI
KOHEYHOMEPHBIX TPy JIu ¢ JIeBOMHBAPUAHTHOM
(TCeB10) pUMAHOBO METPUKOIt

MaTeMaTI/I'-IeCKaH MoadeJIb:
Zhijk = Rhijr — L(sz Ghk — Gik 9hj),
n(n —1)

2de R;ji+ — KOMTIOHEHTHI TeH30pa Pnmana,
p — CKaJIsIpHas KPUBU3HA,
gij — KOMIIOHEHTBI METPUIECKOTO TE€H30DA,
n — pa3mepHOCTh rpymnmbl JIu

HpI/IMeHeHI/Ie cucremM KOMHbIOTepHOﬁ MaTeMaTUuKm:

1) numem npoueaypy JJisi OTHICKAHUsT KOMIOHEHT TE€H30Pa
KOHIIMPKYJIAPHON KPUBU3HBI;

2) UCTIONIb3Ys HANEHHbBIE BBIIE KOMIOHEHTBI TEH30Da
KPUBU3HBI U CKAJIAPHYIO KPUBU3HY, HAXOAUM KOMTIOHEHTBHI
TEH30Pa KOHIUPKYIAPHON KPUBU3HBI

3amaua:

Haiitn muBepreHnmio T€H30pa KOHIUPKYIAPHONH KPHBU3HBI
KOHEYHOMEPHBIX rpynn JIu ¢ JIeBOnHBAPUAHTHOM
(1ceB10)pUMAHOBO METPUKOI
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MaremaTnuyeckasd MogeJIb:
: st
(div 2)ijx = 9°° Zijr;ss

20e Z;jit,s — KOBapMaHTHAA MTPOW3BOIHAA TEH30PA
KOHIUPKYIIPHON KPUBU3HBI,
g"* — KOMIIOHEHTBI KOMETPHYECKOr0 TEeH30pa

HpI/IMeHeHI/Ie CHUCTEM KOMHBIOTepHOﬁ MaTeMaTuKu:

1) numem npouemypy JJis OTHICKAHUST KOMIOHEHT JUBEPTEHIIUN
TEH30pa KOHIUPKY/IAPHON KPUBU3HBL;
2) ucnoJib3ys HANJIEHHbIE BbIIIE KOMIIOHEHTbI TEH30DA

KOHIIMPKYJISAPHON KPUBU3HBI, HAXOIUM KOMTIOHEHTHI
JIUBEPTEHITAN

3amaua:

Pemmnts cucremy ypasrenuit (div Z);;, = 0 orHOCHTENBHO
CTPYKTYPHBIX KOHCTAHT

MaremaTudeckas MOeJIb:
(diV Z)ijk =0

rae (div Z);;, — KOMIIOHEHTBI JUBEPreHIIUU TEH30Pa
J
KOHITUPKYISIPHON KPUBU3HBI
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HpI/IMeHeHI/Ie CHUCTEM KOMHBIOTepHOﬁ MaTeMaTuKu:

Hcnonb3yst BCTPOEHHYTIO TIPOTEAyPy Solve, perraeM CHCTeMY
YPaBHEHUI OTHOCUTENHHO CTPYKTYPHBIX KOHCTAHT
¥ HAXOIWM WHTEPECYIoIne HAC rpymmsl JIun

4. TpexmepHnble rpynmns! JIu ¢ jileBomHBapuMaHTHOM
(11ceB10)pUMAaHOBOI METPHUKOM M rapMOHUYECKUM
TEH30POM KOHIIMPKYJISPHOU KPUBUA3HBI

IIpu momomu ONUCAHHOTO AJITOPUTMA W TTAKETa CUMBOJIbHDBIX BBIYHC-
Jenwnii cpeasl Maple mosydena KjaaccuduKamys TPEXMEPHBIX TPy JIu
C JIEBOMHBAPUAHTHOMN (TICEBJI0)PUMAHOBOW METPUKON M rapMOHUYECKUM
TEH30POM KOHIIMPKYJISAPHONW KPUBU3HBI.

Teopema 1 [3]. IIycte G — tpexmepHas rpymna JIn ¢ JieBouHBa-
PHAHTHOH pHMAaHOBOH MeTpukoii. TeH30p KOHIMUPKYJISIPHOH KPHBH3HBI
SABJISIETCS TapMOHHYECKHM HA (G B TOM H TOJIBKO TOM CJIydae, €CJIU Bbl-
MOJIHSIeTCST OJJHO U3 YCJIOBUI:

1) Yaumonynspupni cay4aii. Anrebpa JIu rpymsr G umeer oqun u3
caeyromux Tanos: 6o su(2), 6o e(2), mbo R, u neBonnsapuanT-
Hasl pUMAHOBA METPUKa F'OMOTETHYHA CTAHAAPTHON (T. €. CTPYKTYDPHBIE
KOHCTAHTBI ajirebpel JIu paBHbI MexKy cObOI);

2) HeynumonyJsipapli cay4aii. G — rpynna Jlu, u crpyKTypHBIE KOH-
CTAHTBI ee ajareOppl JIu UMEIT OHH H3 CJIAEYIONUX BH/OB:

1)C<1 _17) v ER,

_ A2
2)C<1i 1—n

gl
, e |-1;1].
g 1¥\/1—72) el

< Paccmorpum tpexmepnyio yHumomyssapuyio rpymnmy Jlu G ¢ je-
BOMHBAPUAHTHOW PUMAHOBON MeTpuKoit m anredpoit Jlu g. Ucmons3ys
ya00HbIi Juis Bbramcsienuit 6asuc (cM. [1]) 1 npumeHsst ajaropurM, omu-
CaHHBIN B pazjiese 3, HAlEM CYIIeCTBEHHbIE KOMTIOHEHTHI TeH30pa KOH-
UPKYJIspHOH KpuBU3HBL. B dacTHOCTH,

p 1 2, 1 1, 2 1,
Z = — = =MX3)y — =\ =3\ =5 — =X\ -
2121 R2121+6 332 33+331+32 321+31,

146



IOCKOJIBKY

1 3., 1 1, 1 1,
= —A3Xa — =\ — A3 X9 — =X\ -\
R212123243+231+42 221+41,

1, 5 1., 1 4
p= 5)\3 — AzA2 + §>\2 + §>\1 — A3A1 — A2Aq.

AHajoruyHoO mosydaem

1 2 1 1 2 1
Z3131 = §>\3)\2 - §>\3 + g)\zh + g)\g - g)\3)\1 + g)\%,
1 2

1 2 1 1
Z3930 = §>\3>\1 - 5)‘% + XA + g)\g — ZX3)e + §A§

3 3
Broruncnisis KoBapuaHTHBIE TPOU3BO/IHBIE TEH30pa KOHITUPKYJIAPHONH KPU-
BU3HBI, OlIpejieigeM HeTpUBUAJIbHbIE KOMIIOHEHTHI €0 JINBEPIeHIINH.

B wactHoCTH,
div Z213 = Zo131;1 + Zo132,2 =

(A3X2 — A3A1 4+ A3 — 203 + M50 — XAl + A9)

N | =

TaK KaK
1
Zo131;1 = *§(>\32>\2 — A3+ 20070 — AP+
+ s = 208% A1 + s hi? — Aol ®),

1
Zo139.0 = —5(2A2A12 D YO TRED VLT Vep W
+ 3% = 20372 + A3 — MPA),

Z2133;3 = 0.

Ananoruuno HaxomuMm
. 1 1 1 1 1 1
div Z319 = —5)\3)\3 — 5)\%)\1 + )\g — 5)\§ + 5)\%)\1 + 5)\3)\% — 5)\?,

1 1 1 1 1 1
div Z391 = 5)\3)\% — )\? + 5)\2)\% — 5)\3)\2 + 5)\§ — 5)\3)\% + 5)\%

Pemas cucremy ypasuennit (div Z);jr = 0 OTHOCHTEIBHO CIPYKTYP-
HBIX KOHCTAHT A1, A2, A3 aiareOpsl Jlu g, moxydnm

>\2:>\3; )\1:>\3; )\1:)\2;
WIn WIn WIN A1 = Ay = A3.
>\1:03 )\2:03 )\3:03
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Ucnonb3yst aHAJIOTWYHBIM AJIFOPUTM, TPOBEIEM BBIUNUCICHUS JIJIst
HEeyHUMOJLYJIAPHOro ciaydas (nogpobuee cm. [3]). Teopema nokazana. >

Teopema 2 [3]. IIyctb G — tpexmepHas rpymna JIn ¢ jieBonHBa-
PHAHTHOI JIOPEHIIeBOI MeTpuKoii. TeH30p KOHIUPKYJISIPHOH KPHBH3IHBI
SABJIAETCsS TapMOHHYecKuM Ha G B TOM H TOJIBKO TOM CJIydae, €CJIU Bbl-
HOJIHAETCA OJHO U3 yCJIOBHIL:

1) Vuumoxynspusiii ciaydaii. Aarebpa Jlu rpynmer G umeer Tum
su(2), e(2), e(1,1), sl(2, R) mmr R3.

2) Heynumonysipapli caydaii. G — rpynna Jlu, u crpyKTypHBIE KOH-
CTAHTBI ee ajareOppl JIu UMEIT OQHH U3 CJAEYIONUX BH/OB:

Acosep Asing 0

1)C=|-Asing Acosep 0],
0 0 0
A#£0, p#7nk, keZ,
0 0 0
2)C=1{Xx 0 0], X#0,
0 0 O
0 X0
3)yC=(0 0 0, X#O0,
0 0 O

o

p q O
4hC=1t 0 . qF#t,
(0 0 0)

0 g O
5C=(0 0 0|, q#0,
0 0 0
0 0 0
6)C=[t 0 0], t#0,
00 0
p q O
NC=|-q —p 0|, q#0
0 0 0
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Ilprvaem MeTpriecKHii TEH30D JOIXKEH HMETH CJAEIYVIONIHI BHI:

(a—c):

10 0
g=[0 1 o],
00 -1
(d):
0 0 -1
g=(0 1 0],
-1 0 0
(e-g):
1 0 0
g=[0 -1 0
0 0 1

< JlokazaTeabCTBO OCHOBAHO HA MCIOJIH30BAHUN YIO0OHOTO [IJIsT BBI-
gncsennii 6asuca (cM. [7]) ¥ NpUMeHNH aaropuTMa, OMMCAHHOTO B Pa3-
nesie 3 (oapoGHee cwm. [3]). >

5. YerbipexMmepHbIe Tpynnbl JIu ¢ jieBOoMHBapMaHTHOM
PUMaHOBOI METPUKOW M TApMOHUYECKUM TE€H30POM
KOHIIUPKYJIAPHOM KPUBU3HBI

Teopema 3 [4]. IIycrb G — BelecTBeHHAST YETHIPDEXMEPHAS yHHU-
MOIyJAsIpHAs Tpynma JIn ¢ JIeBOHMHBaAPHAHTHOH PHUMAHOBOI METDHKON 1
aarebpoii JIu g. Torma divZ = 0 B TOM u TOJBKO B TOM CJIydae, €CJIH
asarebpa JIu g u ee CTPYKTYypHBIE KOHCTAHTHI COAEpKaTcs B Tabmie 1.

Tabauna 1

YeTbIpexMepHBIE YHEMOAYJISIPHBIE aareopsr Jlu
C TApPMOHHUYECKUM TEH30POM KOHITUPKYJISIPHOU KPHBU3HBI

Ne| Anrebpa JIu | HemyseBble CTPYKTypHBIE KOHCTAHTHI
1| 4A;

2| Az P A1 021’3 =c, 012’3 =—c,tae c>0

3

Asz9 © Ay C}, =a, Cfy = —am, C] ; = a(m? + 1),
C2,=—-a(m?+1),tnea>0

< JToKa3aTeabCTBO OCHOBAHO HA MCIOJIB30BAHUU yAOOHOTO It BbI-
gucennii 6azuca (cM. [5]) ¥ OpUMEHHH ANTOPUTMA, OIMHCAHHOTO B Pa3-
nerne 3 (moapobuee cM. [4]). >
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Teopema 4 [4]. Ilycts G — BelecTBEHHAST YETHIPEXMEDHAsT HEYHH-
MomynsipHass rpynmna Jlu ¢ JleBOHHBapHAHTHOH DHMAHOBOH METPHKOH H
asrebpoii JIn g. Torma divZ = 0 B TOM # TOJIBKO B TOM CJIydae, €CJId
asrebpa JIu g u ee CTPYKTYpHBIE KOHCTAHTHI COAEPIKATCS B TAOIHIIE 2.

Tabauna 2
YeTsIpexMepHbIE HEYHUMOAYISIPHBIE aIreOpst Jlu
C TApDMOHUYECKUM TE€H30POM KOHIIUPKYJISAPHON KPHUBU3IHBI

Ne| Anre6pa JIu HenyneBrle CTpyKTypHBIE KOHCTAHTEI

1| A2 ®2A; Cf2:a,r;(ea>0

2| 249 Cfgza,0§4:g,r;(ea>0,g>0

3| A33® A Ci;=Ci,=a,rtmea>0

4| A5,9A41,>0 Clis=C35=dl, 021’3:—Cf3:l,r,u;el>0

5| Ap: cl,=0C2,=C3,=1tnel>0

6] AJg, a#0 Cl,=al,C3,=-1,C2,=1,tne 1l >0

7| AL, >0 Cl, =0C3, =C3, =al, C5, = -C3, =1,
el >0

8 A}lg 0114:0213:2(1,C§4ZC§4ZQ,Fgea>O

91 Ag C}A = 2C§,4 = 2022’4 = 2aa, 021’3 = 2a|al,
C§4=70374:a,rnea>0

10 A4712 01173 = 02273 = a, 01174 = 02274 = b, 021’4 = *Ci4 = d,
rne a>0,d >0

< JJoka3aresbCTBO OCHOBAHO HA MCIIOJIB30BAHUU YJI0OHOTO JJIs BbI-
gucnennii 6azuca (cM. [6]) ¥ OpUMEHHH ANTOPUTMA, OMHCAHHOIO B Pa3-
neine 3 (moapobuee cwm. [4]). >
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PACYET OBJIACTEN ITAPAMETPOB, JOITYCKAIOIIINX
COCVYIIECTBOBAHIE KOHKYPUPYIOIINX BUIOB

M. I. Kpyraukos!

PaccvaTrpuBaeTca Mozesmb pacmpocTpaHeHUs KOHKYPHUPYIONINX 33
€JINHBIN pecypc TMOMyJANuil HA HEOTHOPOJHOM apease. Ias cucTtembr
HEJIMHEHHBIX Mapab0OINnIeCKuX YPABHEHNUH C TepEMEHHBIMU K03 PUITHEH-
TaMU IIPOBEJAEH MATEMATHYECKUI U YUCJIEHHBIN aHAJINU3 CLIEHAPUEB yCTOM-
YUBOTO COCYIIECTBOBAHUS BUIOB. B UNCIEHHOM 3KCTIEPUMEHTE Ha, OCHO-
B€ METOJa MPAMBIX ITPOAHAIN3UPOBAHO Pa3pylIeHHe KOCUMMETPUN JIJIs
CHUCTEMBI JIBYX OJM3KOPOICTBEHHBIX TOMYJSIUN HA KOJBIIEBOM apeasie.
Paccanranbr obsiactu 3nadenwuii mapaMeTpoB POCTA, COOTBETCTBYIOIINX
ClleHapuAM BbI2KUBAHUA U COCYIIECTBOBAHUSA BUJOB.

Mopnenb 3anuchiBaeTCs B BHUJE CUCTEMbI HEJIMHEHHBIX yPaBHEHUN
mapaboJuIecKOro THUMA OTHOCUTEIBHO ILJIOTHOCTEH MOMyJanuii w; =
wi(z,t),i=1,...,M:

M
. 1 m

Wi = k;wy + 0w f, lefp—mi w; (1)
i=1

Kosddbumnuentor auddysun k;, pocta 1; u pecypc P SBISIOTCS MOJIOXKH-
TeTbHBIMU (DYHKIHUAMHA TPOCTPAHCTBEHHON mepeMenHoi x. Oyuknnsa f
OTIHMCHIBAET YMEHbBIIEHUE TPUPOCTA TOMYIANUH TPU TPUOIUKEHUH TLIIOT-
HOCTEl K MpeiesIbHbIM 3HAYEHUsAM, CIy4aii m = 1 oTBedaer JorucTude-
ckomy 3akony. Touka orBeuaer auddepeHImpoBanuio 1o ¢, a MTPUX —
mo x. 3ajiava pacCMaTPUBAETCS C YCIOBUEM TIEPUOINTHOCTH M HAYAIb-
HBIMU YCJIOBUSIMU:

w;i(0,t) = wi(a,t), ki (0)w(0,t) = k;(a)w(a,t), (2)
wi|t:0:wio(x), iZl,...,M. (3)
JloKa3aHbl JIEMMbI OIIPEJIE/IAIONINE COOTHOIIEHHA HA IAPAMETPBI, IIPH

KOTOPBIX CYIIECTBYET HEPEPHIBHOE CEMENCTBO PEITEeHNH.

JIemma 1. Ilpu nocrositaHON Ha apeajie ¢yHKuHN pecypca P(x) =

Py = const u u1st npon3BoJIBHBIX K03dduimentos k;(x), n;(x) B crucre-

Mme (1)—~(3) mmeercss GeCKOHEUHOE HICIO CTAIHOHADHBIX DEINeHHIT W; =
const M gm = pm
, YZIOBJIETBOPSIIOIHX YCIOBHIO y ., W) = Py".

Poccust, Pocros-na-lowy, FOsxusrit denepanbubiii yunsepcuTer.
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JIlemma 2. IIpu mocTossHHBIX KO3 DUIIEHTaX POCTA 1); H BBITOIHE-
mun coorHomernnit k;(x)n; = kj(z)n;, 1 <1 < j < M cucrema (1)—(3)
JLsl IPOH3BOJILHOIO pecypca P(x) obaanaer suneiinoii kocummerpueii

-1 M
TL:(Ela"'agn)a SJ:*ZUszJF Z njws.
i=1

i=j+1

B ormnuume ot ciydasi cuMMeTpun, KOCHMMETPUS MOPOXKIAET Perre-
HHUE C IEPEMEHHBIM CIEKTPOM YCTOWIHUBOCTH.

JIj1s1 MHTErpupOBaHUs CUCTEMbI TTPUMEHSIETCSI METOJ TPSIMBIX U Me-
tox, Pyure-KyTrsl, unciennas cxema ommcana B [1]. OCHOBHO# Ties1b0
OBLITO ONMpeJeJIEHUE YCJIOBHUil, TP KOTOPBIX MOy YAIOTCS PEIEeHUs B BU-
JIe YCTOWYIUBO COCYMIECTBYIONIUX TOMysiuii. [jisi 9TOr0 mpuMeHsics
METO/I, KOTOPBIH 3aKII0YAETCS B ONPEIETEHUNA KPUTHIECKUX 3HAYCHUN
MapaMeTpoB, MPHU KOTOPHIX TEPSIOT YCTONYMBOCTH PEIEHHs, COOTBECT-
BYIOIIME BBI?KNBAHUIO TOJHKO OJIHOM TIOMYJISIINN.

AwanusupoBasics ciaydail TOCTOSHHBIX KodhdunmenTos auddy-
3un ki, ko, pocra 1 u nepemernnoro KoadgduimenTa pocta ny = 19 +
N1 sin(27x/a). Ilpu onpenesieHHBIX 3HAYEHUSAX [IAPAMETPOB POCTA 7)1,
720, Mo1 HAOJIOIAETCS cocylecTBOBanme nonyasaiuii. Ha niockocTn ma-
paMeTpoB 71 ¥ 721 HaiiAeHbI 006JACTH 3HAYEHUH, TIPH KOTOPBIX B CHCTe-
me (1)—(3) peanusyoTcst pa3MuHbIe CHEHAPUY BHIKUBAHUS TOMYJISIAIA.
Ozna 0baacTb OTBEYAET BHIKMBAHUIO HOILYJIsALmii w1 (, 1), Apyras — Bbl-
JKUBAHUIO Wa (2, 1), a TPeThbs — COCYNIECTBOBAHUIO nony snuii. ['panuna
MeXKIy TepBOil n TpeTheit obmacTsaMu OblTa HAAEHA TIPHU TOMOIIN aHa-
JIM3a HeyCTOWYMBOCTH pernennsi (wip,0), & TPAHWIA MeXKIy BTOPOH u
TpeTheil 00JIACTSIMI COOTBETCTBYeT HeycroitunBocT perntenust (0, wag).

JIutepaTtypa

1. Bygsuackwmit A. B., Kpyriukos M. I'., [lubymua B. I. Yuciennoe ucciaesoBaHue
COCYIIeCTBOBAHHS MOMYJIANMH B OQHON SKosoruyueckoil Hume // Bectn. JlonCcKOro
roc. TexH. yu-ta.—2014.—T. 14, Ne 2.
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AJITOPUTM OIITUMUBAIINN
KOHCTPYKIII MEJIBHUIIBI

JI. T. Munacsan!

IIpomecc u3menbueHrsT MATEPHUAJIA B KOPIyCe IEHTPOOEKHONU MeJIh-
HUIIBI BEPTUKAJIBHO TUTIA HA CETOMHSAIIHUN IeHb U3YUYeH HE JOCTATOTHO
xoporo. Q4ueBuIHO, 9T0 HAUOOJIbINNE yIAPHbIE PAa3pYyIIeHUs W HAKOI-
JIeHUE YCTAJOCTHBIX IOBPEXK/IEHU! B MaTepuaje MPOUCXOIUT B 00/1acTh
HEITOCPEICTBEHHOTO0 KOHTAKTA MaTepuasia ¢ pebpamu poropa. ¥ Bejndn-
Basi PA3HOCTh CKOPOCTEH MEXKIy pedpaMu M MAaTEPUAJIOM 33 CUYET CHU-
JKEHHUsI CKOPOCTH MaTepHUaJIa MPHU MOCTOSHHON CKOPOCTH pebep MOXKHO
J0OUTHCs BObINEH MPOU3BOJAUTETBHOCTH MEJbHUIIBI. JTO JIEKHUT B OC-
HOBE BBIOPAHHOTO CIIOCO0A yCOBEPIIEHCTBOBAHUS KOHCTPYKIIUU IEHTPO-
6exxHOM MebHUIBL. C IPYroil CTOPOHBI, CAMIITKOM HU3Kasi CKOPOCTh JIBH-
JKEHUsSI MaTePUAJIa B KOPITyCe MEJIbHHUIIBI OyIeT MPUBOAUTH K XYIIIEMY
TEPEMEITTHBAHUIO MATEPUAJIA, U €r0 MePen3MebISHNTO.

Il OueHKH pe3yJabTaTOB MOIEIUPOBAHWS MPOIECCOB B KOPITyCe
MEJIbHUIBI UCIIOJIB30BAJICH CJIEIYIONIUI aarOPUTM:

1. UnrerpupoBarb B KOMIBIOTEPHYIO MOJEJIb U3MEHEHUsl (BbIPE3bI,
KOJIBIIA.

2. OueHuTHh CPEIHIO ¥ MAKCAMAJIBHYIO CKOPOCTH JIBUXKEHUS MaTe-
puaja B KOPIIyCe MEJbHUILI C M3MEHEHUSIMH.

3. Ecsin cpemusis CKOPOCTb [BUKEHUSI MATEPHUAJIA CIUIIKOM Maja —
BHECTH W3MEHEHUsS B KOHCTPYKIUIO C T€M YTOObI YMEHBIIUTDh BJIMSHUE
BHECEHHBIX U3MEHEHUMN.

4. Ecsn 3amejienus cpeabl B 00J1aCTH POTOPA HETOCTATOYHO — BHE-
CTH U3MEHEHWS B KOHCTPYKIIUIO C T€M, YTOOBI YBEJIMYUTD BJIMSHUE BHE-
CEeHHBbIX U3MEHEHUIA.

5. Ecsin mosydensl y10BI€TBOPUTEIBHBIE PE3YIBTATHI i CKOPOCTH Ma-
Tepruasa yMEHbINNIACh, HO HEIOCTATOYHO /IS IPEKPAIIEHUs [T€PEMEIIIr-
BAHUs MATEPHUAJIa, TO MEepeiiT K mmary 7.

6. IlepeiiTn k miary 2.

7. 3aBepiienwe.

Boibop mHambosee onTHMANBHBIX CKOPOCTEHl IBUKEHHUS MATEPHUaIa
MIPOBOIAJICH SMIIUPUIECKUM IIyTEM.

1Poccust, Bnagukaskas, FOMU BHI] PAH.
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ABYMEPHAA MOJEJIb KUITAIIET'O
I'PAHYJIMPOBAHHOT'O CJIOA

H. C. Opaoga'!

Kunsiuii (11ceB100KMKEeHHDIH) 1 BUOPOKUNANIMA CJI0M TPAHYIUPO-
BAHHBIX MATEPUAJIOB OYEHb YACTO HCIOJB3YIOTCSA TPH OYNCTKE TA30B,
CYIIIKe U CeMapupOBAHUU 3€PHOBOTO MATEPUAA, & TAKKE B XUMUIECKON
TEXHOJIOTUH, TaK KAK 3a CYeT YBEJUYEHUs IIOIMAIN KOHTAKTA MEXKJLy
ra30Boi U TBEPAOH (hba3aMu 3HAYUTETHHO YCKOPAIOTCS TTPOIECCHI TEII0-
¥ MACCOTIEPEHOCA MEXK/y Ta30M U YaCTUIIAMU.

B pabore uccieayercs Kunsimmii CJI0i TpAHYJINPOBAHHOTO MaTEPUA-
na. UccrenoBanue OCyIIECTBIISIIOCh € UCIOIH30BAHUEM CBOOOTHO Pac-
MPOCTPAHSIEMOrO MAKETA JIJisi PEIeHUs] TPUKJIATHBIX 331349 THAPO U
aspomexanuku OpenFoam mnpum mozmepkke Tporpammbl <Y HUBEPCH-
TETCKUI KJIACTep» C YIAJEHHBIM JIOCTYHOM K KOHCOJIM HA yIPABJIs-
IOIEM y3Jie BBIYUCIUTEIbHOrO Kiactepa BL2x220 (2012), “BL2x220
Cluster Console,” https://unihub.ru/resources/bl2x220cc Web-nabopa-
ropuu Unihub (UniHUB.ru). Berauciurensabiii knacrep BL2x220 co-
cronT w3 12 BBIYHUCIUTETBHBIX Y3J0B, MOCTPOEHHBIX Ha 0Oasze HP
BL2x220, kaxX It 13 KOTOPHIX BKIIOYAET B ceOs: 2 cepBepa, Mo 2 mpo-
neccopa Intel Xeon CPU E5670 @ 2.93GHz B xazkaom; mo 24 GB RAM
B kaxkaoM; o 250 GB SATA HDD B kaxgoMm. BeraucanreabHbie y3JIbl
o0beIuHeHbl BhICOKONpOou3BoauTebHOM cerhio Infiniband QDR. Kia-
crep paboraer nox yupasieaueMm OC Linux CentOS 5.4 (kernel 2.6.32-
358.6.2).

HNcnonwzoBaica pemarens twoPhaseEulerFoam, B koTropom peanmnso-
BaHA JBYXKUJIKOCTHAS MOJIENb KASIIETO (OKUKEHHOTO) CJIOsI Ha OCHO-
B€ KOHTUHYaJIbHOIO 10x0/a (noaxoxa Ditiepa), mpu KOTOPOM JBHKE-
HHUE CJI0s PACCMATPUBAETCA KAK JIBUXKEHWE JBYX B3aMMOIEHCTBYIOIINX
KOHTHHYYMOB, CBSI3aHHBIX € ra3doM u dactunamu. OCHOBHbIE ypaBHEHWs
JBYXKHUJIKOCTHOW MOJE/N — yPABHEHWS HEPA3PBIBHOCTUA U yPABHEHWS
KOJINIECTBA ABMKeHus /st obenx ¢das [1-3].

3amada pemasiack B JIByMepHOM mpubsmxkenuu. lIpenedperaioch
BJUSHUEM TIepegHeidl W 3aIHell CTeHOK PAaCYeTHOH 00JACTH HA IMPOIECC
OXKUKEHUS.

1Poccus, Bragukaskas, FOMIU BHII PAH; Mocksa, ®PUHAHCOBLIH YHHBEPCHTET
upu IlpaBurenscree PO.
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Pa3zmepst BerancnTebHOM 00acTy: Boicota — 1 M, mupuaa — 0,4 M,
rosmuaa — 0,02 m. Ob6miee Bpemsi pacueroB (peanbHOe BpeMsi) — 5 C.
IIpu 5TOM HCHOIB30BAJICS WAr 110 BpeMenH, pasubii 1 - 1074 c. Illar no
koopaunare x paset 0,005 M, mar o kKoopaunate y — 0,005 M.

s nosbimenus 3(M@EKTUBHOCTH UCTOIB30BAHUAS KOMITBIOTEPHBIX
PECYPCOB TIeIeCO00PA3HO CPABHUTE 3aTPATHI MAITUHHOTO BPEMEHU TpPU
HCIIOJIb30BAHNAY PA3HOTO KOJIMIECTBA BHIYUCIUTEIbHBIX s/1ep. B cBsa3u ¢
3TUM MPOBOJUJIOCH paclapasleIMBaHue BhAUCcAeHui Ha 2, 4, 8, 12, 16,
24 u 36 sapax. Pe3ynbprarsl pacieToB CPABHUBAJINCH C PACIETAMU, TTOJTY-
YEHHBIMU HA OHOM sipe. [Ipu pacnapasiienmBanuu pacdernas 001acTh
pasbuBaeTcsi Ha HECKOJBKO TMomobJacredi (IOMEHOB) B COOTBETCTBHH C
KOJIMYECTBOM 33/1aBaeMbIX siziep. Ha KaXk/0M BPEMEHHOM CJIO€ TTPOUCXO-
JIAT «CIMABAHUE» PACUYETHBIX JAHHBIX HA IPAHMIIAX TOMEHOB. B cBsi3u ¢
TUM Pe3yJIbTATHI, IOy YEHHBIE P PACIAPAIIIETUBAHIT HA PA3THIHOM
KOJINYECTBE siI€P, MOTYT HEMHOTO OTIMYATHCH.

HawumMenbmme 3aTpaThl MAaIMHHOTO BPEMEHW B JIBYMEDHOM CJIydae
HAOJIIOAOTCS TIPU WCIOJIH30BAHUN IBEHAMNATH Tporeccopos. OmgHako,
B CBSI3H C T€M, YTO I0JIb30BATEJII0 TEXHOJIOINIECKOH 111aT(HOPMBI IIPE/I0-
CTaBJISIETCS BO3MOXKHOCTH OJHOBPEMEHHOT'O PacyeTa TPeX 3aJad C pac-
rapaJiieiuBanueM Ha 8 miam 12 sdxep, TO ¢ MPaAKTUYECKON TOYKHU 3pe-
HUS [1€71eCO00Pa3HO MCIOIH30BATh B pacdeTax pacrapaJiienBanne Ha
8 da/ep, TaK KaK Pa3HUIA BO BPEMEHW PAcUeTOB MexX1ay 12 m 8 amgpamn
cocrapiisier opsaka 10 munyT. Caumkom GOIBIIOE BpeMsi PACIETOB ITPH
ucnoib3oBannu 16 mporeccopoB u 6oJiee MOXKHO OObSACHUTH OOIBITUMUA
3aTparaMy BPEMEHHU HA MEPECHhLIKY JAHHBIX MEXKIY MOJ00/IacTaMu Pas-
OuneHwusi.

Takum 00pa3oM, MOKHO CeJIaTh BBIBO, 9TO [IJisi COKPAIIEHNUS Bpe-
MEHHU PACYETOB U UCIOJIb30BAHUS SIJIEP CYIEPKOMITBIOTEPA B PAMKAX JIBY-
MePHO# 3a/a49u ONTUMAIBLHO PACIAPAJJIEIMBATH BHIYUCICHUSA HA 8 PO-
IIECCOPOB.

JIutepaTtypa
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O MPUMEHEHNU ITAKETOB CUMBOJIbHBIX BEIYCJIEHIIT
B NCCJIEJOBAHNN KOH®OPMHO ITOJVYIIJIOCKIX
PIMAHOBBIX MHOT'OOBPA3UI PABMEPHOCTN 4!

C. B. ITactyxoBa?, O. II. XpomoBa®

Ilycts ma KommakTHOM MHOrooOpasum M" ompeneneHa CBA3HOCTH
Jlepu-YUupurra V orHOCHTENbHO MeTpHKE ds® = g;; dx'da’, 3amannas
B JIOKa/bHOM cucreme koopaumar {z', 2%, ..., 2"} cBomvm koadumu-
eHTaM" {I’Z} — cumBosamu Kpucrodpdens sroporo poga V 2 % =

xt

k _0
L% 2
Taxk>ke mycTb HA MHOTOOOpa3un M" HOMOJTHUTETHHO OMPEICIEHA, PU-
MAaHOBa MeTpHKa d5° = g;j dz'dz’. Torna mo amanoruu ¢ CHMBOJAMH

Kpucropdens Broporo pomga MOXKHO ONPEIETUTH TEH30D aeOPMAIITI
CBSI3HOCTHU )
k _ ~—ks(= — —
T = 59 (Gsjii tGisj — Tijs)s
rae g — marpuna o6paTHas K Jij» 2 J;j,s — KOBADHAHTHA: IPOU3BO/HA
_ —k &
g;; oTHOCHTENbHO cBsi3HOCTH V. Herpyano nposeputs, uro I';; = I +
=k

T;;, rae I’Z-j — cumBosamu Kpucroddens BToporo poja st METPUKH
g;j- st TeH30pa KpUBU3HBL

— oy —4 = oy, —g=
4q li q =P ki q =P
Firi = P Ll = dxt r

MEeTPHUKE g;; mosxyauM dopmyrty (cMm. moxpobuee [3])

lp~ ki

! _ pa q
Ripi = R + Qs (1)
rie R, — TeH30p KpUBH3HBI CBS3HOCTH V, 1
a _ qq q p q qrpp
Qui = T T Ty Ty — Tigy — 11 This (2)

KOTOPBIit, crenyst [4], Ha30BeM TeH30pPOM KPUBU3HBI METPHKH (;; OTHO-
CUTEJIbHO CBA3HOCTHU V.

1PaBora mmmonmena mpm moggepxkke Comera mo rpamtam Ilpesmmenta P®,
rpaat HIII-2263.2014.1, IIpaButenscrBa P®, rockonTpakT Ne 14.B25.31.0029, Mu-
HHCTEPCTBA OOpaszoBamusi U Hayku P®, xox mpoekrta: 1148, a Takrke IPOrpaMMBbI
crparerndeckoro passutus @PT'BOY BIIO «Antl'Vy, npoekt Ne 2014.312.1.4.
2Poccusi, Baprayst, Anraiickuit roCy1apCTBEHHBIHI YHHBEPCHTET.
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IIpu nenernm TeH30pa KPUBU3HBI HA METPUYECKU TEH30D, B CMBIC]E
npoussenenus Kynkapuu-Homuazy, nonyvaem pasnoxenue [2]:

R=W + Ay, (3)

WM B JIOKAJIBHON CUCTEMe KOOPIMHAT:

lenast wacts A or menennsa R Ha g HA3BIBACTCS TEH30POM OTHOMED-
HOIl kKpuBu3HbL (Win Ter3opom CxoyTeHa), a OCTaTOK OT jAejeHus W —
rer3opom Beiiig (uiin TeH30poM KOH(DOPMHON KPUBU3HDI).

Hasnee 6ynem cuurarb, uro dim M = 4. Janee, caenys [1], uznoxum
OCHOBHBIE KOHCTPYKIMH. TOria puMaHOBa METPUKA ¢ MHIYIUPYET CKa-
JIIPHOE TpOou3BeieHne (-, -) B CI0SX TpocTpancTsa paccaoenus A2M mo
TIPaBUILY

(X1 A X2, Y1 A Y2), = det(ga(X;, Y5)).

Onepamop Xodorca * : A2M — A2 M, 3amaBaeMblii COOTHOIICHTEM
(xa, BYyvol = a A B

s mobbix o, 3 € A2M, x € M, rae vol — dopma obbema na M,
ob6aaeT TeM cpoiicTBoM, uTo %2 = Id. OTciona

AZM = A} @ Ay, (4)

rae A n A 0603HAMAIOT COOTBETCTBEHHO COOCTBEHHBIE TPOCTPAHCTBA,
OTBeYAroIe COOCTBEHHBIM 3HadeHnsM +1 u —1 omepartopa .

PumanoBy TeH30py KPUBU3HBI B JIF000I TOUKE MHOT00Opa3us M MoxK-
HO TIOCTaBUThL B COOTBeTCTBUE onepatop Z : A2M — A2M, ompenense-
MBI PABEHCTBOM

(X AY,Z(TAV)), = Ro(X,Y,T,V), (5)

rae R, (X, Y, T,V) = g.(R(X,Y)T,V).
Marpuiy oneparopa KpuUBU3HBI & OTHOCHUTEJIbHO Dasiioxkenus (4)
MOXKHO TIPEJICTaBUTh B 6109HOM Buze [1]:

Wt + 151d | Z
%)_( A | W=+ 351d )7 (6)
raie W+ u W~ — MaTpunsl aemodyasvioti 1 anmuaemodyaibroti co-

cTaBjsionux Ten3opa Beitna W.

158



ONPEAEJEHUE 1. Pumanoso wmmorooGpasme (M?,g) maswiBaercs
KOHPOPMHO NOAYNAOCKUM, €CTTH ABTOAyAJbHAS WA AHTHABTOLYATbHAS
COCTABJIAIONIAS €ro TeH30pa Beitia TpuBnaibHa.

JI1060it OpTOHOPMUPOBAHHBIN Oa3UC €1, €2, €3, €4 MpocTpancTBa, 1, M
OTpeJiesIsieT OPTOHOPMHUPOBAHHBIN 6a3uC

1 1
—(61 /\62i€3/\€4), —(61/\63i64/\62)7

V2 V2

L(61 NegEeg A 63)
V2
npoctpancta AT M (cum., mnampuvep, [2]).
Otmernm, uro Marpunsl W u W™ aBigiorca CHMMETPUYHBIME 1
UX KOMIIOHEHTbI B OPTOHOpMUPOBaHHOM Oa3zuce (7) Haxousrca 1o ¢pop-
MyJTaM:

1 s
Wi = 5(R1212 + 2R1234 + Raaz4) — 12’
1 s
Wy = 5(R1313 — 2R304 + Roaoa) — 12’
1 S
Wit = = (Ri414 + 2R1423 + Roza3) — —,
i 2 ®
1
Wi = §(R1213 + Ri242 + R3a13 + R3a42),

1
Wit = §(R1214 + Ri223 + R3414 + R3423),

1
Wi = §(R1314 + Ri323 + Rao14 + Raoos),

1 COOTBETCTBEHHO

_ 1 s
W= §(R1212 — 2R1934 + R3a34) — IEE

-1 i
Wey = §(R1313 + 2R1324 + Roso4) — 12

_ 1 5
Wes = §(R1414 — 2Ry423 + Rasa3) — 12
(9)
_ 1
Wy = 5(]{1213 — Rio4o2 — R3q13 + R3442)a
_ 1
Wy = 5(]{1214 — Ri293 — R3414 + R3423)a

_ 1
Wee = §(R1314 — Ri323 — Ra214 + R4223).
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Cdopmupyem psim TeopeM B JIOKAJBHOW CHCTEME KOODIUHAT
z', ..., 2" B HeKOTOPOIl TOuKe P € M*

Teopema 1. Ilpu xongopumnoii ge¢opmanmu ds* = g,; da'da? mer-
pukn ds’® 4eTbIpexMepHOrO0 PHMAHOBA MHOIOOOPAa3Hsa AaBTOLYaJbHAI I
aHTHABTOYyaJIbHAsI COCTABJISAIONINE TeH30pa Beiins npeobpasyrorcst mo
dopmymam:

W =ewt + (

S

o sh20 — (Ao + | grado|?) ch20> 1d,

W =W — (25—4 sh20 — (Ao + | grad o|?) Ch20’) 1d,

rae A — omepartop Jlamnaca, |grado|? — kBaapar AamHBI rpagHeHTa,
ch — runmepbosmmaeckuii kocuHyc, sh — rumepbonIecKnii CHHYC.

< Ipu xoudopmnoit gedopmanun ds® = g;; do'da’? merpuxu ds?
ren3op Beiis unBapuanren (noxpobuee cu. [2]), . e.

W = 2@,
JI1st TEH30pa KPUBW3HBI UMEEM
- — —-—S — Q >
Rikij = Gjs Ry = G5 (R + Qi) =
= e* ) (Ripij + g1;Bri + griBij — quBkj — g1 Bui),

rae Bij = 0,5 — 0,40 + %O"kO'kgij u 05,0, — KOBapuaHTHbIE IIPDOU3BO/I-
Hble PYHKIINA 0 OTHOCUTEIHHO UCXOIHOMN MeTpuku. g Tem3opa Puaan
U CKAJISIPHON KPUBUZHBI COOTBETCTBEHHO BBLIMOJTHAETCS
= _lip 1 lj J l —
Tki = 97 Rikij = ki + 919" Bri + grig9”? Bij — 6] Bij — 03, By =
= ki + (n — 2)Byi + grig” Byj,

5=0"Tk =€ 2°g"(rpi + (n — 2)Byi + grig” Byj) =

= e % (s +2(n—1)g" By).
Kpowme Toro, 3amernm, 910
ki ki L, ki 1 i
9"'Brj =g U,kz'*UkUiJriUtU gki | =9 0,k¢+§(n*2)0¢0 .

Tockosbky V — pumanoBa css3uoctb 6e3 kpyuenus T, M u {e;} —
OPTOHOPMUPOBAHHBIH Oa3uc, TO

0ij = 04i, Bij—Bji=0, gij=0;=g". (10)

s
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+ —_
Wcnonw3ysa mpuBeieHHBIE BBITIIE PABEHCTBA, BHIPA3UM Wij n Wij KOMTIO-
HEHTHI 4-MEPHOTO PUMAHOBA MHOTOOODa3us.

—t 1 — — — S
Wi = 3 (Ri212 + 2R1234 + Rsaza) — T

620

=5 (Ri212 + g12B21 + g21B12 — g11Baa — g22 B +
+2[R1234 + g14B23 + g23B14 — 913824 — 924 B13] +

+ R334 + g34Bas + 9a3Bsa — g33Baa — gaaBs3) —

L ki 2 s 8
e (542(4— 1)g" B "(f— —):
¢ (s+2(4-1)g"Bi) +e 1212

20

e
= W + 7[2(912312 + 934834 + g14B23 + g23B1a—

— q13Bos—g24B13) — (911 B2z + g22B11 + 933Baa + 944 Bss)| +
S —20 1 —20 ki
+E(620_e 2 )_56 200ki g,

ITpumenss (10) nomyvaem

20
—t (&
W, =W — T(Bu + Baa + B3z + Baa) +

1 .
+ i (620 . 6—20) . _e—QngszZ_.

12 2
Tak Kak
Bi1 + Bz + B3z + Byy =
1
= Ao — |grado]® + §0k0k(911 + 922 + 933 + gaa) =
= Ao —|grado|? + 2| grado|* = Ao + | grad o|?,
TO

20 + 6720

— s _ e
Wi, =W + e —e 2”) — 5

5 ( (Aa—i— |grada|2),

rae

2

0%c 9 Jdo
Aazg =, |grado| :E — ] .
K] 7
ITyTem aHANOTMYHBIX PACCYZKACHUH MOJTYyYaEM U OCTAIHHBIE KOMTIO-
HEHTBI:

620 + 6—20

— s
W; = 620W2J5 + (62" - 6_2‘7) — 5

5 (Ao + |grada|2),
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S

20 —20
+ _ 20 —+ 20 —20 € +e
Wiy = e27Wih + — (27 —e27) = %

(Ao + |grada|2),

12 2

ot 20 +

Wiy = e Wi,

_+ -

W13 = 62 Wl-ga

_+ -

W23 = 62 WQ-Sa
. s 620 +672a'
W= 62”W4_4 ~13 (62“ — 6720) + f(Aa + |grada|2),
__ s 620' +e*2a'
Wes =2 W — 5 (27 —e %) + f(Aa + |grada|2),
____ _ S 620 +e—2<7
Wes = €2 W — 2 (27 —e %) + f(Aa + |grada|2),

W:Is = 620W4Ea

WZG = 62C;VV4_6a

I, _ 20 —
Wy =e o6
Teopema mokazana. >
Teopema 2. IIpu xongopmHuoit nepopmarn ds? = Gij dx'dx’ mer-
puKH ds? deTEIpexMepHOro KOH(GpOPMHO IOIYIIOCKOTO PHMAHOBA MHOTO-

obpasusi M npu s = 0 (aHTH)aBTOAya/ bHAS KOMIOHEHTA T€H30pa Befiis
nHBapHaHTHA (11071 HHBADHAHTHOCTHIO KOMIIOHEHT TeH30pa Befis moxn-

=+

— ,20 +

MaeM BbIIOJIHeHHe paBeHcTsa W, = e Wij) & GyHKIOHS 0, yIacTBY-
forrast B onpeeaeHnn gecpopManiui HMeeT BHJ:

o(x1,x9,x3,24) = F1(x) + Fo(x) + F3(x) + Fa(x),
rae Fy, Fs, F3, Fy — npou3BOJIbHbBIE (DYHKIIHH U BBITOJHSIIOTCS YCAOBHUS:
4 d ?
— F =Cy— | —F
o li(@) =0 (d:cl 1(551)) :

1
2



rae Cy, Cy, C3 — nNpou3BOJIBHBIE TIOCTOSTHHBIE.
o . =+
< Tocmorpum, npu Kakoit koudopmuoit gedopmaruu W = W=,

D10 cooTBETCTBYET TOMY, 41O 5 (€27 —e™27) = M(AUJH grado|?).

€20 4o —20 020 _ =20
2

3amedaeM, ITO =ch20n 5 = sh 20 n moxyuaem:

%sh 20 = ch20(Ac + | grad o|?).

Him s
Ao + |grado|® = 6th20. (12)

IIpu s = 0 pasencrso (12) npumer Bu:
Ao 4 grado = 0.

Pemas nawnoe nuddepenimanbioe ypaBHEHHE C TTOMOIIBIO TTAKETa CHM-
BOJIbHBIX Bbramcienuit Maple, Haxoaum

o(x1,x9,x3,24) = F1(x) + Fo(x) + F3(x) + Fa(x),

rme Fy, Fs, F3, Fy — npou3BoJibHbIE (DYHKIIUN U BBITOTHIIOTCS YCIOBUS:

2

d d 2
wFl@l):Cl— (d_:chl(ml)) ,
1

2 d 2
FFz(ﬂUQ) =Cy — (—F2($2)) ;
x3 dzo
) (13)
d? d
d—§F3(fU3) C3 — <d—F3(fU3)> ,
L )= - (L Euy)) 0
a2 e = =G o, Falza 2 3,

rue Cq, Ca, C5 — npousBosibhbie nocrosunpie. 3 (13) nosyyaem, uro:

Fiey) = —/Grrr + b 1O )’
Fo(ws) = —/Cora + %m% (c1e2\/fm: _ 02)2,
Fy(ws) = —/Cas + %m% (0162% - 02)2,
Fy(zy) = flln C1+C2+C3 )

2 c¢1sin(y/Cy + Cy + Csxq) — ca cos(v/Cr + Cy + C3£E4))
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Cy, Cy, C3, ¢1, cog — TPOM3BOJBHBIE TIOCTOSTHHBIE W TPH BBIMTOJHEHUH
YCJIOBHIA:
(0162‘/@ —c)?
Ch
(6162\/% —c9)?
Co
(0162\/@ —c9)?
Cs
Ci+Cy+Cs
e s (VCr T G ¥ Cata) — cacos(y/Or T Ca 1 Caaa)
c18in(y/C1 + Co + Csxy) — cacos(y/Cy + Cy + Csxg) #
vC1+Cs 4+ Cs =0,
v/C1+Cs+C5=0.

#0,

#0,

#0,

0,

0,

Teopema mokazana. >

JIutepaTtypa

1. Singer I. M., Thorpe J. A. The curvature of 4-dimensional Einstein spaces //
Global Analisis, Papers in Honour of K. Kodarira. Univ. Tokyo Press.—1969.—
P. 355-365.

2. Becce A. Muoroob6pazusi Ditamreiina.—M.: Mup, 1990.—318 c.

3. PameBckmii II. K. PumanoBa reoMerpusi U TeH30pHBIM aHamm3z.—M.: Hayxka,
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4. PogmonoB E. JI., CnaBckuii B. B. KoudopMHubIE U OJHOPAHTOBLIE Jedopmanumn
PUMAHOBBIX METPUK C IJIONIaJKaMA HyﬂeBOﬁ KPUBU3HBI Ha KOMIIAKTHOM MHOI'O-
obpazuu // Tp. koudepennuu «leoMeTpuss U NPUIOKEHH», MOCBIMEHHON 70-
sermio B. A. Tononorosa (Hosocubupck, 13-16 mapra 2000 r.). Marepuanst Bpe-
MEeHHBIX KOJuIeKTuBOB.—2001.—C. 171-182
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NCCJIEJOBAHUNE CUCTEMBI YPABHEHII,
ONUCHIBAIOIIEN TMHAMUKY COIIMAJIBHON
HATIPIKEHHOCTU B IIOJIMSTHUYHOM OBIIIECTBE

3. X. Xocaena!

Ipemnoxennyio B pabote [1] Moeh MOKHO TIPUMEHHUTD [JIst TOCTPO-
eHMA KPATKOBPEMEHHLIX IIPOrHO30B M3MEHEHUs HAIPSAXKeHHOCTH IOJIH-
STHUYHOrO OOIMIECTBA IO BAUAHAEM SKOHOMUYECKHX mpomneccos. Cucre-
Ma ypaBHeHUi, OIUChIBAIONIAs U3MEHeHUe COIMAIbHON HAIPAKeHHOCTH
IPY B3AUMOZEHCTBAN ABYX COMUAIBHBIX TPYTIT WA STHOCOB OyIET NMETH
BHI:

dP, P
d—tlZV(PI_P1)+01?2&[(P2—P1)+771P1(1—P2)], (1)
dP2 1

— =v(Po— P) +c2 [(Py — P2) +m2Pa(1 — Py, (2)
dt 1-P

rae P — BemvunHa HANPSI)KEHHOCTH, K KOTOPOil CTPEMUTCs OOIIECTBO ITPU
noctogHHOM Temmie m3Menennss BBII, v — koHcTanTa, XapakTepusyio-
asi CKOPOCTH IANTAIMK OOIIECTBA K MEHSIOIIEHCS SKOHOMUIECKO CH-
Tyalnuu, ¢; — CTENEHb BOCIPUITHAS HANPSIKEHHOCTU APYTOil STHUIECKON
TPYUIbI, 7); — BHYTPEHHSS TEHIEHIUsS STHUIECKONW TPYMIIbI K OcadJie-
HUIO WU YCUJIEHUIO BO3AEHCTBUs IPYroii rpyibl. 3Hadenue P Boibepem
TakK, 9TOOBI OHO CTPEMUJIOCH K HYJIIO TIpU cTpemuTeabuoM pocte BBIT u
K eJWHUIIE TPU ero OBICTPOM TAICHUH.

OTmeTnM, 9TO PacueThl JIyUIlle COBMAIAIOT C JUHAMUKON HOPMHUPO-
BaHHBIX WHINKATOPOB, €CJIM HCIOJIb30BaTh Temm pocta BBII ¢ marowm
B Tpu roxa. s ompeneneHus CTAIMOHAPHBIX TOYEK OBLIO TOJIyYEHO
aIredpPaAnIecKoe YpaBHEHNE Y€TBEPTOrO TOpsiIKa. DI mpoBeIeH Kade-
CTBEHHBIH aHagu3 cuctembl ypauenuit (1)—(2) npu caeayomux 3uade-
Husax Kouctaut: Py = 0,34, P, =0,5,¢1 =0,1,¢c0=0,5, 11 =19 =0,5.

B obnactu 0 < P < 1 ypaBHeHue mMeeT OJWH KODPEHb, JBA KOPHS
WA HEe UMEEeT KOPHeil B 3aBUCHMOCTH OT SKOHOMWYECKO cuTyaruu Pj
u Ps. Ilpu 61aronpusaTHOM 9KOHOMUYIECKON CHUTYAIMH, T. €. IPH MaJIbIX

1Poccus, Bnagnkaskas, FOMI BHIT PAH.
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gHadeHuax P n P, ypaBHEHWS WMEIOT OJHY YCTOWYHWBYIO CTAITMOHAD-
HYIO TOYKY KOTOpPas COOTBETCTBYET HU3KUM 3HAUEHUSAM HATPAKEHHOCTHU
s1HOCOB (puc. 1). IIpu yxy/iennn 5KOHOMUIECKOR CUTyaluy CTAIMOHAD-
Has TOYKA CMEIIAeTCA B CTOPOHY yBEJINYEeHNA HATPAYKEHHOCTH STHOCOB,
a Ipu JaJIbHEHIeM yXyAIIeHNW 3KOHOMHWYECKOTO COCTOSHUS TOABJAET-
cd BTOpas CTAaIlMOHAPHAS TOYKA, KOTOpas SBJSETCA HeyCTONInBOM. [lisa
Hee HAIIPS?KEHHOCTH 3THOCOB OJIN3KHU K €IMHULE. DTO O3HAYAET, YTO [PU
OOJIBIITAX HAYATBHBIX 3HAUECHUAX HAIPAZKEHHOCTH YTHOCOB CTAITHOHAPHOE
COCTOSTHHE HEe JOCTUTAeTCs. IIpu 3HAYNTEIHHOM YXY/AIMIEHHH IKOHOMHUIE-
CKOW CHUTyaIluu CTAIMOHAPHBIX TOuek B objactu 0 < P < 1 mer. 1o
O3HAYAET, YTO CONMAJTIBbHAA CUCTEMA HE MMeeT YCTOWYMBOIO PABHOBECUSA
¥ HAIPSKEHHOCTH 3THOCOB PACTYT ITOKa HE JOCTUTHYT eIuHuIbl. Bpe-
Md JOCTUXKEHUS yCTOWYUBON CTAIIMOHAPHON TOYKM JIOCTATOYHO BEJIUKO
M B 3aBHCHMOCTH OT HAYAJbHOI'O COCTOSIHHsI ODIIECTBA MOXKET COCTaB-
Tk mopsaka 10 jer. 3a 370 BpeMsi SKOHOMHUYECKOE COCTOSTHHE MOXKET
U3MEHUTHCA W CTAIlMOHAPHAA TOYKA M3MEHUT CBOE MOJIOYKEHUE.
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1‘*\-*«\-\-\\\~\~\\“\.\\‘\ { 1’ ,"/ /¢/
TSSSNNNANANN LV S
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\
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-7 7 VNN NNNAN Y
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7T TINANAANA
v INEVEVENEUE R
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o 2 T TR TR R MK VL S K S S S N
VAL A AR R T A AU L
0,2 0.4 0,6 0,8 1

Puc. 1. ®azosBbiii noprper cucrems ypasnennit (1)—(2).
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