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bdc�e:f�gMhic�j:k:l�m-n�o	p�q-n�m-r
sut m�p�gBv t m-n�wxj:c�j:n�y�l�l{z|m�p�m1f�gB}~e���j:n�gB}
�	� p�o$f�l t o�� t o��1� t o	� z|m�p�m1f�j!��n�o	�z�o���j1z�o���l���j1� t o	� sut m�p�o��
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���n�������n�n�q�1���Y�q�q���n�1���1�q�������n�������n�n�q�1���Y���*�������;���1�q�1�3���n�q�1�*�
��c�� h c�j:k:l�m-n�o	p�q-n�m-r sut � v t m-n�w �uz|m�p�m1f�gB} e���j:n�� �	� p�o$f�l t o�� t o��1� t o	�z|m�p�m	f�j!��n�o	�\z�o���j1z�o���l���j1� t o	� sut m�p�o�� t � p�o$f�l t o�� t o���x ���#�����^l��4p��
�!�����uk�� ��� � � p�o$f�l t o�� t o��������¡  ��¢D£ �w¤ ¢ x��!������� � �%�!� ���
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��� j:c�l�m1f �o��� � m���� l��4p�� �!������k���� � j1� � e���p�l t j�� j:�-j:c�n�o	�����!j:��l���v¤ p�o�n�l��u�>c�o-z t o	}jy»� j!� f�e�n�o�c�m1f�n�m-k:m p�j:��n�j:k:mxz�o���j1z�o���l���j1� t m-k:m>n�o$e���vn�m�v m��-c�o��:m-��o���j!p�q-n�m-k:m�wxm-c�e�z�ou�!m��!��m$��p�o-�!q sut m�p�o	v t m-n�wxj:c�j:n�y�l����>z|j!� vf�e�n�o�c�m1f�n�g4zUe���o-�!��l�j1z ��� � p�o$f�l t o�� t o��1� t o	� z|m�p�m1f�j!��n�o	� z�o���j1z�o���l�v��j1� t o	� sut m�p�o�� t � �¡��� v-�!����������� m-m-c�k!o�n�l��1o���m-c�o-z|l � �¡��� �-g4�!��e � l�vp�l¡�X��n�g rJz�o���j1z�o���l���j1� t l�rGl�n��!��l���e�� ��¢D£ �w¤ ¢ x � p�o$f�l t o�� t o��1� t l�rn�o$e���n�g r y�j:n���c � m��:�!l�r�� t m-r o t o$f�j1z|l�l n�o$e t x�� j:�-j:c�m�v����!j:��l�n�� t l�rPk:m�v�!e:f�o�c��!���-j:n�n�g rJe�n�l��-j:c��!l���j:�_l�zB�q� ����� � j:�	o�k:e�c�m-��o l �X��n�g r! �j�f�j!vc�o	p�q-n�g r{e�n�l��-j:c��!l���j:�$�

� m-c�k!o�n�l��1o�y�l�m-n�n�g r t m�z|l���j:� � �¡��� v-�!����� �-m s p�l�� t � � j�f�� n��
� �"�>� ¤ ��o���e�c�m-��o t ���¡  ��¢D£ �w¤ ¢ x � p�o$f�l t o�� t o������ e���j:n�g rT�!j t vc�j:�	o�c�qum-c�k t m�z|l���j:�	o$#�f�� w � v zB� n�� x � c�m�wxj1�:�!m-c&%4�'�>��� o-z|j:n�j:y t l�r t ���¡ 
��¢D£ �w¤ ¢ x � p�o$f�l t o�� t o����(# t � w � v zB� n�� x�f�m-y�j:n��i� �*  ��� o�c�� t l�n t �) �	:x
���¡  ��¢D£ �w¤ ¢ x � m��!��m-��v n�o	v'
um-n�e��(#�f�� w � v zB� n�� x � c�m�wxj1�:�!m-c ¤ �+*����xe�v�!c�o�j:� t ���¡  ��¢D£ �w¤ ¢ x � p�o$f�l t o�� t o����w� � c�j�f��!j�f�o���j!p�q m-c�k t m�z|l���j:�	o$#
t � w � v zB� n�� x�,|� ¤ �T�xe��!c�o�j:��o t ���¡  ��¢D£ �w¤ ¢ x � p�o$f�l t o�� t o����(#�f�� w � vzB� n�� x � c�m�wxj1�:�!m-c � �Y� �$���!l � j:n t m t � ¤ b�  � *�bT	:xn� m�� t ��o��(# t � w � v zB� n�� x
�>� ¢ � b�o-�-e-j:� t �)�.*�	:x £ }�l�n���o	p
�(# t � w � v zB� n�� x�f�m-y�j:n���� �/,|� � e:f�o	p�m-�
t ���.*�	:x � p�o$f�l t o�� t o������

�



¢ o � p�j:n�o�c�n�gB} l
�!j t y�l�m-n�n�gB} �1o-�!j�f�o�n�l���}
� �¡��� �-gBp�l � c�j�f�v�!�	o���p�j:n�g f�m t p�o$f�g � m�!m-�-c�j1z|j:n�n�g4z c�o���f�j!v
p�o-z z�o���j1z�o���l���j1� t m-k:mo�n�o	p�l��1o l z�o���j1z�o���l���j!v
� t m-k:m z|m1f�j!p�l�c�m-��o�n�l����
� c�o-z t o	} �!j t y�l�l � � o	v��j1z�o���l���j1� t l�r o�n�o	p�l��-��x
� c�m$}�m1f�l�� s j:r � m1f c�e�v
t m-�-m1f��!���-m�z f�� w � v zB� n�� x
� c�m�wxj1�:�!m-c�o ¤ � *��Í�xe�v
�!c�o�j:��o�x&�-gBp�l � c�m-����j:n�gy�l t p�gUp�j t y�l�r�� � � j:��m1f�gc�j s j:n�l�� o�n�m-c�z�o	p�q-n�gB}

� t �!��c�j1z�o	p�q-n�gB} �1o$f�o$����xBp�j t ��m-c � f�� w � v zB� n�� x � c�m�wxj1�:�!m-c ¤ � � � ¤ c�ve����>n�m-� t ��*�	:x�� m�� t ��o��(# ��� m�p�m$��l���j!p�q-n�g j c�j s j:n�l��Xl�n���j:k:c�o	p�q-n�gB}e�c�o��-n�j:n�l�r���xdp�j t ��m-cÍ� f�� w � v zB� n�� x � c�m�wxj1�:�!m-c �>� ¢ � ¤ � }�o-�-m-� t�� *�	:x
*�c�m-�:n�g r��(# � �de1p�j:�-m-�:n�o$��n�g r o�n�o	p�l�� � m�p�m$��l���j!p�q-n�gB}\m � j:c�o���m-c�m-����xp�j t ��m-cÍ� f�� w � v zB� n�� x � c�m�wxj1�:�!m-c ¤ � *��-�xe��!c�o�j:� t ���¡  ��¢D£ �w¤ ¢ x
� p�o$f�l t o�� t o����(# � b�j:m-c�l�� � c�l$��p�l�� j:n�l�r x�m � ��l�z�o	p�q-n�m-j~�-m��:�!�	o�n�m-��p�j:n�l�jl{�-g � e t p�g r{o�n�o	p�l��-��x�p�j t ��m-ci�^f�� w � v zB� n�� x � c�m�wxj1�:�!m-c *��$*���� o�k!o�c�l�p�v �p�q���j:� t ��*�	:x*� m�� t ��o��(# �¢ j t m-��m-c�g j � c�m���p�j1z|gT����j:m-c�l�l_l�n���j:c�o���l���vn�gB}Wo	p�k:j �-c���x p�j t ��m-c{� f�� w � v zB� n�� x � c�m�wxj1�:�!m-c   � ¤ ��� o	p�q-y�j:� t  D�
��� �w¤ ¢ x ¢ m-�-m��!l$�-l�c�� t �(# � � � ��l�z�o	p�q-n�m-jP�-m��:�!�	o�n�m-��p�j:n�l�j p�l�n�j:r�n�gB}m � j:c�o���m-c�m-� � mPn�j:��m-��n�g4z^f�o�n�n�g4z l � c�l�p�m$� j:n�l�����x p�j t ��m-c � f�� w � v
zB� n�� x � c�m�wxj1�:�!m-c � �3� �+���!l � j:n t m t � ¤ b�  � *�bT	 x*� m�� t ��o��(# � � m1f�j!p�ll �1o$f�o$��l z�o���j1z�o���l���j1� t m-r wxl��:l t l���x�p�j t ��m-c � f�� w � v zB� n�� x � c�m�wxj1�:�!m-c¤ �3���$�^o-��o�� t � � *�	:x3� o�c�o$��o�j:��� t ���

¢ o4�!j t y�l�l z�o���j1z�o���l���j1� t m-k:m>z|m1f�j!p�l�c�m-��o�n�l�� x:c�e t m-�-m1f��!���-m t m-��m-c�m-rm��!e��uj1�!����p���pJf�� w � v zB� n�� x � c�m�wxj1�:�!m-c %4� �>�q� o-z|j:n�j:y t l�r x �-gBp�l � c�m-��l�v�	o�n�g ��p�j�f�e����ul�j{y�l t p�g p�j t y�l�r�� � b�m-��n�g j_c�j s j:n�l�� e�c�o��-n�j:n�l�r k:l�f�vc�m1f�l�n�o-z|l t l���x�p�j t ��m-c � t � w � v zB� n�� x|f�m-y�j:n�� ¤ �§���§� m-c�k:e1p�l�� t �) �	:x
� m��!��m-��v n�o	v'
um-n�e��(# � � o���j1z�o���l���j1� t l�j z|m1f�j!p�l t m-n��-j t y�l�l���x p�j t ��m-c �f�� w � v zB� n�� x � c�m�wxj1�:�!m-c £ l$�-e1p�l�n � � *�� t �) �	:x � m��!��m-��v n�o	v'
um-n�e��(# � � o���j!vz�o���l���j1� t l�j z|m1f�j!p�l k:l�f�c�m�v�l k!o��:m-�-m-rxf�l�n�o-z|l t l���x	p�j t ��m-cp� t � w � v zB� n�� xf�m-y�j:n�� ¤ �$%4� � l��!�1� t m-� t �) �	:x�b�o�k!o�n�c�m-k����

�



� m��-�:m-c�n�m-r p�j t vy�l�l �1o-z|j1�!��l���j!p�� o t o	vf�j1z|l t o	v �!j t c�j:�	o�c�� �>�	v
f�j!p�j:n�l�� z�o���j1z�o���l���j!v
� t l�}Pn�o$e t �w¤ ¢ f�� �$� n�� x
� c�m�wxj1�:�!m-c�o�� �(�>� � l s vn�� t m-��o � � �!l��!��j1z|j{m-c�vk!o�n�l��1o�y�l�l z�o���j1z�o���l�v
��j1� t l�} l��:��p�j�f�m-��o�n�l�r l
� c�m���p�j1z�o	} z�o���j1z�o���l�v
��j1� t m-k:m m��-c�o��:m-��o�n�l����
�-gBp � c�j�f��!�	o���p�j:n m-��j!v��j1�!���-j:n�n�g rEm � g � wxm-c�z|l�c�m-��o�n�l�� n�o$e���n�gB} z�o���j1z�o���l���j1� t l�} sut m�p� �!l��!��j1z|j � m��:�!l�r�� t m-r\o t o$f�j1z|l�l n�o$e t l � m t o��1o�n�o c�m�p�q � m��:�!l�r�v� t m-r o t o$f�j1z|l�l n�o$e t � � c�m-y�j1�:�!jGc�o��:c�o-�-m-� t l � �xm-n�y�j � y�l�lTc�o��:�-l���l��z�o���j1z�o���l���j1� t m-k:m m��-c�o��:m-��o�n�l�� � �  ~��x � c�l�n�����m-r � o-� � m-c���� j:n�l�j1z

� c�o��-l���j!p�q��!����o �  ��V���!���	v ZPm-���%��� ����� �!����� k��
� }�m1f�j t c�e�k0p�m-k:m�!��m�p�o � � c�j1o	p�l��1o�y�l�l

�xm-n�y�j � y�l�l c�o��:�-l���l��
z�o���j1z�o���l���j1� t m-k:m m��-c�o	v�:m-��o�n�l�� � �  ~� �-gBp�l
m����!e�� f�j:n�g � c�m���p�j1z|g
sut m�p�q-n�m-k:m l �-g4� s j:k:mz�o���j1z�o���l���j1� t m-k:m m��-c�o	v�:m-��o�n�l�� x{m t o��1o�n�l�� �!m�vf�j:r��!���-l�� � m1f�k:m-��m-� t j l
� m-�-g s j:n�l�� t ��o	p�l�wxl�v
t o�y�l�l e���l���j!p�j:r z�o	v
��j1z�o���l t lRl � c�j � m1f�o	v��o���j!p�j:r �-e��:m-�����dgBp�l
�1o���c�m-n�e���g �	o t � j
� c�m���p�j1z|g � c�l�m�� �uj!vn�l�� sut m�p�q-n�l t m-� l
�!��e:f�j:n���m-� t l��:��p�j�f�m-��o	v��j!p�q�� t m-r^f�j!����j!p�q-n�m��!��l x c�o��:�-l���l�� n�o$e���n�gB} z�o���j1z�o���l���j1� t l�} sut m�p� m�� t �-gjx ¢ m-�-m��!l$�-l�c�� t o�x � m��!��m-��o	v n�o	v'
um-n�e�x � p�o$f�l t o�� t o��1o�x *�c�m-�:n�m-k:m�x� o�c�o$��o�j:��� t o���dgBp�m � c�j�f�p�m$� j:n�m�m-c�k!o�n�l��:m-��o���qx����j:��j:n�l�j>k:m1f�oxn�o���o��:j���¡  ��¢D£ �w¤ ¢ f�l��!�	o�n�y�l�m-n�n�g j>n�o$e���n�g j>�!j1z|l�n�o�c�gWl t m-n��!e1p�q	�	o�y�l�l

�



p�j t ��m-c�m-� � �¡��� � z|m�p�m1f�g4z|l e���j:n�g4z|l�v e���o-�!��n�l t o-z|l sut m�p�gBv
t m-n�wxj:c�j:n�y�l�l�� ¢ o t m-n�wxj:c�j:n�y�l�l_z|m�p�m1f�gB}~e���j:n�gB} �-gBp�m � c�j�f��!�	o���p�j:n�m
�!�uf�m t p�o$f�m-��m~c�j:�:e1p�q	�	o��	o	} n�o$e���n�m�v l��:��p�j�f�m-��o���j!p�q�� t m-r�f�j!����j!p�q-n�m��!��l��
� �!j:k:m ��c�o-�-m-��j � �¡��� � c�l�n���p�m�e���o-�!��l�jD��� ��j!p�m-�-j t o��	>��o-�!��n�l t o-z sut m�p�gBv t m-n�wxj:c�j:n�y�l�l �-gBp�o � c�j�f�p�m$� j:n�o n�o-�!g �uj:n�n�o	�
t e1p�q	��e�c�n�m�v � t � t e�c��!l�m-n�n�o	� � c�m-k:c�o-z�z�o�x t m-��m-c�o	� � t p��>��o	p�o t m-n�y�j:c��o t o$f�j1z|l���j1� t m-rUz|e��:g t lUl � t � t e�c��!l�l � m £ j:r�� t m�z|e e��uj!p�q-�p� t � ����v��l�p�l �ue � j t m�z x � t o��1� t m�z|e~l £ j:r�� t m�z|e�p�j�f�n�l t o-zB�

� o���j:c�l�o	p�g sut m�p�gBv t m-n�wxj:c�j:n�y�l�l � z|j!� f�e�n�o�c�m1f�n�g4z e���o-�!��l�j1z
� h � p�o$f�l t o�� t o��1� t o	� z|m�p�m1f�j!��n�o	� z�o���j1z�o���l���j1� t o	� sut m�p�o���x�� t p��>��o	�
t m-n�� � j t ��gUp�j t y�l�r_l{��j:�:l��!gUf�m t p�o$f�m-� z|m�p�m1f�gB}~e���j:n�gB}�x��-m s p�l � n�o	v�!��m$� �ul�r_� �-m-c�n�l t �

�
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	��	��i���*���*�3���

� 	 �p���Y�;���q�1�
� o-�:�:z�o���c�l���o��>�-� �Jl�n���j:k:c�o	p�q-n�g j�e�c�o��-n�j:n�l��J��l � o �!�-j:c�� t l �!m �!��j!v

� j:n�n�m-r n�j!p�l�n�j:r�n�m��!��q-� � t m-n�e��:o	} � c�m��!��c�o�n��!����o C[0,∞)
x|�!m��!��m$� �ul�}

l�� n�j:m-��c�l�y�o���j!p�q-n�gB} n�j � c�j:c�g �-n�gB} n�o � m�p�m$��l���j!p�q-n�m-r � m�p�e-m��!l wxe�n t vy�l�r x ����m �!�����1o�n�m �{l�} � c�l�p�m$� j:n�l���z|l � ��j:m-c�l�lIwxl�p�q	��c�o�y�l�l x e:f�o�c�vn�gB} �-m�p�nTl f�c�e�k:l�}�� ���n��� �T
 o�n�m e���m-��n�j:n�l�j n�j t m-��m-c�gB} c�j:�:e1p�q	�	o���m-�
�i���z{�[(k�ewb c�ew{�b
� �%�n��� � � m-�1p�l���l�jPm-� � ��l�} c�o-�-m-��x>��f�j1�!qUe � c�m � o��>�-� �m-k:c�o�n�l���j:n�l��~n�o�m���p�o-�!��q��!e��uj1�!���-m-��o�n�l���c�j s j:n�l�r x�f�o�n�g f�c�e�k:l�j4f�m t o	v�1o���j!p�q��!����o{m��!n�m-�-n�gB}Go � c�l�m-c�n�gB}Jm-y�j:n�m t l � m�v n�m-�-m�z|e �-�-m1f�l��-� � z|j:�	vc�l t o��n  �:��p�j�f�m-��o�n�l�j�m��!n�m-�-g ��o�j:�-� ��n�o n�j t m-��m-c�m-r{z|m1f�l�wxl t o�y�l�l � c�l�n�vy�l � oG� ��l�z�o����ul�} m-��m��-c�o	� j:n�l�r t o�n�o	p�m-k z|j:��m1f�o ¤ ���dj!p�j:y t m-k:m�� � # � #
� x ^��7��� � �n�#x � m-�:�-m�p������uj:r � c�l e:f�o$��n�m�zM�-g��-m-c�j z|j:��c�l t l f�m t o��:g ��o���qk0p�m���o	p�q-n�g j4��j:m-c�j1z|g �!e��uj1�!���-m-��o�n�l��~l j�f�l�n��!���-j:n�n�m��!��l �-j:�>m-k:c�o�n�l���j!v
n�l�rIn�o m���p�o-�!��qJm � c�j�f�j!p�j:n�l��Ic�j s j:n�l�r�� ���!m��-m-j{�-n�l�z�o�n�l�j e:f�j!p���j:�-� �
� m�p�e���j:n�l��U��m-��n�gB}�o � c�l�m-c�n�gB} m-y�j:n�m t c�j s j:n�l�r~l~� � m��!m���o-z n�o	}�m$� f�j!vn�l��_c�j s j:n�l�r x�����m���o	��n�m�� � c�l t p�o$f�n�m-r_��m-� t l_�:c�j:n�l����

� 	������3�1�����«� �1�! q�1���#"9�*�1�*�Y�n� �Y�����q�n�q�
� �-m-�:n�o$��l�zP��j:c�j:�

M0
z|n�m$� j1�!���-m����!j!}_n�j:m-��c�l�y�o���j!p�q-n�gB}_n�o

[0,∞)wxe�n t y�l�r�� M0 = {f(x) : f(x) > 0 ∀x > 0} ��m �-j:c�� t e wxe�n t y�l�r
k(x), u(x) ∈ M0

m��-m-�:n�o$��l�z ��j:c�j:�
(k ∗ u)(x) l{m � c�j�f�j!p�l�zPc�o��-j:n��!���-m�z

(k ∗ u)(x) =
x∫

0

k(x− t)u(t) dt. (1)

� � j:c�o���m-c Ku = k ∗ u x4m � c�j�f�j!p���j1z|g r � c�o��-m-rM��o-�!��q-� t ���#x � c�l�n���v��m n�o��:g ��o���q%$'&)(+*�,�-.$/*0$2143657(+*0-.8:9�x oJwxe�n t y�l�� k(x)
�<;0=>*0$21 � ��m-k:mm � j:c�o���m-c�o�� � ��p�e���o�j n�j:m��$}�m1f�l�z|m��!��l � c�m1f�m�p�� j:n�l�� k(x) n�o ���!�Em��!q

? ln]=^#^#[�¯�x�@�e�]=V#Z�u�h�x:A1\#�\#Z�^#k�[�h�o#]=^)_KWYXIe�^#a/b=\#Z�Z�u�h�_�Z�[�b=\#e�^#[�a/\#aI�

���



R
1 = (−∞,∞)

�-e:f�j1z �!��l��	o���q�x�����m
k(x) = 0 �

c�l
x < 0

�'�>�-z|j:��l�z x�����m
�!�-j:c�� t o m���p�o$f�o�j:�u�	o t n�o��:g ��o�j1z|g4z 365�$ � 3 - 5�$21 8:$21 1��:- ,�-.9)5�� $�3 -.93�

x∫

0

k(x− t)u(t) dt =

x∫

0

k(t)u(x− t) dt.

 �e�n t y�l�� f(x) ∈ M0
n�o��:g ��o�j:�-� ���)$'8!,��
	�� $ $�� *�,�� 9��(���� $ � x j1��p�lUm-n�o

m-k:c�o�n�l���j:n�oun�o p�� �-m�z t m-n�j:��n�m�z m-��c�j:� t jxl�� [0,∞).�����3�1����� � t mxn�j � c�j:c�g �-n�m��!��l �!�-j:c�� t l � �7�n� 	����
������������������� k(x) �
u(x) �! ���
"�#%$�&(')"*����$
"*���+� M0 ,�- �($�� k(x) . ��&/��02143*"�5�67"289�����������:8%;
"
u(x) . $�<2��"�$�����<9<2=  "����?>*&@���
"28������������:8%;4��<A�:B��(3:&  ����" (1)

&C�����
��& �! &  143��
"28D�
" [0,∞)

�����������:8%;?� , & , (k ∗ u)(x) ∈ C[0,∞) ,
C � e��!��q x0 ∈ [0,∞)

� � c�m-l��:�-m�p�q-n�o	����m-� t oul � m���p�j�f�m-��o���j!p�q-n�m��!��q
� m�p�m$��l���j!p�q-n�gB}{��l��!j!p xn � }�m1f�l��-� � t x0 x��$��j-� {xn} → x0

� ¢ e���n�m f�m�v
t o��1o���q�x�����m limn→∞ [(k ∗ u)(xn)] = (k ∗u)(x0)

��b�o t~t o t {xn} � }�m1f�l��-� � x��m�m-n�o>m-k:c�o�n�l���j:n�o�x1�$�	j-� ∃A > 0 : xn < A ∀n � � m � ��m�z|e�f�p�� f�m��!�	o���m-��n�m�-m�p�q s m-k:m x∗ �	o t m-k:m�x�����m x∗ > A > xn
l
x∗ > x0

x�l�z|j:j1z t ��e���j:��m�z x
����m

k(x) = 0 �
c�l

x < 0
�

(k ∗ u)(xn) =
xn∫

0

k(xn − t)u(t) dt =

x∗∫

0

k(xn − t)u(t) dt, (2)

(k ∗ u)(x0) =
x0∫

0

k(x0 − t)u(t) dt =

x∗∫

0

k(x0 − t)u(t) dt. (3)

� m�� t m�p�q t e>wxe�n t y�l�� k(x) �Tn�j:e��-g ��o���� o	� x���m>m-n�o � m-����l����!�df�e�n�j � c�j!vc�g �-n�o n�o
[0, x∗]

� � p�j�f�m-��o���j!p�q-n�m�x-f�p�� � m-����l_���!j!} t ∈ [0, x∗]

lim
n→∞

k(xn − t)u(t) = k(x0 − t)u(t).


 o	p�j:j�x��	o t t o t k(x) � n�j:e��-g ��o���� o	�_l u(x) � p�m t o	p�q-n�m�m-k:c�o�n�l���j:n�vn�o	� wxe�n t y�l�� x��$��j-� u(t) 6 M ∀ t ∈ [0, x∗]
x�k f�j

M
� � m�p�m$��l���j!p�q-n�o	�

� m��!��m$��n�n�o	� x���m k(xn − t)u(t) 6Mk(x∗) ∀n l ∀ t ∈ [0, x∗]
�

 x�	o t x � m���p�j�f�m-��o���j!p�q-n�m��!��q {fn(t)} = {k(xn − t)u(t)} � }�m1f�l��-� � � m�v����l ���!�df�e t f(t) = k(x0 − t)u(t)
l |fn(t)| 6 Mk(x∗) ∈ L1[0, x

∗]
� � m��j:m-c�j1z|j�� j �-j:k!o�m � c�j�f�j!p�q-n�m�z � j:c�j!}�m1f�j � m1f �:n�o t m�z l�n���j:k:c�o	p�o

lim
n→∞

x∗∫

0

k(xn − t)u(t) dt =

x∗∫

0

k(x0 − t)u(t) dt. (4)

���



  � � m�p�q-�:e�� � m���p�j�f�m-��o���j!p�q-n�m t ���#x t ��� l t ���#x�m t m-n���o���j!p�q-n�m � m�p�e���o�j1z

lim
n→∞

(k ∗ u)(xn) = lim
n→∞

x∗∫

0

k(xn − t)u(t) dt =

=

x∗∫

0

k(x0 − t)u(t) dt = (k ∗ u)(x0). B

� 	 � �q�����Y�1�����*�#" � �1���1�n�����1�Y�n����� � � "�������� �1��	»�Y�����q�n�q�
� f�o	p�q-n�j:r s j1zPz|gT��o-�!��m �-e:f�j1zPl�� � m�p�q-�:m-��o���q ��p�j�f�e����ue��Mp�j1z�z|e-�
�¡������� � t n�j:c�o��-j:n��!����o � j �-g s j:��o�� 	 - �($�� v(x) � w(x) ��&/��02143*"�5�
6���&
(
��$�� ��&@3:<�  "*����"�5�6���& ) �
" [0,∞)

�������������%;?��<
x∫

0

v(x − t)w(t) dt 6

x∫

0

v(t)w(t) dt (∀x ∈ [0,∞)). (5)

- �($��D' & <(#%�
"���� ���:B ��&�3:<�  "*����"!&C�@;�" #  ��=�"28 ��&4��02143*"!&C�@;���<
x∫

0

v(x − t)w(t) dt >

x∫

0

v(t)w(t) dt (∀x ∈ [0,∞)). (6)

C
b�o t_t o t

x∫

0

v(x − t)w(t) dt−
x∫

0

v(t)w(t) dt =

=

x∫

0

[v(x− t)− v(t)]w(t) dt =

=

x∫

0

[v(t) − v(x− t)]w(x − t) dt =

=
1

2

x∫

0

[v(x − t)− v(t)] [w(t) − w(x − t)] dt,

���



��mJn�j:c�o��-j:n��!���-m t �����-g � m�p�n���j:�-� � x|j1��p�lPm��-j{wxe�n t y�l�l v(x) l w(x) n�je��-g ��o��>� t l�p�lJn�j �-m-�:c�o-�!�	o��>���#x�o n�j:c�o��-j:n��!���-m t ���>�-g � m�p�n���j:�-� � x�j1��p�lm1f�n�oul�� n�l�}{n�jxe��-g ��o�j:��x�o�f�c�e�k!o	�{n�jx�-m-�:c�o-�!�	o�j:�$�
B

� 	1���3�1�3���3�q�1�*�Y� � �{�1�! q�1���#"9�*�1�*�Y� � �1�������q� 	� q�q�
α > 0

� o-�:�:z|m-��c�l�zPn�j!p�l�n�j:r�n�m-j e�c�o��-n�j:n�l�jx��l � o �!�-j:c�� t l��

uα(x) =

x∫

0

k(x− t)u(t) dt, α > 0, x ∈ [0,∞). (7)

	>c�o��-n�j:n�l��{�	o t m-k:m �-l�f�ou�-m-�:n�l t o��>��x�n�o � c�l�z|j:c x � c�l_m � l��:o�n�l�l � c�m-y�j1��v�!m-� l�n�wxl�p�q	��c�o�y�l�l ��l�f t m��!��lP��j:c�j:�{�!��j:n t lPy�l�p�l�n�f�c�l���j1� t m-k:mGc�j:�:j:c�v�-e�o�c�o���l��:m-��c�m � n�e�� m1f�n�m-c�m1f�n�e�� � m-c�l��!��e��T�!c�j�f�e l~c�o-� � c�m��!��c�o�n�j:n�l��e:f�o�c�n�gB}u�-m�p�n ����c�e���o	}�x	n�o � m�p�n�j:n�n�gB}uk!o��:m�z t �:zB��� ���n���n�#x � c�l���j1zJ�d��m-��v
t l �:c�j:n�l�� � ��l�} � c�l�p�m$� j:n�l�r l�n���j:c�j1� � c�j�f��!�	o���p����>�xn�j:m-��c�l�y�o���j!p�q-n�g jn�o

[0,∞)
c�j s j:n�l�� � ��m-k:m e�c�o��-n�j:n�l���� � �!�����:l{� � ��l�z c�j s j:n�l��{e�c�o��-n�j!vn�l�� t �!�/�-e:f�j1zPc�o��:g4� t l���o���q � t p�o-�:�!j M0

�
�¡������� � t m>z|m-n�m-��m-n�n�m��!��l c�j s j:n�l���� 	:���
����� k(x) . ��&�<!�  ���
"*��&@$�� 
�
"28 ��&/��02143*"�5�67"28D�
"

[0,∞)
�����������:8 ,�- �($�� u(x) ∈ M0

&C�����  &��)&@����&�  "�3���&@���:8 (7)
;%��<

u(x) . ��&/��02143*"�5�67"28 �����������:8 �
"
[0,∞) ,

C � e��!��q x1 < x2
��b�o t_t o t k(x) > 0

l_n�j e��-g ��o�j:��x�o
u(x) > 0

x���m

uα(x2)− uα(x1) ≡
x2∫

0

k(x2 − t)u(t) dt−
x1∫

0

k(x1 − t)u(t) dt =

=

x1∫

0

[k(x2 − t)− k(x1 − t)]u(t) dt+

x2∫

x1

k(x2 − t)u(t) dt > 0.

,�n�o$��l���x
uα(x1) 6 uα(x2)

� c�l x1 < x2
� ¢ m~��m-k f�o t �	o t t o t u(x) > 0

�Bl
u(x1) 6 u(x2)

� c�l x1 < x2
x��$��j-�

u(x)
n�jxe��-g ��o�j:� n�o

[0,∞)
�
B

�¡������� � t m n�j � c�j:c�g �-n�m��!��l c�j s j:n�l���� 	 ���
����� k(x) . ��&�<!�  ���
" 
��&@$����
"28���&/��02143*"�5�67"28��
"
[0,∞)

�����������:8 ,C- �($�� u(x) ∈M0
&C�����  &��)& 
����&?�  "�3���&@���:8 (7) ;!��< u(x) 8�3�$:8�&C� � 8���& �! &  143���<����
" [0,∞)
������������&��%;

� , & , u(x) ∈ C[0,∞) ,
C � �!l�p�eTp�j1z�z|g �

u(x)
� n�j:e��-g ��o���� o	�iwxe�n t y�l�� l x��:n�o$��l���x

u(x)
�ip�m t o	p�q-n�m�m-k:c�o�n�l���j:n�n�o	����b�o t l�z m��-c�o��:m�z x	wxe�n t y�l�l k(x) l u(x)

���



e:f�m-��p�j:���-m-c����>� ���!j1zM��c�j �-m-��o�n�l���zT��j:m-c�j1z|g ��x�l�� t m-��m-c�m-r �-g ��j t o�j:��x����m
uα(x) ≡ (k ∗ u)(x) j1�!��qPn�j � c�j:c�g �-n�o	�Uwxe�n t y�l���� ¢ m � m�� t m�p�q t e

u(x) > 0
x���m

u(x)
�	o t � j�����p���j:�-� �Gn�j � c�j:c�g �-n�m-r n�o [0,∞)

wxe�n t y�l�j:r x�$��j-�
u(x) ∈ C[0,∞)

�
B

� 	��
 q�q�1�3�q�#" � ���1���q�q�{�1�������q� 	� q�q�
α > 1

� f�o	p�q-n�j:r s j1z ���!�df�e�x�k f�j�c�j:��q~l�f�j:�~m���e�c�o��-n�j:n�l�l t �!�#x � c�j�f � m�p�o	vk!o�j:�-� � x�����m
α > 1

l ��f�c�m
k(x)

e:f�m-��p�j:���-m-c���j:��f��-e�z e���p�m-�-l���z��
¤ �

k(x)
� n�j:e��-g ��o���� o	�~n�o

[0,∞)
wxe�n t y�l��+#�:�

k(0) > 0
�

� m�p�o�k!o	�G� t �!� x = 0
x��1o-z|j:��o�j1z x�����m

u(0) = 0
x�j1��p�l

u(x)
j1�!��q c�j!v

s j:n�l�j e�c�o��-n�j:n�l�� t �!��� � �!�����:lW� ��j1z x ����m n�o-�_l�n���j:c�j1�!e-j:� �-m � c�m��_m�!e��uj1�!���-m-��o�n�l�l{n�j:��c�l��-l�o	p�q-n�gB}{c�j s j:n�l�r_e�c�o��-n�j:n�l�� t �!�#x��-�-j�f�j1z z|n�m�v� j1�!���-m
Q0 = {f(x) : f(x) ∈ C[0,∞), f(0) = 0, f(x) > 0 ∀x > 0} �

�����3�1����� � 	 - �($�� u(x) ∈ Q0
&C�����  &��)&@����& �  "�3���&@���:8 (7) ;!��< ������� 
���:8

u(x)
8�3�$:8�&C� � 8D��&/��02143*"�5�6)&�� � ��# <23�$�&C��3:<  8�&C� <2��&@����"����

F (x) ≡
[
α− 1

α
k(0)

] 1
α−1

x
1

α−1 6 u(x) 6

6

[
α− 1

α

x∫

0

k(t) dt

] 1
α−1

≡ G(x).

(8)

C
b�m�x�����m�wxe�n t y�l�� u(x) ����p���j:�-� �{n�j:e��-g ��o����uj:r x���p�j�f�e-j:� l���p�j1z�vz|g@��� b�o tWt o t � c�l x = 0

e����-j:c�� f�j:n�l�j t � � � � c�o��-j�f�p�l��-m�x���m �-e:f�j1z�!��l��	o���q ���!�df�e f�o	p�j:j�x�����m
x > 0

�

um t o	� j1zI�!n�o$��o	p�o � j:c��-m-j�n�j:c�o��-j:n��!���-m�l�� t � ����b�o tGt o t u(x) ����p���vj:�-� �Pc�j s j:n�l�j1z e�c�o��-n�j:n�l�� t � ��l

k(x)
� n�j:e��-g ��o���� o	� wxe�n t y�l�� x|��m

uα(x) =

x∫

0

k(x− t)u(t) dt > k(0)

x∫

0

u(t) dt (∀x > 0),

l�p�l

u(x) >

[
k(0)

x∫

0

u(t) dt

] 1
α

(∀x > 0), (9)

���



l�p�l x�����m���m � j��:o-z|m-j�x
k(0)u(t)

[
k(0)

t∫
0

u(τ) dτ
] 1

α

> k(0) (∀ t > 0).

 xn���j:k:c�l�c�e�� � m���p�j�f�n�j:jxn�j:c�o��-j:n��!���-m � � c�j�f�j!p�o	} m-� 0 f�m x x � m�p�e���l�z
[
k(0)

x∫

0

u(t) dt

] 1
α

>

[
α− 1

α
k(0)

] 1
α−1

x
1

α−1 ≡ F (x). (10)

b�o t l�z m��-c�o��:m�z x�p�j:�-m-j�n�j:c�o��-j:n��!���-m � t � � �-g ��j t o�j:� l�� t � �dl t �3�����
um t o	� j1zU��j � j:c�q �-��m-c�m-j n�j:c�o��-j:n��!���-m l�� t � ��� � �!l�p�eJn�j:c�o��-j:n��!����o
� j �-g s j:��o t ���#x�l�z|j:j1z

uα(x) =

x∫

0

k(x− t)u(t) dt 6

x∫

0

k(t)u(t) dt,

l�p�l

u(x) 6

[ x∫

0

k(t)u(t) dt

] 1
α

(∀x > 0), (11)

l�p�l x�����m���m � j��:o-z|m-j�x

k(t)u(t)
[ t∫
0

k(τ)u(τ) dτ
] 1

α

6 k(t) (∀ t > 0).

 xn���j:k:c�l�c�e�� � m���p�j�f�n�j:jxn�j:c�o��-j:n��!���-m � � c�j�f�j!p�o	} m-� 0 f�m x x � m�p�e���l�z
[ x∫

0

k(t)u(t) dt

] 1
α

6

[
α− 1

α

x∫

0

k(t) dt

] 1
α−1

≡ G(x). (12)

b�o t l�z m��-c�o��:m�z x��-��m-c�m-j�n�j:c�o��-j:n��!���-m � t � � �-g ��j t o�j:� l�� t ����� l t ������� B
� c�l�z|j:c_��f�c�o k(x) = C > 0 �

m t o��:g ��o�j:��x�����m~m-y�j:n t l � t � �Bn�j:e1p�e���v
s o�j1z|gjx��	o t_t o t � � ��m�z ��p�e���o�j

F (x) ≡ G(x) ≡
[
α− 1

α
C

] 1
α−1

x
1

α−1

����p���j:�-� �_c�j s j:n�l�j1z e�c�o��-n�j:n�l�� t �!���

���



� 	 � �q���n�q�1�n�q�n�1�*�Y� ���´���������
P�3�n�1�*�Y�q�������*�1���  1���1�n���3�1�
T

 x�J��j:m-c�j1z|gV�P��p�j�f�e-j:��xB����m c�j s j:n�l�� e�c�o��-n�j:n�l�� t �!� � c�l α > 1j1�!��j1�!���-j:n�n�m c�o��:g4� t l���o���q � t p�o-�:�!j
P = {u(x) : u(x) ∈ C[0,∞), F (x) 6 u(x) 6 G(x)} .� o-�:�:z|m-��c�l�zPn�j!p�l�n�j:r�n�g r_l�n���j:k:c�o	p�q-n�g r_m � j:c�o���m-c{�!�-j:c�� t l T �

(Tu)(x) =

( x∫

0

k(x− t)u(t) dt

) 1
α

.

�����3�1����� � t m��~l�n���o�c�l�o�n���n�m��!��l
P
� 	�� $
"*���

P
����3*"  �
"��%��&@� <!����< 


�(�%��&@$�����< ��&@$�����&�����<2=�<7< � &  "*��<  ")�(3:&  ����� T ,
C � e��!��q u(x) ∈ P

� ¢ e���n�m f�m t o��1o���q�x�����m ��m-k f�oJl (Tu)(x) ∈ P
x

�$��j-�
(Tu)(x) ∈ C[0,∞)

l
F (x) 6 (Tu)(x) 6 G(x)

�
���Bb�m�x�����m

(Tu)(x) ∈ C[0,∞)
�-g ��j t o�j:� l�� ��j:m-c�j1z|g �-�

��� � m t o	� j1z x�����m (Tu)(x) > F (x)
��b�o t t o t u(x) > F (x)

x���m

[(Tu)(x)]
α
=

x∫

0

k(x− t)u(t) dt >

x∫

0

k(x− t)F (t) dt >

> k(0)

x∫

0

F (t) dt = [F (x)]α,

�$��j-�
(Tu)(x) > F (x).

��� � m t o	� j1z x�n�o t m-n�j:y x�����m (Tu)(x) 6 G(x)
��b�o tJt o t u(x) 6 G(x)

x
��m � c�l�z|j:n���� n�j:c�o��-j:n��!���-m � j �-g s j:��o t ���#x�l�z|j:j1z

[(Tu)(x)]
α
6

x∫

0

k(x− t)G(t) dt 6

x∫

0

k(t)G(t) dt =

=

[
α− 1

α

] 1
α−1

x∫

0

[ t∫

0

k(τ) dτ

] 1
α−1

d

[ t∫

0

k(τ) dτ

]
= [G(x)]α,

�$��j-�
(Tu)(x) 6 G(x)

�

�%�



� 	1�����n�q�q�1���Y���*�  q�1�*�Y�n�1�n�1�Y�n���
Pb
� ����� 1���1�1�3���

� m-c�m s m�l��:�-j1�!��n�m�x�����m C[0,∞)
n�j ����p���j:�-� � � m�p�n�g4zWz|j:��c�l���j1� t l�z

� c�m��!��c�o�n��!���-m�zB� � �-j�f�j1z ���!�����:l_� � ��l�zI��p�j�f�e����ul�r t p�o-�:�xwxe�n t y�l�r��

Pb = {u(x) : u(x) ∈ C[0, b], F (x) 6 u(x) 6 G(x)} ,
k f�j

b > 0
� � c�m-l��:�-m�p�q-n�m-j���l���p�m��

� �!l�p�e~�-m�p�q	��j:c�c�m-�-m��!��l m � j:c�o���m-c�o T x�l�� ��j:m-c�j1z|g � �-g ��j t o�j:�
	D���Y�;�Y�n�*�1� � 	 � $
"*���

Pb
����3*"  �
"��%��&@� <!����<!�(�%��&@$�����< < � &  "*��<  "�(3:&  ����� T ,� �-j�f�j1zG�-m z|n�m$� j1�!���-j wxe�n t y�l�r Pb c�o-�:�!��m$��n�l�j � m���p�j�f�e����uj:r wxm-c�vz|e1p�j��

ρb(u1, u2) = sup
0<x6b

|u1(x)− u2(x)|
x

1
α−1 eβx

, β > 0.

�����3�1����� � t m � m�p�n�m-��j Pb � 	�� ��<�' &C����3:< Pb � � &C�  ����<�� ρb <�0  " �@��&C�
� <2$���<�& � &C�  �?>*&C�(��<�& �! <!���  "��%����3:< ,

C � g � m�p�n�l�z|m��!��qXo t �!l�m�z\z|j:��c�l t l m-��j:�-l�f�n�o���
um t o	� j1z � m�p�n�m�v��e
Pb
� � e��!��q {un(x)} �Mp�� ��o	� wxe�n�f�o-z|j:n��	o	p�q-n�o	� � m���p�j�f�m-��o���j!p�q-n�m��!��ql��

Pb
��b�m-k f�o ∀ ε > 0 ∃N = N(ε) > 0 : ∀m,n > N

�-g � m�p�n���j:�-� �_n�j:c�o	v�-j:n��!���-m
ρb(um, un) < ε,

�$��j-�

|um(x)− un(x)|
x

1
α−1 eβx

< ε (∀m,n > N, ∀x ∈ (0, b]). (13)

b�o t_t o t
x1/(α−1)eβx 6 b1/(α−1)eβb ≡M,

��m
|um(x) − un(x)|

x
1

α−1 eβx
>

1

M
|um(x) − un(x)|.

� m � ��m�z|e~l�� t �����dl�z|j:j1z |um(x)− un(x)| 6Mε ∀m,n > N
x ∀x ∈ [0, b]

t ��f�j1�!q~e���p�l x�����m
um(0) = un(0) = 0

�#x��$��j-� {un(x)} � wxe�n�f�o-z|j:n��	o	p�q�vn�o	� � m���p�j�f�m-��o���j!p�q-n�m��!��qu� C[0, b] � � �!l�p�e � m�p�n�m-��g C[0, b] �!e��uj1�!���-e-j:�
u(x) ∈ C[0, b]

�	o t m-j�x�����m

lim
n→∞

un(x) = u(x). (14)

� �



� m t o	� j1z x�����m u(x) ∈ Pb.
b�o t~t o t {un(x)} ∈ Pb

x-��m ∀n l ∀x ∈ [0, b]

F (x) ≡
[
α− 1

α
k(0)

] 1
α−1

x
1

α−1 6 un(x) 6

6

[
α− 1

α

x∫

0

k(t) dt

] 1
α−1

≡ G(x).

� j:c�j!}�m1f��_� � m���p�j�f�n�j1zWn�j:c�o��-j:n��!���-j t
� c�j�f�j!p�e ��� l n → ∞ x���e���j:��m�z
c�o��-j:n��!����o t ����� � m�p�e���o�j1z F (x) 6 u(x) 6 G(x)

x��$��j-�
u(x) ∈ Pb

�
� }�m1f�l�z|m��!��q � m���p�j�f�m-��o���j!p�q-n�m��!��l {un(x)} t u∗(x) � m z|j:��c�l t j ρbf�m t o��:g ��o�j:�-� � � j:c�j!}�m1f�m�z ��n�j:c�o��-j:n��!���-j t ����� t � c�j�f�j!p�e � c�l m→ ∞ �

� 	/	��������Y�n���3���n�q�1� �{�Y���q�1�Y�n�����q�1�*�Y� ���1�������q� 	
� g s jPz|g\f�m t o��1o	p�l x ����m j1��p�li� t p�o-�:�!j Pb �-�-j1�!��l z|j:��c�l t e ρb

x
��m
Pb
��� j:�-c�o � o�j:�-� �x� � m�p�n�m-j�x � c�l���j1z_n�j!p�l�n�j:r�n�m-j t �	o t�t o t x:n�o � c�l�z|j:c x

−u(x) /∈ Pb
x�j1��p�l

u(x) ∈ Pb
��z|j:��c�l���j1� t m-j � c�m��!��c�o�n��!���-m��w�xc�m�z|j ��m-k:m

t �:zB� ��p�j�f��!���-l�jJ���#x�n�j!p�l�n�j:r�n�g rIm � j � o���m � �!�-j:c�� t l T x���f�c�m t m-��m-c�m-k:me:f�m-��p�j:���-m-c���j:�ue���p�m-�-l���z ¤ �dl �:�#x�f�j:r��!���-e-j:� l��
Pb
�
Pb
�

� m t o	� j1z x�����m�j1��p�l{��f�c�m k(x) e:f�m-��p�j:���-m-c���j:�uj �uj e���p�m-�-l��p�
� �B�!e��uj1�!���-e-j:� c ∈ (0, b)

�	o t m-j�x�����m k(c) < αk(0)
#

l_��l���p�m
β
m � c�j�f�j!p���j:�-� � � m~wxm-c�z|e1p�j

β =
1

k(0)
sup
c6x6b

k(x)− k(0)

x
, (15)

��m m � j:c�o���m-c T ����p���j:�-� �_� ��l�z�o����ul�zB��
�p�� � ��m-k:m n�o-z � m-n�o$f�m��-l��-� �
�¡������� � � �7�+	��)$:8D$�5�0�<2=�<

x ∈ [0, b]
� �! "�3:& #%$���3:<���&  "�3:&@�%����3:<

k(x) e−βx 6 k(c),

=+# &
c
�
β
< �! & # &@$:8�5 � � 8 �����
�($�<23��:8 � � �A� <  � � $�1 (15) ,

C
� o-�:�:z|m-��c�l�zPm-�:f�j!p�q-n�m�f���o ��p�e���o	���

��� � e��!��q 0 6 x 6 c
�-b�m-k f�o�x	e���l���g ��o	� x	����m

k(x)
n�jBe��-g ��o�j:��l

β > 0
x

l�z|j:j1z
k(x)e−βx 6 k(x) 6 k(c)

� ����m l_��c�j �-m-��o	p�m��!q��

� �



��� � e��!��q�x�n�o t m-n�j:y x c 6 x 6 b
��b�o t t o t x > c > 0

x���m

k(x) = k(0) + k(0)x
1

k(0)

k(x)− k(0)

x
6 k(0)[1 + xβ].

 x�	o t x k(x) 6 k(0)[1 + βx] ∀x ∈ [c, b]
� ¢ m 1 + α 6 eα ∀α > 0

�	o t x����m
1 + βx 6 eβx

� � p�j�f�m-��o���j!p�q-n�m�x
k(x) 6 k(0)eβx 6 k(c)eβx

x�m-� t e:f�om t m-n���o���j!p�q-n�m � m�p�e���o�j1z k(x)e−βx 6 k(c) ∀x ∈ [c, b]
�
B

�����3�1����� � 	�� � &  "*��<  T : Pb → Pb
� 8�3�$:8�&C� � 8 � ')��� "�5�6���� ; �! �

� ��< � ∀u1(x), u2(x) ∈ Pb
3�1 � <2$��:8�&C� � 8D��&  "�3:&@�%����3:<

ρb(Tu2, Tu1) 6
k(c)

αk(0)
ρb(u2, u1), (16)

=+# & > �%�($�<
c
< �! & # &@$:8�&C� � 8D�����
�($�<23��:8 � � ,

C
b�m�x ����m m � j:c�o���m-c T f�j:r��!���-e-j:�Jl�� Pb � Pb x �-g ��j t o�j:�Jl�� ��p�j�f�v�!���-l��X�-�´
um t o	� j1zTn�j:c�o��-j:n��!���-m t �����#x|�$��j-�|����mJm � j:c�o���m-c T ����p���j:�-� �� ��l�z�o����ul�zB� � e��!��q u1(x), u2(x) ∈ Pb

l
x ∈ (0, b]

� � �!l�p�e ��j:m-c�j1z|g
��o�k:c�o�n�� o�x$l��:�-j1�!��n�m-r l�� t e�c��:o z�o���j1z�o���l���j1� t m-k:m o�n�o	p�l��1o�x1f�p�� p�� �-gB}
z1, z2 > 0

l�z|j:j1z
z
1/α
1 − z

1/α
2 = 1

αΘ
1/α−1(z1 − z2)

x�k f�j
Θ
p�j!��l���z|j!� f�e

z1
l
z2
� � m � ��m�z|e�x�j1��p�l z1 > z0

x
z2 > z0

x���m�l
Θ > z0

� ,�n�o$��l���x
∣∣∣z

1
α
1 − z

1
α
2

∣∣∣ 6 1

α

|z1 − z2|
{z0}

α−1
α

.

  � � m�p�q-�:e�� � ��m n�j:c�o��-j:n��!���-m l e���l���g ��o	� x_����m (Tu1)(x) > F (x)
x

(Tu2)(x) > F (x)
x�f�p��{���!j!}

x ∈ (0, b]
l�z|j:j1z

|(Tu2)(x) − (Tu1)(x)| =

=

∣∣∣∣∣

( x∫

0

k(x− t)u2(t) dt

) 1
α

−
( x∫

0

k(x− t)u1(t) dt

) 1
α
∣∣∣∣∣ 6

6
1

α

∣∣∣∣
x∫
0

k(x− t)u2(t) dt−
x∫
0

k(x− t)u1(t) dt

∣∣∣∣

{[F (x)]α}
α−1
α

6

6
1

α

∣∣∣∣
x∫
0

k(x− t) [u2(t)− u1(t)] dt

∣∣∣∣
[F (x)]α−1

6
1

α

x∫
0

k(x− t) |u2(t)− u1(t)| dt
α−1
α k(0)x

.

�!�



 x�	o t x
|(Tu2)(x) − (Tu1)(x)| 6

6
1

(α− 1)k(0)x

x∫

0

k(x− t) |u2(t)− u1(t)| dt.
(17)

b�o t_t o t

|u2(x) − u1(x)| = x
1

α−1 eβx
|u2(x)− u1(x)|

x
1

α−1 eβx
6 x

1
α−1 eβxρb(u2, u1),

��m l�� t �%�!�#x��xe���j:��m�z p�j1z�z|gL��x � m�p�e���l�z
|(Tu2)(x) − (Tu1)(x)

∣∣ 6

6
1

(α− 1)k(0)x
ρb(u2, u1)

x∫

0

k(x− t) t
1

α−1 eβt dt =

=
1

(α− 1)k(0)x
ρb(u2, u1) e

βx

x∫

0

k(x− t) e−β(x−t) t
1

α−1 dt 6

6
k(c)

(α− 1)k(0)x
eβx ρb(u2, u1)

α− 1

α
x

α
α−1 .

� p�j�f�m-��o���j!p�q-n�m�x
|(Tu2)(x) − (Tu1)(x)|

x
1

α−1 eβx
6

k(c)

αk(0)
ρb(u2, u1) (∀x ∈ (0, b]),

����m�c�o��-n�m��!l�p�q-n�mun�j:c�o��-j:n��!���-e t �������
B x�	o t x1n�o m��!n�m-��o�n�l�l � c�l�n�y�l � o>� ��l�z�o����ul�} m-��m��-c�o	� j:n�l�r>f�m t o��1o�n�o

�����3�1����� � t �!e��uj1�!���-m-��o�n�l�� lPj�f�l�n��!���-j:n�n�m��!��l�� 	 ���
�����
b > 0 .$�5�0�<�& > �%�($�<�� 8�#  < k(x) ��# <23�$�&C��3:<  8�&C� �
�($�<23��:8�� ¤ �#x��:� � � � ,�� <2=+# "��&@$�����&�����<�& ���%��&@=  "�$�����<�& �  "�3���&@����&A��� � " �(3:&  ����� (7)

��� &�&C� & #%��� 

����3:&@����<�&  &��)&@����&�3 �! <!���  "��%����3:& Pb ,�� ��<  &��)&@����& � <�')��< �
" �%��� � & 

��<(# < � � <!�($�& # <23*"*��&@$�����1�B �! ��02$��:' &@��� � ,¢ j:��c�e:f�n�m � m t o��1o���q�x�����m � c�l_e���p�m-�-l���} ��j:m-c�j1z|g � e�c�o��-n�j:n�l�jx��l � o�!�-j:c�� t l t �!� l�z|j:j:��j�f�l�n��!���-j:n�n�m-jxc�j s j:n�l�j � t p�o-�:�!j Q0

�
,�o-z|j:��l�z x�����m_e�c�o��-n�j:n�l�j

uα(x) =
∫ x
0 e

x−tu(t) dt
x
α > 1

x�l�z|j:j:�_c�j!v
s j:n�l�j u(x) = (e[(α−1)/α]x − 1

)1/(α−1) l m-n�m j�f�l�n��!���-j:n�n�m � t p�o-�:�!j Q0
�


 o	p�q-n�j:r s l�j��!�-j�f�j:n�l��_m�c�o��:�-l���l�l_��j:m-c�l�l n�j!p�l�n�j:r�n�gB}_e�c�o��-n�j:n�l�r��l � o��!�-j:c�� t l{�-l�f�o t �!�Bz|m$��n�m n�o�r���l_� � ��x
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i��A�3�k� uO�A� �3�|� � � i �|��r �|�Dm �|� y�� � �A� i �|� � p�Z��
�Fi��,¡WZ�� ��� u � �|� � i��O� �zu i�� p i�� m �|�O� r

r��a��� � ew{�h�k	¢�\%|
������2'�1*�%��'�

Γ
%�)��'%��'�'�����#��$ +��1*�%�����$ ��!'%�!'&5) !'�'*P��$ %��'&5%��,£

+ = [0,∞)
��2'�I&�%�� +���d'$ � $ ��-

%�)1��2'�|�'%��'� $ �'�4���3�� �!"�#��$ %��
uα(x) =

∫ x
0
k(x − t) u(t) dt

x
α > 1

xn/1$ ��2¤��2'�|K����6�'���
k ∈ Γ

x�$ &^*�%��'&�$ Q'���6��Q��o¥I2"�#���� �!"�#��$ %��q��.'.	�4���6&�$ �Y��.'.'� $ *4�#��$ %��'&�%�)(c"� �����#��$ %��Y��2'��%��U-
���'Q|���6$ &���&I$ �,��2'�W��2'��%��U-|.'�6%�."�����#��$ %��T%�)n�'%��'� $ �'�4���I&�2'%�*DK/rM/I��+���&1$ �A����&0c"� � ��Q,��!'d	��&
/1$ ��2O) �6$ *P��$ %����
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� 	�����������������! "�#��	�i9c�� � ��� Z|�!m2\�h�_�c a�b�e]^`\%|�_�[]_3azh�b�e�$&%�')(�*!+,*.-0/ -�*�132�46587:9
k!c�a k!l�ew\ � []\%|�_3aLg]h�_ b c�a�_ � _�c�a�_�c�^`_O\!f�g]h�_Fm2\�c�g]b c�q�q�; ¡ � � \!g]h�_3ewb�e:� �
^`\<; � []_�h�_�c�ewb |�_ � []_3ew_�c�g(k%g]b \�cO\!fzg]h�_Gm2\�h�_�c fn\�[(^`b c�d=; _`g]h�\�a d�k�|�_s[]b�ew_sg]\
g]h�_?>@*!*�A %CB�5ED�B�A FG%C+H$&*!+<%�A IJ*.-KI%�'&')(�%C*�1ML%xON:h�b�^(hPN _�[]_RQ�[(e-g�b c�g][]\�a�q�^`_3a
¢��S�u� r�^`\!gwgDk!c�a u � r�\�l \%|%k�� t ew_�_Lr�^`\!gwg � �Y�'�n� k!c�a Z|� y \ ��T_�c�{%k � ����� �
� ew��e-g]_;�k%g]b�^sk�^�^`\�q�c�g \!f g]h�_sg]h�_�\�[]�J\!fU� \�\�l _3k!c |%k!l q�_3a?; \�a�_�l�e k!c�a b g(e
k ��� l b�^�k%g]b \�c�e g]\�b c�a�_ � _�c�a�_�c�^`_ � []\�\!fve ^�k!cH¢�_jfn\�q�c�a b c � ��x�����x*��� � � � ¢�[]b _`f
k!c�asc�b�^`_j\%|�_�[]|�b _N ew_�_ob c� ��� � �

�u�(r�^`\!gwg � �Y�'� fn\�[]_3^�k�e-g]_3a�b cO� � � � ��V>�G_0; q�e-gjk�ew{WN:h�_`g]h�_�[�g]h�_�[]_ b�e�k!c��
b c�g]_�[]_3e-g b c g]h�_3ew_:c�\�c�e-g(k!c�a�k![(a0; \�a�_�l�e k�ewb�a�_ fn[]\<;Rg]h�_:b c�a�_ � _�c�a�_�c�^`_ � []\�\!f #
g]h�k%g b�e a�\zg]h�_�� h�k�|�_ k!c��,;�k%g]h�_;�k%g]b�^�k!l�b c�g]_�[]_3e-gMX,� h�_ k!c�eYN _�[�; q�e-g^¢�_ ��_3e�x
¢�q�gZN _j^�k!c�c�\!g:��_`g d�b |�_ok []_3k!l l ��d�\�\�a k![]d�q�; _�c�g(e:� [

� h�_ a�_�|�_�l \ � ; _�c�g \!f�� \�\�l _3k!c |%k!l q�_3a k!c�k!l ��ewb�e e-g(k![wg]_3a k%g g]h�_ _�c�a \!f�g]h�_
ew_�|�_�c�g]b _3e+h�k�|�_2ewh�\�N:c g]h�k%g7r�^`\!gwg\N k�e � _�[wfn_3^#g]l �j[]b d�h�g t ew_�_�� �%��x�� � x!�!�'�n���"� h�_
g]_�[3;]>@*!*�A %CB�5^D�B�A FG%C+KB�5�B�A L_IM4`ICa7^`\�b c�_3a ¢�� � �I�=k!{�_�q�g]b t ew_�_ � � � �n�#x ewb d�c�b Q�_3e
g]h�_ g]_3^(h�c�b`b�q�_ \!f
e-g]q�a���b c�d � []\ � _�[wg]b _3e=\!f
k!c k![#¢�b g][(k![]�c;�k%g]h�_;�k%g]b�^�k!l�\�¢�d-_3^#g
¢��e; _3k!c�e2\!f+^`\<; � k![]b�ew\�c¤¢�_`g.N _�_�c�b g(e2[]_ � []_3ew_�c�g(k%g]b \�c�e b c�g.N \ a�b f
_�[]_�c�g ew_`g v
g]h�_�\�[]_`g]b�^g; \�a�_�l�e�N:h�\�ew_:^`\�c�e-g][]q�^#g]b \�c q�g]b l b }�_3e � []b c�^`b � k!l l � a�b�e-g]b c�^#gg� \�\�l _3k!c
k!l d�_�¢�[(k�e:� � e g]h�_3ew_U; \�a�_�l�e�x�g]h�_o^`l�k�e]ewb�^�k!l m k!c�g]\�[]b�k!c � k![(k�a�b�ew_zb csg]h�_jewh�k � _
\!f�g]h�_ |�\�ci� _�q�;�k!c�c�q�c�b |�_�[(ew_

V
k!c�a�kje � _3^`b�k!l l ��v g][]b ;h; _3ah� \�\�l _3k!c |%k!l q�_3a

q�c�b |�_�[(ew_
V(B) k![]_jq�ewq�k!l l �sg(k!{�_�c���m2\<; � k![(k%g]b |�_ k!c�k!l ��ewb�e:b�ez^�k![][]b _3a \�q�g|¢��

; _3k!c�e \!f ew\<; _ob c�g]_�[ � l�k��S¢�_`g.N _�_�c
V
k!c�a

V
(B) �

� \�\�l _3k!c |%k!l q�_3a k!c�k!l ��ewb�eze-g(k![wg(e@N:b g]h g]h�_ fvk�^#g�g]h�k%go_3k�^(h b c�g]_�[]c�k!l:Q�_�l�a
\!f=[]_3k!l�e \!f kh� \�\�l _3k!cs|%k!l q�_3aW; \�a�_�l a�_3e]^`_�c�a�e b c�g]\�k q�c�b |�_�[(e]k!l l ��^`\<; � l _`g]_
|�_3^#g]\�[ l�k%gwg]b�^`_-�O� h�b�e�[]_;�k![]{%k	¢�l _ fvk�^#giN k�e�a�b�e]^`\%|�_�[]_3a�¢����4�A��\�[(a�\�cXb c
� �'� x�ew_�_ k!l�ew\ � �6� �zi9cLg]h�_Oe]k�; _ � _�[]b \�a�x:g.N \Fb ; � \�[wg(k!c�g � k![wg]b�^`q�l�k![ ^�k�ew_3e
N _�[]_ b c�a�_ � _�c�a�_�c�g]l �Be-g]q�a�b _3a ¢�� � �0�=k!{�_�q�g]b x�N:h�\s\�¢�ew_�[]|�_3a�g]h�k%gjks|�_3^#g]\�[
l�k%gwg]b�^`_7\!f t _!b�q�b |%k!l _�c�^`_2^`l�k�e]ew_3e�\!f(�j; _3k�ewq�[(k	¢�l _ fnq�c�^#g]b \�c k!c�ajk ^`\<;h; q�g(k%g]b |�_
k!l d�_�¢�[(k \!f t q�co¢�\�q�c�a�_3a�� ew_�l f v9k�a_d-\�b c�g \ � _�[(k%g]\�[(e b c kS¡ b l ¢�_�[wg�e � k�^`_ ^�k!cH¢�_
^`\�c�ewb�a�_�[]_3ask�e b c�e-g(k!c�^`_3e \!f�� \�\�l _3k!cs|%k!l q�_3a []_3k!l�e�� � � x�� � x����'� �
? ¥I2'$ &k$ &,�:&6-��'%�.'&�$ &,%�)1��2'�T� ��*P��!'�6��&,��$ +����R�#�3��2'� 8 %���) ���6���'*��T%�)�k5%�!'�'� [ *�$ ������$ &6��&

l`m !'&�&�$ ��x�<W� ��Q'$ K���+�K��Cn=x�o�!'� -S²�~D?�²/³�x�²=��~#zpF�
q m !'&�&�$ ��x5<W� ��Q'$ K���+�K��Cn=x [ %�!���2'���6� 9:�#��2'��NO�#��$ *4���W���'&6��$ ��!����q%�)�<W� ��Q'$ K���+�K��Cn [ *�$ ���'*��
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� 	������ ���� )�#����
!�,�����e�����"�8��� ���	�"���8�	
!���!
:	"� h�[]\�q�d�h�\�q�g
g]h�_ ew_!b�q�_�l
Bb�e�k ^`\<; � l _`g]_e� \�\�l _3k!c k!l d�_�¢�[(k&N:b g]h g]h�_ \ � _�[(k%g]b \�c�e@; _�_`g ∧ x8d-\�b c ∨ x�k!c�a^`\<; � l _; _�c�g(k%g]b \�c (·)∗ x�N:b g]hOa�b�e-g]b c�d�q�b�ewh�_3a _�l _; _�c�g(e q�c�b g�
 k!c�a }�_�[]\ O
�

��b |�_�c
α ∈ On

x � q�g t N:b g]h On
e-g(k!c�a�b c�d fn\�[ g]h�_ ^`l�k�e]e \!f k!l l�\�[(a�b c�k!l�e(�=�

V(B)
α :=

{
x : x

b�e k fnq�c�^#g]b \�c
,

(∃β ∈ On)
(
β<α, dom(x) ⊂ V

(B)
β , im(x) ⊂ B

)}
.

� f�g]_�[7g]h�b�e7[]_3^`q�[(ewb |�_:a�_�Q�c�b g]b \�c g]h�_c>@*!*�A %CB�5iD�B�A FG%C+0F�5G46D�%�1CI%
V(B) \�[3x!b c

\!g]h�_�[ON \�[(a�e�x�g]h�_ 2�A B_ICI0*.-
B � I%�'"Iob�e b c�g][]\�a�q�^`_3a�k�e

V
(B) :=

⋃

α∈On

V
(B)
α .

i9c ^�k�ew_7\!f�g]h�_7g.N \z_�l _; _�c�g\� \�\�l _3k!cjk!l d�_�¢�[(k�
:= { � , 
 } g]h�b�e � []\�^`_3a�q�[]_��b _�l�a�eJkX|�_�[(ewb \�c \!fsg]h�_F^`l�k�e]ewb�^�k!lWD�*�5��0%�F�$&B�5G5 F�5G46D�%�1CI%

V
t ^ � � � � � x

� h�_�\�[]_; ��� ��� � �n���
� _`g

ϕ
¢�_ k!cBk![#¢�b g][(k![]��fn\�[3; q�l�k�\!f

ZFC
x���_�[3; _�l \%�n��[(k!_�c�{�_�l�ew_`gzg]h�_�\�[]�

N:b g]hs^(h�\�b�^`_-�m� h�_,>@*!*�A %CB�5	' 1MF�')(&D�B�A FG%
[[ϕ]] ∈ B

b�e2b c�g][]\�a�q�^`_3ai¢�� b c�a�q�^#g]b \�c
\�c g]h�_L^`\<; � l _���b g-� \!f

ϕ
¢�� c�k%g]q�[(k!l l � b c�g]_�[ � []_`g]b c�dRg]h�_ � []\ � \�ewb g]b \�c�k!l

^`\�c�c�_3^#g]b |�_3eJk!c�a b�q�k!c�g]b Q�_�[(eGb c g]h�_ � \�\�l _3k!c k!l d�_�¢�[(k
B
( fn\�[ b c�e-g(k!c�^`_�x

[[ϕ1 ∨ ϕ2]] := [[ϕ1]] ∨ [[ϕ2]]
k!c�a

[[∀xϕ(x)]] = ∧{[[ϕ(u)]] : u ∈ V(B)}
) k!c�a

g(k!{�b c�d b c�g]\B^`\�c�ewb�a�_�[(k%g]b \�cBg]h�_ N k��Bb cJN:h�b�^(h k�fn\�[3; q�l�k�b�eY¢�q�b l g q � fn[]\<;
k%g]\<; b�^ fn\�[3; q�l�k�e:�	� h�_@� \�\�l _3k!c g][]q�g]h�|%k!l q�_3e7\!f�g]h�_eB�' *�$e4"2\-�*�1M$eF�A B_I

x ∈ yk!c�a
x = y

( N:b g]h
x, y ∈ V

(B)
) k![]_ a�_�Q�c�_3a ¢��^; _3k!c�e�\!f�g]h�_�fn\�l l \�N:b c�d

[]_3^`q�[(ewb \�c e]^(h�_;�k��

[[x ∈ y]] =
∨

t∈dom(y)

(
y(t) ∧ [[t = x]]

)
,

[[x = y]] =
∨

t∈dom(x)

(
x(t) ⇒ [[t ∈ y]]

)
∧

∨

t∈dom(y)

(
y(t) ⇒ [[t ∈ x]]

)
.

� h�_jewb d�c ⇒ ew�8;p¢�\�l b }�_3e g]h�_jb ; � l b�^�k%g]b \�c b c
B
#�b �w_-� x

(a⇒ b) := (a∗ ∨ b) �r�k��@g]h�k%g g]h�_ IM' B�' %�$&%�5G'
ϕ(x1, . . . , xn)

4`I D�B�A 4"+ *�1S')(�% %�A %�$&%�5G'"I
x1, . . . , xn � *_ICI%MICI�')(�% � 13* � %�1M' L ϕ � 46')(8465 ( 465�IM4"+<% ) V(B) b f [[ϕ(x1, . . . , xn)]] =
���i9csg]h�b�e:_�|�_�c�g3x�N _cN:[]b g]_ k!l�ew\

V(B) � ϕ(x1, . . . , xn)
�

� h�_oq�c�b |�_�[(ew_
V(B) N:b g]hsg]h�_,� \�\�l _3k!c�g][]q�g]hs|%k!l q�_c;�k ��� b c�d ϕ 7→ [[ϕ]]

b�e
kZ; \�a�_�l�\!f�ew_`g=g]h�_�\�[]�ob c g]h�_ ew_�c�ew_7g]h�k%g=g]h�_2fn\�l l \�N:b c�dze-g(k%g]_; _�c�g b�e fnq�l Q�l l _3aw�

�%�
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 � �����c�� "���< �� �"�)	����
ϕ(x1, . . . , xn) 	�
����������������� � ZFC �������

(∀x1, . . . .xn ∈ V
(B)) V(B) |= ϕ(x1, . . . , xn)

	�
����
���� ��������������� � ZFC ,!E�#"� �$=�%$&�c�� "���< �� �"�)	(' ��� ϕ(u, x1, . . . , xn) )#��� � ���*� +,�-�.� � ZFC ,/ �����0����� � ��� ���213	 �#45	�
76����28��9)����:	 � ZFC
�9� ���;���<����)�	=�������?>�@9�9	=���BA���� ���CAC��	����

x1, . . . , xn ∈ V(B) ���������D�*E#	�
��=
 x0 ∈ V(B) 
�+#A?�F���G�#�
[[(∃x)ϕ(x)]] = [[ϕ(x0)]].

� 	 � 
!�<�8���� "�%H �����R���8
!�<�8���� "�%H 	 � e:N k�e:; _�c�g]b \�c�_3a k	¢�\%|�_�x3k�eY; \�\!g]h
;�k%g]h�_;�k%g]b�^�k!l�g]\�\�l {�b g fn\�[ []_�|�_3k!l b c�d b c�g]_�[ � l�k��q¢�_`g.N _�_�c�g]h�_�b c�g]_�[ � []_`g(k%g]b \�c�e
\!f \�c�_ k!c�a g]h�_Oe]k�; _Gfvk�^#g b cLg]h�_Jg.N \ ; \�a�_�l�e

V
k!c�a

V
(B) b�e c�_�_3a�_3a��

� h�_�[]_�l _�|%k!c�gWB_I2C%�5�+�46587 � B�5�+ � +<%MI2C%�5�+�46587=' %C2C(85G4�I�FG%s[]_3e-g(ej\�cGg]h�_�fnq�c�^#g]\�[(e\!fO2CB�5�*�5G4"2CB�A\%�$KJC%C+<+�46587 t \�[cIM' B�5�+<B�13+ 5�B�$&%��#x�+<%MI2C%�5G' x�k!c�a B_I2C%�5G' �
L�(�%eIM' B�5�+<B�13+ 5�B�$&% -CF�5�2�' *�1�M(��b |�_�c

X ∈ V
x#N _ a�_�c�\!g]_Y¢��

X∧ ∈ V(B)

g]h�_^IM' B�5�+<B�13+^5�B�$&%G\!f
X
�3� h�_Je-g(k!c�a�k![(aFc�k�; _Bb�e�k!c _;p¢�_3a�a�b c�d \!f

Vb c�g]\
V

(B) ��� \�[]_�\%|�_�[3x�g]h�_ e-g(k!c�a�k![(aJc�k�; _�ew_�c�a�e
V
\�c�g]\

V
( N ) x b �w_-� x

V '
V( N ) ⊂ V(B) x�N:h�_�[]_� := { � , 
 } ⊂ B

�
� fn\�[3; q�l�kob�e7^�k!l l _3aOJC*�F�5�+<%C+ \�[Z13%MIM' 1M4"2�' %C+ b f�_3k�^(h¤¢�\�q�c�a |%k![]b�k	¢�l _3e b c�b g

b�e []_3e-g][]b�^#g]_3ai¢���kp¢�\�q�c�a�_3aWb�q�k!c�g]b Q�_�[3x�b �w_-� x�_3k�^(hs\!f+b g(e b�q�k!c�g]b Q�_�[(e2\�^�^`q�[]_3e
b cFg]h�_Bfn\�[3;

(∀x ∈ y)
\�[

(∃x ∈ y)
fn\�[�ew\<; _

y
x \�[ b g�^�k!c ¢�_ � []\%|�_3a

_!b�q�b |%k!l _�c�g:b c
ZFC

g]\�k fn\�[3; q�l�k \!f=g]h�b�e:{�b c�a��
P �8
��� "���!�8����������
 � ���0�c�� "���< �� �"�)	RQ ���S���TA?�U)#�T+,�WV#�CV<
���� 
 ��������������	�A� ���*� +,�-� ϕ ����� � ��� ���213	 �#4K	�
X6����28��9)����Y	 � ZFC

�

ϕ(x1, . . . , xn) ⇐⇒ V
(B) |= ϕ(x∧

1 , . . . , x
∧

n)

� ���;���TA?��@9�9	=���ZA���� ���CAC��	���� x1, . . . , xn ∈ V ,L�(�%i+<%MI2C%�5G'�-CF�5�2�' *�1�MW��b |�_�c k!cJk![#¢�b g][(k![]� _�l _; _�c�g
X
\!f g]h�_ � \�\�l _3k!c

|%k!l q�_3a q�c�b |�_�[(ew_
V(B) x�N _ a�_�Q�c�_ g]h�_ +<%MI2C%�5G' X↓ \!f X k�e

X↓ := {y ∈ V(B) :
[[y ∈ x]] =


 } �I� h�_�^`l�k�e]e X↓ b�ejk�ew_`g3x�b �w_-� x X↓ ∈ V
fn\�[ k!l l

X ∈ V(B) ��i f
[[X 6= ∅]] =


�g]h�_�c
X↓ b�e c�\�c�_; � g-�-�r�q ��� \�ew_ g]h�k%g X,Y, f ∈ V

(B) k![]_ ewq�^(h�g]h�k%g [[f : X → Y ]] =


x�b �w_-� x

fb�ezk ;�k ��� b c�d�fn[]\<; X
b c�g]\

Y
b c�ewb�a�_

V(B) �(� h�_�c f↓ b�ezk�q�c�b`b�q�_0;�k ��� b c�dfn[]\<;
X↓ b c�g]\ Y ↓ x�g]h�_ja�_3e]^`_�c�g \!f f x�e]k%g]b�e-fn��b c�d [[f↓(x) = f(x)]] =


�fn\�[:k!l l
x ∈ X↓ �b� h�_ a�_3e]^`_�c�g:\!f ke;�k ��� b c�d b�e0%*[<' %�5�IM4"*�5�B�A)�

[[x1 = x2]] 6 [[f(x1) = f(x2)]] (x1, x2 ∈ X↓).

���



� e]ewq�; _ g]h�k%g
P
b�e�k!c

n
v9k![]� []_�l�k%g]b \�c�\�c

X
b c�ewb�a�_

V
(B) #�b �w_-� x X,P ∈ V

(B)

k!c�a
[[P ⊂ Xn∧

]] = 1 (n ∈ N)
�k� h�_�cDg]h�_�[]_ _���b�e-g(e�k!c

n
v9k![]� []_�l�k%g]b \�c

P ′
\�c

X↓ ewq�^(hsg]h�k%g

(x1, . . . , xn) ∈ P ′ ⇐⇒ [[(x1, . . . , xn)
B ∈ P ]] =



.

�G_ a�_�c�\!g]_�g]h�_j[]_�l�k%g]b \�c
P ′ ¢�� P↓ k!c�a ^�k!l l�b g:g]h�_ +<%MI2C%�5G' \!f P �L�(�%iB_I2C%�5G':-CF�5�2�' *�1�M � _`g

X ∈ V
k!c�a

X ⊂ V(B) # b �w_-� x�l _`g X ¢�_�ew\<; _
ew_`go^`\<; � \�ew_3a \!f

B
v |%k!l q�_3aBew_`g(ez\�[3x�b cB\!g]h�_�[UN \�[(a�e�x

X ∈ P(V(B))
�0� h�_�[]_

_���b�e-g(eoksq�c�b`b�q�_
X↑ ∈ V(B) ewq�^(h g]h�k%g [[y ∈ X↑]] = ∨{[[x = y]] : x ∈ X}fn\�[ k!l l

y ∈ V(B) �o� h�_�_�l _; _�c�g X↑ b�e ^�k!l l _3a g]h�_&B_I2C%�5G'7\!f X ���A¢�ew_�[]|�_:g]h�k%gg]h�_ k�e]^`_�c�g:_���g]_�c�asg]h�_ e-g(k!c�a�k![(asc�k�; _ob c g]h�_ ew_�c�ew_�g]h�k%g
Y ∧

b�e g]h�_ k�e]^`_�c�g
\!f {y∧ : y ∈ Y } N:h�_�c�_�|�_�[ Y ∈ V

�
� _`g

X,Y ∈ P(V(B))
x�k!c�a

f : X → Y
�o� h�_�[]_z_���b�e-g(e kjq�c�b`b�q�_zfnq�c�^#g]b \�c

f↑ fn[]\<; X↑ g]\ Y ↑ b c�ewb�a�_ V(B) x3g]h�_:k�e]^`_�c�g=\!f f x%ewq�^(h g]h�k%g f↑(A↑) = f(A)↑b�e |%k!l b�asfn\�[:_�|�_�[]��ewqb¢�ew_`g
A ⊂ X

b f k!c�as\�c�l ��b f
f
b�e _���g]_�c�ewb \�c�k!l �

� 	��,�8���!�G� �"����! "�<�8
:	 � D�%C2�' *�1 A B�' ' 4"2C% b�ezk |�_3^#g]\�[ze � k�^`_j\%|�_�[ g]h�_ []_3k!l�e
g]h�k%gob�eo_!b�q�b ��� _3aKN:b g]hJk � k![wg]b�k!l=\�[(a�_�[ 6 fn\�[cN:h�b�^(h g]h�_WIMF � 13%�$eF�$ x ∨ yk!c�a g]h�_ 465���$eF�$

x ∧ y _���b�e-g fn\�[�k!l l+|�_3^#g]\�[(e x, y ∈ X
x�k!c�a ewq�^(h�g]h�k%gzg]h�_

� \�ewb g]b |�_ ^`\�c�_ X+ := {x ∈ X : 0 6 x} b�e�^`l \�ew_3aOq�c�a�_�[sk�a�a�b g]b \�cFk!c�a; q�l g]b � l b�^�k%g]b \�cV¢��sc�\�c�v c�_�d�k%g]b |�_z[]_3k!l�c�q�;p¢�_�[(e:�
� ewqb¢�ew_`g

U ⊂ X
b�es^�k!l l _3aE*�13+<%�1FJC*�F�5�+<%C+ b f

U
b�es^`\�c�g(k!b c�_3a b cXk!c

*�13+<%�1 465G' %�1MD�B�A
[a, b] := {x ∈ X : a 6 x 6 b} fn\�[ ew\<; _

a, b ∈ X
�

� |�_3^#g]\�[�l�k%gwg]b�^`_
X
b�eoe]k!b�a g]\V¢�_��e%C+<%���465�+K2C*�$ � A %�' %�b f _�|�_�[]��c�\�c�v _; � g-�\�[(a�_�[3¢�\�q�c�a�_3a�ew_`g:b c
X
h�k�e g]h�_jl _3k�e-g:q ��� _�[,¢�\�q�c�a sup(U) ∈ X

k!c�a�g]h�_
d�[]_3k%g]_3e-g l \�N _�[3¢�\�q�c�a

inf(U) ∈ X
�

� h�_WB2JMI*�A F�' %eD�B�A FG% b�eza�_�Q�c�_3a ¢�� |x| := x ∨ (−x) � � JCB�5�+ b c k�|�_3^#g]\�[l�k%gwg]b�^`_
X
b�e=kzewqb¢�ew_`g \!f�g]h�_2fn\�[3;

B := A⊥ := {x ∈ X : (∀ a ∈ A) |x|∧|a| =
0} fn\�[2koc�\�c�_; � g-� A ⊂ X

��m2l _3k![]l ��x
B∩B⊥ = {0} � � ¢�k!c�a

B
b c
X
N:h�b g]h

e]k%g]b�e.Q�_3e
X = B ⊕B⊥ b�e []_`fn_�[][]_3a g]\�k�e k � 13*	�%C2�' 4"*�5.JCB�5�+_a#N:h�b l _�g]h�_jk�e]ew\�v^`b�k%g]_3a � []\�d-_3^#g]b \�c t \�c�g]\ B � k![(k!l l _�l�g]\ B⊥ � b�e2^�k!l l _3a�k5JCB�5�+ � 13*	�%C2�' 4"*�5�� � _`g

B(X)
k!c�a

P(X)
e-g(k!c�a�[]_3e � _3^#g]b |�_�l � fn\�[2g]h�_j^`\<; � l _`g]_c� \�\�l _3k!csk!l d�_�¢�[(k�e7\!f

k!l l0¢�k!c�a�e:k!c�aV¢�k!c�a � []\�d-_3^#g]b \�c�e b c X ��� \�[]_oa�_`g(k!b l�e k	¢�\�q�g:|�_3^#g]\�[:l�k%gwg]b�^`_3e^�k!cV¢�_ofn\�q�c�a b c g]h�_:¢�\�\�{�e � ��x3��x�����x3����x��!��� �
� \�e-go\!f7g]h�_ |�_3^#g]\�[�e � k�^`_3e g]h�k%gjk ��� _3k![�c�k%g]q�[(k!l l ��b cGk!c�k!l ��ewb�e t Lp x lp x

C(K)
x
c
x
c0
x
_`g(^�� ��k![]_ |�_3^#g]\�[�l�k%gwg]b�^`_3e:�0� h�_ |�_3^#g]\�[�l�k%gwg]b�^`_

C([0, 1])
b�e�c�\!g

�z_3a�_�{�b c�a�^`\<; � l _`g]_-��� \�[]_�\%|�_�[3x�d�b |�_�c kj^`\<; � k�^#g g]\ � \�l \�d�b�^�k!l�e � k�^`_ K x%g]h�_|�_3^#g]\�[ l�k%gwg]b�^`_
C(K)

b�e0�z_3a�_�{�b c�a ^`\<; � l _`g]_�b fzk!c�aJ\�c�l �Gb f K _���g][]_;�k!l l �
a�b�e]^`\�c�c�_3^#g]_3a���m2\�c�ewb�a�_�[ g.N \ b ; � \�[wg(k!c�g _���k�; � l _3e:�

�Y�
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� � e]ewq�; _�g]h�k%g k	; _3k�ewq�[]_se � k�^`_ (Ω,Σ, µ)
b�e ew_; b v Q�c�b g]_�x

g]h�k%gjb�e�x�b f
A ∈ Σ

k!c�a
µ(A) = ∞ g]h�_�cGg]h�_�[]_ _���b�e-g(e

B ∈ Σ
N:b g]h

B ⊂ Ak!c�a
0 < µ(A) < ∞ �k� h�_ |�_3^#g]\�[�l�k%gwg]b�^`_ L0(Ω,Σ, µ)

t \!f
µ
v _!b�q�b |%k!l _�c�^`_

^`l�k�e]ew_3e(� \!f
µ
v ; _3k�ewq�[(k	¢�l _�fnq�c�^#g]b \�c�es\�c

Ω
b�eW�z_3a�_�{�b c�a ^`\<; � l _`g]_ b f k!c�a

\�c�l ��b f
(Ω,Σ, µ)

b�e l \�^�k!l b }3k	¢�l _-��i9c�g]h�b�e _�|�_�c�g
Lp(Ω,Σ, µ)

b�e:k!l�ew\e�z_3a�_�{�b c�a
^`\<; � l _`g]_-� t6� ; _3k�ewq�[]_�e � k�^`_ (Ω,Σ, µ)

b�e&A *!2CB�A 4 �!B2J�A %s\�[��RB!(�B�13B�$Vb f b g b�e
ew_; b v Q�c�b g]_ k!c�a�x+fn\�[ _�|�_�[]�

A ⊂ Σ
x+g]h�_�[]_s_���b�e-g(e k

B ∈ Σ
ewq�^(h g]h�k%g t b��

A \B b�e c�_�d�l b d�b ¢�l _zfn\�[ _�|�_�[]�
A ∈ A

# t b b��2b f
C ∈ Σ

k!c�a
A \C b�e c�_�d�l b d�b ¢�l _

fn\�[z_�|�_�[]�
A ∈ A

x�g]h�_�c
B \ C b�ezc�_�d�l b d�b ¢�l _�x�ew_�_
� ��x��%���'� � � � �A¢�ew_�[]|�_og]h�k%g

P(L0(Ω,Σ, µ)) ' Σ/µ−1(0)
�

���������
	������b��b |�_�csk ^`\<; � l _`g]_U� \�\�l _3k!c�k!l d�_�¢�[(k
B
\!f � []\�d-_3^#g]b \�c�e7b csk

¡ b l ¢�_�[wgoe � k�^`_ H x
a�_�c�\!g]_Y¢�� S(B)
g]h�_ e � k�^`_ \!f2k!l l=ew_�l f v9k�a_d-\�b c�gz\ � _�[(k%g]\�[(e

\�c
H
N:h�\�ew_ze � _3^#g][(k!l
a�_3^`\<; � \�ewb g]b \�c�e2k![]_ b c

B
x�b ��_-�

A ∈ S(B)
b f=k!c�a�\�c�l �

b f
A =

∫
R
λ dEλ

k!c�a
Eλ ∈ B

fn\�[zk!l l
λ ∈ R

�5��\�[
A,B ∈ S(B) �

q�g
A 6 Bb f7k!c�a \�c�l �sb f

(Ax, x) 6 (Bx, x)
fn\�[zk!l l

x ∈ D(A) ∩ D(B)
�5� h�_�c

S(B)
b�e

kh�z_3a�_�{�b c�a�^`\<; � l _`g]_o|�_3^#g]\�[:l�k%gwg]b�^`_jk!c�a
B ' P((B))

x�ew_�_ � �����=k!c�a � ���'� �
� 	 �e�����"�8���^���	�"���8� ���8�	�"
:	 u _3^�k!l l
g]h�_,N _�l l v {�c�\�N:c�k�e]ew_�[wg]b \�cs\!f

ZFC
�

/ �������K�*E#	�
��=
B��@�����V.� � ��������
K���G�#�Y	�
5+,�9	��#+T��+C6 ����	�
���� ����6��9	�
 � , �z_�c�\!g]_¢��
R
g]h�_	Q�_�l�a \!fj[]_3k!l�e t b cDg]h�_Bew_�c�ew_ \!f

V
��� r�q�^�^`_3e]ewb |�_�l �Ok ��� l ��b c�dJg]h�_

g][(k!c�e-fn_�[ k!c�a ;�k ��b ; q�; � []b c�^`b � l _3e�x_N _�Q�c�a k!c _�l _; _�c�g
R ∈ V(B) fn\�[�N:h�b�^(h

[[R
b�e:k Q�_�l�as\!f=[]_3k!l�e

]] =

���� \�[]_�\%|�_�[3x�b f k!c�k![#¢�b g][(k![]�

R ′ ∈ V(B) e]k%g]b�e.Q�_3e
g]h�_ ^`\�c�a�b g]b \�c

[[R ′ b�e kKQ�_�l�aO\!fz[]_3k!l�e ]] = 
 g]h�_�c
[[
g]h�_�\�[(a�_�[]_3a Q�_�l�a�e

Rk!c�a
R ′ k![]_�b�ew\<; \�[ � h�b�^ ]] = 
��=i9c \!g]h�_�[0N \�[(a�e�x�g]h�_�[]_�_���b�e-g(e k!c b c�g]_�[]c�k!l

Q�_�l�aG\!f []_3k!l�e
R ∈ V(B) N:h�b�^(hGb�ejq�c�b`b�q�_�q � g]\ b�ew\<; \�[ � h�b�eY;_�0�G_�^�k!l l Rg]h�_&465G' %�1M5�B�A�13%CB�A I b c

V(B) �
m2\�c�ewb�a�_�[ok!c�\!g]h�_�[@N _�l l v {�c�\�N:c k�e]ew_�[wg]b \�c \!f
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R
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 � χ

� ����� B ������� P(R) 
�+#A?�.���G�#�
χ(b)x = χ(b)y ⇐⇒ b 6 [[x = y ]],

χ(b)x 6 χ(b)y ⇐⇒ b 6 [[x 6 y ]]

(x, y ∈ R; b ∈ B).

� h�_�[]_ob�e k e-g][]\�c�d []_�l�k%g]b \�c�ewh�b � ek¢�_`g.N _�_�csg]h�_ � []\ � _�[wg]b _3e \!f k!c b c�g]_�[]c�k!l
Q�_�l�a

R
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b c
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∅ 6= A ⊂ R↓ k!c�a k!l l a ∈ R
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b ∈ B
g]h�_j_!b�q�b |%k!l _�c�^`_3e h�\�l�aw�

b 6 [[ a = sup(A↑) ]] ⇐⇒ χ(b)a = supχ(b)(A);

b 6 [[ a = inf(A↑) ]] ⇐⇒ χ(b)a = inf χ(b)(A).
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k ��� []\ � []b�k%g]_,� \�\�l _3k!c |%k!l q�_3a�q�c�b |�_�[(ew_ ^`\�c�ewb�a�_�[]_3a k�e k�|�_3^#g]\�[ l�k%gwg]b�^`_ \%|�_�[
g]h�_cQ�_�l�a \!f e-g(k!c�a�k![(as[]_3k!l�e

R∧
�

�����8�G���T$ t� q�ew[(k!_�| � �3�'�n� 	X' ��� X )#�D�������A?�9	 � �CV#�����.8��CAC�����Y�-�#� ��	�A�� ;
����� R )#�;�����7��������
 	 � ����� � �#V#��� V(B) ; ���WVD�����  )#�Y����T����������	�
���� ����6��9	�
 �
� � B ����������������T���������5��� 49��)���� B(X) , / �����O���������:�*E#	�
��=
 ����������� ����� X � �
��������T���������<8����=+T�CVO+,�9	=8�����
�� V(B) 
��#��	�
 � >9	 �#4O�����ZA����WV2	=��	���� 
 �

� �



� ���
V

(B) |= � X 	�
S�.8��CAC������
�+ )��-�#� ��	�A�� � � �����S@�����V R A���� 
 	�V#�����CVF�,

� 8��CAC����� �-�#� ��	�A��D�28����(�����;
�+ )�@���� � R∧ , �� ���

X ′ := X ↓ 	�
(�S�-�#��������� � >.A����Z6��������S8��CAC�����:
�+ )��-�#� ��	�A��B� � R↓ 13�9	�A?�
	�
 �5� � ���*	 ��	 �#45���WVK	 ��8����*	-����� +,�WV#���;���TA?�.)2���WVB6���� � �CAC��	���� χ(b) (b ∈ B) ,� �	�

ι(X) 	�
���� ����V#���KV#��� 
��K
�+ )��-�#� ��	�A���	 � R↓ � ����
���� � o 
 A�������	 ��+T�T+2

�-�#� ��	�A��	�
���� ����6��9	�
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� o�c�o��-j:n��!����� ��o�k:c�o�n�� � c�j�f�p�m$��l�p~z|j:��m1f~l�} c�j s j:n�l���� � m-�x����m m-n �:o-z� t o��1o	p � m � ��m�z|e � m-�-m1f�e�� � � m$��n�m��-g4� t o��1o���q���p�j�f�e����ul�r m�� �ul�r � c�l�n�v

���



y�l � �$% ��p�l_l �uj:�-� � z�o t �!l�z|e�z l�p�l z|l�n�l�z|e�z n�j t m-��m-c�m-r_wxe�n t y�l�l z|n�m�vk:l�} � j:c�j1z|j:n�n�gB} � c�l e���p�m-�-l�l x�����mGz|j!� f�e � ��l�z|l � j:c�j1z|j:n�n�g4z|l l�z|j!vj:�-� ���!�����:q�x��1o$f�o���o�j1z�o	�um1f�n�l�zJl�p�l�n�j1� t m�p�q t l�z|l e�c�o��-n�j:n�l���z|l x-n�e���n�m
� c�l$��o��-l���q t wxe�n t y�l�l x m t m-��m-c�m-rIk:m-�-m-c�l�p�m��!q�x�wxe�n t y�l�l x �1o$f�o����ul�je�c�o��-n�j:n�l��_�!�����:l x�e�z|n�m$� j:n�n�g j n�o n�j:m � c�j�f�j!p�j:n�n�g j�z|n�m$��l���j!p�l x�l l���v
t o���q �1o���j1zTz�o t �!l�z|e�zTl z|l�n�l�z|e�z � m��!��c�m-j:n�n�m-r �!e�z�z|gjx t o t j1��p�l �-g
� j:c�j1z|j:n�n�g j/�-gBp�l�n�j:�1o��-l��!l�z|g � � m�p�e���j:n�n�g j e�c�o��-n�j:n�l�� x � c�l��!m-j�f�l�n�j:n�vn�g j t e�c�o��-n�j:n�l���zW�!�����:l x � m���p�e�� o�� f�p��Gm � c�j�f�j!p�j:n�l��G���!j!} n�j:l��:�-j1�!�	vn�gB}��$�3 xn�o$��j�k:m-�-m-c�� x�n�j:m��$}�m1f�l�z|m-j>e���p�m-�-l�j � t �!��c�j1z|e�z�ouf�p��_�	o t l�} �1o	vf�o$� �!m��!��m-l��u� ��m�z x�����m � ��m-� t j4p�m t o	p�q-n�m-k:m � t �!��c�j1z|e�z�ou�uk0p�o$f t m-r~�1o	vf�o$��j �xm-k:c�o�n�l���j:n�l���z|l{��l � o c�o��-j:n��!���uf�m�p���n�m�e:f�m-��p�j:���-m-c�����q�� � n�j:m���v}�m1f�l�z|m-j e���p�m-�-l�j � t �!��c�j1z|e�z�o � m��!��c�m-j:n�n�m-ru�!e�z�z|g t t m-��m-c�o	� ��j � j:c�q�n�o	v�:g ��o�j:�-� �{wxe�n t y�l�j:r ��o�k:c�o�n�� o�� � �1o$f�o$��j.�-j:�xm-k:c�o�n�l���j:n�l�r��
��� m���p�j�f��!���-l�l m t o��1o	p�m��!q�x-����m n�j:m��$}�m1f�l�z|g j4e���p�m-�-l�� � t �!��c�j1z|e�z�o ��:o-z|gB}�c�o��!p�l���n�gB}��1o$f�o$��o	} z|m-k:e��.�-g ��qxwxm-c�z�o	p�q-n�m4�-g �-j�f�j:n�gjx � m�p�q-�:e�v���!q~c�j:y�j � ��m�z ��o�k:c�o�n�� o�x�j1��p�l � c�l�f�o���q j1z|e_��e���q&�-m�p�j:j�c�o-� s l�c�j:n�n�m-j��m�p t m-��o�n�l�j-� � ��m~����p�j:n�l�j�� � j:c��-g j��-gBp�m~m��-n�o�c�e�� j:n�m ¤ ��
 �* xm�w wxj l

� �q� �|bdl�}�m�z|l�c�m-�-g4z � c�l c�o-�-m-��j~n�o$f �!�-m-j:r t n�l�k:m-r � b�j:m-c�l�� � t �!��c�j!vz�o	p�q-n�gB} �1o$f�o$��� t � � � ¢ o$e t o�x�� � �����#x�o��:o-z|m � c�o��-l�p�m �-g �-m1f�o�n�j:m��$}�m1f�l�vz|gB}{e���p�m-�-l�r � t �!��c�j1z|e�z�o �-gBp�m l�z|l n�o��:��o�n�m &�*09���� 9 & $21 � , � *�,��
� ,	�
� o t c�o-�-m-�	o�j:� � c�l�n�y�l � ��o�k:c�o�n�� odn�l�� j �-e:f�j:� m�������!n�j:n�mBn�o � c�l�z|j!vc�j n�o�l$�-m�p�j:j|m�� �uj:r � t �!��c�j1z�o	p�q-n�m-rx�1o$f�o$��l x:oBl�z|j:n�n�m4�1o$f�o$��lxm � ��l�z�o	p�q�vn�m-k:m e � c�o���p�j:n�l���� ¤ �!j:r���o-�.�-m�p�j:j � m1f�c�m��-n�muc�o-�:�:z|m-��c�l�zP��e � m��!�	o�n�m-��v

t e�x�m-��n�m��!l���j!p�q-n�m t m-��m-c�m-r ��o�k:c�o�n�� �:wxm-c�z|e1p�l�c�m-��o	p_�!�-m-r � c�l�n�y�l � �
� p�m-��o���o�k:c�o�n�� o�m-��n�m��!l�p�l��!q t �1o$f�o$��o-z �-l�f�o

f0(x) → extr, fi(x) = 0, i = 1, . . . ,m,
t ���

k f�jxwxe�n t y�l�l{m � c�j�f�j!p�j:n�g n�o
Rn
x�o

extr
m-�:n�o$��o�j:��p�l$�-m z�o t �!l�z|e�z x�p�l�v

�-m>z|l�n�l�z|e�zB���do-z�o �1o$f�o$��o t � c�j�f��!�	o���p�j:n�n�o	� �1o � l��!q-� t ���w���1o t p��>��o�j:�-� �� n�o	}�m$� f�j:n�l�l �	o t l�} x x�e:f�m-��p�j:���-m-c������ul�} �!m-m-��n�m s j:n�l���z fi(x) = 0
x

i = 1, . . . ,m
x�n�o t m-��m-c�gB}~wxe�n t y�l�� f0 � c�l�n�l�z�o�j:� z�o t �!l�z�o	p�q-n�m-j4l z|l�vn�l�z�o	p�q-n�m-j �:n�o$��j:n�l������ m-k0p�o-�!n�m4c�j t m�z|j:n�f�o�y�l���z n�o$f�m��!m��!�	o��-l���q�wxe�n t vy�l�� t wxe�n t y�l�� ��o�k:c�o�n�� o�� f�o�n�n�m-r �1o$f�o$��l��

L (x, λ) =
∑m
i=0 λifi(x)t e ��o�k:c�o�n�� o

λ0 = 1
�#x-k f�j

λ = (λ0, . . . , λm)
�^n�o-�-m-c � n�j:m � c�j�f�j!p�j:n�n�gB}z|n�m$��l���j!p�j:r�� t z|n�m$��l���j!p�j:r ��o�k:c�o�n�� o����=
 o	p�j:j n�o$f�m4l�� t o���q�z�o t �!l�z|e�zl z|l�n�l�z|e�zPwxe�n t y�l�l

L
� m x �$t o t j1��p�l&�-g � j:c�j1z|j:n�n�g j �-gBp�l n�j:�1o��-l�v�!l�z|g ��x1�$�1j-�1n�o$f�m4�-g � l��:o���q n�j:m��$}�m1f�l�z|g j�e���p�m-�-l�� � t �!��c�j1z|e�z�o �>�1o$f�o$��j

�-j:�xm-k:c�o�n�l���j:n�l�r��
L (x, λ) → extr,

���



t m-��m-c�g j>f�o��>�-� �{e�� j e � m�z���n�e���m-r{��j:m-c�j1z|m-r� �j:c�z�o��

Lx(x, λ) = 0 ⇔
m∑

i=0

λi f
′
i(x) = 0,

k f�j
f ′
i(x)

� � c�m-l��:�-m1f�n�g j t k:c�o$f�l�j:n���gz� wxe�n t y�l�r fi x 0 6 i 6 m
x�����m-��v

t j x �� g � m�p�e���l�z n e�c�o��-n�j:n�l�r����>��n�m��!l���j!p�q-n�m4z|n�m$��l���j!p�j:r λi � ��l�e�c�o���vn�j:n�l��{m1f�n�m-c�m1f�n�gjx�l � m � ��m�z|e�m1f�l�n{l���n�l�}{z|m$��n�m �!��l��	o���q�x�n�o � c�l�z|j:c xc�o��-n�g4zGj�f�l�n�l�y�j-� � c�j:�:e1p�q	�	o���jBl�z|j:j1z n+m e�c�o��-n�j:n�l�r t m e�c�o��-n�j:n�l�r�!�����:l���f�p��_n�o	}�m$� f�j:n�l��
n+m

n�j:l��:�-j1�!��n�gB}��
b�j � j:c�q � c�l��-j�f�j1z ��m-��n�g r c�j:�:e1p�q	�	o���x t m-��m-c�g r��-gBp��:wxm-c�z|e1p�l�c�m-��o�nl�f�m t o��1o�n��:n�o$��l���j!p�q-n�m � m-�!� j-� ¢ mx�!n�o$��o	p�o4n�o � m�z|n�l�z m � c�j�f�j!p�j:n�l�j p�m�v

t o	p�q-n�m-k:m � t �!��c�j1z|e�z�o��-b�m-� t o x̂ ∈ Rn
n�o��:g ��o�j:�-� �7�)$'8!,��
	���� 1 1�9�� 9 1�� �1�$21 t 1�,�8!3 9 1��'1�$21 �����1o$f�o$��j

(1)
x-j1��p�l�n�o�r�f�j:�-� � �	o t o	� m t c�j1�!��n�m��!��q U

� ��m-r ��m-� t l x�����m f0(x) > f0(x)
t
f0(x) 6 f0(x)

�Bf�p�� ���!j!}
x ∈ U

�	o t l�}�x����m
fi(x) = 0

x
i = 1, . . . ,m

�
�����3�1����� t � c�o��-l�p�m z|n�m$��l���j!p�j:r ��o�k:c�o�n�� o�� 	����
����� x̂ . $�<2��"�$�� 


��1 � � �
���  & � ��� 3 �C"�# "!>*&
(1)

�9�������������
fi
;
i = 0, 1, . . . ,m

;���& �! &  143 
��< #%�%��� &  &@�����  ��& � 1 3
x̂ , � <2=+# "D�+��6)&C����3���&C�7��"���<��D��&@�*� $�&@3:<�� �
"!0�<  

� ��<�')�%��&@$�&���� "�=  "��:')" λ = (λ0, λ1, . . . , λm)
; >:��<

Lx(x̂, λ) = 0 ⇔
m∑

i=0

λi f
′
i(x̂) = 0,

=+# &
f ′
i(x̂) =

(
∂fi
∂x1

(x̂), . . . ,
∂fi
∂xn

(x̂)

)
, i = 0, . . . ,m.

� n�m-k:l�j c�j:�:e1p�q	�	o���gIo�n�o	p�l��1o�x-o	p�k:j �-c�gjx	k:j:m�z|j:��c�l�l x-��j:m-c�l�l � c�l$��p�l�v� j:n�l�r z|m-k:e�� �-g ��q � m�p�e���j:n�g t o t ��p�j�f��!���-l�� � c�o��-l�p�oWz|n�m$��l���j!p�j:r
��o�k:c�o�n�� o����W�!m$� o	p�j:n�l�� x � ��m>n�jd�-m s p�m4���!�	o�n�f�o�c���n�g j t e�c��!g z�o���j1z�o	v��l t l x�}�m-�1�_�:o-z|m � ��m � c�o��-l�p�m �-gBp�m~�:wxm-c�z|e1p�l�c�m-��o�n�m���o�k:c�o�n�� j1z j �uj���%� � � k���,�f�j1�!q�x	� t o$��j1�!���-j � m1f����-j:c�� f�j:n�l���� t o��1o�n�n�m-k:m�x:f�m t o	� j1zJ� � m�vz|m �uq-� � c�o��-l�p�o�z|n�m$��l���j!p�j:r ��o�k:c�o�n�� o�x�����mue��!l�z�z|j:��c�l���n�m-r{z�o���c�l�vy�gU�!m����!���-j:n�n�g j4�-j t ��m-c�gWm��-c�o��:e��>��m-c���m-k:m-n�o	p�q-n�g r ��o��:l���� � ��m-� w o t �p�j!��l��G� m��!n�m-�-j z|n�m-k:l�} e����-j:c�� f�j:n�l�r t n�o � c�l�z|j:c x � c�l��-j�f�j:n�l�� t ��o$f�vc�o���l���n�m-r wxm-c�z|g t k0p�o��-n�g4z m�� ��z7��� x�	o t x � e��!��q A �Xn�j:n�e1p�j:��o	���!l�z�z|j:��c�l���n�o	� z�o���c�l�y�o�c�o��1z|j:c�o n×nl
(·, ·) m��-m-�:n�o$��o�j:�u� t o	p���c�n�m-j � c�m-l��:�-j�f�j:n�l�jx� Rn � � o-�:�:z|m-��c�l�zP�1o$f�o$��e

(Ax, x) → max, (x, x) = 1.
t ���

���



� ��m �1o$f�o$��o��-l�f�o t ���#x�k f�j
f0(x) = (Ax, x)

x�o
f1(x) = (x, x) − 1

�� �e�n t vy�l��
f0
xBm-��j:�-l�f�n�m�xdn�j � c�j:c�g �-n�o�x o z|n�m$� j1�!���-m {x ∈ Rn | (x, x) = 1}m-k:c�o�n�l���j:n�m�l �1o-z t n�e���m�x � m � ��m�z|e � m~��j:m-c�j1z|j � j:r�j:c s ��c�o-�:�:o c�j s j:n�l�j�1o$f�o���l t ���B�!e��uj1�!���-e-j:�$� � �-m-�:n�o$��l�z j:k:m ��j:c�j:�

e1
�

 �e�n t y�l�� ��o�k:c�o�n�� ou�1o$f�o$��l t ��� l�z|j:j:���-l�f
L (x, λ0, λ1) = λ0f0(x) + λ1f1(x) = λ0(Ax, x) + λ1((x, x) − 1).

 �e�n t y�l�l f0 l f1 n�j � c�j:c�g �-n�m f�l�w wxj:c�j:n�y�l�c�e-j1z|gWn�o Rn ��
uj:r��!���-l�v��j!p�q-n�m�x � e��!��q x ∈ Rn
�3
�p�� p�� �-m-k:m

h ∈ Rn
x�l�� � m�p�q-�:e��G�!�-m-r��!����o~� t o	vp���c�n�m-k:m � c�m-l��:�-j�f�j:n�l��{l_�!l�z�z|j:��c�l���n�m��!��q z�o���c�l�y�g A

x�l�z|j:j1z

f0(x+ h)− f0(x) = (A(x + h), x+ h)− (Ax, x) = (2Ax, h) + (Ah, h).

� e��!��q |x| =
√
(x, x)

� j:� t p�l�f�m-��o_n�m-c�z�o � p�j1z|j:n��	o x ∈ R
n l ‖A‖ =

max|x|61 |Ax|
� n�m-c�z�o z�o���c�l�y�g �db�m-k f�oJ���!n�m�x�����m |Ax| 6 ‖A‖|x| l x��p�j�f�m-��o���j!p�q-n�m�x � m n�j:c�o��-j:n��!���-eg�xm s li� �de�n�� t m-��� t m-k:m

|(Ah, h)| 6 |Ah||h| 6 ‖A‖|h|2.
b�o t l�zTm��-c�o��:m�z x f0(x + h) − f0(x) = (2Ax, h) + o(|h|). � ��m m-�:n�o$��o�j:��x
� m m � c�j�f�j!p�j:n�l�� x�����m f ′

0(x) = 2Ax
�)�x�!n�m�x�����m � �	o � c�m-l��:�-m1f�n�o	�~n�j � c�j!vc�g �-n�o n�o

Rn
� ¤ n�o	p�m-k:l���n�m e��!�	o�n�o���p�l���o�j:�-� � x�����m

f ′
1(x) = 2x

�
� m-k0p�o-�!n�m � c�o��-l�p�euz|n�m$��l���j!p�j:r���o�k:c�o�n�� o>n�o�r�f�j:�-� � �	o t m-r n�j:n�e1p�j!v�-m-r{n�o-�-m-c{z|n�m$��l���j!p�j:r ��o�k:c�o�n�� o

(λ01, λ11)
x�����m

Lx(e
1, λ01, λ11) = 0 ⇔ λ012Ae

1 + λ112e
1 = 0.

t ���
� m t o	� j1z x�����m λ01 6= 0

��
uj:r��!���-l���j!p�q-n�m�x�j1��p�l
λ01 = 0

x���m
λ11 6= 0

x�l
��m-k f�o4l�� t ������p�j�f�e-j:��x$����m

e1 = 0
� ¢ m � ��m�n�j:�-m-�1z|m$��n�m�x1�	o tut o t (e1, e1)=

1
���!l�p�e t �����3 x�	o t x λ01 6= 0

l_l�� t ��� � m�p�e���o�j1z x�����m

Ae1 = −λ11
λ01

e1,
t ���

�$��j-�
e1
� �!m����!���-j:n�n�g r �-j t ��m-c z�o���c�l�y�g A

�
� o-�:�:z|m-��c�l�zP��j � j:c�q��	o t e�� � t �!��c�j1z�o	p�q-n�e��M�1o$f�o$��e��

(Ax, x) → max, (x, x) = 1, (x, e1) = 0.
t ���

� m ��j1zi� j{�!m-m��-c�o	� j:n�l���z x�����mJlP�-g s j�x�e n�j:j{�!e��uj1�!���-e-j:� c�j s j:n�l�j-�
� �-m-�:n�o$��l�z j:k:m ��j:c�j:�

e2
�

 �e�n t y�l�� ��o�k:c�o�n�� ou�1o$f�o$��l t ��� l�z|j:j:���-l�f
L (x, λ0, λ1, λ2) = λ0(Ax, x) + λ1((x, x) − 1) + λ2(x, e

1).

� �



� n�m-��o�x$�!m-k0p�o-�!n�m � c�o��-l�p�e z|n�m$��l���j!p�j:r���o�k:c�o�n�� o t e���l���g ��o	� x$����m � c�m�vl��:�-m1f�n�o	�xp�l�n�j:r�n�m-k:m>m-��m��-c�o	� j:n�l��
x 7→ (x, e1)

j1�!��q
e1
�#x$n�o�r�f�j:�-� �un�j:n�e�v

p�j:�-m-r{n�o-�-m-c{z|n�m$��l���j!p�j:r ��o�k:c�o�n�� o
(λ02, λ12, λ22)

�	o t m-r x�����m
Lx(e

2, λ02, λ12, λ22) = 0 ⇔ 2λ02Ae
2 + 2λ12e

2 + λ22e
1 = 0.

t ���
� m t o	� j1z x�����m λ22 = 0

�*
uj:r��!���-l���j!p�q-n�m�x�e�z|n�m$� o	�J� t o	p���c�n�m{n�o e1�-g c�o	� j:n�l�j � t ���#x�e���l���g ��o	� t ���xl ��m ����m
(e2, e1) = 0

x�o
(e1, e1) = 1

x
�-e:f�j1z l�z|j:��q

0 = λ02(Ae
2, e1) + λ12(e

2, e1) + λ22(e
1, e1) =

= −(λ01/λ11)(e
2, e1) + λ22 = λ22.


 o	p�j:j � m t o	� j1z x ����m λ02 6=0
� % ��p�l �-g � ��m��-gBp�m �	o t x���m λ12 6=0

� ¢ m��m-k f�oul�� t ��� � m���p�j�f�m-��o	p�m �-gjx�����m e2 = 0
x�o � ��m n�j:�-m-�1z|m$��n�m�x � m�� t m�p�q�v

t e (e2, e2) = 1
�q x� t ��� � m�p�e���o�j1z x�����m Ae2 = −λ12/λ02 e2

x��$�|j-�
e2
�

�!m����!���-j:n�n�g r �-j t ��m-c z�o���c�l�y�g A
x�m-c���m-k:m-n�o	p�q-n�g r

e1
�

� c�m1f�m�p�� o	� � ��m-� � c�m-y�j1�:�!x�z|g n�o k v m�z s o�k:j c�o-�:�:z|m-��c�l�z � t �!��c�j!vz�o	p�q-n�e��W�1o$f�o$��e
(Ax, x) → max

x
(x, x) = 1

x
(x, ei) = 0

x
i = 1, . . . , k−1

�
� o-�:�!e�� f�o	� o�n�o	p�m-k:l���n�m � c�j�f�gdf�e��uj1z|e�x � c�l�}�m1f�l�z t ��m�z|e�x�����m c�j!v

s j:n�l�j � ��m-r �1o$f�o$��l x t m-��m-c�m-j{m��-m-�:n�o$��l�zM��j:c�j:� ek x�j1�!��q �!m����!���-j:n�n�g r�-j t ��m-c_z�o���c�l�y�g A
x�m-c���m-k:m-n�o	p�q-n�g r �-j t ��m-c�o-z e1, . . . , ek−1 �b�o t l�z m��-c�o��:m�z x��1o n s o�k:m-� z|g � m��!��c�m-l�zJm-c���m-n�m-c�z|l�c�m-��o�n�n�g r ��o	v�:l��

e1, . . . , en
x��!m��!��m$� �ul�r{l����!m����!���-j:n�n�gB}~�-j t ��m-c�m-� z�o���c�l�y�g A

�
� j:c�j:r�f�j1z ��j � j:c�q t m�������!n�j:n�l��T��m-k:m�x t o t c�o-�-m-�	o�j:� � c�l�n�y�l � ��o�k!vc�o�n�� o��$b�m-��n�j:jBk:m-�-m-c�� x1c�o-�:�:z|m-��c�l�z ��p�j�f�e����ue��I�1o$f�o$��exm � ��l�z�o	p�q-n�m-k:me � c�o���p�j:n�l����

t1∫

t0

f(t, x(t), u(t)) dt → min, ẋ = ϕ(t, x, u), u(t) ∈ U,

x(t0) = x1, x(t1) = x1,

t �!�

l � m � c�m��-e-j1z � m-n�����q��-l�fGn�j:m��$}�m1f�l�z|gB} e���p�m-�-l�r z|l�n�l�z|e�z�o�� � ��m-r �1o	vf�o$��j�x���p�j�f�e��_wxm-c�z�o	p�q-n�m c�j t m�z|j:n�f�o�y�l���z ��o�k:c�o�n�� o��
� � ��m-rJ�1o$f�o$��j f l ϕ � wxe�n t y�l�lJ��c�j!} � j:c�j1z|j:n�n�gB}�x U �En�j t m-��m�vc�m-j z|n�m$� j1�!���-m{n�o � c���z|m-r�� � j:c�j1z|j:n�n�o	� u n�o��:g ��o��>�-� � �:&�*�,75��0(�� 9)(>1jxo

x
���#, 	�$�5�$ � &)(+* (>1�(���� $ � �* xn���j:c�j1� t �	o t m-k:m{�!m-c��	o~�1o$f�o$��o-zI�-m-�:n�l t���!�	v juk:k�� � c�m s p�m-k:m �-j t o~� m-���-j:� n�o~�1o � c�m��!g � c�o t ��l t l�����c�j �-m-��o	p�m��!qm � ��l�z�o	p�q-n�m t �>��m�z l�p�lul�n�m�z �:z|g4��p�j���e � c�o���p�����q4c�o��!p�l���n�g4z|l � c�m-y�j1��v�:o-z|l x�e���l���g ��o	�_j1�!��j1�!���-j:n�n�e��im-k:c�o�n�l���j:n�n�m��!��q�c�j1�!e�c��!m-� t z�o���j:c�l�o	p�q�v

n�gB}�x � n�j:c�k:j:��l���j1� t l�} lJ�$� � � ��� � n�o s j1z ��p�e���o�j � c�m-y�j1�:� m � l��!g ��o�j:�-� �

� �



f�l�w wxj:c�j:n�y�l�o	p�q-n�g4zTe�c�o��-n�j:n�l�j1z
ẋ = ϕ(t, x, u)

t n�o � ��}�m1f�� � m1f�o�j:�-� �e � c�o���p�j:n�l�j u(·) x�n�o � �-gB}�m1f�j-� � m�p�e���o�j1z x(·) ����� gW}�m-��l�z n�o�r���l �	o t m-je � c�o���p�j:n�l�j û(·) x�����m��-gT�!m-m-���-j:�-�!���-e���� o	�{w o��:m-��o	� � j:c�j1z|j:n�n�o	� x̂(·) �n�o$��o	p�q-n�g r�l t m-n�j:��n�g ruz|m�z|j:n���gP�-c�j1z|j:n�l t0 l t1 � c�l�n�l�z�o	p�o>�:n�o$��j:n�l��
x0
l
x1
x�����m��-g

û(·) f�p�� t o	� f�m-k:m t ∈ [t0, t1]
n�j �-gB}�m1f�l�p�m��1o � c�j�f�j!p�gz|n�m$� j1�!����o

U
t m-��c�o	� o����uj:k:m_m-k:c�o�n�l���j:n�n�m��!��q n�o s l�}G�-m-�1z|m$��n�m��!��j:r��l x�n�o t m-n�j:y x�����m��-g � ��mGe � c�o���p�j:n�l�j&�-gBp�m m � ��l�z�o	p�q-n�m � ��m�zi�:z|g4��p�j�x����m�l�n���j:k:c�o	p_n�o � o�c�j (x̂(·), û(·)) � c�l�n�l�z�o	pGz|l�n�l�z�o	p�q-n�m-jx�:n�o$��j:n�l�j-�¢ j:m��$}�m1f�l�z|g j e���p�m-�-l�� z|l�n�l�z|e�z�ox� � m1f�m��-n�m-ru�1o$f�o$��j��-gBp�l � m�p�e���j!vn�gT���!�	v jxk:k���l � m�p�e���l�p�l_n�o��:��o�n�l�j &�*09���� 9 &),�1�,�8!3 9 1��'1�,�� $2� - *�;��29 ��),	� � ��m~m1f�n�m~l���n�o�l$�-m�p�j:j ��c t l�} f�m��!��l�� j:n�l�r ��j:m-c�l�l � t �!��c�j1z�o	p�q-n�gB}�1o$f�o$���


 o	p�j:j�c�o-�:�!e�� f�o�j1z � �-c�l��!��l���j1� t l��1�de:f�j1zM�:z|m-��c�j:��q n�o_�1o$f�o$��e t �!�
t o t n�o �1o$f�o$��eGz|l�n�l�z|l��1o�y�l�lPwxe�n t y�l�lJf��-e�} � j:c�j1z|j:n�n�gB} x(·) l u(·) xe:f�m-��p�j:���-m-c������ul�} �!m-m-���-j:�-�!���-e����ul�z m-k:c�o�n�l���j:n�l���zB� �>k:c�o�n�l���j:n�l�j
ẋ(t) − ϕ(t, x(t), u(t)) = 0

x
t ∈ [t0, t1]

x|z|m$��n�m �-m�� � c�l�n�l�z�o���q t o t t m-n�v��l�n�e�e�z c�o��-j:n��!����x t o	� f�m-j l�� t m-��m-c�gB}In�o$f�m e�z|n�m$��l���q n�o � n�j:m � c�j!vf�j!p�j:n�n�g r{z|n�m$��l���j!p�q���x t m-��m-c�g r m��-m-�:n�o$��l�z t ��p�j�f�e��~��c�o$f�l�y�l�l�� ��j:c�j:�
p(t)

x�l � ��p�m$��l���q���x��$��j-� � c�m-l�n���j:k:c�l�c�m-��o���q���b�o t l�z m��-c�o��:m�z x�wxe�n t y�l��
��o�k:c�o�n�� o��1o$f�o$��l t �!�dl�z|j:j:� �-l�f

L (x(·), u(·), λ) =

=

t1∫

t0

(λ0f(t, x(t), u(t)) + p(t)(ẋ(t)− ϕ(t, x(t), u(t)))) dt+

+µ0(x(t0)− x0) + µ1(x(t1)− x1),

k f�j
λ = (λ0, p(·), µ0, µ1)

� n�o-�-m-c_z|n�m$��l���j!p�j:r ��o�k:c�o�n�� o��
� e��!��q (x̂(·), û(·)) � c�j s j:n�l�j �1o$f�o$��l�� � g � l s j1z n�j:m��$}�m1f�l�z|g j

e���p�m-�-l��Tz|l�n�l�z|e�z�oUwxe�n t y�l�l ��o�k:c�o�n�� oP� � ��m-rM��m-� t j m-�:f�j!p�q-n�m � m
x(·) l � m u(·) � � e��!��q u(·) = û(·) �Jb�m-k f�o �1o$f�o$��o z|l�n�l�z|l��1o�y�l��wxe�n t y�l�l ��o�k:c�o�n�� o � m x(·) � � ��mM�	o t n�o��:g ��o�j1z�o	� �1o$f�o$��o �dm�p�q�vy�o � �!�	o�n�f�o�c���n�o	� �1o$f�o$��o t p�o-�:�!l���j1� t m-k:mi��o�c�l�o�y�l�m-n�n�m-k:mMl��!��l���p�j!vn�l�����% ��p�l m��-m-�:n�o$��l���qM��j:c�j:�

L � m1f�g n���j:k:c�o	p�q-n�e�� wxe�n t y�l�� xu�$� j-�wxe�n t y�l�� L(t, x(t), ˙̂x(t), û(t), λ0, p(t)) = λ0f(t, x(t), û(t)) + p(t)(ẋ(t) −
ϕ(t, x(t), û(t))),

��m n�j:m��$}�m1f�l�z|g j�e���p�m-�-l�� � �	o t m-r{�1o$f�o$��j�l�z|j:�>���-l�f

− d

dt
L̂ẋ(t) + L̂x(t) = 0 ⇔ ṗ(t) = −p(t)ϕ̂x(t)− λ0f̂x(t)

t � �

t k f�j
L̂ẋ(t) = Lẋ(t, x̂(t), ˙̂x(t), û(t), λ0, p(t))

l o�n�o	p�m-k:l���n�m f�p�� m��!�	o	p�q-n�gB}

���



wxe�n t y�l�r_� t c�g sut m-r�� l
L̂ẋ(t0) = µ0, L̂ẋ(t1) = −µ1 ⇔ p(t0) = µ0, p(t1) = −µ1.

t � �

� e��!��q���j � j:c�q x(·) = x̂(·) ��� p�j�f�e���p�m-k:l t j�x	n�o$f�m � m-n�����q�x	����mxm-�:n�o$��o	vj:�{z|l�n�l�z|e�zTwxe�n t y�l�l
��o�k:c�o�n�� o � m{wxe�n t y�l���z u(·) �3
�p�� � ��m-k:m n�o$f�mm � l��:o���q ��m-�{�1o � o-���	o t l�}Gwxe�n t y�l�r t e � c�o���p�j:n�l�r��#x t m-��m-c�g4z|lJz|g c�o-��v
� m�p�o�k!o�j1zB� ¢ o�l$�-m�p�j:j � c�m��!��m-rU��o�c�l�o�n���x t m-��m-c�g rWm��-g ��n�m c�o-�:�:z�o���c�l�v��o�j:�-� � x � ��m t e��!m-��n�m�v n�j � c�j:c�g �-n�g j�wxe�n t y�l�l u(·) n�o [t0, t1] �	o t l�j�x�����m
u(t) ∈ U

�~��m-� t o	} n�j � c�j:c�g �-n�m��!��l u(·) �+� �-m-�:n�o$��l�zIz|n�m$� j1�!���-m��	o t l�}wxe�n t y�l�r{��j:c�j:�
U
�

 x�	o t x � �-j:c���� � c�l�n�y�l � ��o�k:c�o�n�� o���x-wxe�n t y�l�� û(·) f�m�p���n�o�f�m��!�	o���vp�����q~z|l�n�l�z|e�zIwxe�n t y�l�l ��o�k:c�o�n�� o � m ���!j1z u(·) ∈ U
x��$��j-� t � c�l � ��m�zz|gXz|m$� j1z x�m-��j:�-l�f�n�m�x��-g��-c�m��!l���q ���!j ��p�o�k!o�j1z|g ju�_wxe�n t y�l�l
��o�k:c�o�n�v� o�x�n�j �1o��-l�� � �ul�j�m-�

u(·) �

min
u(·)∈U

t1∫

t0

(λ0f(t, x̂(t), u(t))− p(t)ϕ(t, x̂(t), u(t))) dt =

=

t1∫

t0

(λ0f(t, x̂(t), û(t))− p(t)ϕ(t, x̂(t), û(t))) dt.

t �3���

� m t o	� j1z x$����m m-�-�!�df�ox��p�j�f�e-j:��x	����m � t o	� f�m-r ��m-� t j t x	k f�j wxe�n t y�l��
û(·) n�j � c�j:c�g �-n�o�x�� � c�o��-j�f�p�l��-m c�o��-j:n��!���-m

min
u∈U

(λ0f(t, x̂(t), u)− p(t)ϕ(t, x̂(t), u)) =

= λ0f(t, x̂(t), û(t))− p(t)ϕ(t, x̂(t), û(t)).

t �����


uj:r��!���-l���j!p�q-n�m�x�f�m � e��!��l�z x�����m � ��mG�!m-m-��n�m s j:n�l�j�n�j��-g � m�p�n�j:n�m�x��$��j-��!e��uj1�!���-e��>�u��m-� t o τ ∈ [t0, t1]
x�� t m-��m-c�m-r{wxe�n t y�l�� û(·) n�j � c�j:c�g �-n�o�x�l

� p�j1z|j:n�� v ∈ U
�	o t l�j�x�����m
λ0f(τ, x̂(τ), v) − p(τ)ϕ(τ, x̂(τ), v)) <

< λ0f(τ, x̂(τ), û(τ)) − p(τ)ϕ(τ, x̂(τ), û(τ)).b�o t t o t wxe�n t y�l�l t 7→ λ0f(t, x̂(t), v) − p(t)ϕ(t, x̂(t), û(t))
l
t 7→

λ0f(t, x̂(t), û(t)) − p(t)ϕ(t, x̂(t), û(t))
n�j � c�j:c�g �-n�g^�_n�j t m-��m-c�m-rJm t c�j1��v��n�m��!��l���m-� t l τ x���m n�o�r�f�j:�-� ���	o t m-j δ > 0

x-����mxf�p�� ���!j!}
t ∈ [τ −δ, τ+δ]� � c�o��-j�f�p�l��-m n�j:c�o��-j:n��!���-m

λ0f(t, x̂(t), v)− p(t)ϕ(t, x̂(t), v)) <

< λ0f(t, x̂(t), û(t))− p(t)ϕ(t, x̂(t), û(t)).

���



� o-�:�:z|m-��c�l�z wxe�n t y�l�� ũ(·) x�c�o��-n�e�� v
n�o{m-��c�j:� t j [τ − δ, τ + δ]

l
û(·)�1o � c�j�f�j!p�o-z|l � ��m-k:m m-��c�j:� t o���b�m-k f�ou���!n�m�x�����m

t1∫

t0

(λ0f(t, x̂(t), ũ(t))− p(t)ϕ(t, x̂(t), ũ(t))) dt <

<

t1∫

t0

(λ0f(t, x̂(t), û(t)) − p(t)ϕ(t, x̂(t), û(t))) dt

� � c�m-��l��-m-c�j:��l�j � t �3���0��b�j1zI�:o-z|g4zPc�o��-j:n��!���-m t �����d� � c�o��-j�f�p�l��-m��
� m-m-��n�m s j:n�l�� t � �#x t � ��l t ����� t � m���p�j�f�n�j:j{z|m$��n�mG�1o � l��:o���qG�Jwxm-c�vz|jxz�o t �!l�z|e�z�o�x � m�z|j:n���� �:n�o t l � j:c�j�f λ0f l pϕ n�o � c�m-��l��-m � m�p�m$��n�g j��l_j1�!��q � c�l�n�y�l � z�o t �!l�z|e�z�o � m-n���c���k:l�n�o�f�p�� f�o�n�n�m-r{�1o$f�o$��l���b�m-��n�e��wxm-c�z|e1p�l�c�m-� t eun�j �-e:f�j1z � c�l��-m1f�l���q�x-n�mu�!e���quj:j t t o t l~� � c�o��-l�p�j>z|n�m�v��l���j!p�j:r ��o�k:c�o�n�� o�� �J��m�z x�����m �!e��uj1�!���-e-j:�G�	o t m-r n�j:n�e1p�j:�-m-rPn�o-�-m-cz|n�m$��l���j!p�j:r���o�k:c�o�n�� o

λ = (λ0, p(·), µ0, µ1)
x�����m{�-g � m�p�n����>�-� �Je���p�m�v�-l�� t � �#x t � �dl t �����0�

� j s j:n�l�j t m-n t c�j:��n�gB} �1o$f�o$� n�o m��!n�m-�-j � c�l�n�y�l � o
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� 	\����������������! "�#�

�Fh�k%g a�\�_3e�b g ; _3k!c g]\�ew\�l |�_ k � []\�¢�l _;@b cJk!cB\ � g]b ;�k!l�N k���X � e]ewq�; _
g]h�k%g N _ h�k�|�_ k � []\�¢�l _; p

g]\ ¢�_ ew\�l |�_3a����zewq�k!l l �^N _�h�k�|�_ ew\<; _ b c�fn\�[ v
;�k%g]b \�cRk	¢�q�g g]h�b�e � []\�¢�l _;_�A� h�b�e b c�fn\�[3;�k%g]b \�cRk�e kF[]q�l _ b�e b c�^`\<; � l _`g]_
k!c�a���\�[ b c�k�^�^`q�[(k%g]_-���G_ a�_�c�\!g]_�b gS¢��

I(p)
� r�q ��� \�ew_iN _�h�k�|�_�k=; _`g]h�\�a

t k!l d�\�[]b g]h�;��
m
g]\ ew\�l |�_zg]h�b�e � []\�¢�l _;_�n� h�_c; _`g]h�\�a m q�ew_3e2g]h�_ob c�fn\�[3;�k%g]b v

\�c
I(p)

���+\z^`\<; � k![]_ g]h�_�b�q�k!l b g-��\!f�a�b f
_�[]_�c�g:; _`g]h�\�a�e:N:b g]hj_3k�^(h,; _`g]h�\�a mN _ h�k�|�_:g]\ k�e]ew\�^`b�k%g]_zk c�q�;p¢�_�[2b c�a�b�^�k%g]b c�d g]h�_�_�[][]\�[7\!f�g]h�_�ew\�l q�g]b \�c�\!f�g]h�_
� []\�¢�l _;_� �G_ a�_�c�\!g]_�g]h�b�e:c�q�;p¢�_�[,¢�� e(p, I,m)

�
�zewq�k!l l �JN _WN k!c�g g]\Gh�k�|�_ kR; _`g]h�\�a g]h�k%g�^�k!c ¢�_�k ��� l b _3a g]\Jew_�|�_�[(k!l

� []\�¢�l _;�e:\!f g]h�_ e]k�; _jg-� � _-� � e]ewq�; _jg]h�k%gUN _ h�k�|�_ k�ew_`gz\!f � []\�¢�l _;�e
P
�

� h�_�c fn\�[:g]h�_ ew_`g
P

g]h�_j_�[][]\�[:\!f=g]h�_jd�b |�_�cW; _`g]h�\�a
m
;�k��S¢�_ a�_�Q�c�_3a�k�e

fn\�l l \�N e
e(P , I,m) = sup

p∈P

e(p, I,m).

i f N _hN k!c�gog]\iQ�c�aJk d�\�\�aR; _`g]h�\�aBfn\�[ � []\�¢�l _;�e
P

N _ h�k�|�_ g]\iQ�c�a
k	; _`g]h�\�a fn\�[0N:h�b�^(h g]h�_s|%k!l q�_

e(P , I,m)
k�e eY;�k!l l k�e � \�e]ewb ¢�l _-���z_�c�\!g]_

¢��
M

g]h�_oew_`g \!f=k�a�; b�e]ewb ¢�l _@; _`g]h�\�a�e:�n� h�_�c N _UN k!c�g2g]\ Q�c�ask ; _`g]h�\�a
m̂ewq�^(hsg]h�k%g

e(P , I, m̂) = inf
m∈M

e(P , I,m) =:E(P , I,M ).

�G_ ^�k!l l�g]h�_ ; _`g]h�\�a
m̂
k!c?* � ' 46$&B�A�$&%�')(�*!+ k!c�asg]h�_ |%k!l q�_ E(P , I,M )

b�e
^�k!l l _3a k!cJ* � ' 46$&B�A\%�1M13*�1��i g ;�k��Bk ��� _3k![(ezg]h�k%g E(P , I,M )

b�ejc�\!g ewq	��^`b _�c�g]l �GeY;�k!l l �I� h�_�c N _
;�k���g][]��g]\@Q�c�a k!c�\!g]h�_�[+g-� � _ \!f�b c�fn\�[3;�k%g]b \�c k	¢�\�q�g � []\�¢�l _;�e fn[]\<;

P
g]h�k%g

? ¥I2'$ &I�6��&��4���6*D2|/I��&1*4���6�6$ ��QT%�!��I/1$ ��2A��2'�Wc"�"���'*�$ ���o&�!'.'.	%��U��%�)n��2'� m !'&�&�$ ���(%"%�!'�'Q"�Kr
��$ %��A) %��1J0��&�$ * m ��&��4���6*D2�x	���������´y-y�~#zIr}��~)r}�=�Iz/��=�x�~#zIr}��~)r}�=�/³Kz=z��
q m !'&�&�$ ��x�9T%�&�*�%4/;x'9TXa¥I�n; m !'&�&�$ ��� [ �D�#���W¥n��*D2'�'%�� %���$ *4���oZ1�'$ +����6&�$ ��-O%�) 3T��s���¥n&�$ %�� r

K�%4+�&�K�-
'�9T%�&�*�%4/;x����'&6��$ ��!����1) %��a����) %��6NO�#��$ %��,¥n�����'&�N,$ &�&�$ %��3>a�6%�d'� ��N,&�x m !'&�&�$ ���3XI*4��Q'��N�-
%�) [ *�$ ���'*���& '(<W� ��Q'$ K���+�K��Cn=x [ %�!���2'���6�H9:�#��2'��NO�#��$ *4�������'&6��$ ��!����:%�)^<W� ��Q'$ K���+�K��Cn [ *�$ ���'*��
8 ���������1%�)n��2'� m !'&�&�$ ���AXI*4��Q'��N�-A%�) [ *�$ ���'*���&��
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^�k!c � []\%|�b�a�_ k¤¢�_`gwg]_�[z_�[][]\�[:\!f7ew\�l q�g]b \�c�e:��i9c \!g]h�_�[ZN \�[(a�e�x�N _ ^�k!c ^`\�c�ewb�a�_�[
g]h�_ofn\�l l \�N:b c�d � []\�¢�l _;

inf
I∈I

E(P , I,M ),

N:h�_�[]_
I
b�e:ew\<; _jew_`g \!f=b c�fn\�[3;�k%g]b \�c��

� _`g q�e ^`\�c�ewb�a�_�[:ew\<; _o_���k�; � l _3e:�
� 	 �S���! �$?�	�� "���!���������"���! "�#�

� _`g
W

¢�_ ew\<; _ ^`l�k�e]e \!f:fnq�c�^#g]b \�c�e a�_�Q�c�_3a \�cOkBa�\<;�k!b c
D
���z_�c�\!g]_

¢��
pf
g]h�_ � []\�¢�l _; \!f�Q�c�a�b c�d

f(t)
x
t ∈ D

x�fn\�[ k fnq�c�^#g]b \�c
f ∈W

��Z7q�g

I(pf ) = I(f) = (f(t1), . . . , f(tn)), tj ∈ D, j = 1, . . . , n.

� _`g
M

¢�_og]h�_ ew_`g \!f k!l lj;�k ��� b c�d�e m : Rn → R
� �G_ � q�g

e(pf , I,m) = |f(t)−m(I(f))|.
¡ _�[]_

P = {pf : f ∈W} �b� h�q�e�x

e(P , I,m) = sup
f∈W

|f(t)−m(I(f))| =: e(t,W, I,m).

�+\UQ�c�a k!c \ � g]b ;�k!l8; _`g]h�\�a0N _ h�k�|�_2g]\o^`\�c�ewb�a�_�[=g]h�_ fn\�l l \�N:b c�d � []\�¢�l _;

E(t,W, I,M ) = inf
m:Rn→R

e(t,W, I,m).

� h�b�e � []\�¢�l _; b�e�^�k!l l _3a g]h�_ � []\�¢�l _; \!fo\ � g]b ;�k!l:[]_3^`\%|�_�[]�J\!fjkGfnq�c�^#g]b \�c
f ∈ W

k%gOk Q	��_3a � \�b c�g t fn[]\<; g]h�_ b c�fn\�[3;�k%g]b \�c k	¢�\�q�g g]h�_ |%k!l q�_3e
f(t1), . . . , f(tn)

�
� 	 �S���! �$?�	�� "���!�THG�����! "�#�

� _`g
pf

¢�_ g]h�_ � []\�¢�l _; \!fUQ�c�a�b c�dJg]h�_ b c�g]_�d�[(k!l
Lf =

∫ b
a
f(t) dt

fn\�[
k fnq�c�^#g]b \�c

f ∈ W
� �Fb g]hXg]h�_Je]k�; _

I(f)
x

P
x:k!c�a

M
N _G\�¢�g(k!b c g]h�_

� []\�¢�l _;M\!f \ � g]b ;�k!lzb c�g]_�d�[(k%g]b \�cF\�cDg]h�_J^`l�k�e]e W fn[]\<;Mg]h�_Bb c�fn\�[3;�k%g]b \�c
k	¢�\�q�g:|%k!l q�_3e \!f

f
k%gzk0Q	��_3a ew��e-g]_; \!f=c�\�a�_3e

E(L,W, I,M ) = inf
m:Rn→R

sup
f∈W

∣∣∣∣∣

b∫

a

f(t) dt−m(I(f))

∣∣∣∣∣.
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� \!g]_�g]h�k%g b f b c�e-g]_3k�aG\!f
M

N _�^`\�c�ewb�a�_�[jg]h�_sew_`g
M0

^`\�c�g(k!b c�b c�d \�c�l �
l b c�_3k![ fnq�c�^#g]b \�c�e

m
x�g]h�k%g b�e�x

m(I(f)) =

n∑

j=1

ajf(tj), aj ∈ R, j = 1, . . . , n,

g]h�_�cJN _�\�¢�g(k!b cGg]h�_ N _�l l v {�c�\�N:c � []\�¢�l _; \!f Q�c�a�b c�d \ � g]b ;�k!lgb�q�k�a�[(k%g]q�[]_
fn\�[3; q�l�k fn\�[ g]h�_ ^`l�k�e]e

W
k!c�a k0Q	��_3a�ew��e-g]_; \!f c�\�a�_3e:�

�zc�_K;�k�� k�ew{ h�\�N g]\O^(h�\�\�ew_ ewq�^(h � \�b c�g(e a 6 t1 < . . . < tn 6 bfn\�[@N:h�b�^(h g]h�_ \ � g]b ;�k!l=_�[][]\�[ZN:b l l�¢�_0; b c�b ;�k!l �
i9c g]h�b�e�^�k�ew_ N _ \�¢�g(k!b c g]h�_
fn\�l l \�N:b c�d � []\�¢�l _;

E(L,W,I ,M ) = inf
I∈I

E(L,W, I,M ),

N:h�_�[]_
I = {I : a 6 t1 < . . . < tn 6 b}.

� 	 �S���! �$?�	���j�%$?���� "�<�	�g�� � �����8���! "���! "�#�

i9c�c�\!g(k%g]b \�c \!f=g]h�_cQ�[(e-g:_���k�; � l _�g]h�b�e:b�e g]h�_ofn\�l l \�N:b c�d � []\�¢�l _;

E′(t,W, I,M ) = inf
m:Rn→R

sup
f∈W

|f ′(t)−m(I(f))| .

� 	��S���! �$?�	�� "���!���������"���! "�#� � �G�
W 1

∞
�G_z^`\�c�ewb�a�_�[2^`\<; � l _`g]_ ew\�l q�g]b \�c�e \!f�ew\<; _ � []_�|�b \�q�e � []\�¢�l _;�e fn\�[2ewb ; � l _

^`l�k�e]ew_3e:�
�z_�c�\!g]_¤¢��

W 1
∞
g]h�_�^`l�k�e]e�\!f []_3k!l=fnq�c�^#g]b \�c�e

f
a�_�Q�c�_3aB\�cBg]h�_ b c�g]_�[]|%k!l

[−1, 1]
x�k	¢�ew\�l q�g]_�l �s^`\�c�g]b c�q�\�q�e�x�k!c�a�e]k%g]b�e-fn��b c�d g]h�_ ^`\�c�a�b g]b \�c

|f ′(t)| 6 1
k!l ; \�e-g:_�|�_�[]�8N:h�_�[]_�\�c

[−1, 1].

��\�l l \�N:b c�d g]h�_cQ�[(e-g:_���k�; � l _cN _ � q�g

e
(
t,W 1

∞, It̄,m
)
= sup
f∈W 1

∞

|f(t)−m(It̄(f))|,

E
(
t,W 1

∞, It̄
)
= inf

m:Rn→R

e
(
t,W 1

∞, It̄,m
)
,

It̄(f) = (f(t1), . . . , f(tn)), t̄ = (t1, . . . , tn),

−1 6 t1 < . . . < tn 6 1.

���



�z_�c�\!g]_�¢��
α(t)

g]h�_7c�_3k![]_3e-g � \�b c�g g]\ t fn[]\<;Xg]h�_2ew_`g+\!f�c�\�a�_3e {t1, . . . , tn}t b cFg]h�_G^�k�ew_	N:h�_�c
t
b�esb cFg]h�_K; b�a�a�l _ ¢�_`g.N _�_�c

tj
k!c�a

tj+1
N _Bew_`gsfn\�[

a�_�Q�c�b g]_�c�_3e]e
α(t) = tj

���a� h�q�e�x

α(t) =





t1, −1 6 t 6 t1+t2
2 ,

tj ,
tj−1+tj

2 < t 6
tj+tj+1

2 , j = 2, . . . , n− 1,

tn,
tn−1+tn

2 < t 6 1.

Z7q�g
f̂(t) = |t− α(t)| t ew_�_:�=b d�� �����

��� �������

i gBb�e \�¢�|�b \�q�e g]h�k%g
f̂ ∈ W 1

∞
k!c�a −f̂ ∈ W 1

∞
�S� \�[]_�\%|�_�[3x

It̄(f̂) =

It̄(−f̂) = 0
�b��\�[ k!c�� ; _`g]h�\�a

m
N _jh�k�|�_

2f̂(t) =
∣∣f̂(t)−m(0)−

(
− f̂(t)−m(0)

)∣∣ 6
6
∣∣f̂(t)−m(0)

∣∣+
∣∣− f̂(t)−m(0)

∣∣ 6 2e
(
t,W 1

∞, It̄,m
)
.

m2\�c�ew_!b�q�_�c�g]l ��x�fn\�[ k!l l
m

e
(
t,W 1

∞, It̄,m
)
> f̂(t).

¡ _�c�^`_
E
(
t,W 1

∞, It̄
)
> f̂(t).

t ���
�G_j\�¢�g(k!b csg]h�_jl \�N _�[3¢�\�q�c�a��a� \�NXl _`g q�e \�¢�g(k!b c g]h�_oq ��� _�[O¢�\�q�c�a��

�z_�Q�c�_og]h�_,; _`g]h�\�a
m̂

¢���g]h�_j_!b�q�k!l b g-�
m̂(It̄(f)) = f(α(t)).

� h�_�c

f(t)− f(α(t)) =

t∫

α(t)

f ′(τ) dτ.

���



r�b c�^`_ |f ′(τ)| 6 1
N _oh�k�|�_

|f(t)− f(α(t))| 6 |t− α(t)| = f̂(t).

� h�q�e�x�fn\�[ k!l l
f ∈W 1

∞

|f(t)− m̂(It̄(f))| 6 f̂(t).

�G_jh�k�|�_
E
(
t,W 1

∞, It̄
)
6 e

(
t,W 1

∞, It̄, m̂
)
6 f̂(t).

�=k!{�b c�d b c�g]\�k�^�^`\�q�c�g g]h�_jl \�N _�[3¢�\�q�c�a t ���#x�N _o\�¢�g(k!b csg]h�k%g

E
(
t,W 1

∞, It̄
)
= f̂(t)

k!c�a
m̂
b�ksk!cB\ � g]b ;�k!l�; _`g]h�\�a��=m2\�c�ew_!b�q�_�c�g]l ��x�b fgN _ h�k�|�_jfnq�c�^#g]b \�cG|%k!l q�_3e

f(t1), . . . , f(tn)
x�g]h�_�csk!c�\ � g]b ;�k!l#; _`g]h�\�a�\!f�[]_3^`\%|�_�[]� \!f f(t) \�c g]h�_�^`l�k�e]e

W 1
∞
b�e g]h�_ofn\�l l \�N:b c�d

f(t) ≈ f(α(t))
t ew_�_:�=b d��������

��� ����� �

� h�_�[]_W;�k�� ¢�_ ew_�|�_�[(k!l2\ � g]b ;�k!l ; _`g]h�\�a�e:� � ; \�c�dBg]h�_; g]h�_�[]_ b�e \�c�_
N:h�b�^(hsh�k�e d�\�\�a � []\ � _�[wg]b _3e:��i g:b�e ^�k!l l _3a�g]h�_ 2C%�5G' 13B�A�$&%�')(�*!+	� �G_j^`\�c�e-g][]q�^#g
g]h�_�^`_�c�g][(k!l�; _`g]h�\�aGfn\�[jg]h�_�k	¢�\%|�_ � []\�¢�l _;_� � _`g y = (y1, . . . , yn) ∈ Rn

�
Z7q�g

Wy =
{
f ∈ W 1

∞ : It̄f = y
}
.

m2\�c�ewb�a�_�[ g]h�_ ew_`g
Ay = {f(t) : f ∈Wy} .

��\�[ g]h�_cQ	��_3a
t
g]h�_ ew_`g

Ay
b�e k!c b c�g]_�[]|%k!l�\�c

R
k!c�a

cy =
supf∈Wy

f(t) + inff∈Wy f(t)

2
b�e g]h�_,; b�a�a�l _j\!f b g1�

���



��\�[ k!c��
y
x�ewq�^(h g]h�k%g

Wy 6= ∅ k!c�a�fn\�[ k!l l f ∈Wy
N _jh�k�|�_

inf
c∈R

sup
f∈Wy

|f(t)− c| = sup
f∈Wy

|f(t)− cy|.

� h�q�e fn\�[ k!c�� ; _`g]h�\�a
m
k!c�asfn\�[ k!c��

y
x
Wy 6= ∅ x

sup
f∈Wy

|f(t)−m(y)| > sup
f∈Wy

|f(t)− cy|.

m2\�c�ew_!b�q�_�c�g]l ��x�g]h�_0; _`g]h�\�a
m̂c(It̄f) = cIt̄f

b�e:g]h�_ \ � g]b ;�k!l:; _`g]h�\�aiN:h�b�^(h
b�e=g]h�_,¢�_3e-g fn\�[ k!c��,Q	��_3a b c�fn\�[3;�k%g]b \�c

It̄f
��r�q�^(he; _`g]h�\�a�e7k![]_ ^�k!l l _3a ^`_�c�g][(k!l

; _`g]h�\�a�e:�
� h�_2_�� � l b�^`b g fn\�[3;Xfn\�[�g]h�_�; _`g]h�\�a m̂c

;�k��A¢�_7fn\�q�c�aoq�ewb c�d:g]h�_ fn\�l l \�N:b c�d
� b�^#g]q�[]_

��� ����� �

m̂c(It̄f)(t)=





y1, −1 6 t 6 t1,

yj , tj 6 t 6 t∗j ,

j = 1, . . . , n− 1,
yj+yj+1

2 +sign(yj+1−yj)
(
t− tj+tj+1

2

)
, t∗j 6 t 6 t∗∗j ,

j = 1, . . . , n− 1,

yj+1, t∗∗j 6 t < tj+1,

j = 1, . . . , n− 1,

yn, tn 6 t 6 1;

t∗j =
tj + tj+1

2
− |yj+1 − yj |

2
, t∗∗j =

tj + tj+1

2
+

|yj+1 − yj |
2

.

� �



� 	 �S���! �$?�	�����8�<�8�#����� ���O� ��� $? "�� �$=�%$
� \�N fn\�[7g]h�_�e]k�; _z^`l�k�e]e

W 1
∞
k!c�a g]h�_�e]k�; _:b c�fn\�[3;�k%g]b \�c

It̄
N _z^`\�c�ewb�a�_�[

g]h�_ � []\�¢�l _; \!f=\ � g]b ;�k!l []_3^`\%|�_�[]� \!f=g]h�_ t c�\�c�l b c�_3k![�� �7fnq�c�^#g]b \�c�k!l

Lf = min
t∈[−1,1]

f(t).

� h�_j_�[][]\�[ \!f k!c�� ; _`g]h�\�a
m : Rn → R

b�e

e
(
L,W 1

∞, It̄,m
)
= sup

f∈W 1
∞

|Lf −m(It̄f)| ,

� h�_ � []\�¢�l _; b�e g]\eQ�c�a

E(L,W 1
∞, It̄) = inf

m:Rn→R

e
(
L,W 1

∞, It̄,m
)

k!c�a k!c \ � g]b ;�k!l []_3^`\%|�_�[]�h; _`g]h�\�a��
�G_2^`\�c�e-g][]q�^#g�g]h�_2^`_�c�g][(k!l�; _`g]h�\�aob c�g]h�b�e � []\�¢�l _;_����\�[�g]h�_�Q	��_3a y ∈ RnN _jk!d�k!b c a�_3k!ljN:b g]h g]h�_jew_`g

Wy = {f ∈W 1
∞ : It̄f = y} 6= ∅ � � l l�fnq�c�^#g]b \�c�efn[]\<;

Wy
k![]_3¢�_`g.N _�_�c g.N \ � b _3^`_N:b�ew_ l b c�_3k![ fnq�c�^#g]b \�c�e:�m� h�_ q ��� _�[7fnq�c�^#g]b \�c

N _ja�_�c�\!g]_T¢��
Zy(t)

k!c�a�g]h�_jl \�N _�[ fnq�c�^#g]b \�c ¢��
zy(t)

�

��� �������

� h�q�e fn\�[ k!l l
f ∈Wy

min
t∈[−1,1]

Zy(t) 6 min
t∈[−1,1]

f(t) 6 min
t∈[−1,1]

zy(t).

i g b�e:^`l _3k![ g]h�k%g
min

t∈[−1,1]
Zy(t) = min

16j6n
yj .

� �



i gZ;�k��S¢�_ ewh�\�N:c�g]h�k%g

min
t∈[tj ,tj+1]

zy(t) =
yj+1 + yj

2
− tj+1 − tj

2
.

�=k!{�b c�d b c�g]\�k�^�^`\�q�c�g:b c�g]_�[]|%k!l�e
[−1, t1]

k!c�a
[tn, 1]

N _j\�¢�g(k!b c

min
t∈[−1,1]

zy(t) =

= min

{
y1 − h0,

y2 + y1
2

− h1
2
, . . . ,

yn + yn−1

2
− hn−1

2
, yn − hn

}
,

N:h�_�[]_
h0 = t1 + 1

x
hj = tj+1 − tj

x
j = 1, . . . , n− 1

x
hn = 1− tn

�
� h�q�e g]h�_,; _`g]h�\�a

m̂L(It̄f) =
1

2

(
min

t∈[−1,1]
Zy(t) + min

t∈[−1,1]
zy(t)

)
=

1

2
min

16j6n
yj +

+
1

2
min

{
y1 − h0,

y2 + y1
2

− h1
2
, . . . ,

yn + yn−1

2
− hn−1

2
, yn − hn

}

b�e g]h�_ ^`_�c�g][(k!lj; _`g]h�\�asfn\�[:[]_3^`\%|�_�[]� \!f�; b c�b ; q�;_��i gO;�k��S¢�_ ewh�\�N:csg]h�k%g

E
(
L,W 1

∞, It̄
)
=

1

2
min

{
h0,

h1
2
, . . . ,

hn−1

2
, hn

}
.

��\�[jg]h�_�_!b�q�b�a�b�e-g(k!c�g ew��e-g]_; \!f � \�b c�g(e t̂j = −1 + 2j−1
n

x
j = 1, . . . , n.�G_jh�k�|�_

m̂L(It̄f)=
1

2
min

16j6n
yj+

1

2
min

{
y1,

y2+ y1
2

, . . . ,
yn+ yn−1

2
, yn

}
− 1

2n
.

� 	 �S���! �$?�	�����8�<�8�#����� � ���G$��:�#�:�� "��� �<�����?�< "�8���!

� _`g

f
¢�_ k � _�[]b \�a�b�^�fnq�c�^#g]b \�c�\�c

T = [−π, π] k!c�a�g]h�_Y��\�q�[]b _�[ ew_�[]b _3e

f(t) =
a0
2

+

∞∑

k=1

(ak cos kt+ bk sin kt),

N:h�_�[]_

ak =
1

π

∫

T

f(t) cos kt dt, k = 0, 1, 2, . . . ,

�!�



bk =
1

π

∫

T

f(t) sin kt dt, k = 1, 2, . . . ,

^`\�c�|�_�[]d�_3e2q�c�b fn\�[3; l ��g]\
f
�

r�q ��� \�ew_zg]h�k%g b c�e-g]_3k�a�\!f � []_3^`b�ew_z|%k!l q�_3e2\!f�g]h�_T��\�q�[]b _�[ ^`\�_ ��^`b _�c�g(e2\!f fN _o{�c�\�N g]h�_�b [:b c�k�^�^`q�[(k%g]_o|%k!l q�_3e
ãk
x
b̃k
ewq�^(h g]h�k%g

(a0 − ã0)
2

2
+

∞∑

k=1

(
(ak − ãk)

2
+
(
bk − b̃k

)2)
6 δ2,

N:h�_�[]_
δ > 0

�b� h�_ � []\�¢�l _; b�e g]\ []_3^`\%|�_�[
f
k%g ew\<; _ � \�b c�g τ ��G_ ^�k!c�c�\!g g(k!{�_jk�e:k ��� []\ ��b ;�k%g]b \�c�g]h�_ ew_�[]b _3e

ã0
2

+

∞∑

k=1

(
ãk cos kτ + b̃k sin kτ

)

ewb c�^`_ b gU;�k���a�b f
_�[zfn[]\<;
f(τ)

k�eZ; q�^(hBk�eza�_3ewb []_3a�\�[ _�|�_�cH¢�_ c�\�c�^`\�c�|�_�[ v
d�_�c�g1�

� �a���a� b {�h�\�c�\%| � []\ � \�ew_3a�g]\ g(k!{�_�g]h�_ofn\�l l \�N:b c�d�ew_�[]b _3e

f̃(t) =
ã0
2

+

∞∑

k=1

1

1 + αk2
(
ãk cos kτ + b̃k sin kτ

)
,

N:h�_�[]_
α
h�k�e g]h�_ze]k�; _:\�[(a�_�[ \!f eY;�k!l l c�_3e]e7k�e

δ
t b c � k![wg]b�^`q�l�k![3x%b g2b�e � \�e]ewb ¢�l _

g]\ � q�g α = δ
���1¡ _ � []\%|�_3a g]h�k%g b f f ∈ L2(T)

k!c�a
f
b�e ^`\�c�g]b c�q�\�q�ejk%g

τ
x

g]h�_�c
f̃(τ) → f(τ)

k�e
δ → 0

�
L2(T)

b�e g]h�_jl b c�_3k![ e � k�^`_o\!f+fnq�c�^#g]b \�c�e fn\�[ON:h�b�^(h
∫

T

|f(t)|2 dt <∞.

� h�b�eO; _`g]h�\�a�k![]_�{�c�\�N:c�k�e,� b {�h�\�c�\%|�[]_�d�q�l�k![]b }3k%g]b \�c��
� h�_�[]_jk![]_jew_�|�_�[(k!ljb�q�_3e-g]b \�c�e g]\ g]h�b�eO; _`g]h�\�a��
�-� � []_�g]h�_�[]_jk!c��S¢�_`gwg]_�[Z; _`g]h�\�aGXY¡ \�N g]\�^`\<; � k![]_�|%k![]b \�q�eg; _`g]h�\�a�eCX
�����Fh�k%g:b�e g]h�_j_�[][]\�[ \!f k ��� []\ ��b ;�k%g]b \�c N:h�_�c δ b�egQ	��_3aGX���G�z\hN _oc�_�_3asg]\ {�c�\�NLk!l l�b c�k�^�^`q�[(k%g]_o|%k!l q�_3e

ãk
k!c�a

b̃k
X

�G_ g][]� g]\sk!c�eYN _�[:g]h�_3ew_eb�q�_3e-g]b \�c�ezk!c�a ^`\�c�e-g][]q�^#g�k fvk�; b l ��\!f7\ � g]b ;�k!l
; _`g]h�\�a�e fn\�[ g]h�b�e � []\�¢�l _;_�7�G_ ^�k!l l�g]h�_zk ��� []\�k�^(h g]h�k%g�N _:q�ew_  \�l ; \�d�\�[]\%|
[]_�d�q�l�k![]b }3k%g]b \�csewb c�^`_ob gO¢�k�ew_3as\�c�b�a�_3k�e \!f � �a���  \�l ; \�d�\�[]\%|��

���



�G_k¢�_�d�b c0N:b g]h g]h�_ ew_`gwg]b c�dz\!f�g]h�_ � []\�¢�l _;Wb c g]_�[3;�e+\!f�\ � g]b ;�k!l�[]_3^`\%|�_�[]�
g]h�_�\�[]�-�

� _`g
W n

2 (T)
¢�_Bg]h�_Je � k�^`_B\!f 2π v � _�[]b \�a�b�^ fnq�c�^#g]b \�c�eWN:b g]hLk	¢�ew\�l q�g]_�l �

^`\�c�g]b c�q�\�q�e
x(n−1) k!c�a x(n) ∈ L2(T)

��r�_`g

Wn
2 (T) =

{
x ∈ W

n
2 (T) :

∥∥x(n)
∥∥
L2(T)

6 1
}
.

r�q ��� \�ew_�g]h�k%g:fn\�[:_�|�_�[]� x ∈Wn
2 (T)

N _o{�c�\�N g]h�_Y��\�q�[]b _�[:^`\�_ ��^`b _�c�g(e

aj(x) =
1

π

∫

T

x(t) cos jt dt, j = 0, 1, 2, . . . ,

bj(x) =
1

π

∫

T

x(t) sin jt dt, j = 1, 2, . . . ,

d�b |�_�c b c�k�^�^`q�[(k%g]_�l �-�
r�q ��� \�ew_ g]h�k%g@N _ {�c�\�N y = (ã0, ã1, b̃1, . . .)

ewq�^(h�g]h�k%g ‖Ix − y‖l2 6 δ,N:h�_�[]_
Ix = (a0(x), a1(x), b1(x), . . .).

¡ _�[]_ g]h�_�c�\�[3; b c
l2
b�e a�_�Q�c�_3a ¢��

g]h�_jb c�c�_�[ � []\�a�q�^#g

〈u, v〉l2 =
a0c0
2

+

n∑

k=1

(akck + bkdk),

u = (a0, a1, b1, . . .), v = (c0, d1, c1, . . .).
�zewb c�d g]h�b�e�b c�fn\�[3;�k%g]b \�cPN _=N \�q�l�a l b {�_Bg]\HQ�c�a g]h�_ ¢�_3e-g	; _`g]h�\�aX\!f

[]_3^`\%|�_�[]�J\!f
x(τ)

k%gsew\<; _ � \�b c�g τ ∈ T
����\�[�_�|�_�[]�J; _`g]h�\�a \!fo[]_3^`\%|�_�[]�

m : l2 → R
N _ja�_�Q�c�_og]h�_j_�[][]\�[ \!f=g]h�_,; _`g]h�\�aV¢��

e(Wn
2 (T), I, δ,m) = sup

x∈Wn
2 (T), y∈l2,

‖Ix−y‖l2
6δ

|x(τ) −m(y)|.

�G_ k![]_�b c�g]_�[]_3e-g]_3asb c g]h�_j\ � g]b ;�k!l _�[][]\�[ \!f []_3^`\%|�_�[]�

E (Wn
2 (T), I, δ) = inf

m: l2→R

e (Wn
2 (T), I, δ,m) ,

k!c�a�g]h�_,; _`g]h�\�asfn\�[ON:h�b�^(h g]h�b�e:|%k!l q�_ob�k k%gwg(k!b c�_3a��
� _`g

a
¢�_og]h�_jew\�l q�g]b \�c�\!f+g]h�_j_!b�q�k%g]b \�c

1
2 +

∑∞
k=1

1
(1+ak2n)2∑∞

k=1
k2n

(1+ak2n)2

= δ2

���



t b gc;�k��H¢�_ ewh�\�N:c g]h�k%g�fn\�[o_�|�_�[]�
δ > 0

g]h�_�[]_ _���b�e-g(e g]h�_ q�c�b`b�q�_ ew\�l q�g]b \�c
\!f+g]h�b�e:_!b�q�k%g]b \�c����

�����8�G���T$ 	 / ���:� �������#V

m̂(y) =
ã0
2

+
∞∑

k=1

1

1 + ak2n
(
ãk cos kτ + b̃k sin kτ

)

	�
:��6 ��	 �5���%���WV
E (Wn

2 (T), I, δ) = λ1(a+ δ2),

13�������
λ1 =

( ∞∑

k=1

k2n

(1 + ak2n)2

) 1
2

.

� 	 �S���! �$?�	�����8�<�8�#������� ���\�� )�!�K�j�%$������
��� �:�#�:�� "��� �<�����?�< "�8���!


�G_ ¢�_�d�b cSN:b g]h g]h�_ ^�k�ew_ N:h�_�cSN _F{�c�\�N _���k�^#g |%k!l q�_3e \!f ��\�q�[]b _�[
^`\�_ ��^`b _�c�g(e:� � _`g

A ⊂ Z+ = {0, 1, 2, . . .} k!c�a
B ⊂ N = {1, 2, . . .} ¢�_

Q�c�b g]_ ew_`g(e�k!c�a fn\�[ _�|�_�[]�
x ∈ Wn

2 (T)
N _ {�c�\�N g]h�_H��\�q�[]b _�[�^`\�_ ��^`b _�c�g(e

{ak}k∈A
k!c�a {bk}k∈B

�a� h�k%g:b�e fn\�[:_�|�_�[]�
x
N _o{�c�\�N g]h�_j|�_3^#g]\�[

FA,Bx =
({ak}k∈A, {bk}b∈B)

fn[]\<;
RN

x
N =

^�k![(a
A+

^�k![(a
B
�

�zewb c�dLg]h�_Fb c�fn\�[3;�k%g]b \�c
FA,Bx

N _ N k!c�gGg]\ Q�c�a kXfnq�c�^#g]b \�c N:h�b�^(h
k ��� []\ ��b ;�k%g]_ x(r) x 0 6 r 6 n − 1

x=b c
L2(T)

b c g]h�_V¢�_3e-ghN k��-��� \�N g]h�_
_�[][]\�[ \!f\; _`g]h�\�a

m : RN → L2(T)
b�e a�_�Q�c�_3a�k�e fn\�l l \�N e

er (W
n
2 (T), FA,B ,m) = sup

x∈Wn
2 (T)

∥∥x(r) −m(FA,Bx)
∥∥
L2(T)

.

� h�_j_�[][]\�[ \!f=\ � g]b ;�k!l�[]_3^`\%|�_�[]� b�e a�_�Q�c�_3aV¢��

Er (W
n
2 (T), FA,B) = inf

m:RN→L2(T)
er (W

n
2 (T), FA,B ,m) .

r�b c�^`_ fn\�[ _�|�_�[]�
c ∈ R x = c ∈ W n

2 (T)
x
b gzb�e _3k�ew�sg]\sewh�\�NXg]h�k%gzb c g]h�_

^�k�ew_UN:h�_�c
0 /∈ A E0(W

n
2 (T), FA,B) = ∞ �Z7q�g

k0 = k0(A,B) = min
{

min
k∈N\A

k, min
k∈N\B

k
}
.

i gO; _3k!c�e2g]h�k%g {0, 1, . . . , k0 − 1} ∈ A
x {1, . . . , k0 − 1} ∈ B

x�k!c�a
k0 /∈ A

\�[
k0 /∈ B

�

�Y�



Z7q�g
χ0 = 1

k!c�a
χr = 0

fn\�[
r > 1

�
�����8�G���T$ 	<' ��� 1 6 r 6 n − 1 ��� r = 0 ���WV 0 ∈ A , / �����

Er(W
n
2 (T), FA,B) = k

−(n−r)
0 ���WV � ���;��� � α = {αk}k∈A ���WV β = {βk}k∈B


�+#A?�F���G�#�

|αk − 1| 6
(
k

k0

)n−r
, k ∈ A, |βk − 1| 6

(
k

k0

)n−r
, k ∈ B,

�����:� �������#V
m̂(FA,Bx)(t) =

a0
2
χr +

∑

k∈A\{0}
krαk ak cos(kt+ πr/2)+

+
∑

k∈B
krβk bk sin(kt+ πr/2)

	�
:��6 ��	 �5���
� _`gjq�ej^`\�c�ewb�a�_�[zg]h�_�^�k�ew_eN:h�_�c

r = 0
�0� \!g]_ g]h�k%g,N _e;�k���g(k!{�_ k�eok!c

\ � g]b ;�k!lj; _`g]h�\�asg]h�_,; _`g]h�\�a

m̂(FA,Bx)(t) =
a0
2

+
∑

k∈A\{0}
ak cos kt+

∑

k∈B
bk sin kt.

� q�g:g]h�_,; _`g]h�\�a

m̂(FA,Bx)(t) =
a0
2

+

k0−1∑

k=1

(ak cos kt+ bk sin kt)

b�e:k!l�ew\ \ � g]b ;�k!l k!c�asb gza�\�_3e:c�\!g:q�ew_ ^`\�_ ��^`b _�c�g(e ak
k!c�a

bk
b f
k > k0

�
� 	 �S���! �$?�	�����8�<�8�#������� ���\�� )�!�K�j�%$������
���O "�����<�<�:�����!� �:�#�:�� "��� �<�����?�< "�8���!


� \�NEN _�^`\�c�ewb�a�_�[zg]h�_�^�k�ew_eN:h�_�cBfn\�[o_�|�_�[]�
x ∈ Wn

2 (T)
N _ {�c�\�N

y ∈
RN

ewq�^(h g]h�k%g ‖FA,Bx − y‖∞ 6 δ
xON:h�_�[]_ ‖y‖∞ = max06j6N−1 |yj |

x
y = (y0, y1, . . . , yN−1)

�
i gO; _3k!c�e2g]h�k%g:b c�e-g]_3k�as\!f+_���k�^#g |%k!l q�_3e \!f���\�q�[]b _�[:^`\�_ ��^`b _�c�g(egN _�{�c�\�N

{ãk}k∈A
k!c�a {b̃k}k∈B

ewq�^(hsg]h�k%g

|ak − ãk| 6 δ, k ∈ A, |bk − b̃k| 6 δ, k ∈ B.

� d�k!b cWN _cN k!c�g g]\ []_3^`\%|�_�[
x(r)

b c
L2(T)

v ; _`g][]b�^��

�%�



¡ _�[]_,N _ja�_�Q�c�_�g]h�_j_�[][]\�[ \!f
m
¢��

er (W
n
2 (T), FA,B , δ,m) = sup

x∈Wn
2 (T), y∈lN∞,

‖FA,Bx−y‖∞6δ

∥∥x(r) −m(y)
∥∥
L2(T)

.

� h�_j_�[][]\�[ \!f=\ � g]b ;�k!l�[]_3^`\%|�_�[]� b�e

Er (W
n
2 (T), FA,B , δ) = inf

m: lN∞→L2(T)
er (W

n
2 (T), FA,B , δ,m) .

r�_`g

p̂ = max

{
p ∈ Z+ : 2δ2

p∑

k=0

k2n < 1

}
, p0 = min{p̂, k0 − 1}.

�����8�G���T$ 	 ���
1 6 r 6 n− 1 ��� r = 0 ���WV 0 ∈ A

; �������
Er (W

n
2 (T), FA,B , δ) =

=

√√√√ 1

(p0 + 1)2(n−r)
+
δ2

2
χr + 2δ2

p0∑

k=1

k2r

(
1−

(
k

p0 + 1

)2(n−r))

���WV �����:� �������#V

m̂
(
{ãk}k∈A, {b̃k}k∈B

)
(t) =

ã0
2
χr +

p0∑

k=1

(
1−

(
k

p0 + 1

)2(n−r))
×

× kr
(
ãk cos(kt+ πr/2) + b̃k sin(kt+ πr/2)

)

	�
:��6 ��	 �5��� ,
��� 	��	�����9$?�����H� �:���8��C�< )��� �"�	� ���8�G���T$
�����  "�����j���	�" )�! "�8
 � �G� ������ )�����! )�#�8


�G_ ¢�_�d�b c]N:b g]hV\�c�_ _���g][]_;�k!l � []\�¢�l _; N:h�b�^(hVb�eR{�c�\�N:cVk�eLg]h�_
¡zk�a�k�;�k![(a�g]h�[]_�_!v9^`b [(^`l _og]h�_�\�[]_;_� � _`g

f(z)
¢�_ k�h�\�l \<; \�[ � h�b�^zfnq�c�^#g]b \�c \�c

g]h�_ k!c�c�q�l q�e
r1 6 |z| 6 r2.

Z7q�g
M(r) = max

|z|=r
|f(z)|.

���



� h�_�c
logM(r)

b�ejk�^`\�c�|�_�� fnq�c�^#g]b \�cJ\!f2g]h�_
log r

��� h�_�^`\�c�^`l q�ewb \�cG\!f2g]h�_
g]h�_�\�[]_; ^�k!cV¢�_j[]_3e-g(k%g]_3a k�e

M(r) 6M(r1)
log r2/r

log r2/r1M(r2)
log r/r1
log r2/r1 .

fn\�[ k!c���g]h�[]_�_j^`\�c�^`_�c�g][]b�^�^`b [(^`l _3e \!f [(k�a�b b
r1 < r < r2

�
� h�_ h�b�e-g]\�[]�s\!f g]h�b�e g]h�_�\�[]_; b�e:g]h�_ fn\�l l \�N:b c�d�� � e-g(k%g]_; _�c�g�k!c�a � []\�\!f

fn\�[7g]h�_ g]h�_�\�[]_; N k�e7d�b |�_�ci¢�� ~��m�4� � b gwg]l _N \�\�a�b c � � ����x	¢�q�g h�_zk%gwg][]b ¢�q�g]_3e
b g�g]\ c�\ \�c�_ b c � k![wg]b�^`q�l�k![3x
e-g(k%g]b c�d b gjk�eoks{�c�\�N:c g]h�_�\�[]_;_�0¡��j� \�h�[ok!c�a
�4� � k!c�a�k!qJ^`l�k!b ; g]h�_ g]h�_�\�[]_; N k�e@Q�[(e-gjd�b |�_�c ¢�� ~��I¡zk�a�k�;�k![(a b c � �:� ��x
k!l g]h�\�q�d�h ¡zk�a�k�;�k![(a�h�k�a � qb¢�l b�ewh�_3a c�\ � []\�\!f �

� h�_k¡zk�a�k�;�k![(azg]h�[]_�_!v9^`b [(^`l _ g]h�_�\�[]_;Ld�b |�_3e k!c _3e-g]b ;�k%g]_7b cjg]h�_7fn\�l l \�N:b c�d
_���g][]_;�k!l � []\�¢�l _;

M(r) → max, M(r1) 6 δ1, M(r2) 6 δ2.

� h�_ _���k�^#g2ew\�l q�g]b \�c \!f
g]h�b�e � []\�¢�l _; N:h�b�^(h�b�e7_�� � []_3e]ew_3a b c�g]_�[3;�e \!f�_�l l b � g]b�^
fnq�c�^#g]b \�c�eON k�e d�b |�_�cV¢�� u �3� � u \�¢�b c�ew\�c b cJ� � �����

i9c � � ���p�4� � k!c�a�k!q�^`\�c�ewb�a�_�[]_3a�k |�_�[]�sewb ; b l�k![ � []\�¢�l _;_�a¡ _jg]\�\�{ a�_�[]b v
|%k%g]b |�_3e b c�e-g]_3k�a \!f2^`b [(^`l _3e:�(¡ _ � []\%|�_3a g]h�k%g�fn\�[ok!l l+fnq�c�^#g]b \�c�e x ∈ L∞(R+)N:b g]hBg]h�_hQ�[(e-g a�_�[]b |%k%g]b |�_ l \�^�k!l l �Bk	¢�ew\�l q�g]_�l � ^`\�c�g]b c�q�\�q�e�\�c

R+
k!c�a

x′′ ∈
L∞(R+)

g]h�_ofn\�l l \�N:b c�d _���k�^#g:b c�_!b�q�k!l b g-�

‖x′‖L∞(R+) 6 2‖x‖1/2L∞(R+)‖x′′‖
1/2
L∞(R+)

h�\�l�a�e t g]h�_z_���k�^#g]c�_3e]e�; _3k!c�e g]h�k%g7g]h�_�^`\�c�e-g(k!c�g
2
^`\�q�l�a c�\!gk¢�_ []_ � l�k�^`_3a¤¢��

ew\<; _�\!g]h�_�[ ^`\�c�e-g(k!c�g,N:h�b�^(h b�ejl _3e]eog]h�k!c
2
����� h�k%g b�ejh�_�fn\�q�c�aGg]h�_�_���k�^#g

ew\�l q�g]b \�c \!f+g]h�_j_���g][]_;�k!l � []\�¢�l _;

‖x′‖L∞(R+) → max, ‖x‖L∞(R+) 6 δ1, ‖x′′‖L∞(R+) 6 δ2.

� h�_�c�b cJ� � ���¤¡zk�a�k�;�k![(asew\�l |�_3a�g]h�_ k!c�k!l \�d�\�q�e � []\�¢�l _; fn\�[
R
�

i9cD� � � � � �1���  \�l ; \�d�\�[]\%| \�¢�g(k!b c�_3a g]h�_ d�_�c�_�[(k!l []_3ewq�l gjb cBg]h�b�ecQ�_�l�a��
¡ _ofn\�q�c�a�g]h�_j_���k�^#g ew\�l q�g]b \�c \!f=g]h�_ � []\�¢�l _;

∥∥x(k)
∥∥
L∞(R)

→ max, ‖x‖L∞(R) 6 δ1,
∥∥x(r)

∥∥
L∞(R)

6 δ2.

� h�_o|%k!l q�_j\!f+g]h�b�e � []\�¢�l _; b�e

Kr−k

K
1−k

r
r

δ
1−k/r
1 δ

k/r
2 ,

�Y�



N:h�_�[]_

Km =
4

π

∞∑

s=0

(−1)s(m+1)

(2s+ 1)m+1

k![]_zg]h�_Y��k�|%k![(a ^`\�c�e-g(k!c�g(e:�
� h�_3ew_ g-� � _3e7\!f
_���g][]_;�k!l � []\�¢�l _;�e7k![]_ {�c�\�N:c�k�e � k!c�a�k!q��  \�l ; \�d�\�[]\%|

b c�_!b�q�k!l b g]b _3e=fn\�[7a�_�[]b |%k%g]b |�_3e k!c�a g]h�_�� k!l l�k![]_:ewb ; b l�k![=g]\og]h�_:b c�b g]b�k!l�_���g][]_;�k!l
� []\�¢�l _; fn\�[3; q�l�k%g]_3aR¢��R¡zk�a�k�;�k![(a��

�)� 	��	����� ������ )�� �"� �0������� ������ �#�R "�����j���	�" )� �
����� � ���! �$?�	�����8�<�8�#����� ���Z������ )�����! )�#�8


�zc�_W; \�[]_ _���k�; � l _ \!f � k!c�a�k!q��  \�l ; \�d�\�[]\%|�g-� � _ b c�_!b�q�k!l b g]b _3e b�e g]h�_
¡zk![(a���� � b gwg]l _N \�\�a���Z��\�l ��kjb c�_!b�q�k!l b g-�-�

i9c � � � � ¡zk![(a���x � b gwg]l _N \�\�a�x k!c�a Z��\�l ��k � []\%|�_3a g]h�k%g fn\�[ k!l l�b c�g]_�d�_�[
0 < k < r

k!c�a k!l l
x ∈ L2(R) ∩W r

2 (R)

∥∥x(k)
∥∥
L2(R)

6 ‖x‖1−k/rL2(R)

∥∥x(r)
∥∥k/r
L2(R)

,

� h�b�e []_3ewq�l gK;�k�� ¢�_ fn\�[3; q�l�k%g]_3aLb cLg]h�_Oe]k�; _Jfn\�[3;Tk�e ¡zk�a�k�;�k![(a�� e
g]h�_�\�[]_;_�

�����8�G���T$ 	
log ‖x(k)‖L2(R) 	�
:�5A�����8��*E � +,�WAC��	����<� � k ,i g7b�e � \�e]ewb ¢�l _ g]\ja�_�Q�c�_ fn[(k�^#g]b \�c�k!l�a�_�[]b |%k%g]b |�_3e+g]h�_�c k N:b l lb¢�_:^`\�c�g]b c�q�\�q�ek![]d�q�; _�c�g1�

�G_,;�k���^`\�c�ewb�a�_�[g; \�[]_zg]h�k!csg]h�[]_�_j^`b [(^`l _3e b c ¡zk�a�k�;�k![ � e7g]h�_�\�[]_; k!c�a
; \�[]_ g]h�k!cBg]h�[]_�_ a�_�[]b |%k%g]b |�_3ezb cBg]h�_¤¡zk![(a���� � b gwg]l _N \�\�a���Z��\�l ��k�b c�_!b�q�k!l b g-�-�
� h�_&; \�[]_�|%k!l q�_3ej\!f ^`\�c�|�_�� fnq�c�^#g]b \�cJN _�{�c�\�N g]h�_ ; \�[]_ � []_3^`b�ew_hN _s^�k!c
_3e-g]b ;�k%g]_�g]h�_ofnq�c�^#g]b \�c��

� _`g
k1 < . . . < kn

k!c�a
k1 6 k 6 kn

�
m2\�c�ewb�a�_�[ g]h�_ofn\�l l \�N:b c�d _���g][]_;�k!l
� []\�¢�l _;
∥∥x(k)

∥∥
L2(R)

→ max,
∥∥x(kj)

∥∥
L2(R)

6 δj , j = 1, . . . , n, x ∈ W
kn
2 (R).

� _`g
M =

^`\ { (kj , log δj), j = 1, . . . , n }
¢�_ k ew_`g:b c

R2 ��Z7q�g

θ(x) = min{ y : (x, y) ∈M }.

���



�����8�G���T$ 	

sup
x∈W

kn
2 (R),

‖x(kj )‖
L2(R)

6δj ,

j=1,...,n

∥∥x(k)
∥∥
L2(R)

= eθ(k).

��� ����� �

��� 	 �S���! �$?�	�����8�<�8�#���W���Z������ )�����! )�#�8

r�q ��� \�ew_og]h�k%gZN _o{�c�\�N fnq�c�^#g]b \�c�e y1, . . . , yn ∈ L2(R)

ewq�^(hsg]h�k%g
∥∥x(kj ) − yj

∥∥
L2(R)

6 δj , j = 1, . . . , n.

�G_,N k!c�g g]\ []_3^`\%|�_�[
x(k)

�
� c��s[]_3^`\%|�_�[]�h; _`g]h�\�a b�e:ke;�k � m : (L2(R))

n → L2(R)
�

� h�_j_�[][]\�[ \!f�; _`g]h�\�a
m
b�e:a�_�Q�c�_3a�k�e

e(Dk,K, δ,m) = sup
x∈W

kn
2 (R),

‖x(kj )−yj‖
L2(R)

6δj ,

j=1,...,n

∥∥x(k) −m(y)
∥∥
L2(R)

,

h�_�[]_
K = (k1, . . . , kn)

x
δ = (δ1, . . . , δn)

k!c�a
y = (y1, . . . , yn)

�
� h�_j_�[][]\�[ \!f=\ � g]b ;�k!l�[]_3^`\%|�_�[]� b�e a�_�Q�c�_3aV¢��

E(Dk ,K, δ) = inf
m: (L2(R))n→L2(R)

e(Dk,K, δ,m).

� �



� h�_ ; _`g]h�\�a�fn\�[ZN:h�b�^(h�g]h�_ l \�N _�[,¢�\�q�c�a b�e k%gwg(k!b c�_3a�b�ez^�k!l l _3a�\ � g]b ;�k!l
; _`g]h�\�a \!f=[]_3^`\%|�_�[]�-�

� _`g
kj1 , . . . , kjr

¢�_sg]h�_ � \�b c�g(e \!fA¢�[]_3k!{J\!f � \�l ��d�\�c�k!l l b c�_ θ ���z_�c�\!g]_¢��
Fx

g]h�_Y��\�q�[]b _�[ g][(k!c�e-fn\�[3; \!f
x
�

�����8�G���T$ 	%Q ���:��� � k1 6 k 6 kn

E(Dk,K, δ) = eθ(k).

���
kjs < k < kjs+1

;
1 6 s 6 r − 1

; �������.�����:� �������#V
m̂(y) = (Ls ∗ yjs) + (Rs+1 ∗ yjs+1),

13�������

FLs(τ) = (iτ)k
(kjs+1 − k)δ2js+1

(−iτ)kjs
(kjs+1 − k)δ2js+1

τ2kjs + (k − kjs)δ
2
js
τ2kjs+1

,

FRs+1(τ) = (iτ)k
(k − kjs)δ

2
js(−iτ)

kjs+1

(kjs+1 − k)δ2js+1
τ2kjs + (k − kjs)δ

2
js
τ2kjs+1

,

	�
7��6 ��	 �5��� , Q ��� k = kjs
;
1 6 s 6 r−1

; �����7� �������#V m̂(y) = yjs 	�
7��6 ��	 �5��� ,
� � 	 � ���	�"�GH ���O� ��� �	�����9$?����� � ���8�G���T$

� �G� � ��� ���8���&���j�����! "�#�
��\�[ g]h�_ h�_3k%g+_!b�q�k%g]b \�c,N _�N:b l l�^`\�c�ewb�a�_�[�g]h�_ � []\�¢�l _; N:h�b�^(h b�e=k!c�k!l \�d�\�q�e

g]\ g]h�_Y¡zk�a�k�;�k![(a�g]h�[]_�_!v9^`b [(^`l _�g]h�_�\�[]_;_�
� _`g

u
¢�_og]h�_ ew\�l q�g]b \�c \!f=g]h�_jh�_3k%g:_!b�q�k%g]b \�c b c

Rd

ut = ∆u, u|t=0 = f(x), f ∈ L2(R
d).

�����8�G���T$ 	(' ��� u(t, x) )#� ������
����=+9��	����U� � ����� �����#�B� �#+ �#��	���� , / �����
log ‖u(t, ·)‖L2(Rd) 	�
:�5A�����8��*E � +,�WAC��	����<� � t ,i9c�\!g]h�_�[ON \�[(a�e�x�fn\�[ k!l l

t1 < τ < t2

‖u(τ, ·)‖L2(Rd) 6 ‖u(t1, ·)‖
t2−τ
t2−t1

L2(Rd)
‖u(t2, ·)‖

τ−t1
t2−t1

L2(Rd)
.

� \�N N _ ^`\�c�ewb�a�_�[ g]h�_zewb ; b l�k![ � []\�¢�l _; N:b g]h
n+1

Vw^`b [(^`l _3e [��	�zk�; _�l ��x<N _
N k!c�g g]\�ew\�l |�_zg]h�_ofn\�l l \�N:b c�d _���g][]_;�k!l � []\�¢�l _;

‖u(τ, ·)‖L2(Rd) → max, ‖u(tj , ·)‖L2(Rd) 6 δj ,

� �



j = 1, 2, . . . , n, f ∈ L2(R
d),

N:h�_�[]_
0 6 t1 < . . . < tn

k!c�a
δj > 0

x
j = 1, 2, . . . , n

�
�+\ fn\�[3; q�l�k%g]_zg]h�_j[]_3ewq�l gON _ ^`\�c�ewb�a�_�[ g]h�_ ew_`g

M =
^`\ {(tj , log δj), 1 6 j 6 n}+ {(t, 0) | t > 0},

N:h�_�[]_o^`\
A
b�e:k ^`\�c�|�_���h�q�l l�\!f

A
���z_�Q�c�_og]h�_�fnq�c�^#g]b \�c

θ(t)
x
t ∈ [t1,∞)

k�e
fn\�l l \�N e

θ(t) = min{y : (t, y) ∈ M}. i g�b�ez^`l _3k![:g]h�k%g θ b�ezk � \�l ��d�\�c�k!l l b c�_\�c
[t1,∞)

�

��� ����� �

�����8�G���T$ 	%Q ���:��� � τ > t1

sup
f∈L2(R

d),
‖u(tj ,·)‖L2(R

d)
6δj ,

j=1,2,...,n

‖u(τ, ·)‖L2(Rd) = eθ(τ).

� � 	 �S���! �$?�	�����8�<�8�#����� ���O� ���K
!���"�:�! "�#�
��� � ��� ���8���&���j�����! "�#�

� h�_R^`\�c�ewb�a�_�[]_3a _���g][]_;�k!l � []\�¢�l _; b�eD^`l \�ew_�l � ^`\�c�c�_3^#g]_3a N:b g]h g]h�_
� []\�¢�l _; \!f:\ � g]b ;�k!l7[]_3^`\%|�_�[]� \!f g]h�_sew\�l q�g]b \�cJ\!f g]h�_�h�_3k%g _!b�q�k%g]b \�cGfn[]\<;
b c�k�^�^`q�[(k%g]_�\�¢�ew_�[]|%k%g]b \�c�e \!f=g]h�_jew\�l q�g]b \�c�k%g:g]b ; _,; \<; _�c�g(e

t1, . . . , tn
�

� e]ewq�; _�g]h�k%g N _�{�c�\�NDfnq�c�^#g]b \�c�e
yj ∈ L2(R

d)
x
j = 1, . . . , n

x�ewq�^(h�g]h�k%g

‖u(tj , ·)− yj(·)‖L2(Rd) 6 δj , j = 1, . . . , n.

���



�Fh�k%gWb�eXg]h�_ ¢�_3e-g N k�� g]\ q�ew_ g]h�b�eLb c�fn\�[3;�k%g]b \�c@g]\ []_3^`\%|�_�[Fg]h�_
g]_; � _�[(k%g]q�[]_Ba�b�e-g][]b ¢�q�g]b \�c k%gsg]h�_ g]b ; _ τ 6= tj

x
1 6 j 6 n

x7g]h�k%g b�e�g]\
[]_3^`\%|�_�[2g]h�_ofnq�c�^#g]b \�c

u(τ, ·) X�G_Gk�a�; b g�k�e�[]_3^`\%|�_�[]�?; _`g]h�\�a�esk![#¢�b g][(k![]�^;�k � e m : (L2(R
d))n →

L2(R
d)
�a��\�[ keQ	��_3a ; _`g]h�\�a

m
g]h�_ b�q�k!c�g]b g-�

eτ
(
L2(R

d), δ,m
)
= sup

f,y1,...,yn∈L2(R
d),

‖u(tj ,·)−yj(·)‖L2(Rd)
6δj ,

j=1,...,n

‖u(τ, ·)−m(y)(·)‖L2(Rd),

N:h�_�[]_
u
b�e g]h�_ ew\�l q�g]b \�c�\!f g]h�_ h�_3k%g _!b�q�k%g]b \�ciN:b g]h�g]h�_ b c�b g]b�k!l fnq�c�^#g]b \�c

f
x

δ = (δ1, . . . , δn)
x3k!c�a

y = (y1, . . . , yn)
x�b�e+^�k!l l _3azg]h�_2_�[][]\�[
\!f�g]h�_�; _`g]h�\�a

m
�

�G_ k![]_ob c�g]_�[]_3e-g]_3asb c g]h�_j|%k!l q�_

Eτ
(
L2(R

d), δ
)
= inf

m: (L2(Rd))n→L2(Rd)
eτ
(
L2(R

d), δ,m
)
,

N:h�b�^(hBb�e�^�k!l l _3a g]h�_ _�[][]\�[z\!f2\ � g]b ;�k!l=[]_3^`\%|�_�[]��k!c�a b c g]h�_h; _`g]h�\�a m̂ x�fn\�[N:h�b�^(hsg]h�_jb c�Q�c�q�; b�e k%gwg(k!b c�_3a�g]h�k%g b�e b c g]h�_,; _`g]h�\�a
m̂
fn\�[ON:h�b�^(h

Eτ
(
L2(R

d), δ
)
= eτ

(
L2(R

d), δ, m̂
)
.

�G_ ^�k!l l
g]h�b�eO; _`g]h�\�asg]h�_j\ � g]b ;�k!l�[]_3^`\%|�_�[]�h; _`g]h�\�a��
� _`g

tsj
x
j = 1, . . . , r

xb¢�_ � \�b c�g(e:\!f�¢�[]_3k!{�\!f θ �a��\�[ τ ∈ (tsj , tsj+1 )
� q�g

λsj =
tsj+1 − τ

tsj+1 − tsj

(
δsj+1

δsj

) 2(τ−tsj
)

tsj+1
−tsj

,

λsj+1 =
τ − tsj

tsj+1 − tsj

(
δsj
δsj+1

) 2(tsj+1
−τ)

tsj+1
−tsj

.

�����8�G���T$ 	 Q ���B��� � τ > t1 Eτ (L2(R
d), δ) = eθ(τ) , ��� τ ∈ (tsj , tsj+1)

;
������� � ���:��� � γj 
�+#A?�F���G�#�
λsj+1 |γj(ξ)|2e2|ξ|

2(tsj−τ) + λsj |1− γj(ξ)|2e2|ξ|
2(tsj+1

−τ)
6 λsjλsj+1 ,

��� �W� �������#V 

m(y)(t) = (Kj ∗ ysj )(t) + (Lj+1 ∗ ysj+1)(t),

13�������
FKj(ξ) = γj(ξ)e

|ξ|2(tsj−τ), FLj+1(ξ) = (1− γj(ξ))e
|ξ|2(tsj+1

−τ),

���



����� ��6 ��	 �5��� , Q ��� τ = tsj
;
j = 1, . . . , r

; � �������#V 
 m(y)(t) = ysj (t) �������6 ��	 �5��� ���WV � ��� τ > tsr ������ �������#V
m(y) = F−1

(
e−|ξ|2(τ−tsr )Fysr (ξ)

)
(x)

	�
:��6 ��	 �5��� ,� h�_ ^`\�c�a�b g]b \�c

λsj+1 |γj(ξ)|2e2|ξ|
2(tsj−τ) + λsj |1− γj(ξ)|2e2|ξ|

2(tsj+1
−τ)

6 λsjλsj+1

;�k��S¢�_j[]_N:[]b gwg]_�c b c g]h�_ofn\�[3;
∣∣∣∣γj(ξ)−

µ1

µ1 + µ2

∣∣∣∣ 6
√
µ1µ2

√
µ1 + µ2 − 1

µ1 + µ2
,

N:h�_�[]_
µ1 = λsj e

−2|ξ|2(tsj−τ), µ2 = λsj+1e
−2|ξ|2(tsj+1

−τ).
i gz^�k!cR¢�_jewh�\�N:c�g]h�k%g

µ1 + µ2 > 1
fn\�[:k!l l

ξ ∈ Rd
�b� h�q�e�x

γj(ξ)
;�k��i¢�_

^(h�\�ew_�c�fn[]\<; g]h�_jb c�g]_�[]|%k!l
[

µ1

µ1 + µ2
−

√
µ1µ2

√
µ1 + µ2 − 1

µ1 + µ2
,

µ1

µ1 + µ2
+

√
µ1µ2

√
µ1 + µ2 − 1

µ1 + µ2

]
.

� \!g]_Fg]h�k%gO\ � g]b ;�k!l ; _`g]h�\�a \!f []_3^`\%|�_�[]�Rq�ew_3e c�\!g^; \�[]_ g]h�k!c g.N \
\�¢�ew_�[]|%k%g]b \�c�e:�b�+\&Q�c�a�g]h�_3ew_ \�¢�ew_�[]|%k%g]b \�cWN _ h�k�|�_og]\s^`\�c�e-g][]q�^#g g]h�_ ew_`g

Mk!c�a g]h�_ � \�l ��d�\�c�k!l l b c�_ θ ��� h�_�cHN _�h�k�|�_�g]\=Q�c�aOg]h�_�c�_3k![]_3e-g � \�b c�g(e \!f¢�[]_3k!{J\!f
θ
g]\Bg]h�_ � \�b c�g τ ��� h�_ \�¢�ew_�[]|%k%g]b \�c�e k%g g]h�_3ew_ � \�b c�g(e k![]_sg]h�\�ew_g]h�k%g q�ew_ob c�\ � g]b ;�k!lj; _`g]h�\�a \!f []_3^`\%|�_�[]�-�

��� ����� �

���



� \!g]_zk!l�ew\og]h�k%g�N _z^�k!c&;�k!{�_O; \�[]_ � []_3^`b�ew_ � \�b c�g(e7\!f�\�¢�ew_�[]|%k%g]b \�ceN:h�b�^(h
k![]_2c�\!g \�c g]h�_ � \�l ��d�\�c�k!l�l b c�_-��r�q ��� \�ew_2g]h�k%g fn\�[ ew\<; _ tm x tsj < tm < tsj+1k!c�a

θ(tm) < log δm.� h�_�c�\ � g]b ;�k!l�[]_3^`\%|�_�[]�h; _`g]h�\�a d�b |�_3e g]h�_j_�[][]\�[ l _3e]e g]h�k!c δm
��i9c�a�_�_3a

‖u(tm, ·)− m̂(y)(·)‖L2(Rd) 6 eθ(tm) < δm.

� � 	 �S���! �$?�	�����8�<�8�#����� ���Z
! �H#���	�"

� h�_ ¡zk![(a���� � b gwg]l _N \�\�a���Z��\�l ��k b c�_!b�q�k!l b g-�?;�k�� ¢�_ ^`\�c�ewb�a�_�[]_3aOk�e g]h�_

ew\�l q�g]b \�c \!f+g]h�_ofn\�l l \�N:b c�d _���g][]_;�k!l � []\�¢�l _;
∥∥x(k)

∥∥
L2(R)

→ max, ‖x‖L2(R) 6 δ1,
∥∥x(n)

∥∥
L2(R)

6 δ2.

�G_eN:b l l ^`\�c�ewb�a�_�[zksewl b d�h�g]l ��a�b f
_�[]_�c�g�_���g][]_;�k!l � []\�¢�l _; N:h�b�^(hB^`l \�ew_�l �
^`\�c�c�_3^#g]_3a N:b g]h � []\�¢�l _;�e \!f ewb d�c�k!l�[]_3^`\�c�e-g][]q�^#g]b \�c

∥∥x(k)
∥∥
L2(R)

→ max, ‖Fx‖L2(∆σ) 6 δ,
∥∥x(n)

∥∥
L2(R)

6 1,

N:h�_�[]_
Fx

b�e g]h�_Y��\�q�[]b _�[ g][(k!c�e-fn\�[3; \!f
x
k!c�a

∆σ = [−σ, σ] x σ > 0
�

�G_B^`\�c�ewb�a�_�[�g]h�_ � []\�¢�l _; \!fo\ � g]b ;�k!l []_3^`\%|�_�[]� \!f x(k) {�c�\�N:b c�dGg]h�_��\�q�[]b _�[ g][(k!c�e-fn\�[3; \!f
x
d�b |�b c�dhN:b g]h ew\<; _o_�[][]\�[ \�c

∆σ
�

�G_ k�e]ewq�; _�g]h�k%g
x ∈ WN

2 (R)
x

WN
2 (R) =

{
x ∈ L2(R) : x

(n−1) b�e:l \�^���k	¢�e:��^`\�c�g1� , ∥∥x(n)∥∥
L2(R)

6 1
}
.

� \�[]_�\%|�_�[3xGN _ k�e]ewq�; _ g]h�k%gofn\�[jk!c��
x ∈ WN

2 (R)
N _ {�c�\�N k�fnq�c�^#g]b \�c

y ∈ L2(∆σ)
ewq�^(hsg]h�k%g

‖Fx− y‖L2(∆σ) 6 δ.

� h�_ � []\�¢�l _; b�e g]\�[]_3^`\%|�_�[
x(k)

{�c�\�N:b c�d
y
�

� c��&; _`g]h�\�a�\!f+[]_3^`\%|�_�[]� b�e k0;�k � m : L2(∆σ) → L2(R)
�b� h�_�_�[][]\�[7\!f

ewq�^(hW; _`g]h�\�a b�e:a�_�Q�c�_3a�k�e fn\�l l \�N e

eσ(m) = sup
x∈WN

2 (R), y∈L2(∆σ),
‖Fx−y‖L2(∆σ)6δ

∥∥x(k) −m(y)
∥∥
L2(R)

.

�G_ k![]_ob c�g]_�[]_3e-g]_3asb c g]h�_j|%k!l q�_

Eσ = inf
m:L2(∆σ)→L2(R)

eσ(m),

���



N:h�b�^(hBb�e�^�k!l l _3a g]h�_ _�[][]\�[z\!f2\ � g]b ;�k!l=[]_3^`\%|�_�[]��k!c�a b c g]h�_h; _`g]h�\�a m̂ x�fn\�[N:h�b�^(h g]h�_ b c�Q�c�q�;@b�e�k%gwg(k!b c�_3a�g]h�k%gob�ezb c g]h�_e; _`g]h�\�a
m̂
fn\�[UN:h�b�^(h

Eσ =
eσ(m̂).

�G_ ^�k!l l
g]h�b�eO; _`g]h�\�asg]h�_j\ � g]b ;�k!l []_3^`\%|�_�[]�e; _`g]h�\�a��
r�_`g

σ̂ =
(n
k

) 1
2(n−k)

(
2π

δ2

) 1
2n

, σ0 = min{σ, σ̂},

α̂(ξ) =

(
1 +

n

n− k

(n
k

) k
n−k

(
ξ

σ0

)2n
)−1

.

�����8�G���T$ 	

E = σk0

√
n− k

2πn

(
k

n

) k
n−k

δ2 + σ
2(k−n)
0 .

Q ���:��� � α 
�+#A?�F���G�#�

|α(ξ) − α̂(ξ)| 6

√√√√α̂2(ξ) + α̂(ξ)

((
ξ

σ0

)2(n−k)
− 1

)
,

� �������#V 

m(y)(t) =

1

2π

∫

∆σ

(iξ)k α(ξ) y(ξ) eiξt dξ

�����;��6 ��	 �5��� ,��\�[�khQ	��_3a _�[][]\�[ \!f b c � q�goa�k%g(k�^`\�c�ewb�a�_�[ g]h�_ _�[][]\�[:\!f7\ � g]b ;�k!l+[]_3^`\�|�_!v
[]�

Eσ
k�e k fnq�c�^#g]b \�c \!f

σ
�W� h�_sl�k![]d�_�[ b c�g]_�[]|%k!l

(−σ, σ) N _�g(k!{�_�g]h�_sl _3e]e_�[][]\�[gN _jh�k�|�_-��� q�gO¢�_�d�b c�c�b c�dhN:b g]h
σ̂
g]h�_j_�[][]\�[

Eσ
a�\�_3e c�\!g ^(h�k!c�d�_-�

m2\�c�ew_!b�q�_�c�g]l ��x�fn\�[
σ > σ̂

g]h�_ \�¢�ew_�[]|�_3a�b c�fn\�[3;�k%g]b \�c ¢�_3^`\<; _3e � k![wg]b�k!l l �
[]_3a�q�c�a�k!c�g1�b�+\�k�|�\�b�a�g]h�b�e ^�k�ew_�g]h�_ofn\�l l \�N:b c�d ^`\�c�a�b g]b \�c

δ2σ2n 6 2π
(n
k

) n
n−k

ewh�\�q�l�a h�\�l�a��p� h�b�eGb c�_!b�q�k!l b g-�E;�k�� ¢�_ ^`\�c�ewb�a�_�[]_3a k�e ew\<; _JV-q�c�^`_�[wg(k!b c
� []b c�^`b � l _-� [

� \�N ^`\�c�ewb�a�_�[ g]h�_�ew_`g�\!fz\ � g]b ;�k!l�Q�l g]_�[(e α \�¢�g(k!b c�_3a b c g]h�_ � []_�|�b \�q�e
g]h�_�\�[]_;_� � _`g

n = 2
k!c�a

k = 1
�b� h�_�c g]h�b�e ew_`g b�e:a�_�Q�c�_3a�k�e fn\�l l \�N e

∣∣∣∣α(σ0t)−
1

1 + 4t2

∣∣∣∣ 6
t|2t2 − 1|
1 + 4t2

.

�!�



� �G����� �"����� 	 Q ���:��� �

0 6 σ′ 6

(
n− k

n

) 1
2k
(
k

n

) 1
2(n−k)

σ0,

� �������#V 

m(y)(t) =

1

2π

∫

|ξ|6σ′

(iξ)k y(ξ) eiξt dξ+

+
1

2π

∫

σ′6|ξ|6σ0

(iξ)kα(ξ) y(ξ) eiξt dξ

�����;��6 ��	 �5��� ,� \!g]_�g]h�k%g \�¢�g(k!b c�_3a ; _`g]h�\�a�e a�\ c�\!g eY; \�\!g]hJg]h�_sb c � q�g�a�k%g(k \�cJg]h�_
b c�g]_�[]|%k!l

[−σ′, σ′]
�

��� ����� �

� � 	���� ���T$?�	���Y���������
i gz^�k!cV¢�_j_3k�ewb l ��\�¢�g(k!b c�_3a�g]h�_jl \�N _�[3¢�\�q�c�a

Eσ > sup
x∈WN

2 (R),
‖Fx‖L2(∆σ)6δ

∥∥x(k)
∥∥
L2(R)

.

Z k�e]ewb c�dsg]\ g]h�_i��\�q�[]b _�[�g][(k!c�e-fn\�[3; k!c�aBq�ewb c�dsg]h�_�Z7l�k!c�^(h�_�[]_�l=g]h�_�\�[]_;

���



N _o\�¢�g(k!b csg]h�_j_���g]_�c�a�_3a _���g][]_;�k!l � []\�¢�l _; N:b g]hi; _3k�ewq�[]_3e

∫

R

ξ2k dµ(ξ) → max,

∫

∆σ

dµ(ξ) 6
δ2

2π
,

∫

R

ξ2n dµ(ξ) 6 1, dµ(ξ) > 0.

�zewb c�d g]h�_ � k!d�[(k!c�d�_ � []b c�^`b � l _eN _ \�¢�g(k!b cBg]h�k%g E2
σ > λ1δ

2/(2π) + λ2
x

N:h�_�[]_
λ1
k!c�a

λ2
k![]_ � k!d�[(k!c�d�_@; q�l g]b � l b _�[(e:�

�+\�\�¢�g(k!b csg]h�_jq ��� _�[,¢�\�q�c�aWN _jh�k�|�_zg]\�^`\�c�ewb�a�_�[O; _`g]h�\�a�e

m(y)(t) =
1

2π

∫

∆σ

(iξ)kα(ξ) y(ξ) eiξt dξ

k!c�a�g]\�\�¢�g(k!b csg]h�_j_�[][]\�[ \!f=g]h�_3ew_c; _`g]h�\�a�e:�
��\�[ ewb ; � l b�^`b g-�RN _s^`\�c�ewb�a�_�[jg]h�_s^�k�ew_ σ = ∞ �+Z k�e]ewb c�d g]\ g]h�_R��\�q�[]b _�[g][(k!c�e-fn\�[3; N _od�_`g:g]h�_ofn\�l l \�N:b c�d _���g][]_;�k!l � []\�¢�l _;

1

2π

∫

R

∣∣(iξ)kFx(ξ) − (iξ)kα(ξ)y(ξ)
∣∣2 dξ → max,

∫

R

|Fx(ξ) − y(ξ)|2 dξ 6 δ2,
1

2π

∫

R

ξ2n|Fx(ξ)|2 dξ 6 1.

Z7q�g
z = Fx− y

�b� h�_�c g]h�_j_���g][]_;�k!l � []\�¢�l _; h�k�e g]h�_�fn\�[3;

1

2π

∫

R

ξ2k|α(ξ)z(ξ) + (1− α(ξ))Fx(ξ)|2 dξ → max,

∫

R

|z(ξ)|2 dξ 6 δ2,
1

2π

∫

R

ξ2n|Fx(ξ)|2 dξ 6 1.

� ��g]h�_ m k!q�ewh�����r�^(h8N k![]} b c�_!b�q�k!l b g-� N _oh�k�|�_

|α(ξ)z(ξ) + (1− α(ξ))Fx(ξ)|2 6

6

(
α2(ξ)

λ1
+

(1− α(ξ))2

λ2ξ2n

)
(λ1|z(ξ)|2 + λ2ξ

2n|Fx(ξ)|2).

���



�zewb c�d g]h�b�e b c�_!b�q�k!l b g-� N _o\�¢�g(k!b csg]h�k%g

E2
σ 6 S(α)

(
λ1
δ2

2π
+ λ2

)
,

N:h�_�[]_

S(α) = sup
ξ∈R

(
ξ2k
(
α2(ξ)

λ1
+

(1− α(ξ))2

λ2ξ2n

))
.

��\�[ k!l l
α
ewq�^(hsg]h�k%g

ξ2k
(
α2(ξ)

λ1
+

(1− α(ξ))2

λ2ξ2n

)
6 1

t ���

S(α) 6 1
k!c�a g]h�_�q ��� _�[¤¢�\�q�c�aO^`\�b c�^`b�a�_3eeN:b g]h g]h�_�l \�N _�[p¢�\�q�c�a�� i g b�e

_3k�ew� g]\ ewh�\�NFg]h�k%g:b c�_!b�q�k!l b g-� t ���2b�e _!b�q�b |%k!l _�c�g g]\ g]h�_ob c�_!b�q�k!l b g-��fn[]\<; g]h�_
g]h�_�\�[]_;_�

P ��� �����8���<�8

~=� �Y� ;��#B6g _ � *M_�� �'��G#��^���^� ��f0��g �nGDF'����]k���bE'��j�.���$ NO���'�6��*�%4+����U-A%�)�) !'�'*P��$ %��"��� &(d"��&���QO%��
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�p���Y�;���q�1�
� c�j�f�l c�o��:n�m-m��-c�o��:l�� � c�l�c�m1f�n�gB} ����p�j:n�l�r m��!m��-m-j�z|j1�!��m � mG��p�m$� vn�m��!��l x�z|n�m-k:m-m��-c�o��:l��Ul � c�o t ��l���j1� t m-r~�:n�o$��l�z|m��!��l � c�l�n�o$f�p�j!��l�� � c�m�vy�j1�:�:o-z x � c�m-��j t o����ul�z � � c�l$�-c�j!��n�gB}J�-m1f�n�gB}G�!l��!��j1z�o	}�� � e���p�m-�-l���}�-m-�:c�o-�!�	o�n�l��Go�n���c�m � m-k:j:n�n�m-rGn�o�k:c�e�� t lJn�o � c�l$�-c�j!��n�m�v s j!p�q�wxm-�-g j��:m�vn�gUc�j1o	p�l��1o�y�l�� t m-n�y�j � y�l�l e��!��m-r���l��-m-k:m�c�o��:�-l���l�� �-m-�1z|m$��n�o��>e���j:��m�z���!j!} w o t ��m-c�m-�xl � c�m-y�j1�:�!m-��x�m � c�j�f�j!p������ul�}��!m��!��m$��n�l�j��-j:c�j:k:m-����
ul�n�o	vz|l t o��-j:c�j:k:m-� l � c�l$�-c�j!��n�m-k:m c�j!p�q-j1w o f�n�o �-m z|n�m-k:m�zMm � c�j�f�j!p���j:�-� �}�o�c�o t ��j:c�m�z � j:c�j1z|j �uj:n�l��Jn�o�n�m��!m-�~� �-j:c�j:k:m-�-m-r �:m-n�j � m1f �-m-��f�j:r��!���-l�vj1z �-m�p�n l ��j:��j:n�l�r�� � c�l t m-n��!��c�e t ��l��-n�m�z � c�j:m��-c�o��:m-��o�n�l�lGc�j!p�q-j1wxm-�n�j:m��$}�m1f�l�z|m e���l���g ��o���q f�l�n�o-z|l t e � c�m�wxl�p�� f�n�o � � c�l$�-c�j!��n�m-rP�:m-n�j�-m1f�m-j1z�o � m1f �-m-��f�j:r��!���-l�j1z^�-m�p�n�m-�-gB} � c�m-y�j1�:�!m-��� ¢ j:m��$}�m1f�l�z|g m��-m���vn�m-��o�n�n�g jxz|j:��m1f�g c�o-�!��j:�	o f�p��~f�m��!��m-�-j:c�n�m-k:m � c�m-k:n�m-�1o f�l�n�o-z|l���j1� t l�}

� c�m-y�j1�:�!m-���-j:c�j:k:m-�-m-rJ�:m-n�g � � f�n�l�zMl��~n�o�l$�-m�p�j:j � w wxj t ��l��-n�gB} z|j:��m�vf�m-� l��:��p�j�f�m-��o�n�l��Jc�j1o	p�q-n�gB} � c�m-y�j1�:�!m-�_k:l�f�c�m1f�l�n�o-z|l t l � n�o-�!��m$� �uj:j�-c�j1z�� �!�	o�n�m-�-l��-� ����l���p�j:n�n�m-j z|m1f�j!p�l�c�m-��o�n�l�j-�$b�o t l�z m��-c�o��:m�z x � c�m���p�j!vz�o�c�o-�-m-��gjx�o�l�z|j:n�n�m � c�m-k:n�m-�:l�c�m-��o�n�l�jBwxm-c�z|l�c�m-��o�n�l�� � c�m�wxl�p�� f�n�ox�
� c�l$�-c�j!��n�m-r~�:m-n�j>�-m1f�m-j1z�o � c�l m��-c�o��:m-��o�n�l�l n�o�n�m��!m-�u�!c�j�f��!����o-z|l~��l���vp�j:n�n�m-k:m�z|m1f�j!p�l�c�m-��o�n�l�� x�����p���j:�-� �_o t ��e�o	p�q-n�m-r��

� 	��;���;���1� �n�1�n�1�7 1�3�q��� �1�n�1�*���3�

�p�� m � l��:o�n�l��Jf�l�n�o-z|l t lPz|m-c�� t l�} n�o�n�m��!m-� � c�o-�-m-��j � c�l�z|j:n����>�	v� � e�c�o��-n�j:n�l�� x t m-��m-c�g j_m � l��!g ��o��>� � j:c�j1wxm-c�z|l�c�m-��o�n�l�j � c�l$�-c�j!��n�m-r�:m-n�gM�-m1f�m-j1z|m-��x�k f�ju�-m1f�o l ���-j:c-f�g ju��o-�!��l�y�g � j:c�j1z|j � o��>�-� � � m1f�n�m�zn�o � c�o���p�j:n�l�l��Y	>c�o��-n�j:n�l�� � c�m-y�j1�:�:o � j:c�j1z|j �uj:n�l���n�o�n�m��!m-� � ��� � x�� � x��!���

z|m-k:e����-g ��q��1o � l��:o�n�gU����p�j�f�e����uj1zP�-l�f�j��

(1− ε)
∂H

∂t
+
∂Qx
∂x

+
∂Qy
∂y

= 0,
t ���

?
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~Q =

{
Aωd|~ψ|β−1 ~ψ, |τ | > τbc,

0, |τ | < τbc,
~ψ =

~τ

(ρ1 − ρ0)gd
,

k f�j
H
� k0p�e��-l�n�o~f�n�o�x�m-�-�!��l���g ��o�j1z�o	�Jm-� n�j:�-m-�1z|e��uj:n�n�m-r � m-�-j:c�}�n�m�v�!��lu�-m1f�m-j1z�o�x

ω
� � m-c�l��!��m��!��q�k:c�e�n��	o�x ~Q = {Qx, Qy}

�Mc�o-� }�m1fun�o�n�m��!m-��x
| ~Q| = Q

x
x
x
y
�Ek:m-c�l��:m-n��	o	p�q-n�g j f�j t o�c���m-�-g t m-m-c-f�l�n�o���gjx τb � t o-�:o	v��j!p�q-n�m-j n�o � c���� j:n�l�j4n�o�f�n�j�x τbc � t c�l���l���j1� t m-j4�:n�o$��j:n�l�j t o-�:o���j!p�q-n�m�vk:m~n�o � c���� j:n�l�� x � c�l t m-��m-c�m�z n�o$��l�n�o�j:�-� � � j:c�j1z|j �uj:n�l�jun�o�n�m��!m-��x g �e�� t m-c�j:n�l�j{�!�-m��-m1f�n�m-k:m � o$f�j:n�l�� x ρ � � p�m-��n�m��!��qG��l�f t m��!��l x A l β �

�-j:�:c�o��1z|j:c�n�g j � m��!��m$��n�n�g j t A = 19, 5
x
β = 3

�#x
ω
� ��o-�!��m-�	ox�-m�p�n�gjx

d
�

}�o�c�o t ��j:c�l��!��l t o m��:o$f t m-���
,�o � l s j1z t o-�:o���j!p�q-n�m-j n�o � c���� j:n�l�jGf�p��in�o t p�m-n�n�m-r � m-�-j:c�}�n�m��!��lf�n�o��

~τ = ~τb − α sinS~n,
t ���

k f�j
S(x, y, t)

�Xm��!��c�g r~e�k:m�p z|j!� f�e �-j t ��m-c�m�zJn�m-c�z�o	p�l t�� m-�-j:c�}�n�m��!��lf�n�o{lJ�-j t ��m-c�m�z �!l�p�g^k:c�o��-l��	o�y�l�lG� z|m�z|j:n��_�-c�j1z|j:n�l t x ~n �Ej�f�l�n�l���vn�g rJ�-j t ��m-c x�n�o � c�o���p�j:n�n�g rJ� �!��m-c�m-n�e k:c�o$f�l�j:n��	o{k0p�e��-l�n�gjx α sinS
�

f�m � m�p�n�l���j!p�q-n�m-j��	o�n�k:j:n�y�l�o	p�q-n�m-j n�o � c���� j:n�l�j�n�o f�n�ju�-m1f�m-j1z�o�x��-g �:gBv��o�j1z|m-j k:c�o��-l��	o�y�l�m-n�n�g4z|lJ�!l�p�o-z|l�� � ��p�e���o�j |~tb| = 0
x |~τ | = τbc

l�z|j:j:�
z|j1�!��m_c�o��-j:n��!���-m3�

τbc = α sinϕ0
x�k f�j

ϕ0
�Ee�k:m�pJj1�!��j1�!���-j:n�n�m-k:m_m-� t m��:ok:c�e�n��	o � �-m1f�j-�

b�o t l�z m��-c�o��:m�z x��!l��!��j1z�oxe�c�o��-n�j:n�l�ruf�p�� � o�c�o-z|j:��c�o��Xl�p�q	f��:o � c�l�vn�l�z�o�j:����p�j�f�e����ul�r_�-l�fq�

~ψS =
~τb − sinSτbc~n/ sinϕ0

(ρ1 − ρ0)gd
, ~ntgS = grad(H),

t ���

k f�j ~ψS � � o�c�o-z|j:��c��Xl�p�q	f��:o�f�p��_n�o t p�m-n�n�m-k:m�f�n�o��
�Xe���j:��m�zMm-k:c�o�n�l���j:n�l�r n�o t o-�:o���j!p�q-n�g j�n�o � c���� j:n�l�� n�o{f�n�j c�o-��v��j:��n�m-r{m���p�o-�!��l �!l��!��j1z�o e�c�o��-n�j:n�l�r t ��� � t ��� � c�l�n�l�z�o�j:� �-l�f� � x
� � x��!���F�

(1− ε)
∂H

∂t
+ div(k~τb) = div(k(τbc/ sinϕ0) grad(H)),

t ���

k =
Aωd

((ρ1 − ρ0)gd)β

∣∣∣∣~τb −
τbc

sinϕ0
grad(H)

∣∣∣∣
β−1

×

×h

(∣∣∣∣~τb −
τbc

sinϕ0
grad(H)

∣∣∣∣− τbc

)
,

t ���

k f�j
h(x) =

{
1, x > 0,

0, x < 0,

� wxe�n t y�l�� � j:�-l��:o�r�f�o��

�%�



	>c�o��-n�j:n�l�j t ��� f�m � m�p�n���j:�-� �{n�o$��o	p�q-n�g4z e���p�m-�-l�j1z
H(x, y, 0) = H0(x, y).

t ���
¢ oTk:c�o�n�l�y�jIc�o-�!��j:��n�m-r m���p�o-�!��l^m-�-�!e��-�!���-e-j:� � m-��m t x��-g �:��o�n�n�g r��p�l���n�l�j1zPk:c�o��-l��	o�y�l�m-n�n�gB} �!l�p´�

H ′
0(x, y) = 0.

t �!�

� 	�� �1������q�#" ���Y���7 1���q�1�����q� "  1�  1���1��� �3�1�S�q�1�3���n�q��� ���1�
� �1�7 1�����*���3���n�q�1��� �����������q�1�3�{�����;���1� �Y�����1�����q�1���S�q�q�

�p�� c�o-�!��j:�	o �	o�n�k:j:n�y�l�o	p�q-n�gB} n�o � c���� j:n�l�r �Jz|m1f�j!p�l ��c�o�n�� � m-c��	on�o�n�m��!m-� n�j:m��$}�m1f�l�z�o�l�n�wxm-c�z�o�y�l���m � m�p�j4�-j t ��m-c�o�� t m-c�m��!��l�n�oxf�n�j>�-m�vf�m-j1z�o���
�p�� m � l��:o�n�l���f��-l�� j:n�l�� �-m1f�n�m-r �!c�j�f�gUl�� � m�p�q-�:m-��o�n�o��!l��!��j1z�oe�c�o��-n�j:n�l�r~z|j!p t m-r~�-m1f�g � ��x � x�����x����'� ��  � }�m1f�n�g4z|l e�c�o��-n�j:n�l���z|l z|m1f�j!v

p�l_k:l�f�c�m1f�l�n�o-z|l t l ����p����>�-� �

((H + ξ)u)′t + (H + ξ)uu′x + (H + ξ)vu′y =

= −g(H + ξ)ξ′x + ((H + ξ)µu′x)
′
x +

(
(H + ξ)µu′y

)′
y
+
τx,p
ρ

− τx,b
ρ
,

((H + ξ)v)′t + (H + ξ)uv′x + (H + ξ)vv′y =

= −g(H + ξ)ξ′y + ((H + ξ)µv′x)
′
x +

(
(H + ξ)µv′y

)′
y
+
τy,p
ρ

− τy,b
ρ
,

ξ′t + ((H + ξ)u)′x + ((H + ξ)v)′y = 0,

t � �

k f�j
ξ
� wxe�n t y�l�� � m1f ��j1z�o e�c�m-�-n�� x V = {u, v} � �-j t ��m-cU� t m-c�m��!��lf��-l�� j:n�l�� �-m1f�n�m-r �!c�j�f�gjx

µ
� t m � w wxl�y�l�j:n�� ��e�c$�-e1p�j:n���n�m-k:mGm���z|j:n�o�x

τb
x
τp
�i�	o�n�k:j:n�y�l�o	p�q-n�m-j n�o � c���� j:n�l�j n�o � m-�-j:c�}�n�m��!��l�l f�n�jd��l�f t m��!��l x

H
� k0p�e��-l�n�ou�-m1f�m-j1z�o��
� l��!��j1z�o e�c�o��-n�j:n�l�r t � � c�o-�:�:z�o���c�l���o�j:�-� � � c�l_��p�j�f�e����ul�}{k:c�o�n�l���vn�gB} e���p�m-�-l���}w�

u′n = 0, v′n = 0, ξ′n = 0,
k f�j

n
� �-j t ��m-c{n�m-c�z�o	p�l t k:c�o�n�l�y�jxc�o-�!��j:��n�m-r{m���p�o-�!��l��

¢ o m��!n�m-�-j � m��!��c�m-j:n�n�gB}Xo	p�k:m-c�l��-z|m-� �-gBp^c�o��:c�o-�-m-�	o�n t m�z � p�j t �
� c�m-k:c�o-z�z x � c�j�f�n�o��:n�o$��j:n�n�g rMf�p��Xz|m1f�j!p�l�c�m-��o�n�l��ic�o-� � c�m��!��c�o�n�j:n�l��n�o�n�m��!m-�I�Uz|j!p t m-�-m1f�n�gB}T�-m1f�m-j1z�o	} � ��x � � � � o��:c�o-�-m-�	o�n�n�g r t m�z � p�j t �
� c�m-k:c�o-z�z l�� � m�p�q-�:e-j:�-� �If�p�� c�o-�!��j:�	o f��-e�z|j:c�n�m-k:m �-j t ��m-c�oP� t m-c�m��!��l

���



��j:��j:n�l��{�-m1f�n�m-r �!c�j�f�gUl{e���l���g ��o�j:�u��e�c$�-e1p�j:n���n�g r_m���z|j:n x�k:j:m�z|j:��c�l��
f�n�o�x��-j:��c�m-�-g jx��j:��j:n�l��_l_��c�j:n�l�j muf�n�m��

¢ oxc�l�������x�� � c�l��-j�f�j:n�gIc�j:�:e1p�q	�	o���g ��l���p�j:n�n�gB} � t � � j:c�l�z|j:n���m-�uz|m�vf�j!p�l�c�m-��o�n�l�� f�l�n�o-z|l t l l��1z|j:n�j:n�l��Uc�j!p�q-j1w oJf�n�o�� � c�l � ��m�z c�o��1z|j:cc�o-�!��j:��n�m-r��!j:� t l�c�o��-j:n 200×200
x s o�k � m � c�m��!��c�o�n��!���-j:n�n�g4z � j:c�j1z|j:n�vn�g4z

0, 1
z x s o�k � m �-c�j1z|j:n�l 0, 01 ^!x�� t m-c�m��!��q f��-l�� j:n�l�� �-j:��c�o �uz��	�>ln�o � c�o���p�j:n�ox��p�j:��o�n�o � c�o��-m�� ¢ o�c�l������ � c�j�f��!�	o���p�j:n n�o$��o	p�q-n�g r c�j!p�q-j1wf�n�o t �!n�l��:e��dl � m�p�m$� j:n�l�jx�!�-m��-m1f�n�m-r � m-�-j:c�}�n�m��!��l t �!�-j:c�}�e����

����� � ��� ~�X�XKct=Z�u�h�e�\)ct=\#f WZXT[Sd�]Ic]�j§\#Z�[�\§^#b=]=¦=]�WZ�]=hDd�]=b=\#e/v�Z�]=^#a/[��
� m1f�j!p�l�c�m-��o�n�l�j � c�m-y�j1�:�:o ��c�o�n�� � m-c��	o�n�o�n�m��!m-� � m t o��1o	p�m�x�����m � c�l�vz|j:c�n�mJ��j:c�j:� �!�Gz|l�n�e��Jk:j:m�z|j:��c�l�� f�n�oGn�o$��l�n�o�j:� � c�l�n�l�z�o���q t m-n�l���j!v� t e��P�!��c�e t ��e�c�e-��� t m-c�m��!��q ��j:��j:n�l�� ��l�f t m��!��luz�o t �!l�z�o	p�q-n�oB� � l t m-�-m-r��o-�!��lUm���p�o-�!��l t n�oPz|l�n�l�z�o	p�q-n�gB}Wk0p�e��-l�n�o	}����� �e�n t y�l��U�-m-�:�-g s j:n�l��e�c�m-�-n�� � c�l�n�l�z�o�j:� � m�p�m$��l���j!p�q-n�g j~�:n�o$��j:n�l�� � p�j:�-m-r ��o-�!��lPc�o-�!��j:�	vn�m-r{m���p�o-�!��l t �xn�o��-j:��c�j:n�n�m-r_�!��m-c�m-n�gz�#x�l_m-��c�l�y�o���j!p�q-n�g j�� � � c�o��-m-r��
� j:c�j:� ���{z|l�n�e��_n�o-��p��df�o�j:�-� � � c�l��!e��-�!���-l�j �-m�p�n�m-m��-c�o��:n�m-r �!��c�e t v��e�c�gXwxe�n t y�l�lG�-m-�:�-g s j:n�l�� e�c�m-�-n�� n�ju��m�p�q t m �~p�j:�-m-r ��o-�!��l x�n�m{lG�m���p�o-�!��l � l t m-�-gB}~�:n�o$��j:n�l�r{k0p�e��-l�n�g �
� j:c�j:� ���Wz|l�n�e��Ue��!l�p�l���o��>�-� � t m�p�j ��o�n�l��Mwxe�n t y�l�li�-m-�:�-g s j:n�l��e�c�m-�-n��P� p�j:�-m-r �!�-m-j:r ��o-�!��lIlI� m���p�o-�!��l � l t m-�-gB} �:n�o$��j:n�l�r k0p�e��-l�vn�g � ¢ o f�n�j c�o-�!��j:��n�m-r{m���p�o-�!��l{m��-c�o��:e��>�-� �{k:c���f�g �
� j:c�j:� � ��z|l�n�e��xm���p�o-�!��q�� � l t m-�-g4z|lu�:n�o$��j:n�l���z|luk0p�e��-l�n�g � c�m1f�m�p�v� o�j:�_�:z|j � o���q�� �J��p�j:�-m�x � c�m-l�� }�m1f�l��{c�o-� s l�c�j:n�l�j m���p�o-�!��lJ� �!��m-c�m-n�gjx

� j:c � j:n�f�l t e1p���c�n�g j�f��-l�� j:n�l��i�-j:��c�o t c�l����������
� j:c�j:� �3���{z|l�n�e�� m���p�o-�!��q � � l t m-�-g4z|l �:n�o$��j:n�l���z|l k0p�e��-l�n�g � c�m�vf�m�p�� o�j:� �:z|j � o���q�� �_��p�j:�-m�x � c�m-l�� }�m1f�l�� c�o-� s l�c�j:n�l�j m���p�o-�!��l{�~�!��m-c�m�v

�!�



n�g � j:c � j:n�f�l t e1p���c�n�g j>f��-l�� j:n�l�� �-j:��c�o�x�wxe�n t y�l�� �-m-�:�-g s j:n�l���e�c�m-��vn�� � c�l�m��-c�j:�	o�j:� ��c t m>�-g c�o	� j:n�n�e�� t m�p�j ��o���j!p�q-n�e��P�!��c�e t ��e�c�e�� n�o��-j:�	vc�j:n�n�m-r �!��m-c�m-n�gjx	o>�	o t � j � c�m-l�� }�m1f�l��>c�o-� s l�c�j:n�l�jdm���p�o-�!��lu� �!��m-c�m-n�g �

����� � � � @�\#] s \#a/e�[�¯SWZXT[Sfq_�Z�k�©�[�¯�b=]=V#b=u�¨;\#Z�[�¯D_�e�]=b=Z�¯��\#e�\#V�\=� s [�Z�_�aI�
� j:�:e1p�q	�	o���g � t � � j:c�l�z|j:n��	o � m-�:�-m�p����>� � c�m�o�n�o	p�l��:l�c�m-��o���q f�l�n�o-z|l�v

t e{l��1z|j:n�j:n�l�� k:j:m�z|j:��c�l�l_f�n�o�x�wxe�n t y�l�l �-m-�:�-g s j:n�l��{e�c�m-�-n�� x�m��-c�o��:m�v��o�n�l����-m�p�n�m-�-gB} �!��c�e t ��e�c lun�o�n�m��!m-���=
 o�n�n�o	��z�o���j1z�o���l���j1� t o	� z|m1f�j!p�qlJc�o��:c�o-�-m-�	o�n�n�g r t m�z � p�j t � � c�m-k:c�o-z�z � m-�:�-m�p����>� � c�j�f�� t o��1o���q~f�l�n�o	vz|l t e�l��1z|j:n�j:n�l�� c�j!p�q-j1w o f�n�o�x � m$����p�j:n�l�jBz|m-c�� t l�}uk:c���f�l t m��!x$l�}uc�m��!�l_��c�o�n��:wxm-c�z�o�y�l��u�

� 	1�����;���1�q�1�3���n�q�1�i���*���«���q� 	 �*�������Y�
� z|m1f�j!p�l ��c�o�n�� � m-c��	o �-�:�-j s j:n�n�gB}���o-�!��l�y l�� � m�p�q-�:m-��o�n�o f�j t o�c���m-��o�!l��!��j1z�o t m-m-c-f�l�n�o����uk:m-c�l��:m-n��	o	p�q-n�m-r � p�m�� t m��!��l~l σ � t m-m-c-f�l�n�o���n�o	��!l��!��j1z�o � �-j:c���l t o	p�q-n�m�z n�o � c�o���p�j:n�l�l � ��x3��x��7�F�

σ =
z − η

h+ η
, xσ = x, yσ = y, tσ = t,

��f�j1�!q
σ = a = 0

n�o~�!�-m��-m1f�n�m-r � m-�-j:c�}�n�m��!��l x σ = b = −1
n�o f�n�j�#

H =
h+ η

�^m�� � o	�~k0p�e��-l�n�o�f�m �!�-m��-m1f�n�m-r � m-�-j:c�}�n�m��!��l x h = h(x, y)
� k0p�e�v

�-l�n�ox�-m1f�n�m-k:mxm����j t �	o�x η = η(t, x, y)
�X�-m-�:�-g s j:n�l�j �!�-m��-m1f�n�m-r � m-�-j:c�}�vn�m��!��l m-��n�m��!l���j!p�q-n�mxk:j:m-l�f�o t e�c�m-�-n���z|m-c�������
�p�� m � l��:o�n�l�� ��c�o�n�� � m-c��	o

��



�-�:�-j s j:n�n�gB} ��o-�!��l�y l�� � m�p�q-�:m-��o�n�m e�c�o��-n�j:n�l�j~f�l�w wxe��:l�l�v t m-n��-j t y�l�l�vc�j1o t y�l�l x t m-��m-c�m-j�z|m$� j:���-g ��q �1o � l��:o�n�mB�4��p�j�f�e����uj1z{�-l�f�j � ����x
����x����'�±�
∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y
+
a− b

H
(w − ws)

∂C

∂σ
=

=
∂

∂x

(
Dh

∂C

∂x

)
+

∂

∂y

(
Dh

∂C

∂y

)
+

(
a− b

H

)2
∂

∂σ

[
Dv

∂C

∂σ

]
+ F,

t � �

k f�j
C
� t m-n�y�j:n���c�o�y�l�� m��:o$f t o � k �1pXl�p�l t k �	z 2 � x V = {u, v, w} �

�!m��!�	o���p������ul�j � m�p��U�-j t ��m-c�oP� t m-c�m��!��l � z��	� � x
ws

� k:l�f�c�o���p�l���j1� t o	�
t c�e � n�m��!��q l�p�l � t m-c�m��!��q_m��:o	� f�j:n�l��J�-�:�-j1�!lJ� �-j:c���l t o	p�q-n�m�zUn�o � c�o���vp�j:n�l�l � z��	� � x

H
� k0p�e��-l�n�o � z#� x

Dh
x
Dv

� k:m-c�l��:m-n��	o	p�q-n�g r lP�-j:c���l�v
t o	p�q-n�g r t m � w wxl�y�l�j:n���g ��e�c$�-e1p�j:n���n�m-r f�l�w wxe��:l�l%� z 2 �	� � x x x y � t m�vm-c-f�l�n�o���gi�{k:m-c�l��:m-n��	o	p�q-n�m�z n�o � c�o���p�j:n�l�l x σ � t m-m-c-f�l�n�o��	o�� �-j:c���l�vt o	p�q-n�m�z n�o � c�o���p�j:n�l�l x t � �-c�j1z|j:n�n�o	� � j:c�j1z|j:n�n�o	� � � � x F � wxe�n t y�l�� xm � l��!g ��o���� o	� l�n���j:n��!l��-n�m��!��q c�o-� � c�j�f�j!p�j:n�l��{l��!��m-��n�l t m-� �1o�k:c����:n����4v
�ul�} �-j �uj1�!�����

¢ o �!�-m��-m1f�n�m-r � m-�-j:c�}�n�m��!��l Γs � m-��m t � �-j:c���l t o	p�q-n�m�z n�o � c�o���p�j:n�l�lc�o��-j:n{n�e1p��u��b�o t l�z m��-c�o��:m�z x
(
a− b

H

)
Dv

∂C

∂σ
wsCk = 0.

t �3���

� ��p�l��:l � m-�-j:c�}�n�m��!��l~f�n�o

Γb :

(
a− b

H

)
Dv

∂C

∂σ
= E −D + wsCk = 0,

t �����

k f�j
E
� � m-��m t � c�m-�:l�l � t k �	z 2 � � x D � l�n���j:n��!l��-n�m��!��q m��:o	� f�j:n�l�� m��:o$f�v

t o�� t k �	z 2 � � x Ck � z�o-�:�!m-��o	� t m-n�y�j:n���c�o�y�l�� �-�:�-j1�!l � t k �	z 2 � x n �\j�f�l�vn�l���n�g r_�-j t ��m-c{n�m-c�z�o	p�l t m-� t c�g ��m-r_k:c�o�n�l�y�j Γ �������
�

D =

{
0, τb > τkr ,

wsCk
(
1− τb

τkr

)
, τb 6 τkr ,

M =

{
0, τe < τkrE ,

M
(
τe
τkrE

− 1
)
, τb > τkrE ,

t �����

k f�j
τ
� t o-�:o���j!p�q-n�m-jdn�o � c���� j:n�l�j4� f��-l�k!o>e f�n�o � ¢ �	z 2 � x τkr � t c�l���l���j!v� t m-j t o-�:o���j!p�q-n�m-j�n�o � c���� j:n�l�jue{f�n�o�x t m-��m-c�m-jum-y�j:n�l���o�j:�-� � n�o m��!n�m-�-jp�o-�-m-c�o���m-c�n�gB} l�� � g �	o�n�l�r t o t �-j!p�l���l�n�o �!m �:n�o$��j:n�l���z|lUm-� 0, 05

f�m
0, 15

� ¢ �	z 2 � �

���



� 	��m�1�!�������q�1� 	 �����;����� �Y�����1�����q�1���S�q�q�
� o-�:�:z|m-��c�l�zMn�j � c�j:c�g �-n�e�� z|m1f�j!p�q k:l�f�c�m1f�l�n�o-z|l t l ��l�f t m��!��l �-m�vf�m-j1z�o�x�l�� }�m1f�n�g j e�c�o��-n�j:n�l�� t m-��m-c�m-r � c�j�f��!�	o���p����>�T�!m��-m-ri��p�j�f�e��4v

�uj:j � ����x������
� � x�����x��%�7�F�
� e�c�o��-n�j:n�l�j ¢ o��-q-j-� � ��m t �:o t�� j:r�n�m�p�q	f��:o��=�

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+
a− b

H
w
∂u

∂σ
= −P

′
x

ρ
+

∂

∂x

(
Dh

∂C

∂x

)
+

+
∂

∂y

(
Dh

∂C

∂y

)
+

(
a− b

H

)2
∂

∂σ

[
Dv

∂C

∂σ

]
,

t �����

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+
a− b

H
w
∂v

∂σ
= −P

′
y

ρ
+

∂

∂x

(
Dh

∂v

∂x

)
+

+
∂

∂y

(
Dh

∂v

∂y

)
+

(
a− b

H

)2
∂

∂σ

[
Dv

∂v

∂σ

]
,

t �����

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+
a− b

H
w
∂w

∂σ
= −P

′
σ

ρ
+

∂

∂x

(
Dh

∂w

∂x

)
+

+
∂

∂y

(
Dh

∂w

∂y

)
+

(
a− b

H

)2
∂

∂σ

[
Dv

∂w

∂σ

]
,

t �����

� e�c�o��-n�j:n�l�jxn�j:c�o��:c�g �-n�m��!��l��

∂ρ

∂t
+
∂ (ρu)

∂x
+
∂ (ρv)

∂y
+
a− b

H

∂ (ρw)

∂σ
= 0.

t �����

	>c�o��-n�j:n�l�j t ����� f�p��_n�j1� ��l�z�o�j1z|m-r ��l�f t m��!��l_l�z|j:j:� �-l�f

∂u

∂t
+
∂v

∂y
+
a− b

H

∂w

∂σ
= 0.

t �%�!�

� m�p�n�m-jxk:l�f�c�m1f�l�n�o-z|l���j1� t m-j>f�o���p�j:n�l�j��!�����1o�n�m �xk0p�e��-l�n�m-r �!m-m-��n�m�v
s j:n�l�j1z

P (x, y, z, t) = p(x, y, z, t) + ρg(z − η).
t � � �

�!�



	>c�o��-n�j:n�l�� c�o-�:�:z�o���c�l���o��>�-� � �Te���j:��m�z ��p�j�f�e����ul�} k:c�o�n�l���n�gB}
e���p�m-�-l�r��

� n�o ��}�m1f�j t �-m t m-��o	�~k:c�o�n�l�y�o�x�n�o t m-��m-c�m-r �1o$f�o�j:�-� �{l��!��m-��n�l t �=�

V ′
n(x, y, σ, t) = 0, p′n(x, y, σ, t) =

ρΠ

τS
;

�)�-m t m-��o	�~k:c�o�n�l�y�o��-j:�xl��!��m-��n�l t o��

V ′
n(x, y, σ, t) = 0, p′n(x, y, σ, t) = 0;

� n�o �-gB}�m1f�j t �-m t m-��o	�~k:c�o�n�l�y�o��=�

V ′
n(x, y, σ, t) = 0, p(x, y, σ, t) = 0;

� n�o�f�n�j t n�l���n����_k:c�o�n�l�y�o��=�

ρDh(u
′)n(x, y, σ, t) = −τx(t), ρDh(v

′)n(x, y, σ, t) = −τy(t);
w(x, y, σ, t) = 0, p′n(x, y, σ, t) = 0;� �-j:c�}�n����{k:c�o�n�l�y�o t �-m1f�n�o	� � m-�-j:c�}�n�m��!��q��=�

ρDh(u
′)n(x, y, σ, t) = −τx(t), ρDh(v

′)n(x, y, σ, t) = −τy(t);

w(x, y, σ, t) = − p′t
ρg
, p′n(x, y, σ, t) = 0;

k f�j
Π
� � m-��m t �-j t ��m-c�oG� t m-c�m��!��lP��j:c�j:� � m-�-j:c�}�n�m��!��q�x S � � p�m � o$f�q

� m-�-j:c�}�n�m��!��l x τx(x, y, σ) x τy(x, y, σ) � �!m��!�	o���p������ul�j �	o�n�k:j:n�y�l�o	p�q-n�m�v
k:m�n�o � c���� j:n�l�� t �1o t m-n � o�n�v'
um-c�n�o��#x V = {u, v, w} � �-j t ��m-c � t m-c�m��!��lf��-l�� j:n�l�� �-m1f�n�m-r �!c�j�f�gjx

g
�Te�� t m-c�j:n�l�j �!�-m��-m1f�n�m-k:m � o$f�j:n�l�� x P �Wf�o���vp�j:n�l�j�x

Dh
� t m � w wxl�y�l�j:n��4��e�c$�-e1p�j:n���n�m-k:m�m���z|j:n�o � m>k:m-c�l��:m-n��	o	p�q-n�g4zn�o � c�o���p�j:n�l���z x Dv

� t m � w wxl�y�l�j:n�����e�c$�-e1p�j:n���n�m-k:m~m���z|j:n�o � m~�-j:c���l�v
t o	p�q-n�m�z|e�n�o � c�o���p�j:n�l�� x ρ � � p�m-��n�m��!��q ��l�f t m��!��l��

� m��!�	o���p������ul�j �	o�n�k:j:n�y�l�o	p�q-n�m-k:m n�o � c���� j:n�l�� f�p��I�!�-m��-m1f�n�m-r � m�v�-j:c�}�n�m��!��l � �����F�

τx = ρaCp(|~w|)wx|~w|, τy = ρaCp(|~w|)wy |~w|,
k f�j

~w
� �-j t ��m-cG� t m-c�m��!��l �-j:��c�o m-��n�m��!l���j!p�q-n�m �-m1f�gjx ρa � � p�m-��n�m��!��qo��-z|m��:wxj:c�gjx

Cp(|~w|) =
{
0, 0088, |~w| < 6, 6,

0, 0026, |~w| > 6, 6,
� �-j:�:c�o��1z|j:c�n�g r t m � w wxl�y�l�j:n��$�

��



� m��!�	o���p������ul�j �	o�n�k:j:n�y�l�o	p�q-n�m-k:m n�o � c���� j:n�l�� f�p�� f�n�o�x�� e���j:��m�z�-�-j�f�j:n�n�gB}~m��-m-�:n�o$��j:n�l�r x�z|m-k:e�� �-g ��q �1o � l��:o�n�gT��p�j�f�e����ul�zPm��-c�o��:m�z��

τx = ρCp(|~V |)u|~V |, τy = ρCp(|~V |)ν|~V |.
� o-�:�:z|m-��c�j:n�n�o	�{n�l�� j o �$� c�m t �!l�z�o�y�l�� � m-�:�-m�p���j:�un�o m��!n�m-��o�n�l�l l��!vz|j:c�j:n�n�gB} � e1p�q��:o�y�l�r �-j t ��m-c�o � t m-c�m��!��l c�o-�:�!��l���g ��o���q t m � w wxl�y�l�j:n���-j:c���l t o	p�q-n�m-k:m4��e�c$�-e1p�j:n���n�m-k:m � j:c�j1z|j s l���o�n�l�� x1n�j:m1f�n�m-c�m1f�n�g r � m�k0p�e�v

�-l�n�j��

ν = X2
x∆

2 1

2

√(
∂U

∂z

)2

+

(
∂V

∂z

)2

,

k f�j
U
x
V
� � e1p�q��:o�y�l�lPk:m-c�l��:m-n��	o	p�q-n�gB} t m�z � m-n�j:n��J� t m-c�m��!��l m��!c�j�f�vn�j:n�n�g j � mx�-c�j1z|j:n�l x ∆ �M}�o�c�o t ��j:c�n�g r s o�kB�!j:� t l x Cx � �-j:�:c�o��1z|j:c�n�o	�

� z � l�c�l���j1� t o	� t m-n��!�	o�n��	o�x��:n�o$��j:n�l�j t m-��m-c�m-rGz|m$� j:� �-g ��q{m � c�j�f�j!p�j:n�mn�o{m��!n�m-�-j c�o-�!��j:�	o � c�m-y�j1�:�:o{�1o���e�}�o�n�l��Jm1f�n�m-c�m1f�n�m-rJl��:m-��c�m � n�m-rJ��e�c�v
�-e1p�j:n���n�m��!��l��

� 	1��������� �1�������q� 	 �������3�q�#" � �w�1�n�*�1���q�q�
� j:��m-��n�g j�e�c�o��-n�j:n�l�� x � m�p�e���j:n�n�g j��~c�j:�:e1p�q	�	o���j t m-n�j:��n�m�v c�o��:n�m��!�	vn�gB}{o �$� c�m t �!l�z�o�y�l�r x�z|m$��n�m �1o � l��:o���q ��z�o���c�l���n�m�zP�-l�f�j � � � �F�

Ax = f,
t � � �

k f�j
A
� p�l�n�j:r�n�g r x � m�p�m$��l���j!p�q-n�m m � c�j�f�j!p�j:n�n�g rJm � j:c�o���m-c (A > 0)

�

�p�� n�o	}�m$� f�j:n�l�� c�j s j:n�l��G�1o$f�o$��l t � � ���-e:f�j1zIl�� � m�p�q-�:m-��o���q~n�j!���-n�g rl���j:c�o�y�l�m-n�n�g r � c�m-y�j1�:�.� ��� �F�

B
xm+1 − xm

τm+1
+Axm = f.

t �!���

� e�c�o��-n�j:n�l�l t �!��� m � n�m�z|j:c l���j:c�o�y�l�l x
τ > 0

� l���j:c�o�y�l�m-n�n�g r
� o�c�o-z|j:��c x B �Mn�j t m-��m-c�g r m��-c�o���l�z|g rum � j:c�o���m-c x t m-��m-c�g r n�o��:g ��o�j:�-� �
� c�j�f�m��-e���p�o���p�l���o���j!p�j1z l�p�lu�!�	o-�-l�p�l��1o���m-c�m�zB� � �-c�o �uj:n�l�j m � j:c�o���m-c�o B� t �!����f�m�p���n�m �-g ��qu�!e��uj1�!���-j:n�n�m � c�m �uj�x-��j1z n�j � m��!c�j�f��!���-j:n�n�m-j4m��-c�o	v
�uj:n�l�j_l�� }�m1f�n�m-k:mGm � j:c�o���m-c�o A � t � � ��� � c�l � m��!��c�m-j:n�l�l B l�� }�m1f�l�p�l
l��xo$f�f�l���l��-n�m-k:m � c�j�f��!�	o���p�j:n�l�� m � j:c�o���m-c�o A0

� �!l�z�z|j:��c�l���n�m-r{��o-�!��l
m � j:c�o���m-c�o A �

A0 = R1 +R2, R1 = R∗
2,

t �����
k f�j

A = A0 +A1
x
A0 = A∗

0

x
A1 = −A∗

1.

���



� � j:c�o���m-c�v � c�j�f�m��-e���p�o���p�l���o���j!p�q��1o � l s j:�-� �{����p�j�f�e����uj1zP�-l�f�j��
B = (D + ωR1)D

−1(D + ωR2), D = D∗ > 0, ω > 0,
t �����

k f�j
D
� n�j t m-��m-c�g r{m � j:c�o���m-c��

� m-m-��n�m s j:n�l�� t �����v� t �������1o$f�o��>�xz|m1f�l�wxl�y�l�c�m-��o�n�n�g r � m � j:c�j1z|j:n�n�m�v��c�j:e�k:m�p�q-n�g r{z|j:��m1f t � � b��B�dc�j s j:n�l��{�1o$f�o$��l x�j1��p�l{m � c�j�f�j!p�j:n�gUm � j!vc�o���m-c�g
R1
x
R2
lMe t o��1o�n�g � � m��!m��-gEm � c�j�f�j!p�j:n�l�� � o�c�o-z|j:��c�m-� τm+1lMm � j:c�o���m-c�o D � ¤ p�k:m-c�l��-z o$f�o � ��l��-n�m-k:mIz|m1f�l�wxl�y�l�c�m-��o�n�n�m-k:m � m � j!vc�j1z|j:n�n�m�v ��c�j:e�k:m�p�q-n�m-k:m z|j:��m1f�o z|l�n�l�z�o	p�q-n�gB} � m � c�o��-m t f�p��Uc�o-�!��j:�	o�!j:��m-��n�gB} e�c�o��-n�j:n�l�r �Bn�j1�:o-z|m��!m � c���� j:n�n�g4z m � j:c�o���m-c�m�zGl�z|j:j:����p�j�f�e�v���ul�r_�-l�f t �:zB��� ��x �3��x
����x��Y���n�=�

rm = Axm − f, B(ωm)wm, ωm =

√
(Dwm, wm)

(D−1R2wm, R2wm)
,

t �Y���

s2m = 1− (A0w
m, wm)2

(B−1A0wm, A0wm)(Bwm, wm)
,

km =
(B−1A1w

m, A1w
m)

(B−1A0wm, A0wm)
, θm =

1−
√

s2mkm
(1+km)

1 + km(1− s2m)
,

τm+1 = θm
(A0w

m, wm)

(B−1A0wm, A0wm)
,

xm+1 = xm − τm+1w
m, ωm+1 = ωm,k f�j

rm
� �-j t ��m-c_n�j:����� t l x wm � �-j t ��m-c � m � c�o�� t l x�� t o$��j1�!���-j�m � j:c�o	v��m-c�o

D
l�� � m�p�q-�:e-j:�-� ��f�l�o�k:m-n�o	p�q-n�o	� ��o-�!��q m � j:c�o���m-c�o A ��>y�j:n t o � t m-c�m��!��l_� }�m1f�l�z|m��!��l c�o��:c�o-�-m-�	o�n�n�m-k:m z|j:��m1f�o l�z|j:j:���-l�f

ρ 6
v∗ − 1

v∗ + 1
, v∗ = v

(√
1 + k +

√
k
)2
, k =

(B−1A1w
m, A1w

m)

(B−1A0wm, A0wm)
,

k f�j
v
� ��l���p�m�m��-e���p�m-��p�j:n�n�m��!��l~m � j:c�o���m-c�o C0

x
C0 = B−1/2A0B

−1/2 �

� 	 � �n�1���q�������*�#"9�{���n�q�1�n�q� ���������;�
�1�������q� 	 �������3�q�#" � �w�1�n�*�1���q�q�

 >f�j!� � o�c�o	p�p�j!p�q-n�m-k:m{o	p�k:m-c�l��-z�o{z|j:��m1f�o c�j s j:n�l��J�!j:��m-��n�gB}Ge�c�o���vn�j:n�l�ru�1o t p��>��o�j:�-� �u����p�j�f�e����uj1z � �3�'� � � m���p�j c�o�� �-l�j:n�l���l�� }�m1f�n�m-r c�o-��v��j:��n�m-r~m���p�o-�!��l n�o���o-�!��l � m f��-e�z t m-m-c-f�l�n�o���n�g4zJn�o � c�o���p�j:n�l���z t o	� v

� �



f�g r � c�m-y�j1�:�!m-c � m�p�e���o�j:� �!�-m-� c�o-�!��j:��n�e�� m���p�o-�!��q�x t o t � m t o��1o�n�m_n�oc�l����n��x � c�l � ��m�zP�:z|j!��n�g jxm���p�o-�!��l � j:c�j t c�g ��o��>�-� � f��-e�z��_��p�m$��z|l e��!vp�m-� � m n�o � c�o���p�j:n�l�� x � j:c � j:n�f�l t e1p���c�n�m�z|e � p�m�� t m��!��l{c�o�� �-l�j:n�l����

����� � � � ;\#k�] s d�]=V#[�©�[�¯D]=¦IcYXI^#a/[��
� m���p�jB��m-k:m t o t t o	� f�g r � c�m-y�j1�:�!m-c � m�p�e���l���l�n�wxm-c�z�o�y�l��Pf�p����!�-m�vj:r ��o-�!��l�m���p�o-�!��l x�c�o-�:�!��l���g ��o�j:�-� � �-j t ��m-c n�j:����� t l l�j:k:m c�o��-n�m�z|j:c�n�o	�n�m-c�z�o��-,�o���j1z t o	� f�g r � c�m-y�j1�:�!m-c�m � c�j�f�j!p���j:�xz�o t �!l�z�o	p�q-n�g r � mxz|m1f�e�vp�� � p�j1z|j:n��x�-j t ��m-c�o>n�j:����� t l l � j:c�j�f�o�j:��j:k:mx�:n�o$��j:n�l�jB���!j1z m��!�	o�� s l�z�v� � �-g ��l���p�l���j!p���zB��b�j � j:c�q�f�p��G�-g ��l���p�j:n�l�� c�o��-n�m�z|j:c�n�m-r n�m-c�z|gi�-j t v��m-c�o n�j:����� t l f�m��!�	o���m-��n�mGn�o t o	� f�m�z � c�m-y�j1�:�!m-c�j~n�o�r���l z�o t �!l�z�o	p�q�vn�g r � p�j1z|j:n��$�� o-�:�:z|m-��c�l�z � o�c�o	p�p�j!p�q-n�g r_o	p�k:m-c�l��-zPc�o-�!��j:�	o �-j t ��m-c�o � m � c�o�� t l��

(D + ωmR1)D
−1(D + ωmR2)w

m = Dym.

k f�j
R1

�\n�l���n�j!v ��c�j:e�k:m�p�q-n�o	� z�o���c�l�y�o�x�o
R2

�\�-j:c�}�n�j!v ��c�j:e�k:m�p�q-n�o	�
z�o���c�l�y�o��/
�p����-g ��l���p�j:n�l��u�-j t ��m-c�o � m � c�o�� t l n�e���n�m � m���p�j�f�m-��o���j!p�q-n�mc�j s l���quf���o e�c�o��-n�j:n�l����

(D + ωmR1)y
m = rm, (D + ωmR2)w

m = Dym.

� n�o$��o	p�j��-g ��l���p���j:�-� � �-j t ��m-c ym x � c�l � ��m�z c�o-�!��j:� n�o$��l�n�o�j:�-� � �p�j:�-m�z n�l���n�j1zPe�k0p�e-�$,�o���j1z l�� � c�o��-m-k:m �-j:c�}�n�j:k:mue�k0p�oun�o$��l�n�o�j:�-� � �-gBv��l���p�j:n�l�j �-j t ��m-c�o � m � c�o�� t l wm � � }�j1z�o c�o-�!��j:�	o �-j t ��m-c�o ym l��:m��-c�o	v� j:n�o n�o c�l���� ��� t � m t o��1o�n�o � j:c�j�f�o$��o � p�j1z|j:n���m-� � m���p�j c�o-�!��j:�	o_f��-e�}��p�m-j:� � j:c��-g4z � c�m-y�j1�:�!m-c�m�zB� �
¢ o � j:c��-m�z s o�k:jU�-g ��l���p�j:n�l�r � j:c��-g r � c�m-y�j1�:�!m-c m��-c�o-��o���g ��o�j:��-j:c�}�n�l�r ��p�m-r���,�o���j1z\m��!e��uj1�!����p���j:�-� � � j:c�j�f�o$��o � j:c�j t c�g ��o����ul�}�� �

� p�j1z|j:n���m-�~�:z|j!��n�g4z � c�m-y�j1�:�!m-c�o-zB� ¢ o���p�j�f�e����uj1z s o�k:j � j:c��-g r � c�m�vy�j1�:�!m-c_m��-c�o-��o���g ��o�j:� �-��m-c�m-r ��p�m-r x�o�j:k:m~�!m��!j�f�l � � j:c��-g r�� � j:c�j�f�o$��o
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� p�j1z|j:n���m-� � m���p�j~c�o-�!��j:�	o{f��-e�} ��p�m-j:� � j:c��-g4z � c�m-y�j1�:�!m-c�m�z � m t o��1o�n�on�o c�l��������
� � }�j1z|jdf�p���c�o-�!��j:�	o��-j t ��m-c�o ym ��m�p�q t m � j:c��-g r � c�m-y�j1�:�!m-c n�j4��c�j!v�-e-j:� f�m � m�p�n�l���j!p�q-n�m-rWl�n�wxm-c�z�o�y�l�l l z|m$� j:� n�j:�1o��-l��!l�z|mPm-� f�c�e�k:l�}

� c�m-y�j1�:�!m-c�m-�J�-j1�!��lIm��-c�o-�-m-� t e �!�-m-j:r ��o-�!��lIm���p�o-�!��l x�m��!�	o	p�q-n�g j � c�m�vy�j1�:�!m-c�gX� f�e�� c�j:�:e1p�q	�	o���m-�_m-� � c�j�f�gdf�e��uj:k:m � c�m-y�j1�:�!m-c�o�x � m t o{m-n n�j
� j:c�j�f�o-�!� �-g ��l���p�j:n�n�g ju�:n�o$��j:n�l��J�!j:��m-��n�gB} wxe�n t y�l�r x�f�p��Ge��!p�m-�{�!j:�	v
t l x�c�o-� � m�p�o�k!o����ul�}�� �G� � c�j�f s j1�!���-e����ul�} � m-�:l�y�l���}Gf�o�n�n�m-r �!��c�m t l��
� c�m-y�j1�:� � c�m1f�m�p�� o�j:�-� � f�mP��j!} � m-c x � m t o n�j��-e:f�e��Pc�o-�:�!��l��	o�n�gE���!j��p�m-l��

¤ n�o	p�m-k:l���n�g4z m��-c�o��:m�zWz|m$��n�m_c�j s l���q
�/� ¤ 	 � �-j:c�}�n�j!v ��c�j:e�k:m�p�q�vn�m-rUz�o���c�l�y�j:rIf�p��Wc�o-�!��j:�	o �-j t ��m-c�o � m � c�o�� t l���
 o	p�j:j �-g ��l���p����>�-� �� t o	p���c�n�g j � c�m-l��:�-j�f�j:n�l�� t �Y��� l{�-g � m�p�n���j:�-� � � j:c�j!}�m1f_n�o ��p�j�f�e����ul�rl���j:c�o�y�l�m-n�n�g r ��p�m-r��

����� � ��� �*v/\ s X§W�c�¯SeXI^#�\#a=X�b=\#k�a/]=eX ym �
¤ p�k:m-c�l��-z o$f�o � ��l��-n�m-k:m � m � j:c�j1z|j:n�n�m�v ��c�j:e�k:m�p�q-n�m-k:m^z|j:��m1f�oXc�j1o	vp�l��:m-��o�n z|n�m-k:m � c�m-y�j1�:�!m-c�n�m-r �-g ��l���p�l���j!p�q-n�m-r �!l��!��j1z|m-r t � � � �� � £ ¢   b �) �	 � � l t m-��o	� � c�m-l��:�-m1f�l���j!p�q-n�m��!��q�� � � �!m��!�	o���p���j:�

� � � � �,�=l \ � e:�p� � � � t p��>��o�j:�M� �!j �$� � t m�z � q-�>��j:c�n�gB} �!��m-j t � � gBv��l���p�l���j!p�q-n�m-j � m�p�j»� � � � m��!��c�m-j:n�mMn�o ��o��:j l�n�wxc�o-�!��c�e t ��e�c�g ¡ Z
� l�k�a�_�r���e-g]_; ^�v9^`l�k�e]e��4l�n���j:k:c�l�c�m-��o�n�n�g4z|l t m�z�z|e�n�l t o�y�l�m-n�n�g4z|l~z|m1f�e�vp���z|l x��!l��!��j1z�o-z|l � p�j t ��c�m � l��	o�n�l�� l m$}�p�o	� f�j:n�l���� �Tt o$��j1�!���-j��-g ��l���vp�l���j!p�q-n�gB}Ie��!p�m-� l�� � m�p�q-�:e-j:�-� �W��� � m1f�n�m-��l � n�gB}W���	v ��f�j:c�n�gB} � l�k�a�_!v
�!j:c��-j:c�m-�q¡ Z Z7[]\ � b�k!c�g � � � � �!^!x t o	� f�g r l�� t m-��m-c�gB}�m��!n�o �uj:n~��j:��g c�q�vz��D��v ��f�j:c�n�g4z|l � c�m-y�j1�:�!m-c�o-z|l � �K�4� � g]_�[]\�c � ���Y�G��� �m�T¡ } l m � j:c�o	v��l��-n�m-r � o-z�����q-�T��m����j1z|j$���-*´����� � �uj:j t m�p�l���j1�!���-m��-g ��l���p�l���j!p�q-n�gB}��f�j:c � t m�z � p�j t �!jD� �!�!� � x��!e�z�z�o�c�n�g r m����j1zPm � j:c�o���l��-n�m-r � o-z�����l �
�i�O���
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� j:�:e1p�q	�	o���g c�o-�!��j:�	oGe�� t m-c�j:n�l��Pl � w wxj t ��l��-n�m��!��lP�J�1o��-l��!l�z|m��!��lm-� t m�p�l���j1�!����o � c�m-y�j1�:�!m-c�m-�Bf�p�� � o�c�o	p�p�j!p�q-n�m-k:m4��o�c�l�o�n��	o4o$f�o � ��l��-n�m-k:m
� m � j:c�j1z|j:n�n�m�v ��c�j:e�k:m�p�q-n�m-k:m z|j:��m1f�o � c�l��-j�f�j:n�gT� �	o-��p�l�y�j �-�

������� ����� �

��XIb=[�^#[ s ]=^#a/t�_/^#k�]=e�\#Z�[�¯D[ �#f1f1\#k�a/[�b=Z�]=^#a/[]=a�k�]Ic[��\#^#a/b/X�d�e�]=©�\#^#^#]=e�]=b
�1]Ic[��\#^#a/b=]d�e�]=©�\#^#^#]=e�]=b ¥�e�\ s ¯�x^ �3^#k�]=e�\#Z�[�\ ��f1f1\#k�a/[�b=Z�]=^#a/t
1 7, 490639 1 1
2 4, 151767 1, 804 0, 902
4 2, 549591 2, 938 0, 734
8 1, 450203 5, 165 0, 646
16 0, 882420 8, 489 0, 531
32 0, 458085 16, 351 0, 511
64 0, 265781 28, 192 0, 44
128 0, 171535 43, 668 0, 341

� 	�� �1������q�#" � �Y���7 1���q�1�����q� "  1���*��� �«�;���q��� �*�������Y�
�  1���1��� �3�1�S�q�1�3���n�q��� ���1� � �1�7 1�����*���3���n�q�1���

�n�1�!�������q�1�3� �����;���1� �Y�����1�����q�1���S�q�q�
� t o$��j1�!���-j � c�l�z|j:c�o � c�o t ��l���j1� t m-k:mTl�� � m�p�q-�:m-��o�n�l�� � c�m���p�j1z|n�m�vm-c�l�j:n���l�c�m-��o�n�n�m-k:m t m�z � p�j t �:o � c�m-k:c�o-z�z_c�j s o�j:�-� ���1o$f�o$��o � j:c�j1wxm-c�z|l�vc�m-��o�n�l��~f�m-n�n�m-r � m-�-j:c�}�n�m��!��l{� c�j:�:e1p�q	�	o���j m��:o	� f�j:n�l��{�-�:�-j1�!l n�ouf�n�j�xo4�1o���j1z � j:c�j:n�m��:o4m��:o	� f�j:n�n�m-k:m>z�o���j:c�l�o	p�o � m4f�n�e-� � t o$��j1�!���-j l��:��p�j�f�e�vj1z|m-k:m�m����j t �	o>c�o-�:�:z�o���c�l���o	p�� �u�-gdf�j!p�j:n�n�g r e���o-�!��m t �-m1f�n�m-k:m�m����j t �	o�_�-l�f�j � o�c�o	p�p�j!p�j � l � j�f�o~f�p�l�n�m-r 5, 0 t z x s l�c�l�n�m-r 5, 0 t z x�k0p�e��-l�n�m-r

3, 0
zB�'� c�j�f�n����{� t m-c�m��!��q���j:��j:n�l��_�!m��!�	o���p���p�o���z��	�!x�c�o��1z|j:c�gUc�o-�!��j:�	vn�m-r_�!j:� t l 100× 100× 20

�
¢ o�c�l�������xY� � c�j�f��!�	o���p�j:n�gPc�j:�:e1p�q	�	o���gP��l���p�j:n�n�m-k:m z|m1f�j!p�l�c�m-��o�n�l��c�o-� � c�j�f�j!p�j:n�l�� t m-n�y�j:n���c�o�y�l�l �-�:�-j s j:n�n�m-k:m �-j �uj1�!����o�� ¢ oBc�l����%�T� c�o-��v��j:��n�g r_l�n���j:c���o	pB�!�u� x�n�o c�l����3�p� c�o-�!��j:��n�g r_l�n���j:c���o	pJ���!�u���
¢ oBc�l����!��x � � c�j�f��!�	o���p�j:n�gJ�:n�o$��j:n�l��xk0p�e��-l�n�g l � j:c�j1wxm-c�z|l�c�m-��o�n�l��f�m-n�n�m-r � m-�-j:c�}�n�m��!��l � c�o-�!��j:��n�m�zJl�n���j:c���o	p�jz�!�x� x����!���~�!m-m-���-j:�-�!���-j:n�vn�m��
� j:�:e1p�q	�	o���g � t � � j:c�l�z|j:n��	o � m-�:�-m�p����>� � c�m�o�n�o	p�l��:l�c�m-��o���q f�l�n�o-z|l�v

t e l��1z|j:n�j:n�l��~k:j:m�z|j:��c�l�l f�n�o�x-m��-c�o��:m-��o�n�l�� �!��c�e t ��e�c~l~n�o�n�m��!m-��x � j:c�j!vn�m��:o4�-�:�-j1�!j:r��xo t ��o���m-c�l�l��/
 o�n�n�o	�uz�o���j1z�o���l���j1� t o	� z|m1f�j!p�q>luc�o��:c�o-�-m�v�	o�n�n�g r � c�m���p�j1z|n�m�v m-c�l�j:n���l�c�m-��o�n�n�g r t m�z � p�j t � � c�m-k:c�o-z�z � m-�:�-m�p����>�
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� c�j�f�� t o��1o���q � m$����p�j:n�l�j z|m-c�� t l�}Gk:c���f l t m��!x�l�}Gc�m��!�{lG��c�o�n��:wxm-c�z�o	vy�l�� x � c�m-k:n�m-�:l�c�m-��o���qdl��1z|j:n�j:n�l�j � m�p�� t m-n�y�j:n���c�o�y�l�lx�4��p�e���o�j��-g��-c�m��:om-�>l��!��m-��n�l t o�x � c�m-k:n�m-�:l�c�m-��o���q4�1o�l�p�j:n�l�j � m1f�}�m1f�n�gB} �!e:f�m$}�m1f�n�gB} t o�n�o	vp�m-��x��1o�n�m��!l�z|m��!��q k:l�f�c�m-��j!}�n�l���j1� t l�} t m-n��!��c�e t y�l�r_l_�!m-m-c�e�� j:n�l�r��

����� � � � �1]Ic\�k�]=Z�©�\#Z�a/eXI©�[�[Db=V#b=\#¨;\#Z�Z�uwv�XI^#a/[�©��

����� � � � �1]Ic\�k�]=Z�©�\#Z�a/eXI©�[�[Db=V#b=\#¨;\#Z�Z�uwv�XI^#a/[�©��
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����� � � � ��ZX��\#Z�[�\§o±c�_�¦=[�Z�u¡b�eXI^#�\#a/Z�] s [�Z�a/\#e�b/XKc\§�=�T��

����� � � � ��ZX��\#Z�[�\;o±c�_�¦=[�Z�u¡b�eXI^#�\#a/Z�] s [�Z�a/\#e�b/XKc\�~��=����
� 	 � �q�1�����  q�1�n�q�n�q�1���Y������� �1�7 1�����*���3���n�q� 	 ���*�� ´���������
 q�1���Y�1����� �1��	 �1���Y�1����� 1���1��� �3�1�S�q�1�3���n�q� 	 �;�3�q�1�3�

 1�3����� �w�1�*�Y�n�  q�q� ���1� � ��� ���3�q�������*�#" � �1���*�3��� �
¢ o m��!n�m-�-jJc�o��:c�o-�-m-�	o�n�n�m-k:m t m�z � p�j t �:o f�p���� � � �-gBpM�-g � m�p�n�j:nc�o-�!��j:� e��uj:c$��o{c�g��-n�m�z|eG}�m-�!��r��!���-e �1o � j:c�l�m1fPc�j1z|m-n���n�m-k:m ��j:c � o�n�l��

� m1f�}�m1f�n�m-k:m �!e:f�m$}�m1f�n�m-k:m t o�n�o	p�o t�� c�l���o	p�o-z ¤ c�}�o�n�k:j!p�q�� t m-k:m ��j:c�z|l�vn�o	p�o��w
un�m-e�k0p�e��-l���j!p�q-n�g j�c�o-�-m-��g n�o � m1f�}�m1f�n�m�z t o�n�o	p�j~�-g � m�p�n����>�	v� � �:o-z|m-m-���-m-�:n�g4zJ�:j1z�p�j1�!m��!m�z ��l � o , � v b � ������� �!�$v-��������x1n�ouo t ��o���m-c�l�l
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� c�l���o	p�m-�{��j:c�z|l�n�o	p�oi�Ek:c�j:r�wxj:c�n�g4zU�:j1z��!n�o�c���f�m�z t � p�o�� t c�o�n���� � c�m�vl��:�-m1f�l���j!p�q-n�m��!��qPm��-m-c�e:f�m-��o�n�l�� � m k:c�e�n���e �!m��!�	o���p���j:���Bk:c�j:r�wxj:c�n�g r�:j1z��!n�o�c���f �
122, 4

z 3 �$� x��:o-z|m-m-���-m-�:n�g r �:j1z�p�j1�!m��$� ��� � z 3 �$���
�do-z|m-m-���-m-�:n�g ri�:j1z�p�j1�!m�� ��l � o , � v b � ������� �!�$v-�������n�Bm����j1z ��c���z�o

� c�lJc�o��:c�o-�-m-� t j � j1� t m-�i� �3����� z 3 #�n�m-c�z�o �1o�k:c�e�� t lGk:c�e�n���m-�-m-k:m{��c��4vz�o9� ������z 3 x � c�m1f�m�p���l���j!p�q-n�m��!��q~� �-c�m��:o k:c�e�n��	o�n�o � m1f��-m1f�n�m�zPm-����o	vp�j§�
0, 1
��� *�c�j:r�wxj:c�n�g r �:j1z��!n�o�c���fq�$m-���-m-� t o4k:c�e�n��	o>n�o � m1f��-m1f�n�g rum-�	v��o	pGm��!e��uj1�!����p���j:�-� � f��-e�z��Gk:c�e�n���m-m-���-m-�:n�g4z|l s o	p�o�n�f�o-z|l ��l � o � � v

b � �!��� �!�$v ������� j1z t m��!��q-� k:c�e�n���m-�-m-k:m ��c���z�o �!���{z 3 #�n�m-c�z�o{�1o�k:c�e�� t lk:c�e�n���m-�-m-k:m ��c���z�o c�o��:c�o-�-m-�	o�n�n�g4z k:c�e�n���m�z �!m��!�	o���p���j:� �����uz 3 �
� c�m-l��:�-m1f�l�p�m��!q z|m1f�j!p�l�c�m-��o�n�l�jxc�o-� � c�m��!��c�o�n�j:n�l��_�-�:�-j s j:n�n�gB} ��o	v�!��l�y � c�l_�-g k:c�e�� t jx��c���z�o��:o-z|m-m-���-m-�:n�m-k:mu�:j1z�p�j1�!m��:ou� m-����o	p��  � }�m1f�n�g4z|l f�o�n�n�g4z|lU����p����>�-� ���dk0p�e��-l�n�o �-m1f�m-j1z�o �T�3�Pz #Bm����v

j1zX�1o�k:c�e�� t l � �����_z 3 # � t m-c�m��!��q ��j:��j:n�l�� � 0, 2
z��	�-# � t m-c�m��!��q m��:o	v� f�j:n�l��«�

2, 042
z�z��	�-# � p�m-��n�m��!��q_k:c�e�n��	oi� ������� t k �	z 3 # � c�m-y�j:n���n�m-j�!m1f�j:c�� o�n�l�j � gBp�j:��o���gB} ��o-�!��l�y t d z|j:n�q s j 0, 05 z�z7��� � j1�!��o�n�gB} k:c�e�n�v�	o	}g�

26, 83
� �

� o�c�o-z|j:��c�g c�o-�!��j:��n�m-r_m���p�o-�!��l���f�p�l�n�op� � t z # s l�c�l�n�o�� 1, 4 t z #s o�k � m�k:m-c�l��:m-n��	o	p�q-n�m-r � c�m��!��c�o�n��!���-j:n�n�m-r t m-m-c-f�l�n�o���j§� �!�>z # s o�k � m�-j:c���l t o	p�q-n�m-r � c�m��!��c�o�n��!���-j:n�n�m-r t m-m-c-f�l�n�o���j1� � z #1c�o-�!��j:��n�g r�l�n���j:c�v
��o	p � �u���

¢ o c�l���� � � c�l��-j�f�j:n c�j:�:e1p�q	�	o�� c�o-�!��j:�	o � c�m�wxl�p�� k:m-c�l��:m-n��	o	p�q-n�m-r�!m��!�	o���p������uj:r �-j t ��m-c�o � t m-c�m��!��l~f��-l�� j:n�l��{�-m1f�n�m-r{�!c�j�f�g �

����� ��� � �1e�]=f1[�ct b=\#k�a/]=eXT^#k�]=e�]=^#a/[SWb=[�j§\#Z�[�¯Db=]�WZ�]=h�^#e�\)Wu��
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²=�����W� ���k�Dz��I� ��� �a{���v����	y#z|tk� �k�	�1] s d�c\#k�^#Z�u�\ ]=k�\�XIZ�]Ic]=o#[��\#^#k�[�\-[�^#^)c\)W]=b/XKrZ�[�¯,�qV#]=b=^#k�]=o#] s ]=e/¯ b§²�\Kr s e�\#h�^#\qZX#_��Z�]Ir¬[�^#^)c\)W]=b/XIa/\)ct=^#k�]=o#] ^)_KWZX$®#�qk�b/XKrZXIb=a�°A7 73�qk�\�XIZ�]Ic]=o#[�¯�� ;�²=�=�=|�� ;k����z/|�x�y�~=� ;,�q��z=z#?��=|��

ro���zi#�H���A� � uO� ��r�Z�� u � � � �,¡O�§� � � i]m �A� � �U�A� � i��|�
i�� � m � � rn� �A� ���|�O����r�i��|� � � � � i9Z u �jm�� r�r � u

m �S� Z��A� i��|� r�pjrn�3�§�Br
� ��i���r�q�{�h�b c�\%|
x � �b�4��m2h�b�e-g-��k!{�\%|
xm�4� � ��Z7[]\!g(ew_�c�{�\

X �'%��'&6�D�#��$ %��"���U-|��/0%Ir�Q'$ N,���'&�$ %��"���oN,%�Q'���m%�)a&���Q'$ N,�����I�������'&�.	%��U�^$ �|�3*�%���&6�D����n�%��'�
%�)5�6��&����U+�%�$ �6&^$ &�*�%��'&�$ Q'���6��Q��m¥I2'��) %�� � %4/1$ �'�,.'2�-�&�$ *4���b."������N,�P�����6&����'Q:.'�6%�*���&�&���&����6�
�D��K����|$ ����%k��*�*�%�!'���4�"��2'�W&�%�$ ��.	%��6%�&�$ ��-
'���2'�W*��6$ ��$ *4����+���� !'�W%�)n��2'���D���'�������1�����'&�$ %��O) %��
/12'$ *D2T��2'�k&���Q'$ N,�����WN,%4+���N,�����Wd	����$ �'& '	��2'����!'�6d'!'� �������Pl�*D2"���'����'m��2'�kQ�-��"��N,$ *4��� � -
+����6$ ��d'� �W����%�N,�P���U-A%�)n��2'�Wd	%��6��%�N����'QO��2'�^� �P+����m��� �P+��#��$ %��A) !'�'*P��$ %���'�/1$ �'QO*�!'�6�6������& '
���'Q|��2'��) �6$ *P��$ %��:%��|��2'��d	%��6��%�N��	¥o/0%Ir�Q'$ N,���'&�$ %��"���o���'QT��2'�6���)r�Q'$ N,���'&�$ %��"���nN,%�Q'��� &
%�)�2�-�Q'�6%�Q�-��"��N,$ *�&3$ �i�:*�%���&6�D����n�%��'�|%�)��6��&����U+�%�$ �6&A��&�/0��� �I��&3�T�������'&�.	%��U�ON,%�Q'���
) %��O/0��$ ��2�����Q ."���U��$ *�� ��&:���6�p*�%��'&6���6!'*P����Q ���'QH���6�q$ N,.'� ��N,��������QV%��H�iQ'$ &6���6$ d'!�����Q
*�%�N,.'!���$ �'�k*�� !'&6�����#�	X ��!'Nkd	���I%�)b��!'N,���6$ *4���o�6��&�!'� ��&����6��Q'$ &�*�!'&�&���Q��
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�   �/��% ¢D¢ � % ���T
 % �m  � � � ¤ ¢   %��� ¢ � %§� b�  ��¢�� � 
 �   � % ¢  �� �
� 	��#	�� ��� ���1�q�\�

� c�l f�l�� t c�j:��l��1o�y�l�l n�j!p�l�n�j:r�n�gB} �1o$f�o$� k:l�f�c�m1f�l�n�o-z|l t l ��o	��n�mm��-j1� � j:��l���q_n�o-��p�j�f�m-��o�n�l�j �!�-m-r��!���{f�l�w wxj:c�j:n�y�l�o	p�q-n�gB} m � j:c�o���m-c�m-�_�
t m-n�j:��n�m�z|j:c�n�gB}Go�n�o	p�m-k!o	} l�� }�m1f�n�gB} e�c�o��-n�j:n�l�r%� � � ��b�o t l�j~z|l�z|j:��l���j!v� t l�j t ; b ; b�^�� � m1f�c�o	� o���q���� }�j1z|g � m-�:�-m�p����>�xe�� � j s n�j:j4z|m1f�j!p�l�c�m-��o���q�!�	o�y�l�m-n�o�c�n�g julGn�j1�!�	o�y�l�m-n�o�c�n�g j t m-n��-j t ��l��-n�g j f��-l�� j:n�l�� x�o�n�o	p�l��:l�vc�m-��o���que��!��m-r���l��-m��!��q ��j:��j:n�l�r x�l�}&�-l�wxe�c t o�y�l�l x�n�j:j�f�l�n��!���-j:n�n�m��!��q c�j!v��l�z|m-���

���!m��-g4z ����p���j:�-� � t p�o-�:�B�1o$f�o$� wxl�p�q	��c�o�y�l�m-n�n�m-r t m-n��-j t y�l�l �B�1o t m�vn�m�z ��c�j:n�l��g
 o�c��!l x-f�p�� t m-��m-c�gB}~m��-n�o�c�e�� j:n�m�m-���-j:����p�j:n�l�j�n�j � c�j:c�g ��vn�m-k:m~�!j1z|j:r��!����o~�!�	o�y�l�m-n�o�c�n�gB}{c�j!��l�z|m-�~m-�~�!m��!��m$��n�l�� z|j!}�o�n�l���j1� t m-k:mc�o��-n�m-�-j1�!l���� ��� � � ��m-�_n�j:��c�l��-l�o	p�q-n�g r � j:c�j!}�m1f �-gBp m�������!n�j:n � � m�z|m�v
�uq-�^��j:m-c�l�l t m��!l�z�z|j:��c�l�lJ�-j t ��m-c�n�gB} � m�p�j:r%� ��� � �+� �-m-r��!����o �!j1z|j:r��!����!�	o�y�l�m-n�o�c�n�gB}�c�j s j:n�l�r~f�p��{�1o$f�o$��l{wxl�p�q	��c�o�y�l�m-n�n�m-r t m-n��-j t y�l�l ��j � vp�m � c�m-�-m1f�n�m-r���l�f t m��!��l_l��:e���o	p�l��!q � c���f�jxc�o-�-m-� � �3�n��x � x��3��x����'� �


�p��Wo �$� c�m t �!l�z�o�y�l��Ie�c�o��-n�j:n�l�rI� j1�!��j1�!���-j:n�n�gB} � j:c�j1z|j:n�n�gB}Il���v
� m�p�q-�:e��>� t m-n�j:��n�m�v c�o��:n�m��!��n�g j�� }�j1z|gT���-g ��l���p�j:n�l�j1z t m�z � m-n�j:n�� � t m�vc�m��!��l x|��j1z � j:c�o���e�c�g �Ge��!p�o	} �:z|j �uj:n�n�gB}P�!j:��m t � � � ��� � m t o��1o�n�m�x�����mz|j:��m1f t m-n�j:��n�gB}�c�o��:n�m��!��j:rxf�p�� � p�m�� t m-r��1o$f�o$��luwxl�p�q	��c�o�y�l�m-n�n�m-r t m-n�v�-j t y�l�l � m-�:�-m�p���j:� � m�p�e���l���q t m-n�j:��n�m�z|j:c�n�g j �!l��!��j1z|gXm��-g t n�m-�-j:n�n�gB}f�l�w wxj:c�j:n�y�l�o	p�q-n�gB} e�c�o��-n�j:n�l�r x t m-��m-c�g j��!m$}�c�o�n����>�u�!�-m-r��!���-m t m��!l�z�vz|j:��c�l�l l�� }�m1f�n�m-r~�1o$f�o$��l��

�Il�� � m�p�q-�:m-��o�n�l�j1z z|l�z|j:��l���j1� t m-r_� }�j1z|g � c�m-�-j�f�j:n{o�n�o	p�l��x�!m��!e��uj!v�!���-m-��o�n�l���f��-e�z|j:c�n�gB} t m-n��-j t ��l��-n�gB} f��-l�� j:n�l�r{� t m-n���j:r�n�j:c�j � c���z|m�ve�k:m�p�q-n�m-k:m �!j:��j:n�l�� x��1o � m�p�n�j:n�n�g4z ����� t m-r{n�j1� ��l�z�o�j1z|m-r{��j � p�m � c�m-�-m1f�vn�m-rU��l�f t m��!��q-�u�.� � c�j�f�j!p�j:n�g m���p�o-�!��l e��!��m-r���l��-m��!��lT�!�	o�y�l�m-n�o�c�n�gB}c�j!��l�z|m-� �P�1o��-l��!l�z|m��!��lWm-� � o�c�o-z|j:��c�o e:f�p�l�n�j:n�n�m��!��l t m-n���j:r�n�j:c�o ll��:e���j:n�g � j:c�j!}�m1f�g � c�lul��1z|j:n�j:n�l�lue � c�o���p������ul�} � o�c�o-z|j:��c�m-� f�p�� �!�	o	vy�l�m-n�o�c�n�gB}�f��-l�� j:n�l�r_�xc�o��!p�l���n�g4zP��l���p�m�z t m-n��-j t ��l��-n�gB} ��o	p�m-���
? l�XI¦=]=a=Xpb=u�d�]IcZ�\#ZX9d�e�[ f1[�ZXIZ�^#]=b=]=h d�]�W�W\#e/j�k�\�ln]=^#^#[�h�^#k�]=o#]gf1]=Z�WYX9fq_�Z�WYXKr

s \#Z�a=XKct=Z�uwv$[�^#^)c\)W]=b/XIZ�[�h�x�d�e�]=\#k�a�y ~#zIr}��~)r}�=�Iz�³I���q ln]=^#^#[�¯�xYln]=^#a/]=bIr¬ZXKr ;]=Z�_/x �«j�Z�u�h�f1\)W\#eXKct=Z�u�hD_�Z�[�b=\#e�^#[�a/\#aI�
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� 	��g�1�n�*�1���q� 	 � �´���n�n�1� �q�1�3�q�1�3�»���3�q����� �q�q�
�S�1�����3���*�� 1�3�1���q�n�1�3� � �������*�Y�n�

� � ���'�|�-g �-j�f�j:n�gie�c�o��-n�j:n�l�� t m-n��-j t y�l�lGz|n�m-k:m t m�z � m-n�j:n���n�m-r ��l�f�v
t m��!��l n�o�m��!n�m-�-jdz|m1f�j!p�lm
 o�c��!l�� � c�l m-�-�!e��-�!���-l�� z�o-�:�!m-�-gB}u�!l�p l �-n�e��	vc�j:n�n�l�}xl��!��m-��n�l t m-� ��j � p�odf�p�� t m-n�j:��n�m-k:mB��l���p�o � c�l�z|j1�!j:r t r�� � ��l�e�c�o���vn�j:n�l��_� �-j:�:c�o��1z|j:c�n�gB} � j:c�j1z|j:n�n�gB}_z|m$��n�m �1o � l��:o���q � �-l�f�j

ε
∂~v

∂t
= −∇p− ~v +

S+1∑

r=1

λr θ
r~k, ∇ · ~v = 0,

t ���

br
∂θr

∂t
+ ~v · ∇θr = κr∆θ

r + ~v · ~k.
,�f�j1�!q

~v(x, y, z, t)
� �-j t ��m-c�n�m-j � m�p�j � t m-c�m��!��l x p(x, y, z, t) �^f�o���p�j:n�l�j�x

θ1(x, y, z, t)
� ��j1z � j:c�o���e�c�o ��l�f t m��!��l x4m-�-�!��l���g ��o�j1z�o	�Tm-�W�!c�j�f�n�j:k:m�:n�o$��j:n�l�� x

θr(x, y, z, t)
t
r = 2, . . . , S +1

�;� m-� t p�m-n�j:n�l��_z�o-�:�!m-�-gB} t m-n�vy�j:n���c�o�y�l�r � c�l�z|j1�!j:r m-�x�!c�j�f�n�l�}ue�c�m-�-n�j:r x (x, y, z) �i��m-� t o�m���p�o-�!��l D x�1o�n�����m-r���l�f t m��!��q-� x t �i�-c�j1z�� x ~k = (0, 0, 1)
�im-c���x � c�m-��l��-m � m�p�m$��n�g rn�o � c�o���p�j:n�l��i�!l�p�g �1��� j1�!��l��� o-�:�:z�o���c�l���o�j1z�o	� �1o$f�o$��o{l�z|j:j:� ��p�j�f�e����ul�r n�o-�-m-c��-j:�:c�o��1z|j:c�n�gB}

� o�c�o-z|j:��c�m-�3� � m-c�l��!��m��!��q ε x t l�n�j:��l���j1� t l�j t m � w wxl�y�l�j:n���g br
x4��l���p�o

� c�o�n�f��1p�� κr x�wxl�p�q	��c�o�y�l�m-n�n�g j � o�c�o-z|j:��c�g � � p�j!� λr x r > 1
�


�p�� � p�m�� t l�}Gf��-l�� j:n�l�r t v3 = 0
x
∂z(. . .) = 0

�xe�c�o��-n�j:n�l�� t m-n��-j t vy�l�l z|m-k:e����-g ��q��1o � l��:o�n�gT��j:c�j:��wxe�n t y�l�� ��m t o ψ x t m-��m-c�o	�_�-�-m1f�l��-� ��!m-m-��n�m s j:n�l���z|l v1 = ∂yψ
x
v2 = −∂xψ

� � ��p�e���o�jd��j � p�m � c�m-�-m1f�n�m-r ��l�f�v
t m��!��l �-j:� � c�l�z|j1�!j:r_e�c�o��-n�j:n�l��{�1o � l��!g ��o��>�-� �_��p�j�f�e����ul�zPm��-c�o��:m�z��

θt = ∆θ + λ∂xψ − J(θ, ψ) ≡ F, 0 = ∆ψ − ∂xθ ≡ G.
t ���

,�f�j1�!q
J(θ, ψ)

� wxe�n t y�l�� � t m��-l��
J(θ, ψ) = ∂xθ∂yψ − ∂yθ∂xψ.

t ���
	>c�o��-n�j:n�l�� t ��� � m�p�e���j:n�g � � c�j�f � m�p�m$� j:n�l�l n�j1�!e��uj1�!���-j:n�n�m��!��l�e���j!v�	o>l�n�j:c�y�l�luf��-l�� j:n�l�����
 o	p�j:jdc�o-�:�:z�o���c�l���o�j:�-� � t m-n��-j t y�l��u��m1f�n�m��!�����!vn�m-r m���p�o-�!��l

D
x�n�o k:c�o�n�l�y�j t m-��m-c�m-r �!�	o������-� � t c�o�j:�-g j~e���p�m-�-l��Jf�p����j1z � j:c�o���e�c�gTl wxe�n t y�l�l_��m t o��

θ|δD = 0, ψ|δD = 0.
t ���

¢ o$��o	p�q-n�g j e���p�m-�-l��P�1o$f�o��>�-� �P��m�p�q t mGf�p�� ��j1z � j:c�o���e�c�g θ(x, y, 0) =
θ0(x, y)

x�o wxe�n t y�l�� ��m t o��-mx���!j:r m���p�o-�!��l D n�o	}�m1f�l��-� � � m n�o$��o	p�q-n�m�z|ec�o-� � c�j�f�j!p�j:n�l��i��j1z � j:c�o���e�c�g θ0
l��x�1o$f�o$��lg
ul�c�l�}�p�j-�

� �



�xm��!l�z�z|j:��c�l�j:r �!l��!��j1z|g t ��� � t �����-e:f�j:� �-j t ��m-c�n�m-j � m�p�j (ψ,−θ) x�m-c�v��m-k:m-n�o	p�q-n�m-j � c�o��-m-r ��o-�!��l �!l��!��j1z|g t ���#x
∫

D

(Fψ −Gθ) dx dy = 0.
t ���

� ��m�z x	����m�l�n���j:k:c�o	p�q-n�m-jd��m$� f�j1�!���-m t ����� � c�o��-j�f�p�l��-m�x$z|m$��n�m�e��-j�f�l���q�v� ��n�j � m��!c�j�f��!���-j:n�n�m-r � m1f��!�	o�n�m-� t m-rx�-g c�o	� j:n�l�r F l G l�� t ���#x$l�n���j:k:c�l�vc�m-��o�n�l�j1z � m{��o-�!�1��zUlGe���j:��m�z t c�o�j:�-gB} e���p�m-�-l�r t ����� � c�l � ��m�zWe��!�	o	vn�o���p�l���o��>�-� � �	o t � j ��p�j�f�e����ul�j ��m$� f�j1�!����o�f�p�� wxe�n t y�l�l � t m��-l
∫

D

J(ψ, θ)ψ dx dy = 0,
t ���

∫

D

J(ψ, θ) θ dx dy = 0.
t �!�

� 	 �$�n���1�*�Y�n�#" � �w�1�n�*�1���q� 	  ´���*�Y���3�{�����;���q�
� �´���n�n�1� �q�1�3�q�1�3�{���3�q����� �q�q�


�p�� �!m$}�c�o�n�j:n�l�� ��c�o��:n�m��!��n�gB}�e�c�o��-n�j:n�l���} �!�-m-r��!����o t m��!l�z�z|j:��c�l�ll�� � m�p�q-�:m-��o�n�ou� }�j1z�o ¤ c�o t o��-g�� � � x�m��-j1� � j:��l�� s o	�{�!m$}�c�o�n�j:n�l�jxc�o��:n�m��!�	vn�gB}{o�n�o	p�m-k:m-� l�n���j:k:c�o	p�q-n�gB} ��m$� f�j1�!��� t ��� � t �!���

�p�� � c���z|m-e�k:m�p�q-n�l t o

D = [0, a]×[0, b] t m-n�j:��n�m�v c�o��:n�m��!��n�o	��o �$� c�m t v�!l�z�o�y�l�� �!��c�m-l��-� �Wn�o c�o��-n�m�z|j:c�n�m-rW�!j:� t j {(xn, ym) |xn = nh1, n =
0, . . . , N + 1, ym = mh2, m = 0, . . . ,M + 1}. ,�f�j1�!q h1 = a/N

x
h2 = b/M

� s o�k:lU�!j:� t l � m x l y �!m-m-���-j:�-�!���-j:n�n�m�x ��j1z � j:c�o���e�c�o θl wxe�n t y�l��{��m t o ψ �-g ��l���p����>�-� �{� e��!p�o	} (xn, ym)
�

¢ o�f��-e�}���m-��j:��n�m�z s o-��p�m-n�j �-�-m1f����-� � c�o��:n�m��!��n�g j m � j:c�o���m-c�g � j:c�v�-gB} � c�m-l��:�-m1f�n�gB} l �-g ��l���p�j:n�l�� �!c�j�f�n�j:k:m�x�m$}���o���g ��o����ul�j4��p�e���o�l y�j!vp�gB} l � m�p�e�y�j!p�gB} n l m x

(δxf)n+1/2,m =
fn+1,m − fn,m
xn+1 − xn

,

(δyf)n,m+1/2 =
fn,m+1 − fn,m
ym+1 − ym

,

(δ0xf)n+1/2,m =
fn+1,m + fn,m

2
,

(δ0yf)n,m+1/2 =
fn,m+1 + fn,m

2
.

t � �

� �



�Wl�� � m�p�q-�:m-��o�n�l�j1z t � �d�1o$f�o��>�-� � � j:c��-g jxc�o��:n�m��!��n�g j � c�m-l��:�-m1f�n�g jn�o ��c�j!}���m-��j:��n�m�z s o-��p�m-n�j�l f�l�� t c�j:��n�g r o�n�o	p�m-k>p�o � p�o-�!l�o�n�o

Dx = δxδ0x, Dy = δyδ0y, ∆h = δxδx + δyδy.


�p�� �-g ��l���p�j:n�l��u�!c�j�f�n�j:k:m l � j:c��-gB} � c�m-l��:�-m1f�n�gB}�� ��j:��g c�j!}�e�k:m�p�q�vn�l t j � c�l�z|j:n����>�-� � ��p�j�f�e����ul�j t m�z � m-�:l�y�l�l{c�o��:n�m��!��n�gB} m � j:c�o���m-c�m-�3�

d0 = δ0xδ0y ≡ δ0yδ0x, dx = δxδ0y ≡ δ0yδx, dy = δyδ0x ≡ δ0xδy.


�p�� o �$� c�m t �!l�z�o�y�l�l � t m��-l�o�n�o�l�� � m�p�q-�:e-j:�-� �{wxm-c�z|e1p�o

Jn,m(θ, ψ) = β [Dx (θDyψ)−Dy (θDxψ)]n,m +

+(1− β) [dx (d0θdyψ)− dy (d0θdxψ)]n,m ,

t m-��m-c�o	�P�!m$}�c�o�n���j:�G�!�-m-r��!���-m t m��!l�z�z|j:��c�l�l f�p�� ���!j!} �:n�o$��j:n�l�r � o�c�o	vz|j:��c�o
β
l � c�l β = 1/3

m��-j1� � j:��l���o�j:� f�m � m�p�n�l���j!p�q-n�mx�!m$}�c�o�n�j:n�l�jBe���p�m�v�-l��{k:l�c�m�� t m � l���n�m��!��l~f�p��_c�o��:n�m��!��n�m-k:m o�n�o	p�m-k!o��
� c�j:�:e1p�q	�	o���j � m�p�e���o�j:�-� � ��p�j�f�e���� o	� �!l��!��j1z�oxm��-g t n�m-�-j:n�n�gB}�f�l�w�vwxj:c�j:n�y�l�o	p�q-n�gB} e�c�o��-n�j:n�l�r��

θ̇nm = Fnm ≡ (∆hθ + λDxψ − J)nm ,
0 = Gn,m ≡ (∆hψ −Dxθ)n,m .�xm-n�j:��n�m�v c�o��:n�m��!��n�g r{o�n�o	p�m-k�e���p�m-�-l�� t m��!l�z�z|j:��c�l�l t ���dl�z|j:j:� �-l�f

N∑

n=1

M∑

m=1

(Fψ −Gθ)nm = 0.
t � �

� � c�o��-j�f�p�l��-m��!��qW��m$� f�j1�!����o t � � e��!�	o�n�o���p�l���o�j:�-� �M� l�� � m�p�q-�:m-��o�n�l�j1zf�l�� t c�j:��n�gB} �-j:c��!l�r�wxm-c�z|e1p�g *�c�l�n�oxl~�!e�z�z|l�c�m-��o�n�l�� � m ��o-�!�1��zB� � c�l
� ��m�zP�-g � m�p�n����>�-� �~f�l�� t c�j:��n�g j ��o�c�l�o�n���g ��m$� f�j1�!��� t ��� � t �!�

N∑

n=1

M∑

m=1

Jnm(θ, ψ) ψnm = 0,

N∑

n=1

M∑

m=1

Jnm(θ, ψ) θnm = 0.

� 	��
 # q�1�3���Y�1��� �q�q� �w�1�n�*�1���q�q�
�����Y�����Y�n�����q�#" �% 1���1�������q�#" �


�p�� l��:��p�j�f�m-��o�n�l�����c�j!}�z|j:c�n�gB}u�1o$f�o$� wxl�p�q	��c�o�y�l�m-n�n�m-r t m-n��-j t y�l�l��� ��x � ��c�o��:�-l���g o �$� c�m t �!l�z�o�y�l�l�� � c�l�z|j:n�j:n�l�j1z �:z|j �uj:n�n�gB} t c�o��:n�j1�!j:n�vn�gB}�� �!j:��m t � � ��p�e���o�j ��j � p�m � c�m-�-m1f�n�m-r ��l�f t m��!��l{f�p��_f�l�� t c�j:��l��1o�y�l�l�-�-m1f����-� � e��!p�g � ����l���l � m-�3�	f�p�����j1z � j:c�o���e�c�g θ x	f�o���p�j:n�l�� p l t o	� f�m-r

� �



t m�z � m-n�j:n���gi�-j t ��m-c�o~� t m-c�m��!��l v � � ��m��-gMm��-j1� � j:��l���q m-�-�!e��-�!���-l�j t m-n�v�-j t ��l��-n�gB} ��p�j:n�m-� � c�o��:n�m��!��n�m�zMo�n�o	p�m-k:j~e�c�o��-n�j:n�l�� ��j � p�m-�-m-r � n�j:c�vk:l�l x�l�� � m�p�q-�:e-j:�-� �{��p�j�f�e���� o	�_o �$� c�m t �!l�z�o�y�l��

(~v · ∇θr)i,j,k ≈ J(θr, v)i,j,k =

=
1

3

[
3∑

s=1

dsδs

(
θr

3∏

n=1,
s6=n

δnv
s

)]

i,j,k

+

+
2

3

[
3∑

s=1

ds

3∏

n=1,
s6=n

δn (δ0θ
rδsv

s)

]

i,j,k

t �3���

 �m-c�z|e1p�o t �3��� � c�l�z|j:n���p�o-�!q�f�p�� c�o-�!��j:�	o~��c�j!}�z|j:c�n�m-r t m-n��-j t y�l�l ��j � vp�m � c�m-�-m1f�n�m-r ��l�f t m��!��lP�%� ��x � � x|k f�j �-gBp�lP�-g ��l���p�j:n�g m1f�n�m � o�c�o-z|j:�	vc�l���j1� t l�j_�!j1z|j:r��!����o � p�m�� t l�}P�!�	o�y�l�m-n�o�c�n�gB} f��-l�� j:n�l�r x|m-���-j:��o����ul�j
t m��!l�z�z|j:��c�l�l �1o$f�o$��l��n
�p�� � p�m�� t m-r_�1o$f�o$��l l�� t �3��� ��p�j�f�e-j:� wxm-c�z|e1p�o�xl�� t m-��m-c�m-r � m���p�j �-�-j�f�j:n�l�� �!j:��m-��n�m-rPwxe�n t y�l�lP��m t o � m�p�e���o�j:�-� �Po � v
� c�m t �!l�z�o�y�l�� ¤ c�o t o��-g �

� 	 �S�Y�����Y�n�����q�1� 	 ���3�q����� �q� 	��  q� 	���� � �������*�q�q���
� � c�l$��p�l�� j:n�l�l � �-j:c$�-j t o � �de��:�!l�n�j1� t o f��-e�z|j:c�n�g jJe�c�o��-n�j:n�l��

t m-n��-j t y�l�l{� �-j:�:c�o��1z|j:c�n�gB} � j:c�j1z|j:n�n�gB} l�z|j:�>�~��p�j�f�e����ul�r_�-l�fq�

~Vt + (~V ,∇)~V = −∇p+4~V − ~gGrT,

Tt + (~V ,∇)T =
1

Pr
4T, div ~V = 0.

t �����

,�f�j1�!q ~V = (u(x, y, t), v(x, y, t))
�X�-j t ��m-c~� t m-c�m��!��l x p �if�o���p�j:n�l�j�x T ���j1z � j:c�o���e�c�o�x t � �-c�j1z�� x ~g = (g1, g2)

� �-j t ��m-c x��1o$f�o����ul�rPn�o � c�o���vp�j:n�l�j �!l�p�g\�1��� j1�!��l�� � e�c�o��-n�j:n�l��T��}�m1f����!�-j:�:c�o��1z|j:c�n�g j � o�c�o-z|j:�	vc�g � c�o�n�f��1p�� Pr l *�c�o-�!k:m�w o Gr x���j:c�j:� t m-��m-c�g j�m � c�j�f�j!p���j:�-� � ��l���vp�m � � p�j!� Ra = GrPr
� � o-�:�:z�o���c�l���o�j:�-� � � c���z|m-e�k:m�p�q-n�g r t m-n���j:r�n�j:c

D = {x ∈ [0, L], y ∈ [0, 1]} � ���-j:c-f�g4z|l �!��j:n t o-z|l x��1o � m�p�n�j:n�n�g rJ�����!vt m-r n�j1� ��l�z�o�j1z|m-rP��j � p�m � c�m-�-m1f�n�m-r ��l�f t m��!��q-� x�n�o k:c�o�n�l�y�j{m���p�o-�!��l�1o$f�o�n�mup�l�n�j:r�n�m-j c�o-� � c�j�f�j!p�j:n�l�jx��j1z � j:c�o���e�c�g T |∂D = 1− y
�

,�o$f�o$��o~c�j s o	p�o-�!q ��l���p�j:n�n�m{�{j1�!��j1�!���-j:n�n�gB} � j:c�j1z|j:n�n�gB}Gz|j:��m1f�m�z
t m-n�j:��n�gB} c�o��:n�m��!��j:r x	f�p�� f�l�� t c�j:��l��1o�y�l�l � m � c�m��!��c�o�n��!���-j:n�n�g4z � j:c�j!vz|j:n�n�g4z � c�l�z|j:n���p�l��!q{�:z|j �uj:n�n�g ju�!j:� t l�� � c�o-�!��j:�	o	}_l�� � m�p�q-�:m-��o	p�o-�!q

� �



f�l�� t c�j:��l��1o�y�l�� � ����j:r t o-z|l x���p�l�� t l�z|l t t ��o$f�c�o���n�g4z x��$��j-���-g ��l���p�j!vn�l�� � c�m-�-m1f�l�p�l��!q�n�o~�!j:� t o	}_c�o��1z|j:c�o [Lm] ×m
x�k f�j

m
� ��l���p�m �-n�e��	v

c�j:n�n�l�} e��!p�m-� � m t m-m-c-f�l�n�o���j y � � c�l�j1z�p�j1z�o	�{��m-��n�m��!��q c�o-�!��j:�	o �:o-z|l�}f��-l�� j:n�l�r l � m-c�m-k:m-�-gB} �:n�o$��j:n�l�rP��l���p�o � � p�j!� Ra f�m��!��l�k!o	p�o-�!q � c�l
m ≈ 30

�

�p�� t p�o-�:�!l�wxl t o�y�l�l c�o-�:�!��l��	o�n�n�gB} t m-n��-j t ��l��-n�gB}Jf��-l�� j:n�l�rPl���v

� m�p�q-�:e��>�-� � ��p�j�f�e����ul�jum��-m-�:n�o$��j:n�l���� Sk l Pk � �!m-m-���-j:�-�!���-j:n�n�m f�p���!�	o�y�l�m-n�o�c�n�m-k:m{l o��-��m t m�p�j ��o���j!p�q-n�m-k:m c�j s j:n�l�� � k m��!n�m-�-n�g4z|lJ��o	p�o	vz|l t ����j:r t o-z|l��#x S0
� �!m��!��m$��n�l�j z|j!}�o�n�l���j1� t m-k:m c�o��-n�m-�-j1�!l�� ~V = 0

x
T = 1 − y

� ���!n�m-�-n�g4z f�o	p�j:j n�o��:g ��o�j:�-� � ��o	p+x t o-�:o����ul�r�� � m1f�n�m-�-c�j!vz|j:n�n�mJf��-e�} � c�m-��l��-m � m�p�m$��n�gB} �!��j:n�m tIt m-n���j:r�n�j:c�o���� �-m-�:n�o$��j:n�l�j Skl�� � m�p�q-�:e-j:�-� � f�p�� �!�	o�y�l�m-n�o�c�n�m-k:mP�!m��!��m$��n�l��U� �-c�o �uj:n�l�j1z t c�o�r�n�j:k:mp�j:�-m-k:mG��o	p�o � mJ��o-�!m-�-m-r �!��c�j!p t j�x o S∗
k

� f�p�� c�j!��l�z�o � �-c�o �uj:n�l�j1z
p�j:�-m-k:m ��o	p�o � c�m-��l�����o-�!m-�-m-r �!��c�j!p t l��

� 	  �������Y�n� �*�Y���3�q�q�q���*�Y�n�Í�Y��� �q�1�3�1�n�q�#" � �1� � �1���3�
� o-�!��j:��g t m-n��-j t ��l��-n�gB} c�j!��l�z|m-� � c�m-�-j�f�j:n�g f�p�� � c���z|m-e�k:m�p�q-n�l�v

t m-�Gf�p�l�n�g 1 6 L 6 4 �
c�lW��l���p�o	} � � p�j!� 0 < Ra < 106

lW��l���p�o	}
� c�o�n�f��1p�� Pr = 1, 3, 10

� � m�p�e���j:n�gX�!�	o�y�l�m-n�o�c�n�g juc�j s j:n�l��J�u��l���p�m�z��o	p�m-��m-�~m1f�n�m-k:m f�m~m1f�l�n�n�o$f�y�o���l���
�p�� t ��o$f�c�o���n�m-r m���p�o-�!��l c�j1o	p�l��:e�v�>�-� � �!�	o�y�l�m-n�o�c�n�g j�f��-l�� j:n�l��
S1
l
S2
x��~c�m��!��m�z

L
��l���p�mJc�j!��l�z|m-�

e��-j!p�l���l���o�j:�-� � x�l � c�l L = 4
f�p��

Pr = 1
�!e��uj1�!���-e��>� f�l�o � o��:m-n�gM��l�v�!j!p � � p�j!� Ra x�f�p�� t m-��m-c�gB} e��!��m-r���l��-g c�j!��l�z|g Sk

x
k = 3, . . . , 7

x�o
f�p��

Pr = 10
�
Sk
x
k = 3, . . . , 11

�
¢ o�c�l����+� � c�j�f��!�	o���p�j:n�o t o�c��	o�m���p�o-�!��j:r_e��!��m-r���l��-m��!��l �!�	o�y�l�m-n�o�c�vn�gB}Ic�j!��l�z|m-��xdc�o-�:�!��l��	o�n�n�gB}Pf�p��

Pr = 1
� ¢ o � p�m�� t m��!��l � o�c�o-z|j:�	vc�m-�

Ra
l
L
n�m�z|j:c�o-z|l

k
m��-m-�:n�o$��j:n�g t c�l��-g j�x�m-���-j:��o����ul�j k:c�o�n�l�y�o-ze��!��m-r���l��-m��!��l �!�	o�y�l�m-n�o�c�n�gB}Ic�j!��l�z|m-�

Sk
l
S∗
k

t f�p��T�!�	o�y�l�m-n�o�c�n�gB}
c�j s j:n�l�r � m1f�l�n�o t m-�-g4zW��l���p�m�zUm��!n�m-�-n�gB} ��o	p�m-�{m���p�o-�!��lJe��!��m-r���l��-m�v�!��l �!m-� � o$f�o��>����� � c�l � j:c�j!}�m1f�j � o�c�o-z|j:��c�o � � p�j!� Ra ��j:c�j:�~n�l���n��>�k:c�o�n�l�y�e m���p�o-�!��lJe��!��m-r���l��-m��!��l �!�	o�y�l�m-n�o�c�n�gB}Gc�j!��l�z|m-�_c�j1o	p�l��:e-j:�-� �
c�j!��l�zJ��j � p�m � j:c�j�f�o$��l S0

x-ox� c�j:�:e1p�q	�	o���j � j:c�j!}�m1f�o Ra ��j:c�j:�4�-j:c�}�n��>�k:c�o�n�l�y�e~c�j1o	p�l��:e-j:�-� �{m1f�l�n{l���o��-��m t m�p�j ��o���j!p�q-n�gB}�c�j!��l�z|m-� Pk �
�p���c�o-�:�:z|m-��c�j:n�n�gB} �:n�o$��j:n�l�r�e:f�p�l�n�j:n�n�m��!��l t m-n���j:r�n�j:c�o t 1 < L <
4
� � m�p�e���j:n�m�x�����m~��l���p�m � c�o�n�f��1p�� �1o-z|j:��n�m~��p�l���j:��n�o t m�p�l���j1�!���-m~�!m�v�!e��uj1�!���-e����ul�}_�!�	o�y�l�m-n�o�c�n�gB}{c�j!��l�z|m-�~lGwxm-c�z|e l�} m���p�o-�!��j:r_e��!��m-r�v
��l��-m��!��l����\e�z|j:n�q s j:n�l�j1z ��l���p�o � c�o�n�f��1p�� � c�o��-g jPk:c�o�n�l�y�g m���p�o	v�!��l�e��!��m-r���l��-m��!��l �!�	o�y�l�m-n�o�c�n�m-k:m�c�j!��l�z�o��:z|j � o��>�-� � � �!��m-c�m-n�e �-m�p�q�v

� �



s l�} L l �-g c�o-�!�	o�j:�u�1o � o-�4e��!��m-r���l��-m��!��l � m ��l���p�e Ra � � ��m � j>�-c�j1z�� xm���p�o-�!��lIe��!��m-r���l��-m��!��lIc�j!��l�z|m-� � c�o��!p�l���n�g4z^��l���p�m�z^��o	p�m-� l�z|j:�>�
� }�m1f�n�g j���j:c���g �

 x�_c�l����:�_�-l�f�n�m�x�����mGf�p�� t o	� f�m-k:m �!�	o�y�l�m-n�o�c�n�m-k:mGc�j!��l�z�o Sk �e��-j!p�l���j:n�l�j1z
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��	x ���'��� �������/l�XI^#�\#a;^#\ s \#h�^#a/b§^#a=XI©�[�]=ZXIe�Z�uwv�e�\)j�[ s ]=b§f1[�ctIra/eXI©�[�]=Z�Z�]=h9k�]=Z�b=\#k�©�[�[ b$_�V#k�] s k�]=Z�a/\#h�Z�\#e�\|7 7T�1e�[�k�cYXKWZXK¯ s \)v�XIZ�[�k�X�[�a/\)v�rZ�[��\#^#k�XK¯Df1[�V#[�k�X�� ;�²=�=�=|�� ;k���Yz=z���yÍ²�� ;,�q���=²4?Y~��=���³�����^x#���5y#z 
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�B� %1
 % ¢   % � b�% � �  ��
�S� �w¤ b ¢ ��� , ¤ 
 ¤ �   �w¤ ���/% � ¢  ����

� 	�� 	�� ���*�n���

� 	 �p���Y�;���q�1�
� o-�:�:z�o���c�l���o�j:�-� ���1o$f�o$��oxm��-m��:�!�	o�n�m-��p�j:n�l�l � m-��j:n�y�l�o	p�o U(x, k)

m���v
m�� �uj:n�n�m-k:mde�c�o��-n�j:n�l����Xc�j�f�l�n�k:j:c�o

ψxx = Uψ �
m �-c�m-n�� t l�o�n�o-z � wxe�n t vy�l�r �xm��!�	o��$� � c�m-n�� t l�o�n�gP� � � j t ��c�o	p�q-n�m-r �1o$f�o$��jB�1o��-l�� ������m�p�q t m�m-� k xo t m � w wxl�y�l�j:n���g U(x, k)

� ��m�p�q t m m-� x � � j:c�j!}�m1f t n�m-�-m-r n�j:�1o��-l��!l�vz|m-r � j:c�j1z|j:n�n�m-r k o�n�o	p�m-k:l���j:n x1��m � c�j�f�j!p�j:n�n�m-ruz|j:c�j�x � c�j:m��-c�o��:m-��o�n�l�� �e�c�q-j�x�l{�1o$f�o$��ouc�o-�:�!j!��n�l��_�!�-m1f�l��-� � t l��:e���j:n�l�� �!�-m-r��!����x�l�k:c�o����ul�}c�m�p�q~l�n���j:k:c�o	p�m-�  �e�c�q-j�x�z|e1p�q	��l � p�l t o���l��-n�gB} l�n���j:k:c�o	p�m-��x�m � c�j�f�j!p���v���ul�} �-c�m-n�� t l�o�n�g �
� m1f�n�m�z|j:c�n�m-rU��j:m-c�l�l c�o-�:�!j!��n�l�� t c�o�j:�-g jGe���p�m-�-l��W�1o$f�o��>�-� � n�o

±∞ x l �-m-�:n�l t o����ul�j ��f�j1�!q ��o�c�l�o�n���gEc�o��!p�l���n�m-k:m � m-�-j�f�j:n�l��Wc�j s j!vn�l�r z|m$��n�m � c�m-l�p�p����!��c�l�c�m-��o���q ��p�j�f�e����ul�z � c�l�z|j:c�m�zTl�� }�m-c�m s j:k:m
t n�j m���p�j:k:��j:n�n�m-k:m�� e���j �-n�l t o � ���F�

ψ′′ = (p(x) + q(x))ψ,

∞∫

x0

|q(x)| dx <∞,

∞∫

x0

|p′(x)| dx <∞.
t ���

� ��m-c�m-j>l�� � ��l�}~e���p�m-�-l�r~m-�:n�o$��o�j:��x�����m p(x) l�z|j:j:� � c�j�f�j!p p+ � c�l x→
∞ � � c�j�f � m�p�m$��l��Jf�p��Um � c�j�f�j!p�j:n�n�m��!��l p+ > 0

xdz|m$��n�m n�o�r���l � o�c�ec�j s j:n�l�r

ψ±(x) ≈ exp

[
±

x∫

x0

√
p(s) ds

]
,

t ���

t m-��m-c�g j m��-c�o��:e��>� wxe�n�f�o-z|j:n��	o	p�q-n�e��Z�!l��!��j1z|e c�j s j:n�l�r e�c�o��-n�j!v
n�l�� t ����� � f�n�m l�� � ��l�} c�j s j:n�l�r c�o-�!��j:��x|o_f�c�e�k:m-j~�!��c�j1z|l��-� � t n�e1p��
� c�l x → ∞ x|l �!��c�m$���-� �Pm-n�l t o t c�j s j:n�l�� f��-e�} c�o��:n�gB} l�n���j:k:c�o	p�q�vn�gB} e�c�o��-n�j:n�l�r��  �e�n t y�l�� q(x)

� k0p�o��-n�m�z ��p�j:n�j�o-�!l�z � ��m-��l t l z|m$��n�ml�k:n�m-c�l�c�m-��o���q��
? l�XI¦=]=a=Xpb=u�d�]IcZ�\#ZX9d�e�[ f1[�ZXIZ�^#]=b=]=h d�]�W�W\#e/j�k�\�ln]=^#^#[�h�^#k�]=o#]gf1]=Z�WYX9fq_�Z�WYXKr

s \#Z�a=XKct=Z�uwv$[�^#^)c\)W]=b/XIZ�[�h�x�d�e�]=\#k�a�y ~�|Kr}��~)rF~�²Iz�==�Kr6�^�TUqrU�Sr}²=��~�|��q ln]=^#^#[�¯�x A1\#e�Z�]=o#]Ic]=b=k�X�x�U1Z�^#a/[�a=_�apa/\#]=e�\#a/[��\#^#k�]=h f1[�V#[�k�[ [ s � � �  � �§XIZ�WYX#_l	�W~T�
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� c�o-�-m-��j � � � c�o-�:�:z�o���c�l���o	p�o-�!q �1o$f�o$��o~m_wxe�n t y�l���} �xm��!�	o e�c�o��-n�j!vn�l����Xc�j�f�l�n�k:j:c�o �>f�j!p�q	�	o�m��-c�o��:n�g4z|l � m-��j:n�y�l�o	p�o-z|l��

ψxx = (k2 + q(x))ψ, q(x) =
∑

γjδ(x− xj).
t ���

� c�l k = 0
e���p�m-�-l��{n�o�� t o$��m t � c�m-l��:�-m1f�n�gB} ψ′ = ψx

����m-� t o	} x = xj
x

j ∈ Z
x�n�j � c�j:c�g �-n�m-k:m�� � ��l�} ��m-� t o	}uc�j s j:n�l�� ψ(x) e�c�o��-n�j:n�l�� t ����f�o��>�

fj = lim
x→xj+0

ψ′(x)

ψ(x)
, fj+1 = γj+1 +

fj
1 + fj∆j

, ∆j = xj+1 − xj .
t ���

� m�� �uj1zP��p�e���o�j � c�l k 6= 0
l�z|j:j1z

ψ(x, k) = aj e
kx + bj e

−kx, (a, b)j = (a, b)j−1 Sj(k).
t ���

���-n�g r �-l�f � ��l�}_z�o���c�l�y Sj(k) � c�l��-j�f�j:n{n�l�� jx��f�m t o��1o���j!p�q��!���-j4p�j1z�vz|gjx�k f�j�l�� � m�p�q-�:e��>�-� � �!m t c�o �uj:n�n�g j>m��-m-�:n�o$��j:n�l���� xij = xi − xj (xj <
x < xj+1)

x
γ̂j = γj/2k.

�¡������� � 	����
����� � "*�  ���
" S(k) = S(k;n)
8�3�$:8�&C� � 89� � <  8�# <*>*&@� 
��1 � �! <2����3:& # &@����& � n �

$�& � &@�%��"  ��1�B � "*�  ���  "*����&(8����:8 Sj(k) , � <2=+# "�����������:8
kS(k)

8�3�$:8�&C� � 8 ��&@$�<�� � &�& ���
"!>*&@����&)3 �*� $�& < �! & # &@$:8�&C� � 8� <  � � $�<��

lim
k→0

2k

n∏

j=1

Sj(k) = α(n)

(
1 −1
1 −1

)
,

α(n) =
∑

γj +
∑

i<j

γi γj xji +
∑

i<j<l

γi γj γl xji xlj + . . .

C

um t o��1o���j!p�q��!���-m � c�m-�-m1f�l��-� �~l�n�f�e t y�l�j:r � m ��l���p�e n �!m�z|n�m$��l���j!vp�j:r_��wxm-c�z|e1p�j

S(k;n) =

n∏

j=1

(
1 + γ̂j −ej γ̂j
ēj γ̂j 1− γ̂j

)
=

(
a(n, k) b(n, k)
b(n,−k) a(n,−k)

)
,

t ���

{
ej = exp(2kxj),

ēj = exp(−2kxj),l�� t m-��m-c�m-r � m�p�e���o�j1z x�m � e�� t o	��f�p�� t c�o�� t m��!��l_�1o��-l��!l�z|m��!��q m-� k x�����m

S(n) = S(n− 1)

(
1 + γ̂n −enγ̂n
ēnγ̂n 1− γ̂n

)
↔

�3���



{
a(n) = (1 + γ̂n)a(n− 1) + γ̂nenb(n− 1),

b(n) = −γ̂nena(n− 1) + (1− γ̂n)b(n− 1).

t �!�

� m � ��m�z|e

2k

{
a(n− 1, k) = α+ 2kα0 + . . .

b(n− 1, k) = −α+ 2kβ0 + . . .
→

2k

{
a(n, k) = α(1 + γnxn) + γn(α0 + β0) + . . .

b(n, k) = −α(1 + γnxn)− γn(α0 + β0) + . . .

l x�n�j:�1o��-l��!l�z|m�m-� t m-n t c�j:��n�gB}��:n�o$��j:n�l�r α0
x
β0
x��!e�z�z�o

a(n, k)+ b(n, k)m��!�	o�j:�-� � c�j:k:e1p���c�n�m-r_� ��m-� t j k = 0
�
Bb�o t l�zMm��-c�o��:m�z x��G��p�e���o�j�m�� �uj:k:m � m�p�m$� j:n�l�� S(k;n) l�z|j:j:� � n�e�vp�j � m�p�����l e���p�m-�-l�j j:k:m m-�-�!e��-�!���-l�� �1o � l��!g ��o�j:�-� �J� �-l�f�j�e�c�o��-n�j:n�l��

αn = 0
� � c�l n = 3

a(3, k) + b(3, k)ē3 = 1 + γ̂1E13 + γ̂2E23 + γ̂1 γ̂2E12 E23,
t � �

a(3, k) = 1 +
∑

j

γ̂j +
∑

i<j

γ̂i γ̂j Eij + γ̂1 γ̂2 γ̂3E12 E23,
t � �

k f�j
Eij = 1− e2k(xi−xj)

� ¤ n�o	p�m-k:l���n�o	� t ��� � c�m-j t ��l��-n�o	�{wxm-c�z�ouc�j t e�c�vc�j:n���n�gB}{�!m-m-��n�m s j:n�l�r ����p�j:�-� �_��p�j�f��!���-l�j1z t �!� l_�1o � l��!g ��o�j:�-� �~� ��j:c�vz|l�n�o	} m-��n�m s j:n�l�r c(n) = enb(n)/a(n)
��p�j�f�e����ul�zPm��-c�o��:m�z��

(
c(n) + 1− 2k

γn

)(
c(n− 1)e2k(xn−xn−1) + 1 +

2k

γn

)
+

4k2

γ2n
= 0.

t �3���

������������	�
�� 
� � m�p�e���j:n�n�g j �-g s j~wxm-c�z|e1p�g � c�l�z|j:n�l�z|g l t �1o	vf�o$��o-zI� � j:c�l�m1f�l���j1� t l�z|l t m � w wxl�y�l�j:n��	o-z|l�� ¢ o � c�l�z|j:c x�� ��p�e���o�j t ���#xm��-j:�:c�o��1z|j:c�l�� � j:c�l�m1f�l���j1� t m-jdc�j s j:n�l�j l � m�p�o�k!o	� xj = j
x�z|g � m�p�e���o�j1z

1

f(x)
= β + x− j − 1

2
, β2 =

1

γ
+

1

4
, j 6 x 6 j + 1.

� � j t ��cT�!m-m-���-j:�-�!���-e����uj:k:m e�c�o��-n�j:n�l�� �Xc�j�f�l�n�k:j:c�oPc�o-�:�:z�o���c�l���o	p�� �� t n�l�k:j � ��x����3���Y��� �
������������	�
�� ����
�p��_e�c�o��-n�j:n�l�� t ��� �x�-j �uj1�!���-j:n�n�g4z � m-��j:n�y�l�o	p�m�z�~�-l�f�j t m-n�j:��n�m-r �!e�z�z|g δ

v wxe�n t y�l�r_��l���p�m �!m����!���-j:n�n�gB}{�:n�o$��j:n�l�r t m�vn�j:��n�m_l x�� �!l�p�e m��!y�l�p�p���y�l�m-n�n�gB}G��j:m-c�j1z �X��e�c�z�o�x��!m-� � o$f�o�j:�{� ��l���vp�m�z � j:c�j1z|j:nU�:n�o t o � � m���p�j�f�m-��o���j!p�q-n�m��!��l ϕ(xj) xBk f�j c�j s j:n�l�j ϕ(x)
�3���



t �:zB��� � �n� m-���-j:��o�j:� n�e1p�j:�-m�z|e~�:n�o$��j:n�l��
k = 0

� e�c�o��-n�j:n�l�l t �����  �m-c�z|e�v
p�o t p�j1z�z�oG���

ϕ(x4) = 1 + γ1x41 + γ2x42 + γ3x43 + γ1γ2x21x42 + . . . +
γ1γ2γ3x21x32x43

f�j1z|m-n��!��c�l�c�e-j:� �!��c�e t ��e�c�e � p�j1z|j:n���m-� � ��m-r � m���p�j�f�m�v��o���j!p�q-n�m��!��l
ϕ(xj)

� m�� �uj1z ��p�e���o�j-�
� 	�� ���n���q�´�������Y�q���


�p��_e�c�o��-n�j:n�l�� �Xc�j�f�l�n�k:j:c�o�� wxl�n�l���n�g4z � m-��j:n�y�l�o	p�m�z

Lψ = λψ ↔ ψxx =
(
q(x) + k2

)
ψ, λ ≡ −k2, t �����

� t o$��j1�!���-j{wxe�n t y�l�r �xm��!�	o �-g��-l�c�o��>�-� � c�j s j:n�l�� ψ±(x, k)
�{o-�!l�z � v��m-��l t m-r e±kx t �:zB� t ���w��n�oP�!m-m-���-j:�-�!���-e����uj:r��-j1� t m-n�j:��n�m��!��l�� � c�o-��v�:z�o���c�l���o�j1z|m�zTn�o-z|lP��p�e���o�j t ���#x�m��-m-�:n�o$��l��

a(k) = a(n, k)
x
n � 1

x�l
b(k) = b(n, k)

x
n � 1

x�z|g � m�p�e���o�j1z t �:zB��f�m t o��1o�n�n�e�� �-g s j p�j1z�z|e��#x����m
ψ+(x, k) =

{
ekx, x < −h (h� 0),

a(k)ekx + b(k)e−kx, x > h,

ψ−(x, k) =

{
e−kx, x > h (h� 0),

−b(−k)ekx + a(k)e−kx, x < −h.
� c�m-n�� t l�o�n � ��l�}_wxe�n t y�l�r �xm��!�	o

〈f, g〉
�
���
= fg′ − f ′g ⇒ 〈ψ+, ψ−〉 = −2ka(k),

t �����

t o t � m t o��1o�n�m �Gc�o-�-m-��j � � � t �:zB���	o t � j � �7�n�#x�����p���j:�-� � y�j!p�m-r wxe�n t y�l�vj:r � t � � m-n�j:n�y�l�o	p�q-n�m-k:m ��l � o�x�m���p�o$f�o����uj:r ��p�j�f�e����uj:rPo-�!l�z � ��m-��l t m-r� � c�o��-m-r � m�p�e � p�m�� t m��!��l_� � j t ��c�o	p�q-n�m-k:m � o�c�o-z|j:��c�o��

a(k) ≈
N∏

j=1

(
1 +

γj
2k

)
, Re k > 0, |k| � 1.

t �����

b�o t l�z m��-c�o��:m�z � � � xdf�p�� �-m��:�!�	o�n�m-��p�j:n�l�� t m � w wxl�y�l�j:n���m-� γ1, . . . , γN��wxm-c�z|e1p�j>f�p�� � m-��j:n�y�l�o	p�o

u(x) =

N∑

j=1

γjδ(x − xj), x1 < x2 < . . . < xn < . . . < xN
t �����

f�m��!�	o���m-��n�m�x:�>�!l�p�e t �����#x1n�o�r���l t m � w wxl�y�l�j:n���g o-�!l�z � ��m-��l���j1� t m-k:m4c�o��!vp�m$� j:n�l�� �-c�m-n�� t l�o�n�o ka(k) � c�l k → +∞ �w
um � m�p�n�l���j!p�q-n�e�� l�n�wxm-c�vz�o�y�l�� m_n�m��!l���j!p�j � m-��j:n�y�l�o	p�o z|m$��n�m l��:��p�j:��q_l�� o�n�o	p�m-k:l���n�gB} t �����
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o-�!l�z � ��m-��l���j1� t l�} c�o��!p�m$� j:n�l�r f�p�� n�m-c�z|l�c�m-��o�n�n�gB}�n�o � t � � m-n�j:n���e t m�v
� w wxl�y�l�j:n���m-� b(k) ≡ b(N, k)

�

−e−2kxN b(k) ≈ γN

N−1∏

j=1

(
1 +

γj
2k

)
, k → +∞,

−e−2kx1b(k) ≈ γ1

N∏

j=2

(
1− γj

2k

)
, k → −∞.

� �!j m��!�	o	p�q-n�g j � o�c�o-z|j:��c�g � m-��j:n�y�l�o	p�o t �����#x��$��j-��c�o-�:�!��m$��n�l�� z|j!� f�ee��!p�o-z|l x�z|m$��n�m l��:��p�j:��q l���wxm-c�z|e1p�g t �:zB��p�j1z�z|eB���

α(n) =
∑

γj +
∑

i<j

γi γj xji +
∑

i<j<l

γi γj γl xji xlj + . . .
t �����

� m�� �uj1zG��p�e���o�j α(n+1) �
c�j�f��!�	o���p���j:� �!m��-m-r z|n�m-k:m-��p�j:n m-�

γ1, . . . , γn
x

l � c�l γn = 0
z|n�m-k:m-��p�j:n

α(n + 1) �
j:c�j!}�m1f�l�� � z|n�m-k:m-��p�j:n

α(n)
m-�

γ1, . . . , γn−1
l_�$��f���b�o t l�z m��-c�o��:m�z x�l�� � m�p�q-�:e��{c�j t e�c�c�j:n���n�g j�wxm-c�z|e�vp�g p�j1z�z|gR��x�z|g � m�p�e���o�j1z ��p�j�f�e����uj:j4e����-j:c�� f�j:n�l�j>m�� � w wxj t ��l��-n�m�z� � m��!m��-j�c�j s j:n�l��{m��-c�o���n�m-r{�1o$f�o$��l c�o-�:�!j!��n�l����

�����3�1����� � 	��A��$
"*����&
δ

 <�0  " ����1�B � <!��&@�����
"�$�<23 t �����
3 ��3*" ������$
"*���(� 
>*&C�(��< � �! ��02$��:' &@����� 3  <2�%�(���
"�� ����������� ����<!����" 8�3�$:8�&C� � 8 � ��<2=�<*> $�& 
��< � ����& � &@��� N+1 � <�<�0  "*����1 � ����& � &@�:8�� � "  "�� &C�  " k ;��*� $�� ��<!��<  <2=�<��<23 � "�# "�5 ��� � "  "�� &C�  "�� � γj ; j = 1, . . . , N, � <!��&@�����
"�$
" ,¢ e1p�l k = kj

�-c�m-n�� t l�o�n�o t �����(x�c�o-� � m�p�m$� j:n�n�g jB� � c�o��-m-r � m�p�e � p�m���v
t m��!��l x m-���-j:��o��>� �!m����!���-j:n�n�g4zX�:n�o$��j:n�l���z^e�c�o��-n�j:n�l�� t ��������� m-m-���-j:�	v�!���-e����ul�j4�!m����!���-j:n�n�g j4wxe�n t y�l�l � c�m � m-c�y�l�m-n�o	p�q-n�gIwxe�n t y�l���z�xm��!�	o
ψ±(x, kj)

l �!��c�j1z����-� � t n�e1p�� � c�l x→ ±∞ ��
um � m�p�n�l���j!p�q-n�g r � � j t ��c xl�k:c�o����ul�ru��o	��n�e��Pc�m�p�q>��m��-c�o���n�m-r��1o$f�o$��j�x:m��-c�o��:e��>�4�1o��-l�� � �ul�j m-�
xt o t m-� � o�c�o-z|j:��c�o n�e1p�l k = Kj(x)

� c�m-l��:�-j�f�j:n�l��_wxe�n t y�l�r �xm��!�	o � � �F�

A(x, k) = ψ−(x, k)ψ+(x, k), Re k > 0;

A(x, k) → a(k), |x| → ∞.

t �����

� j:c�j!}�m1f m-��p�l�n�j:r�n�m-k:m~e�c�o��-n�j:n�l�� �-��m-c�m-k:m � m-c���f t o ψ′′ = Uψ t e�c�o���vn�j:n�l��i��c�j:��q-j:k:m � m-c���f t o

Axxx = 4UAx + 2UxA,
t �%�!�

f�p�� ��� c�m-l��:�-j�f�j:n�l�r�� � c�j�f�m��!�	o���p���j:�uf�m � m�p�n�l���j!p�q-n�g j��-m-�1z|m$��n�m��!��l ���j:m-c�l�lWc�o-�:�!j!��n�l����§� m$��n�m � c�m-�-j:c�l���q�x ����m � c�l Re k > 0
x
a(k) 6= 0

�3���



c�j s j:n�l�j t c�o�j:�-m-rG�1o$f�o$��l t ����� f�p��Je�c�o��-n�j:n�l��^��c�j:��q-j:k:m � m-c���f t o t �%�!�� � m�p�n�jum � c�j�f�j!p���j:�-� � �-g��-m-c�m�z a(k) � � c�l U(x, k) = k2 + q(x)
m��!m��-g r

l�n���j:c�j1� � c�j�f��!�	o���p���j:� � � j:y�l�o	p�q-n�m-j_c�j s j:n�l�j e�c�o��-n�j:n�l�� t �%�!� � �-l�f�jwxm-c�z�o	p�q-n�m-k:muc���f�o � m m��-c�o���n�g4z �!��j � j:n���z λ = −k2 �

A(x, k) ∼ 1 +
1

2λ
q(x) +

1

8λ2
(
3q2 − qxx

)
(x) + . . .

t � � �

� ��m-�{wxm-c�z�o	p�q-n�g r c���fJ����p���j:�-� � � c�m-l��:�-m1f�� �uj:r wxe�n t y�l�j:r
�-j1� t m-n�j:��vn�m-k:m n�o-�-m-c�o � �-g4� s l�}�� �!l�z�z|j:��c�l�r � � j t ��c�o	p�q-n�m-r_�1o$f�o$��l t �������
� 	  �*�)� �����q� 	

 �e�n t y�l�l �xm��!�	o��-m�p�j:j>m�� �uj:k:m��-l�f�o t ��� �-m-�:n�l t o��>�u� o t e��!��l���j1� t m-r�1o$f�o$��j�c�o-�:�!j!��n�l����

c2(x)ψxx = k2ψ, c(x) → 1, x → ±∞.
t � � �

� c�j�f � m�p�o�k!o	� � � t m-c�m��!��q�� c(x) t e��!m-��n�m�v � m��!��m$��n�n�m-r��|c�o��:c�g ��o-z|lx� ��m-��vt o	} x = xj
x�n�o�r�f�j1zWwxm-c�z|e1p�gjx�m � l��!g ��o����ul�jxf�p�� e�c�o��-n�j:n�l�� t � � � � j!vc�j!}�m1f � m-��c�j:� t o Ij = [xj , xj+1]

n�o��!m��!j�f�n�l�j m-��c�j:� t l�� � e��!��q c(x) = cj
x

x ∈ Ij
� � c�j�f��!�	o��-l���c�j s j:n�l�j ψ = ψ(x, k)

n�o�m-��c�j:� t j Ij �~�-l�f�j p�l�n�j:r�vn�m-r t m�z �-l�n�o�y�l�l � t � � m-n�j:n��

ψ = aj e
kjx + bj e

−kjx, xj < x < xj+1, kj
�
���
=

k

cj
,

t �!���

l_m��-m-�:n�o$��l�� ~ψj = [ajekjxj , bje
−kjxj

] x�o�n�o	p�m-k:l���n�m t ���dn�o	}�m1f�l�z

~ψjEj = ~ψj−1 Ej−1 Sj , Ej =

(
eyj 0
0 e−yj

)
, yj = kj(xj+1−xj).

t �����

b�o t l�z m��-c�o��:m�z xBf�p��Xo t e��!��l���j1� t m-rM�1o$f�o$��l � p�j1z|j:n��	o�c�n�g j z�o���c�l�y�gc�o-�:�!j!��n�l��
Sj(k)

t �:zB��p�j1z�z|eB���dl�z|j:�>����p�j�f�e����ul�r_�-l�fq�

Sj =
1

2

(
aj b̄j βj āj

)
,

{
aj = (1 + αj)e

yj , āj = aj e
−2yj ,

bj = (1− αj)e
yj , b̄j = bj e

−2yj ,

t �����

k f�j
αj = cj/cj−1

� � �-m-�:n�o$��l�� ��j:c�j:�
α(n) = 2−n

∏
(1 + αj) exp

∑
yj
x

z|g � m�p�e���o�j1zXp�j:k t m m��-m�� � o�j1z|g j{���-n�g j �-g c�o	� j:n�l�� f�p�� � p�j1z|j:n���m-�c�o-�:�:z�o���c�l���o�j1z|m-k:m z�o���c�l���n�m-k:m � c�m-l��:�-j�f�j:n�l����

a(2) = α(2)

(
1 +

b̄1b2
a1a2

)
, b(2) = α(2)

(
b1
a1

+
ā1b2
a1a2

)
,

�3���



a(3) = α(3)

(
1 +

b̄1b2
a1a2

+
b̄2b3
a2a3

+
b̄1ā2b3
a1a2a3

)
,

b(3) = α(3)

(
b1
a1

+
ā1b2
a1a2

+
ā1ā2b3
a1a2a3

+
b1b̄2b3
a1a2a3

)
,

a(4) = α(4)

(
1 +

b̄1b2
a1a2

+
b̄2b3
a2a3

+
b̄3b4
a3a4

+

+
b̄1ā2b3
a1a2a3

+
b̄2ā3b4
a2a3a4

+
b̄1ā2ā3b4
a1a2a3a4

+
b̄1b2b̄3b4
a1a2a3a4

)
.

� m-m�� �uj�x t m � w wxl�y�l�j:n���g aj = aj(n)
� � ��l�}�wxm-c�z|e1p�o	}x�!m1f�j:c�� o��B��m�p�q t m��j:��n�g juz|m-n�m�z|gMm-�

b/a
x�o t m � w wxl�y�l�j:n���g bj = bj(n)

� ��m�p�q t m�n�j:��j:�	vn�g j-� ¢ e1p�l a(n) = aj(n)
x
j � 1

x1f�o��>� �!m����!���-j:n�n�g j �:n�o$��j:n�l�� o t e��!��l���j!v� t m-r �1o$f�o$��l�c�o-�:�!j!��n�l���� c�o��:c�g ��o-z|l�����m-� t o	} x = x1 < x2 < . . . < xn
�

� ��o-�!��n�m��!��l x � c�l n = 2

a(2) = 0 ↔ exp(2y2 − 2y1) +
1− α1

1 + α1

1− α2

1 + α2
= 0.

� o-�:�:z|m-��c�l�zE�!�����:qUo t e��!��l���j1� t m-rM�1o$f�o$��lMc�o-�:�!j!��n�l�� � l��:�-j1�!��n�m-r� � j t ��c�o	p�q-n�m-r{�1o$f�o$��j:r

d

dx
Ψ =W (x, k)Ψ, W (x, k) = σk + V (x) =

(
k u(x)

v(x) −k

)
,

t �Y���

k f�j
Ψ
� �-j t ��m-c�v wxe�n t y�l�� ^ t m�z � m-n�j:n��	o-z|l ψ1 l ψ2 x�o σ = diag(1,−1)

�
�>�-z|j:��l�z x�����mMc�j s j:n�l��^�!l��!��j1z|g e�c�o��-n�j:n�l�r � j:c��-m-k:m � m-c���f t o t �Y���
z|m$��n�mxe�z|n�m$� o���q�n�o � t � � m-n�j:n���gjx��	o t t o t ψ1 = ψ̃1exα, ψ2 = ψ̃2exβ →
ũ(x) = u(x)e(β−α)x

x
ũ(x) ṽ(x) = u(x) v(x)

��b�o t l�zIm��-c�o��:m�z x�e�c�o��-n�j:n�l��
n�jGz|j:n����>� �!�-m-j:k:m �-l�f�o � c�l � ��m-rW�1o-z|j:n�j Ψ → Ψ̃

lI���!j �!�-m1f�l��-� � t� f��-l�k:eJ� � j t ��c�o	p�q-n�m-k:m � o�c�o-z|j:��c�o k = k̃ + α � c�l α + β = 0
�1  � }�m1f�v

n�o	�Gwxm-c�z|e1p�o t ���4��j:m-c�l�lGc�o-�:�!j!��n�l�� x��_�!m-m-���-j:�-�!���-l�lG�ue���j �-n�l t m�z � ��� x
� c�l�n�l�z�o�j:� ��j � j:c�q~��p�j�f�e����ul�r_�-l�fq�

Ψ±(x) ≈ E±(x) exp

[
±

x∫

x0

µ(s) ds

]
, µ2(x) = k2 + u(x) v(x).

t �%���

� c�l � ��m�z � c�j�f � m�p�o�k!o�j:�-� � x|����m ∫∞
x0

|V ′(x)| dx < ∞ lI����m � � c�j�f�j!p�j
x→ ∞ �!m����!���-j:n�n�g j��:n�o$��j:n�l���z�o���c�l�y�g

W (∞, k)
����p����>�-� � � c�m��!��g4z|l��

�3���



�>k:c�o�n�l���l�z�� ����f�j1�!q���p�e���o�j1z
k = 0

� � � ��m�z ��p�e���o�j e t o��1o�n�n�o	� �-g s jwxm-c�z|e1p�o f�p��I�!m����!���-j:n�n�gB} �:n�o$��j:n�l�r ±µ(x) z�o���c�l�y�g W (x, k)
e � c�m�v

� o�j:�-� �_l m��-m-�:n�o$��o�j1z��
α2 = uv

� � o	��n�m�m-�-z|j:��l���q�x�����m�f�o	� j�f�p�� t m�z�v
� p�j t �!n�m-ruwxe�n t y�l�l V (x) �

j:c�j1z|j:n�n�o	�
α(x) =

√
u(x) v(x)

c�j�f�e�y�l�c�e-j:�-� �
t �-j �uj1�!���-j:n�n�m-�:n�o$��n�m-r � c�l_�-g � m�p�n�j:n�l�l{e���p�m-�-l��

u = ±v̄ → α2 = uv = ±|v|2, t �����
�1o-z|j:n������uj:k:mMe���p�m-�-l�jI�-j �uj1�!���-j:n�n�m��!��l � m-��j:n�y�l�o	p�o f�p�� e�c�o��-n�j:n�l��
�X��e�c�z�o��)� l�e��-l�p�p�� t �����0�


�p�� � c�l��-j�f�j:n�l�� W (x, 0) = V (x) t f�l�o�k:m-n�o	p�q-n�m�z|e �-l�f�e�z|g �-e:f�j1zl�� � m�p�q-�:m-��o���q ��p�j�f�e����ue�� wxm-c�z|e1p�e��

V =

(
0 u
v 0

)
=

α

2h

(
1 −1
h h

)
σ

(
h 1
−h 1

)
↔

{
u = α

h ,

v = αh.

t �Y���

¢ o�r�f�j1z � p�j1z|j:n��	o�c�n�g j�z�o���c�l�y�gTc�o-�:�!j!��n�l���f�p�� t e��!m-��n�m�v � m��!��m$��n�n�m-k:m
� m-��j:n�y�l�o	p�o��

V (x) = Vj =

(
0 uj
vj 0

)
, xj < x < xj+1,

t ���!�

l�� � m�p�q-�:e�� α2 l h ��z|j1�!��m uv l v �!m-m-���-j:�-�!���-j:n�n�m�� ¢ o � c�l�z|j:c x	� ��p�e���o�jB�f��-e�z�� ��m-� t o-z|l�c�o��:c�g ��o � c�l x = x1, x2
� � ��l�} m��-m-�:n�o$��j:n�l���} � m�p�e���o�j1z

h(x) =





h0, x < x1,

h1, x ∈ [x1, x2],

h2, x > x2,

v(x) =





α0h0,

α1h1,

α2h2,

u(x) =





α0/h0,

α1/h1,

α2/h2.

t � � �

� ��l��	o	�u�1o$f�o�n�n�g4zGz�o���c�l���n�m-jBc�j s j:n�l�j Ψ0(x)
� c�l x < x1

x$n�o�r�f�j1zGz�o��	v
c�l���n�g j�c�j s j:n�l�j Ψn = Ψn(x)

n�o_m-��c�j:� t o	} x ∈ [xn, xn+1]
x�l�� � m�p�q-�:e��e���p�m-�-l��P� t p�j:r t l � ��l�}Pc�j s j:n�l�r Ψj(x) = Ψj−1(x)

� ��m-� t o	} x = xj
�

,�o � l��:o�� Ψj(x) � �-l�f�j�x�o�n�o	p�m-k:l���n�m�z t �!���#x � m�p�e���o�j1z

Ψj(x) = Hj Ej(x)Cj ,

Ej(x) = exαjσ =

(
exαj 0
0 e−xαj

)
, Hj =

(
1 −1
hj hj

)
.

t � � �

	 ��p�m-�-l�j
Ψ1(x) = Ψ0(x) = H0E0(x)C

� c�l x = x1
f�o�j:�

E1(x1)C1 =
1

2

(
1 + β β − 1
β − 1 1 + β

)
E0(x1)C0, β

�
���
=
h0
h1
.

t �����
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� j:c�j � l��:o�� ��p�j�f�e����ul�j e���p�m-�-l��{� t p�j:r t l_� �-l�f�j

Ej(xj)Cj
∣∣
j=n+1

= H−1
n+1HnEn(xn+1 − xn)En(xn)Cn,

� m�p�e���o�j1z c�j t e�c�c�j:n���n�g j�wxm-c�z|e1p�gUf�p��{�-g ��l���p�j:n�l�� C̃n = En(xn)Cn
�

Ej(xj)Cj
∣∣
j=n+1

=
1

2

(
(1 + βn)γn γ−1

n (βn − 1)
γn(βn − 1) (1 + βn)γ

−1
n

)
En(xn)Cn,

t �����

k f�j
βn

�
���
= hn/hn+1

x
γn = expαn(xn+1 − xn).

��� 
���� ��� � m$���!n�l�zP�!��c�e t ��e�c�e � c�l��-j�f�j:n�n�gB}{�-g s jxm�� �ul�} wxm-c�z|e1pn�o � c�l�z|j:c�j � m-��j:n�y�l�o	p�o V (x)
��f��-e�z�����m-� t o-z|l�c�o��:c�g ��o t � � ��� � m�p�o�k!o	� xn�j�m-k:c�o�n�l���l���o	�Jm�� �un�m��!��l

x1 = 0
x
α = α2 = 1

x�l � c�l�z|j:n���� wxm-c�z|e�vp�g t �����(x t �����(x�n�o	}�m1f�l�z

E2(x2)C2 =
1

2

(
(1 + β1)γ1 γ−1

1 (β1 − 1)
γ1(β1 − 1) (1 + β1)γ

−1
1

)
C1,

C1 =
1

2

(
1 + β β − 1
β − 1 1 + β

)
C0,

k f�j

E2(x) =

(
ex 0
0 e−x

)
, β =

h0
h1
, β1 =

h1
h2
, γ1 = exp(α1x2).

� j t e�c�c�j:n���n�g j_wxm-c�z|e1p�g t ������z|m$��n�m � j:c�j � l��:o���qJ��p�j�f�e����ul�zim���vc�o��:m�z t �:zB� t �����w�=�

Ej(xj)Cj
∣∣
j=n+1

=

(
1

2

)n (
an b̃n
bn ãn

)
E1(x1)C1,

(
am
bm

)
=

(
σmγm γ−1

m δm
γmδm σmγ

−1
m

)(
am−1

bm−1

)
.

t �����

,�f�j1�!q
an
l
bn
t c�o��-n�m t o t l ãn x b̃n �|����p����>�-� ��m1f�n�m-c�m1f�n�g4z|l�z|n�m-k:m-��p�j!vn�o-z|l �!��j � j:n�l n � j:c�j1z|j:n�n�gB} γ±j = exp[±αj(xj+1 − xj)]

x � c�l���j1z ã x b̃m-�:n�o$��o�j:�u�1o-z|j:n�e
γ+j ↔ γ−j

l{�-�-j�f�j:n�g � j:c�j:m��-m-�:n�o$��j:n�l�� σm = βm + 1
x

δm = βm − 1
� � ��o-�!��n�m��!��l x

a1 = σ1γ
+
1 , ã1 = σ1γ

−
1 , b1 = δ1γ

+
1 , b̃1 = δ1γ

−
1 ,

�3� �



l_���!l�p�e t �����

a2 = σ1σ2γ
+
1 γ

+
2 + δ1δ2γ

+
1 γ

−
2 , b2 = σ1δ2γ

+
1 γ

+
2 + δ1σ2γ

+
1 γ

−
2 ,

ã2 = σ1σ2γ
−
1 γ

−
2 + δ1δ2γ

−
1 γ

+
2 , b̃2 = σ1δ2γ

−
1 γ

−
2 + δ1σ2γ

−
1 γ

+
2 .

� c�o��-n�l�� � ��l{wxm-c�z|e1p�gU�>o�n�o	p�m-k:l���n�g4z|l wxm-c�z|e1p�o-z|l t ������f�p��{o t e�v�!��l���j1� t m-r��1o$f�o$��l c�o-�:�!j!��n�l�� x�z|gIm��-n�o�c�e���l���o�j1z l�}��!m-� � o$f�j:n�l�j4� ��m-��vn�m��!��q-� f�m m��-m-�:n�o$��j:n�l�r�� � ��m l�n���j:c�j1�!n�m-j_n�o-��p��df�j:n�l�j � c�l��-m1f�l���x�n�o	v
� c�l�z|j:c x t �-m � c�m��!eUmU� � j t ��c�o	p�q-n�gB} }�o�c�o t ��j:c�l��!��l t o	} t e��!m-��n�m�v � m���v��m���n�n�gB} � m-��j:n�y�l�o	p�m-� t ���!�#x��!m-m-���-j:�-�!���-e����ul�}Jf�l�� t c�j:��n�m�z|eP� � j t ��c�eo t e��!��l���j1� t m-r �1o$f�o$��l��
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r¬]=¦=eXIV#Z�uwv§d�]=a/\#Z�©�[XKc]=b^7 7I�n\#]=e�\#a/[��\#^#k�XK¯[ s XIaI��f1[�V#[�k�X�� ;�²=��~���� ;k���n~4\=|�x�y�~=� ;,�q��~��=�4?Y~=~����

� �Wi��A� u �U�|�omk� i �|� � � �,¡O���,¡O��� u p
�|� i�� yA� u ro�Xr�m � �,�3� u i��|� Z u �U� � �§�

� �G����r�h�k	¢�k%g
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U(x, k)
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��	1� 	��g�����1������� �

� e��!��q E �\�!m-�-j:c s j:n�n�m-j t m�z � o t ��n�m-j~z|n�m$� j1�!���-m_�
C
� � c�j�f � m�p�m�v��l�z x�����m f�p�� wxe�n t y�l�l f : E → C

�!e��uj1�!���-e��>�

lim
ζ→z,
ζ∈E

f (k)(z)− f (k)(ζ)

z − ζ
=:f (k+1)(z) ∈ C, k ∈ N0, z ∈ E.

 �e�n t y�l�� f n�o��:g ��o�j:�-� � C
v���(63 8:$2�)(�:� $ =�9 � ��(+* (���� 9�*��!(>1�$ � n�o

E
x�j1��p�l

� c�l{p�� �-gB} n ∈ N0
l
0 6 k 6 n

��wxm-c�z|e1p�j�b�j:r�p�m-c�o

f (k)(z) = f (k)(ζ)+
f (k+1)(ζ)

1!
(z−ζ)+. . .+ f (n)(ζ)

(n− k)!
(z−ζ)n−k+Rn,k(z, ζ)

m��!�	o���m-��n�g jx��p�j:n�g e:f�m-��p�j:���-m-c����>� e���p�m-�-l���z��

Rn,k(z, ζ) = o
(
|z − ζ|n−k

) c�o��-n�m�z|j:c�n�m � m z, ζ ∈ E.

� j:c�j:�
C∞

C
(E)

m��-m-�:n�o$��l�zG�!j1z|j:r��!���-m ���!j!}
C
v �-j1� t m-n�j:��n�m4f�l�w wxj:c�j:n�vy�l�c�e-j1z|gB} n�o

E
wxe�n t y�l�r��

%4�� �/
ug n�q t l�n��>c�o-�-m-�	o	}.� ��x%�'��e��!�	o�n�m-�-l�p�n�j � m��!c�j�f��!���-j:n�n�e��P�!�����:qz|j!� f�e t p�o-�:�:o-z|l¡� o�c�p�j1z�o�n�o n�o f�o�n�n�m�z t m�z � o t ��jul t p�o-�:�:o-z|l wxe�n t vy�l�r x�m���p�o$f�o����ul�} � c�m1f�m�p�� j:n�l���z|lG� t m�z � o t �	o � t m�z � p�j t �!n�e�� � p�m���v
t m��!��q��x�!m-m-���-j:�-�!���-e����ul�z|l_m-y�j:n t o-z|l ∂F

∂z̄

����p�l��:l t m�z � o t �	o��
� n�o-�!��m$� �uj:rJc�o-�-m-��j c�j:�:e1p�q	�	o���g %4�´� �*
ug n�q t l�n�o c�o-� � c�m��!��c�o�n���v�>�-� � n�o � c�m��!��c�o�n��!����o �-j1� t m-n�j:��n�muf�l�w wxj:c�j:n�y�l�c�e-j1z|gB}_wxe�n t y�l�r x��1o	vf�o���o�j1z|gB} � m���p�j�f�m-��o���j!p�q-n�m��!�1��z|l �-j1�!m-� m�� �uj:k:m �-l�f�o��
�p�� � c�m-l��:�-m�p�q-n�m-r~�-g � e t p�m-r{n�o [0,∞)

wxe�n t y�l�l ψ � m�p�m$��l�z

sup
n>0

sup
06k6n

sup
ζ,z∈E,
ζ 6=z

|Rn,k(ζ, z)|(n− k + 1)!

(n+ 1)! eψ(n+1)|ζ − z|n−k+1
=:‖f‖ψ,

sup
z∈E

sup
n>0

∣∣f (n)(z)
∣∣

n! eψ(n)
=:‖f‖ψ, |||f |||ψ := ‖f‖ψ +

∥∥f
∥∥ψ,

l_m��-c�o��:e-j1z � c�m��!��c�o�n��!���-m Aψ(E) := {f ∈ C∞
C
(E) : |||f |||ψ <∞}.

? ln]=^#^#[�¯�xYln]=^#a/]=bIr¬ZXKr ;]=Z�_/x �«j�Z�u�h�f1\)W\#eXKct=Z�u�hD_�Z�[�b=\#e�^#[�a/\#aI�

�����



� e��!��q � m���p�j�f�m-��o���j!p�q-n�m��!��q Ψ = (ψp)
∞
p=1

�-g � e t p�gB} wxe�n t y�l�rGe:f�m�v��p�j:���-m-c���j:� e���p�m-�-l���z
x = o(ψp(x))

x
x→ ∞ x

p ∈ N
x�l

(∀ p ∈ N) (∃Cp > 0) (ψp(t) 6 ψp+1(t) + Cp), t > 0.

� �-c�o��:e-j1z � m�n�j:r_p�l�n�j:r�n�m-j � c�m��!��c�o�n��!���-m AΨ(E) :=
⋃∞
p=1Aψp(E),

n�o	v
f�j!p�j:n�n�m-jx��m � m�p�m-k:l�j:r{�-n�e���c�j:n�n�j:k:m l�n�f�e t ��l��-n�m-k:m � c�j�f�j!p�o��
� �-j�f�j1zJj �uj m1f�n�m � c�m��!��c�o�n��!���-m��
�p�� �-j1�:o ψ l f�l�w wxj:c�j:n�y�l�c�e-j1z|m-r�

R2 wxe�n t y�l�l F � m�p�m$��l�z

‖F |ψ := sup
ζ /∈E

∣∣∣∣
∂F

∂z̄
(ζ)

∣∣∣∣ eψ
∗(log(1/ρ(ζ,E)),

k f�j
ψ∗ � �!m � c���� j:n�n�o	� � mg�^n�k:e_� ψ wxe�n t y�l�� x�o ρ(ζ, E)

� z|l�n�l�z|e�z
l��

1
l{c�o-�:�!��m$��n�l��{m-�

z
f�m

E
� � �-c�o��:e-j1z ��o�n�o	}�m-�-m � c�m��!��c�o�n��!���-m

PAψ(E) :=
{
F ∈ C∞(R2) ∩ Aψ(E) : ‖F |ψ :<∞

}

� n�m-c�z|m-r |||F |ψ := |||F |||ψ + ‖F |ψ
� � m{�-j1�!m-�-m-r � m���p�j�f�m-��o���j!p�q-n�m��!��l Ψ

x
t o t �-g s j�x�m � c�j�f�j!p�l�zP�-n�e���c�j:n�n�l�r_l�n�f�e t ��l��-n�g r � c�j�f�j!p

PAΨ(E) :=

∞⋃

p=1

PAψp(E).

���!n�m-�-n�g4z c�j:�:e1p�q	�	o���m�z c�o-�-m-��gU����p���j:�-� �
�����3�1����� � 	 �  & # � <2$�<�')��� ;4>:��< 3:&C��<23*"28 � <!�($�& # <23*"*��&@$�����<!����� Ψ

;
��"��D3�1 �)&C;*��# <23�$�&C��3:<  8�&C��#%3����9# < � <2$����%��&@$�����1 � �
�($�<23��:8��

(∃ D > 0)
(
ψ∗
p(x) + x 6 ψ∗

p(x+D) +D
)
(∀x > 0) (∀ p ∈ N);

(∀ p ∈ N) (∃Cp > 0) (ψp(x) + x 6 ψp+1(x) + Cp) (∀x > 0).

�
<2=+# " ��� &�&C� � 8 $�����&�����1 � ��& �! &  143���1 �A< � &  "*��<  A�! <(# <2$:' &@���:8%;!# &�� 
����3���5�6�� �D���

AΨ(E)
3
PAΨ(E) ,

� �q�����1�n� �w�1�
~=��� �'F'��g F&�I� �¤��¥I2'��.'&���!'Q'%����"��� -���$ *^�Pl������'&�$ %��:7 7�o���X��"��� ��9:�#��2�� ;$~��=�=|�� ;�<5%�� �'==��� ;
>n�z/�4?�³I���²���
�� �����'��� �I� �¤�n�1^#\#bIW]/XIZXKc[�a/[��\#^#k�]=\�d�e�]�W]Ic�j§\#Z�[�\�o±cYXKWk�[�v9fq_�Z�k�©�[�h�x3eXIbIrZ�] s \#e�ZXK¯S¨;k�XKcYX��	�DXIa/\ s XIa/[��\#^#k�]=\1d�e�]=o#eX s3s [�e�]=b/XIZ�[�\;[$^ s \)j�Z�u�\�b=]=d�e�]=^#u 7 7
�n\#]=e�[�¯Sfq_�Z�k�©�[�h$[$fq_�Z�k�©��XIZXKc[�V=�'��e���³�r¬h-V#[ s Z�\#h$¨;k�� l ;e�]=o#]=¦=u��x�~��/³KzToF� pF� ;
��� � �1\#Z�a/e�� �#k�]=Z�] s � r s XIaI��[�Z�r¬a3�W~ �I�I�wlnx�~��/³�=�� ; 8 ��z/�4?�³I|��
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�m  ¢ %�� ¢�� � ¢ % � � % � � ��¢�� � � �w¤ ��� � �S� �w¤ b ¢�� �� � � % �w¤ b"� � 	 � � %1
��db ¤ � ��% ¢  ��
� (LB)

v � � ���db �w¤ ¢ �db � ¤ �
� 	�� 	 ���n�q���1�����

� m � m���p�j�f�m-��o���j!p�q-n�m��!��l Φ := (ϕn)n∈N

x1n�o � c�o���p�j:n�n�m-rx��p�j:�-m � m � m1f�v��l�n�j:n�l�� t ∀n ∈ N ∃Cn : ϕn+1(z) 6 ϕn(z) + Cn
x
z ∈ C

� m��-c�o��:e-j1z
�-j1�!m-�-m-j � c�m��!��c�o�n��!���-m  �c�j s j P (Φ) = ⋂∞

n=1E(ϕn)
x�k f�j

E(ϕn) :=

{
f ∈ H(C) : ‖f‖ϕn := sup

z∈C

|f(z)|
eϕn(z)

<∞
}
, n ∈ N.

� m � c���� j:n�n�m-j � P (Φ) � c�m��!��c�o�n��!���-m P ′(Φ)
x m-��j:�-l�f�n�m�x l�z|j:j:� �-l�f

P ′(Φ) =
⋃∞
n=1 P

′
n(Φ)

x�k f�j
P ′
n(Φ) := {ν : ν

�Ep�l�n�j:r�n�g r wxe�n t y�l�m-n�o	pn�o
P (Φ)

^ ‖ν‖′ϕn
<∞}.,�o-z|j:��l�z x-����m � c�l t o	� f�m�zGwxl t �!l�c�m-��o�n�n�m�z λ ∈ C

f�j!p�q	�	o	v wxe�n t y�l��
δλ(f) = f(λ), f ∈ P (Φ)

x�����p���j:�-� � � p�j1z|j:n���m�z �!m � c���� j:n�n�m-k:m � c�m��!��c�o�n�v�!����o
P ′(Φ)

l x$�-m�p�j:jx��m-k:m�x����!j
δλ ∈ P ′

1(Φ)
x
λ ∈ C

�
� e��!��q Λ = (λk)

∞
k=1

� � m���p�j�f�m-��o���j!p�q-n�m��!��q � m � o�c�n�m�c�o��!p�l���n�gB}���m�v��j tJt m�z � p�j t �!n�m-r � p�m�� t m��!��lG^ |λk| → ∞ � c�l k → ∞ � � m � m���p�j�f�m-��o	v��j!p�q-n�m��!��l
Λ = (λk)

∞
k=1

m��-c�o��:e-j1z ��o�n�o	}�m-�-g � c�m��!��c�o�n��!����o

K1(ϕn,Λ):=

{
c = (cj)

∞
j=1 : |c|1n :=

∞∑

j=1

|cj | eϕn(λj) <∞
}
, n ∈ N,

l t �|� r�� v � c�m��!��c�o�n��!���-m K1(Φ,Λ):=
⋃∞
n=1K

1(ϕn,Λ)
�

� �1�Y�1��� �«���q�1� � 	 �D< � �
������� ; >:��< Φ . ��"���<2���?>*&C�(��"28 � <!�($�& # <23*" 
��&@$�����<!�����
(
37� � 1 �($�&

[1]) , � 8�# ∑∞
j=1 cj 4δλj

� B�<(#%�%� � 8 3
P ′
b(Φ)

"!0!��<2$�5 � 

��<)��<2=+# "��9��<2$�����<7��<2=+# "*;���<2=+# "

c = (cj)j∈N ∈ K1(Φ,Λ) , x� � c�j�f�p�m$� j:n�l�� � m � j:c�o���m-c W : c = (cj)
∞
j=1 7−→ ∑∞

j=1 cjδλj

f�j:r�v
�!���-e-j:� l��

K1(Φ,Λ)
�
P ′
b(Φ)

p�l�n�j:r�n�m l_n�j � c�j:c�g �-n�m��
 o	p�j:jxm��-c�o��:e-j1z � m n�o s l�z �-j1�:o-z ϕn ∈ Φ
��o�n�o	}�m-�-g j � c�m��!��c�o�n��!����o

E(ϕn,Λ):=

{
d = (dk)

∞
k=1 : ‖d‖n := sup

k>1

|dk|
eϕn(λk)

<∞
}
,

? ln]=^#^#[�¯�xY¥*cYXKW[�k�XIb=k�XIV=x � �DU ¥0~�� l	�W~T�
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o � m>n�l�z � c�m��!��c�o�n��!���-m� �c�j s j � m���p�j�f�m-��o���j!p�q-n�m��!��j:r t m�z � p�j t �!n�gB} ��l�v�!j!p
P (Φ,Λ) :=

⋂∞
n=1E(ϕn,Λ)

� ��m � m�p�m-k:l�j:r x��1o$f�o�n�n�m-rGn�o-�-m-c�m�zIn�m-c�z
(‖ · ‖n)n∈N

�
� o-�:�:z|m-��c�l�z m � j:c�o���m-c_�!e�� j:n�l�� R : f 7→ (f(λj))

∞
j=1

x t m-��m-c�g r x�m-��j!v�-l�f�n�m�x1f�j:r��!���-e-j:�xn�j � c�j:c�g �-n�m l�� P (Φ) � P (Φ,Λ) �-b�m-k f�o �!m � c���� j:n�n�g r��n�l�z m � j:c�o���m-c R′ f�j:r��!���-e-j:�4l�� K1(Φ,Λ)
�
P ′
b(Φ)

l
R′(c) =

∑
j∈N

δλj cjf�p�� ���!j!}
c = (cj)j∈N ∈ K1(Φ,Λ)

x	m-� t e:f�ox��p�j�f�e-j:��x�����mxm � j:c�o���m-c R′ �!m-��v
� o$f�o�j:� � W �� �!l�p�e c�j1w�p�j t �!l��-n�m��!��l � c�m��!��c�o�n��!��� P (Φ) l K1(Φ,Λ)

l�� �-g s j!vl��!p�m$� j:n�n�m-k:m~��p�j�f�e-j:��x�����m m � j:c�o���m-c W l�z|j:j:� � ¢ � �i��m-k f�o�l ��m�p�q t m��m-k f�o�x t m-k f�o R l�z|j:j:��� ¢ ���u� � ��mJ�1o t p��>��j:n�l�j � m-�:�-m�p���j:� n�o-z � c�l�vz|j:n�l���q c�j:�:e1p�q	�	o���g^l�� � �'� m �!e��uj1�!���-m-��o�n�l�l
� ¢ ��� eGm � j:c�o���m-c�o R t�-m � c�m��!e�m��!e��uj1�!���-m-��o�n�l�l � ¢ � �Te~m � j:c�o���m-c�o � c�j�f��!�	o���p�j:n�l�� W �
� e��!��q � m���p�j�f�m-��o���j!p�q-n�m��!��l Λ

l
Φ
�!m-k0p�o-�!m-��o�n�g � ��� l

Φ � c�o��-l�p�q�vn�o	��� ��� ��% ��p�li�!e��uj1�!���-e-j:� wxe�n t y�l�� L
xBe:f�m-��p�j:���-m-c������ o	�Ue���p�m-�-l���z

(L1)
�
(L3)

c�o-�-m-��g�� �'��l_�-g � m�p�n����>�-� �{e���p�m-�-l��

(∀n) (∃m) (∃C > 0)
(

sup
|ζ|61

ϕm(z + ζ) 6 inf
|ζ|61

ϕn(z + ζ) + C

)
, z ∈ C,

(1)

l
(∀n) (∃m) (∃C > 0)

(
max
|ζ|61

ψ(z + ζ) 6 min
|ζ|61

ψ(z + ζ) + ϕn(z)− ϕm(z) + C

)
, z ∈ C,

(2)

k f�j
ψ
� n�j t m-��m-c�o	� p�m t o	p�q-n�m m-k:c�o�n�l���j:n�n�o	� �

C
wxe�n t y�l�����b�m-k f�o

�����3�1����� � 	 ���
�����
Φ �! "�3���$����
"28%; Λ �

Φ
��<2= $
"*��<23*"���1 ;

Φ . ��"���< 

���?>*&C�(��"28 � <!�($�& # <23*"*��&@$�����<!������;���# <23�$�&C��3:<  8�5�67"28)�
�($�<23��:8�� (1)

�
(2) ,�  & # � <2$�<�')��� &@6)&C;?>:��<7�����������:8

L
��� &�&C� 3 ��<*> ��"2B ���

Λ �! <!����1 & �*� 
$��%; #  ��=��:B)�*� $�&��)� ��&�&4��&C� � <2�
"���# <23�$�&C��3:<  8�&C�4�
�($�<23��:8�� (L1) � (L3) ,
�
<2=+# " �($�& #
��5�6���&4�
�($�<23��:8  "�3���<!�(��$�����1 �t b�� � � &  "*��<  �! & # ����"�3�$�&@���:8 W : K1(Φ,Λ) → P ′

b(Φ)
��� &�&C� ����� � ,t b b���� � &�&C� � 8 ��"���"287��&@$
"28)3

Cz×Cλ
�����������:8

G(z, λ)
;*��<!��<  "28���# < 
3�$�&C��3:<  8�&C���
�($�<23��:8��

G(z, z) = L(z), z ∈ C,

(∀ l) (∃m) (∃C > 0)
(
|G(z, λ)| 6 Ceϕl(z)+ψ(λ)+ϕl(λ)−ϕm(λ)

)
, z, λ ∈ C.

��� �



¢ o � m�z|n�l�z x ����m �:z|g4��pW��m-k:m�x ����m m � j:c�o���m-c � c�j�f��!�	o���p�j:n�l�� l�z|j:j:�
� ¢ � � x-�1o t p��>��o�j:�-� � � ��m�z x�����m � ��p�e���o�j>j:k:m �!e��uj1�!���-m-��o�n�l���l�z|j:j:�-� �
� c�l�n�y�l � l�o	p�q-n�o	� �-m-�1z|m$��n�m��!��qup�l�n�j:r�n�m l{n�j � c�j:c�g �-n�m � �1o��-l��!l�z|m��!��lm-� c�o��!p�o�k!o�j1z|m-k:m � p�j1z|j:n��	o n�o�r���l t m � w wxl�y�l�j:n���g c�o��!p�m$� j:n�l����

� �q�����1�n� �w�1�
~=���k
��#F'g Fi�k���I� � �b�	�9 �"BD�#F�; �bg GDFo� 8 %�����$ ��!"�#��$ %��S%�)�2'%�� %�N,%��6.'2'$ *,) !'�'*P��$ %��'&k/1$ ��2
���6%4/I��2,*�%��'Q'$ ��$ %��'&(���'Q3&�%�N,�(%�)�$ ��&5��.'.'� $ *4�#��$ %��'&07 7 [ ��!'Q���9:�#��2�� ;�²=��~���� ;�<5%�� �/²=�=��� ;
>n�Y²/³I�4?�²=�=���²���t^x�w��'���Ytk� ��� ���0w�� �P�	�Dz����"tk�m� ^)_�`;\#^#a/b=]=b/XIZ�[�[pc[�Z�\#h�Z�]=o#]SZ�\#d�e�\#e�u�b=Z�]=o#]Sc\)rb=]=o#]$]=¦=eXIa/Z�]=o#] _�]=d�\#eXIa/]=eX ^)_�j§\#Z�[�¯pZX d�e�]=^#a/eXIZ�^#a/b/XKvY�§e�\#¨;\T©�\)cuwv�fq_�Z�k�r©�[�h:7 7�U1V#b���bI_�V#]=b��m��\#b�� rU��XIb=k���e�\#o#[�]=Z�� �3^#a/\#^#a/b���ZX#_�k�[�� ;�²=��~�|�� ;§yÍz��|���t^x�w��'���itk����� � �0w�� �P�	�Dz ���otk� ;]=^#a=XIa/]=�Z�u�\ s Z�]�j§\#^#a/b/XDbDb=\#^#]=b=uwv9d�e�]=^#a/eXIZ�r^#a/b/XKvT�§e�\#¨;\�©�\)cuwv$fq_�Z�k�©�[�hY7 73��[�¦�� s XIaI��jT_�e�Z�� ;�²=��~�|�� ;k���Y�Iz�x�y z�� ;,�q�³I²=�4?³Kz�~=�
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����db ¤ b"� � ¢ � %»	.�/��� �   % �S��  ��� ¢ ���db� 
� �T
����T
p	/��%�� �w¤ ¢ * ¤ � � 
 � 	S� � �S� �w¤ ,�	$���  D�¡ 

��	�� 	 �����1���3��� 	#�

� e��!��q Ω �M�-g � e t p�o	�um-k:c�o�n�l���j:n�n�o	�um���p�o-�!��q>� C x P := [1, HΩ(θ))
�

� c�m��!��c�o�n��!���-m y�j!p�gB}~wxe�n t y�l�r f � t � � m-n�j:n�y�l�o	p�q-n�m-k:mx��l � o�x�e:f�m-��p�j:���-m�vc������ul�}Pe���p�m-�-l��
hf (θ) < HΩ(θ)

x k f�j
hf

� l�n�f�l t o���m-cIwxe�n t y�l�l f x
HΩ

� m � m-c�n�o	�Pwxe�n t y�l�� m���p�o-�!��l Ω
� �:z|g4��p�j t m�z � p�j t �!n�m-k:mJo�n�o	p�l�v�1o�� � o-�:�:z�o���c�l���o�j1z

P t o t ��m � m�p�m-k:l���j1� t l�r z|m1f�e1p�q n�o$f t m�p�q-y�m�z C[π]z|n�m-k:m-��p�j:n�m-�Jm-�
π
��,�f�j1�!q

π
� � c�m-l��:�-m�p�q-n�o	� y�j!p�o	�Iwxe�n t y�l��Wz|l�n�l�vz�o	p�q-n�m-k:m ��l � o � c�l � m-c���f t j ρ = 1

�
� e��!��q λ ∈ C

x
λ̃ := π−1(λ)

x
O(λ̃)

� t m�p�q-y�m{c�m��!� t m-�_wxe�n t y�l�r x�p�m�v
t o	p�q-n�m~o�n�o	p�l���l���j1� t l�} n�o λ̃ x Oπ(λ̃) � � m1f t m�p�q-y�m O(λ̃) x��!m��!��m$� �uj:j l��t m�z � m-�:l�y�l�r u ◦ π x u ∈ O(λ̃)

� � o-�:�:z�o���c�l���o�j1z
O(λ̃) t o t z|m1f�e1p�q n�o$ft m�p�q-y�m�z Oπ(λ̃)

� � e��!��q I � �1o-z t n�e���g r � m1f�z|m1f�e1p�q � P � � �-m-�:n�o$��l�z
I(λ̃)

z|l�n�l�z�o	p�q-n�g r � m1f�z|m1f�e1p�q Oπ(λ̃) v z|m1f�e1p�� O(λ̃) x�� t p��>��o����ul�r I �
� m1f�z|m1f�e1p�q I f�m � e�� t o�j:�Gp�m t o	p�q-n�m-j_m � l��:o�n�l�j�x�j1��p�lWm-nW�!m-� � o$f�o�j:� �!m�!�-m-j:r~p�m t o	p�q-n�m-r m��-m�p�m-� t m-r ⋂

λ∈C
(I(λ̃) ∩ P ) �

� c�j�f � m�p�m$��l�z x�����mu�1o-z t n�e���g r � m1f�z|m1f�e1p�q I ⊆ P � m-c�m$� f�j:n~wxe�n t vy�l���z|l
F ,G ∈ P

x��$��j-���!m-� � o$f�o�j:� �x�1o-z|g t o�n�l�j1zP� P z|n�m$� j1�!����o �!e�z�z�-l�f�o
pF + qG

x�k f�j
p, q ∈ C[π]

� ¢ l�� juz|g �:wxm-c�z|e1p�l�c�e-j1zIm1f�n�m f�m��!�	o	v��m-��n�m-jde���p�m-�-l�j�x � c�l t m-��m-c�m�z � m1f�z|m1f�e1p�q I �-e:f�j:�4f�m � e�� t o���q p�m t o	p�q-n�m-jm � l��:o�n�l�j-�� �m-c�z|e1p�l�c�m-� t o � ��m-k:m�e���p�m-�-l�� ��c�j �-e-j:��n�j t m-��m-c�m-r � m1f�k:m-��m-��v
t l��
� m�v � j:c��-gB}�x �-e:f�j1z � c�j�f � m�p�o�k!o���q�x�����m wxe�n t y�l�� π ����p���j:�-� �Gy�j!p�m-rwxe�n t y�l�j:r � � m�p�n�j c�j:k:e1p���c�n�m-k:m~c�m��!�	o � c�l n�j t m-��m-c�m�z e���m-��n�j:n�n�m�z � m�vc���f t j ρ(r) → ρ ∈ (0, 1)

�>���!�df�e � m�p�m$��l���j!p�q-n�g4z l�n�f�l t o���m-c�m�zB��� j:k t me��-j�f�l���q�� � x:����mx�!e��uj1�!���-e-j:�4�	o t o	� t m-n��!�	o�n��	o κ > 1
x1����m��-n�j n�j t m-��m-c�m-k:mz|n�m$� j1�!����oun�e1p�j:�-m-r{m-��n�m��!l���j!p�q-n�m-r_z|j:c�gT�-g � m�p�n����>�-� �{m-y�j:n t l

κ−1 |z| 6 µ̂(|π(z)|) 6 κ |z| ,
k f�j

µ̂ (r) = ν(ln r)
x
ν
� m��-c�o���n�o	� t wxe�n t y�l�l µ(r) := rρ(r)

�
� m�v �-��m-c�gB}�x$�!��l��	o�j1z x	����m�m��-c�o��:e����ul�j

F
l

G
f�m � e�� t o��>� � c�j�f��!�	o���vp�j:n�l��

F = ϕfF
l

G = ϕgG
�!m-m-���-j:�-�!���-j:n�n�m�x�k f�j

ϕ
x
f
x
F
x
g
x
G
� n�j t m�v��m-c�g j y�j!p�g j�wxe�n t y�l�l�� � ��l��	o�j1z x�����m wxe�n t y�l�l f x F x g x G ����p����>�-� �

π
v �!l�z�z|j:��c�l���n�g4z|l x��$�$j-� � c�j�f��!�	o���p����>�-� �u���-l�f�j t m�z � m-�:l�y�l�r f := f̂ ◦π x
? ln]=^#^#[�¯�x��*cYXIbI¯�Z�^#k�r¬ZXKrU�q_�¦/XIZ�[�xo��@n�I� �«¥0��� ®��q_�¦ @ �;°I�

���!�



F := F̂ ◦ π x g := ĝ ◦ π x G := Ĝ ◦ π x�k f�j f̂ x F̂ x ĝ x Ĝ � ��m$� j�n�j t m-��m-c�g j�y�j!vp�g jdwxe�n t y�l�l�� � e��!��q Λ̂ := {λ̂i}
x
Γ̂ := {γ̂i}

� � m���p�j�f�m-��o���j!p�q-n�m��!��l n�e1p�j:r
wxe�n t y�l�r F̂ l Ĝ �!m-m-���-j:�-�!���-j:n�n�m�x��1o�n�e�z|j:c�m-��o�n�n�g j t o t l�z�v p�l$�-m_m��-c�o	v�:m�zB� � ��l��	o�j1z x�����m ���!j � p�j1z|j:n���g � m���p�j�f�m-��o���j!p�q-n�m��!��j:r Λ̂

l
Γ̂
p�j!� o��

�-n�jxj�f�l�n�l���n�m-k:m t c�e�k!o l

∆ := max

{
sup
n∈N

n

µ̂(|λ̂n|)
; sup
n∈N

n

µ̂(|γ̂n|)

}
< +∞.

� v ��c�j:��q-l�}�x��!��l��	o�j1z x�����m wxe�n t y�l�l fG
l
gF

p�j!� o�� �
P
� ,�n�o$��l���x

f�p��Pl�n�f�l t o���m-c�m-� hfG

x
hgF

wxe�n t y�l�r fG = ϕfgG
l
gF = ϕfgF

l
n�j t m-��m-c�m-rGm-k:c�o�n�l���j:n�n�m-r ��c�l�k:m-n�m�z|j:��c�l���j1� t l �-g � e t p�m-r 2π

v � j:c�l�m	f�l�v��j1� t m-r_wxe�n t y�l�l h (θ) �-g � m�p�n�j:n�gUc�o��-n�m�z|j:c�n�g j � m θ m-y�j:n t l
max {hfG (θ) , hgF (θ)} < h (θ) < HΩ(θ).

�����3�1����� 	 - �($�� #%$:8 ��&@��<!��<  <2=�< δ > 0
��# <23�$�&C��3:<  8�5�6)&@=�< �
�($�<23���5

h (θ)+δ < HΩ (θ)
;��*� $�&@3�1 & � ��<�' &C����3*"

Λ̂
�
Γ̂
� <�')��<4� � <  8�# <*> �%������"��%;>:��<�3�1 � <2$���&@��<���&  "�3:&@�%����3:<

lim
n→∞

lnSn
µ̂ (tn)

< −κ1+2ρ

(
2κ

∆

δ

) 2
1−ρ

(h+ δ) ,

=+# &
Sn :=

∑

i>n

∣∣∣∣
1

γ̂i
− 1

λ̂i

∣∣∣∣ , tn := max
i=1,...,n

max
{
|λ̂i|, |γ̂i|

}

h = hmax −min {hmin; 0} , hmax := max
θ
h (θ) , hmin := min

θ
h (θ) ,

��< �C"�� ���*�%��1 � � <(# � <(#
� $�� I ; � <  <�' # "!& � 1 � �����������:8�� �
F

�
G
;C# < � �
� 
��"!&C� $�<2��"�$�����<�& < � �%� "�����& ,	D���Y�;�Y�n�*�1� � 	 - �($�� F = G

�
ϕfgF ∈ P

;%��<
I
<�02��$�&@� ,	D���Y�;�Y�n�*�1� � 	 - �($�� F = ϕf

;
G = ϕg

�
ϕfg = FG

ϕ ∈ P
;���<

I<�02��$�&@� ,	D���Y�;�Y�n�*�1� � 	 - �($�� ������������� F
�

G
8�3�$:8�5 � � 8

π

 �(��� � &C�  �?> ��1 � ��

FG ∈ P
;%��<

I
<�02��$�&@� ,	D���Y�;�Y�n�*�1� � 	 - �($�� F = ϕf

;
G = ϕg

;
ϕ . ��&@$
"28 �����������:873 � <2$���&

 &@= � $:8%����<2=�<  <!����" �! � � <  8�#%��& ρ = 1
�
hF + hG − hϕ < HΩ

;���<
I<�02��$�&@� ,� j:k t m �-l�f�j:��q�x�����m � c�l f = g = F = G = 1 �

m1f�z|m1f�e1p�q
I
l�z|j:j:�

m1f�n�e m��-c�o��:e����ue��
ϕ
t ����p���j:�-� �Jk0p�o��-n�g4z7�#x��:n�o$��l���x���p�j�f��!���-l�j�� m��-m���v

� o�j:�>c�j:�:e1p�q	�	o�� � ��*�� � l��!q�z|j:n�n�m-k:m�x t m-��m-c�g rue����-j:c�� f�o�j:��x	����mxk0p�o��-n�g j
� m1f�z|m1f�e1p�l{� P f�m � e�� t o��>��p�m t o	p�q-n�m-j�m � l��:o�n�l�j-�

�����



� �  D��% ¢ % ¢   %   ¢ b�% � � � � � £  D  �m  ¢ %�� ¢�� � � � % �w¤ b"� � � � x
�.* �w¤ ¢   � % ¢D¢�� � ¢ ¤ ��� ¢ 	.� ¤ � x�� ¢ %§����b"� � � �

� � � � ��� ¤ �\b�% � �  D  � ¤ ,w  ��� � � � ���db �w¤ ¢ �db �  � %/� %

� 	��	+�«�1�3�1�3���

� �-m�� � o�j:�-� � t p�o-�:�!l���j1� t o	�U�1o$f�o$��o l�n���j:c � m�p���y�l�l p�l�n�j:r�n�gB}Um � j!vc�o���m-c�m-��x�m-k:c�o�n�l���j:n�n�gB} n�o � o�c�o	} ��o�n�o	}�m-�-gB} � c�m��!��c�o�n��!����x�n�o���p�e���o�rp�l�n�j:r�n�gB}um � j:c�o���m-c�m-��x1m-k:c�o�n�l���j:n�n�gB}�n�o � o�c�o	} t m-n�e��!m-��� � �-m1f�l��-� � � m�vn�����l�j l�n���j:c � m�p���y�l�m-n�n�m-k:m_�!�-m-r��!����o���c�m-r t l t m-n�e��!m-�~lGc�o��-n�m�z|j:c�n�m-k:ml�n���j:c � m�p���y�l�m-n�n�m-k:m �!�-m-r��!����o>�!j1z|j:r��!����o���c�m-j t t m-n�e��!m-� � mxm-��n�m s j:n�l��
t ��c�m-r t j.��o�n�o	}�m-�-gB} � c�m��!��c�o�n��!����� � m�p�e���j:n�c�j:�:e1p�q	�	o���muc�o��-n�m�z|j:c�n�m�zl�n���j:c � m�p���y�l�m-n�n�m�z �!�-m-r��!���-j �!j1z|j:r��!����o t m-n�e��!m-�~� � c�m��!��c�o�n��!����o	} �-j!v�!m-�-gB}~��l���p�m-�-gB} � m���p�j�f�m-��o���j!p�q-n�m��!��j:r��

�����3�1����� 	����
�����
Ei = c0(ai)

;
F = c0(bi) (i = 0, 1)

;
E = c0(a)

;
F = c0(b)

; �! �?>*& � E1 ⊂ E ⊂ E0
;
F1 ⊂ F ⊂ F0

� 0 "��
"2B�<23*" �  <�����"
(E0, E1, E)

<�02$
"�# "!&C�����%��&  �� <2$:8�����<2����1 � �(3:<��%����3:< � � < <!����<��)&@����5 �
0 "��
"2B�<23:<�� �  <�����& (F0, F1, F ) , ���
����� A . � ��<�' &C����3:< ��<2�*�
��<23 3

ω+��"���<�&C;%>:��< #%$:8 ��"2' # <2=�<���<2�*�
� "
Q ∈ A

3�1 � <2$��:8�5 � � 8 �
�($�<23��:8 �
1) Q . ���:')�:8:8 � <2$*�  &��)&C����" 3 ω �
2) Q ∩ E+

1 . ��<!��"�$�����1 �D��<2�*�
�43 �! <!���  "��%����3:& E1 �
3) Q ∩ E++

1 6= {∅}.
�
<2=+# " ��& � &��%����3:<)�  <�&@� ��<2�*�
��<23

M =
{(
E+

0 , Q ∩ E+
1 , Q ∩ E+

)
: Q ∈ A

}

<�02$
"�# "!&C�  "�3���< � &  ��1 � ���%��&  �� <2$:8�����<2����1 � �(3:<��%����3:< � � < <!����<��)&@����5�A0 "��
"2B�<23:<�� �  <�����& (F0, F1, F ) ,
� �q�����1�n� �w�1�

~=�A@5GDBDC'�S`'� ��@5�#_ _4#�� %"!'�'*P��$ %��H*�%��'��&:���'Q $ �������6.	%�� �#��$ %�� 7 7¤9:�#��2��1r���*D2'�#� ;�²=�=�=��� ;
<5%�� �²/³�\�� ;3>n�Y²=²/³�?�²=|=���²����^w��'�'�'�'�'�'� ��� �¤� ��
��my��	y#z^tk� �k���1e�[ s \#Z�\#Z�[�\´[�Z�a/\#e�d�]Ic�¯�©�[�]=Z�Z�uwv�^#b=]=h�^#a/b�]=d�\)reXIa/]=e�]=b�x]=o#eXIZ�[��\#Z�Z�uwv�ZX�k�]=Z�_/^�XKv�xYk$Z�\#k�]=a/]=e�u s b=]=d�e�]=^�X s a/\#]=e�[�[S¦/XIV#[�^#]=b-bd�e�]=^#a/eXIZ�^#a/b/XKv:�§e�\#¨;\k7 73�DXIaI��f1]=e�_ s � ;�²=��~#z�� ;k����³�� ;,�q�"\�\4?Y~��=|��

? ln]=^#^#[�¯�xYln]=^#a/]=bIr¬ZXKr ;]=Z�_/x �«j�Z�u�h�f1\)W\#eXKct=Z�u�hD_�Z�[�b=\#e�^#[�a/\#aI�
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�S� �T
 ¢ �S� � � ��� �db � % � � b"�.* � ¢ ¤ ��� ¢ �¤ 
D
�  b�  ��¢�� � � � �m  ¢ �S��� � �
� 	�� 	 � �*�Y�1���������

¢ j:m��$}�m1f�l�z|g j>�!�-j�f�j:n�l�� l��x��j:m-c�l�l �-j t ��m-c�n�gB}~c�j s j:��m t �:zB��� � ��x��7� �
� �!j�c�o-�:�:z�o���c�l���o�j1z|g j n�l�� j~�-j t ��m-c�n�g j�c�j s j:� t l �!��l��	o��>�-� � o�c�}�l�z|j!vf�m-�-g4z|l��*
�p��Gp�� �-m-r t m-n�j:��n�m-r � m���p�j�f�m-��o���j!p�q-n�m��!��l (x1, . . . , xN ) � p�j!vz|j:n���m-�Jc�o��-n�m�z|j:c�n�m � m�p�n�m-rP�-j t ��m-c�n�m-r c�j s j:� t l E �-g c�o	� j:n�l�j �-l�f�o
f(x1, . . . , xN )

z|m$� j:� �-g ��q t m-c�c�j t ��n�m m � c�j�f�j!p�j:n�m�x�j1��p�lW��m�p�q t m f �
� m�p�m$��l���j!p�q-n�m_m1f�n�m-c�m1f�n�o	�Gn�j � c�j:c�g �-n�o	� wxe�n t y�l�� n�o

RN
�´ x�:e���j:n�l�j

�	o t l�} �-g c�o	� j:n�l�r n�o��:g ��o�j:�-� � $�=C� $/*0$�=C��� 1 � ��� 8 � 9 $2�),��
	���� 1 9)3� 9)3 ��0(�� 9)(>1 t �:zB��� �7�n���
 �e�n t y�l�m-n�o	p�q-n�m-j{l��!��l���p�j:n�l�j � m-�:�-m�p���j:��x��J��o-�!��n�m��!��l x t m-c�c�j t ��n�mm � c�j�f�j!p�l���q � � c�m-l��:�-m�p�q-n�m-rGc�o��-n�m�z|j:c�n�m � m�p�n�m-rJ�-j t ��m-c�n�m-r c�j s j:� t j

E
�!e�z�z|g

Ss
� m-c���f t o s l_k:j:m�z|j:��c�l���j1� t l�j��!c�j�f�n�l�j G �

Ss(x1, . . . , xN ) :=

(
N∑

i=1

|xi|s
) 1

s

,

G(x1, . . . , xN ) :=

(
N∏

i=1

|xi|
) 1

N

.

� e��!��q E � �-j t ��m-c�n�o	� c�j s j:� t o�x Y � � c�m-l��:�-m�p�q-n�m-jd�-j t ��m-c�n�m-j � c�m�v�!��c�o�n��!���-m�x
s
�Xy�j!p�m-j ��l���p�m

> 1
���>��m��-c�o	� j:n�l�j

P : E → Y
n�o��:g ��o�j:�-� �

$�=C� $/*0$�=C��� 1 & $@�)9�� $21�$21 3 - ( &)(�� 9
s
t l�p�l

s
v2$�=C� $/*0$�=C��� 1 & $@�)9�� $21�$21z�#x

j1��p�l �!e��uj1�!���-e-j:�
s
v p�l�n�j:r�n�g r m � j:c�o���m-c P̌ : Es → Y

x�l�z|j:n�e-j1z|g r & $ �*0$�� =', ���.9 1 f�p�� � m�p�l�n�m�z�o P x��	o t m-r x	����m P (x) = P̌ (x, . . . , x) (x ∈ E)
�

*�m-�-m-c�����x�����m � m�p�l�n�m�z P : E → Y
$/*0-.$��2$2�),��
	�� $ ,7='=�9 -.9)57(�� l�p�l

$/*0-.$ ,7='=�9 -.9)57(���x1j1��p�l f�p���p�� �-gB}�f�l������>n t ��n�gB} x, y ∈ E
�-g � m�p�n���j:�-� �

P (x + y) = P (x) + P (y)
� ¢ o � m�z|n�l�z x�����m =�9
	�� �4� 8:- � $�3 - 	 � p�j1z|j:n���m-�

x
l
y
m-�:n�o$��o�j:� |x| ∧ |y| = 0

��� �-m-r��!����o m-c���m-k:m-n�o	p�q-n�m~o$f�f�l���l��-n�gB}_m1f�v
n�m-c�m1f�n�gB} � m�p�l�n�m�z|m-� � m1f�c�m��-n�m c�o-�:�:z|m-��c�j:n�g � � ��x��'� �

� p�j�f�e����ul�r c�j:�:e1p�q	�	o���e��!�	o�n�o���p�l���o�j:� �!�����:q�m1f�n�m-c�m1f�n�m-k:m � m�p�l�n�m�vz�o � �!e�z�z�o-z|l � m-c���f t o s l �!c�j�f�n�l�zPk:j:m�z|j:��c�l���j1� t l�zB�
? l�XI¦=]=a=Xpb=u�d�]IcZ�\#ZX9d�e�[ f1[�ZXIZ�^#]=b=]=h d�]�W�W\#e/j�k�\�ln]=^#^#[�h�^#k�]=o#]gf1]=Z�WYX9fq_�Z�WYXKr

s \#Z�a=XKct=Z�uwv$[�^#^)c\)W]=b/XIZ�[�h�x�d�e�]=\#k�a�y ~�²Kr}��~)r}�=��==²=|Kr}X��q ln]=^#^#[�¯�xY¥*cYXKW[�k�XIb=k�XIV=x � �DU ¥0~�� l	�W~T�
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�����3�1����� 	)���
�����
E .  "�3���< � &  ��< � <2$��
"28�3:&@�%��<  �
"28  &��)&C����"*;

Y . ��3*" ��� � <2$���<�&�$�<2��"�$�����< 3�1 � ����$�<�& �! <!���  "��%����3:<!; P : E → Y .<  ��<2=�<2�
"�$�����< "�#�#%�%����3���1 � <2=  "����?>*&@����1 �
s

 <(#%��<  <(#%��1 � � <2$�����< � ;

P̌ : Es → Y . � <  <�' # "�5�6�� � �(��� � &C�  �?> ��1 �
s

 $�����&�����1 � < � &  "*��<  

� <2$�����< � " P ,�� <2=+# " ��� &@5 � � &C����< �($�& #
��5�6���&  "�3:&@�%����3*" �

P (Ss(x1, . . . , xN )) = P (x1) + . . .+ P (xN ) (x1, . . . , xN ∈ E+);

P (G(x1, . . . , xs)) = P̌ (x1, . . . , xs) (x1, . . . , xs ∈ E+).
um t o��1o���j!p�q��!���-m m � l�c�o�j:�-� � n�o�e��!�	o�n�m-��p�j:n�n�g r_� � ��x���j:m-c�j1z�o��7�|c�j!v�:e1p�q	�	o�� m�p�l�n�j1o�c�l��1o�y�l�l � m�p�l�n�m�z|m-��x��!m-k0p�o-�!n�m t m-��m-c�m�z|e~p�� �-m-r m-c���m�vk:m-n�o	p�q-n�m o$f�f�l���l��-n�g r{m-k:c�o�n�l���j:n�n�g r
s
v m1f�n�m-c�m1f�n�g r � m�p�l�n�m�z P x�f�j:r�v�!���-e����ul�r l���c�o��-n�m�z|j:c�n�m � m�p�n�m-r �-j t ��m-c�n�m-r_c�j s j:� t l E � t ��o��:l � m�p�vn�m-j p�m t o	p�q-n�m��-g � e t p�m-j � c�m��!��c�o�n��!���-m F x�z|m$� j:�&�-g ��q � c�j�f��!�	o���p�j:n ��-l�f�j

P (x) = S(xs�) (x ∈ E),
k f�j

S : Es� → Y
� m-k:c�o�n�l���j:n�n�g r p�l�n�j:r�n�g r m � j:c�o���m-c x�o x 7→ xs� =

�s(x, . . . , x) = x �s . . . �s x
� 8!,�� $2� 9��(63 8:9 � & $@�)9�� $21ca�f�j:r��!���-e����ul�r

l��
E
�
Es�

�',�f�j1�!q
Es�

�
s � ,6; 3 - ( &)(���	��-j t ��m-c�n�m-r{c�j s j:� t l E x�o �s :

Es → Es�
� � m�p�l�p�l�n�j:r�n�g r m � j:c�o���m-c x � m-c�m$� f�o����ul�r t o�n�m-n�l���j1� t l�r

� m�p�l�n�m�z x�m1f�n�m-�:n�o$��n�m m � c�j�f�j!p���j1z|g j ��p�j�f�e����ul�z|l_e���p�m-�-l���z|l��
t ���

Es�
� �-j t ��m-c�n�o	�{c�j s j:� t o�x 2 6 s ∈ N

#
t ��� �s : Es → Es�

� m-c���m��!l�z�z|j:��c�l���n�g r~c�j s j:��m-��n�g r s v z|m-c�wxl��1z #t ��� f�p�� p�� �-m-rU�-j t ��m-c�n�m-rUc�j s j:� t l F
lUp�� �-m-k:m �!l�z�z|j:��c�l���n�m-k:m

c�j s j:��m-��n�m-k:m s v z|m-c�wxl��1z�o ϕ : Es → F
�!e��uj1�!���-e-j:�~j�f�l�n��!���-j:n�n�g rJc�j!v

s j:��m-��n�g r{k:m�z|m�z|m-c�wxl��1z Φ : Es� → F
x��	o t m-r ����m Φ ◦ �s = ϕ

�
� m-n�����l�j��!��j � j:n�l_�-j t ��m-c�n�r{c�j s j:� t l_�-�-j�f�j:n�m l{l��:e���j:n�m � � �'� �

� �q�����1�n� �w�1�
~=���0GDF �'�9 ,g F'g��1� ���n�#���P�#_ _ G1��� ���m_ ��#�#F	��`'���^��=1%�N,%������'��%�!'&(%��U��2'%���%��"��� � -A��Q'Q'$ ��$ +���.	%Ir
� -��'%�N,$ ��� &(%��|J0���"��*D2|� �#�6��$ *���&�7 7kJ(!'� � ���o%��'Q'%��T9:�#��2�� [ %�*=� ;�²=�=��=�� ;�<5%�� �|�\�x�y{|�� ;
>n�z/�=�4?�z�==���²����0��E�_ ��
�g �#B^]k� ����E�����GD���^�'<5��*P��%��W� �#�6��$ *���.	%4/0���6&4�

f
rU��� ����d'����&^���'QT) !'�'*P��$ %��"���b*4��� *�!�r

� !'&�7 7 8 %�N,N���X�� ����d'����� ;�²=�=��=�� ;�<5%�� �Y|Iz�x�y z�� ;3>n��~#z/|=�4?Y~#z=z/²��|�� �YG �'GDB ���Ig G�
�GDB<;&�n�'J0���"��*D2&�n�#�6��$ *���&�� ;3J(���6� $ �|�P��*=� � [ .'�6$ �'�����#xn~��=��~=�z���� �'u6�mw��Dz,tk�����"�DXKj§]=e�[�e�_/\ s u�\§]=d�\#eXIa/]=e�u�� ;3��� �'~�X#_�k�X�xY²=�=�=|�� ;3=�~���^=������ �'u6�mw��Dz�w �n�ntk�a�»d�e�\)W^#a=XIbIc\#Z�[�[�[i]=e�a/]=o#]=ZXKct=Z�]9XKW�W[�a/[�b=Z�uwv d�]Ic[�Z�] s ]=b¤7 7
��[�¦�� s XIaI��jT_�e�Z�� ;�²=��~=~=� ;k���Y�=²�x�yÍ²�� ;,�q�|�~��4?�|=²=���
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�S� �T
 ¢ ���ib�% � � %§��% � ��� � % ¢  ��
 � � � % ��� ��� � � � ���db �w¤ ¢ �db � ��%§��%/* ¤
� � % � %§��% ¢D¢�� � � �S� ¤ , ¤ b�% ��%§�

� 	 �#	���� ���*���Y� � � ��� �����3���

� c�l l��:��p�j�f�m-��o�n�l�lun�j t m-��m-c�gB}��-m � c�m��!m-�4��j:m-c�l�l � c�l$��p�l�� j:n�l�r��!e�z�vz�o-z|l  �e�c�q-j � � o-o�c�oJ� �-j1�!m-�-gB} � c�m��!��c�o�n��!����o	}!� j �-j:k!oJ� � j:c�j1z|j:n�vn�g4z � m t o��1o���j!p�j1zU�-m-�:n�l t o�j:� n�j:m��$}�m1f�l�z|m��!��q n�o	p�m$� j:n�l��Jn�o{�-j1� e���p�m�v�-l�r x � c�l t m-��m-c�gB} �-e:f�j:� �-g � m�p�n�j:n�m ��p�m$� j:n�l�j

Lp(x)w (E) ⊂ L1(E). (1)

¢ o � c�l�z|j:c x � m��!��c�m-j:n�l�j c���f�m-�� �e�c�q-jp� � o-o�c�o f�p�� t o	� f�m-rJwxe�n t y�l�l
f ∈ L

p(x)
w (E)

�-m-�1z|m$��n�m � ��m�z l ��m�p�q t m � ��m�z ��p�e���o�j�x t m-k f�o l�z|j!vj:�~z|j1�!��m �!m-m-��n�m s j:n�l�j t ����� � f�o�n�n�m-r_c�o-�-m-��j l��:��p�j�f�e��>�-� � e���p�m-�-l��_n�o�-j1�
w(x)

x � c�l t m-��m-c�gB} �-e:f�j:��� � c�o��-j�f�p�l��-m ��p�m$� j:n�l�j t �����
� j:c�j:r�f�j1z t �-m�p�j:jx�!��c�m-k:m-r � m��!�	o�n�m-� t j��1o$f�o$��l��
� e��!��q w(x) � n�j:m-��c�l�y�o���j!p�q-n�o	� � m-����lG���!�df�e t � � ��� � � m�p�m$��l���j!p�q�vn�o	�P�!e�z�z|l�c�e-j1z�o	� wxe�n t y�l�� t �-j1�3�#x|m � c�j�f�j!p�j:n�n�o	� n�oGz|n�m$� j1�!���-j E =

[0, 1]
�dz|j:c�m-r � j �-j:k!o

µ
� � j1�!m-�-g4z � c�m��!��c�o�n��!���-m�z�� j �-j:k!o4� � j:c�j1z|j:n�n�g4z

� m t o��1o���j!p�j1z Lp(x)w (E)
n�o��:g ��o�j:�-� �~z|n�m$� j1�!���-m l��1z|j:c�l�z|gB}~n�o

E
wxe�n t vy�l�r

f(x)
x4e:f�m-��p�j:���-m-c������ul�} e���p�m-�-l�� ∫

E
|f(x)|p(x)w(x)µ(dx) < ∞ x

k f�j
p(x)

� l��1z|j:c�l�z�o	� n�o
E
n�j:m-��c�l�y�o���j!p�q-n�o	� wxe�n t y�l������ o t l��:�-j1�!�	vn�m � �#�n��� x�j1��p�l

1 6 ess inf
x∈E

p(x) 6 ess sup
x∈E

p(x) <∞, (2)

��m ��m � m�p�m-k:l�� � c�m��!��c�o�n��!����o Lp(x)w (E)
n�m-c�z|l�c�e-j1z�o{l m1f�n�eGl�� � t �-l���o	v

p�j:n���n�gB}{n�m-c�z z|m$��n�m m � c�j�f�j!p�l���q�x � m�p�o�k!o	��f�p�� f ∈ L
p(x)
w (E)

‖f‖p(·),w(E) = inf

{
α > 0 :

∫

E

∣∣∣∣
f(x)

α

∣∣∣∣
p(x)

w(x) dx 6 1

}
.


 o	p�j:j��!l�z|�-m�p�m�z
P(E)

�-e:f�j1z m��-m-�:n�o$��o���q{z|n�m$� j1�!���-m_l��1z|j:c�l�z|gB} n�o
z|n�m$� j1�!���-j

E
wxe�n t y�l�r p(x)

x�e:f�m-��p�j:���-m-c������ul�}ie���p�m-�-l�� t ����� ¢ o-z
? ln]=^#^#[�¯�xY¥*cYXKW[�k�XIb=k�XIV=x � �DU ¥0~�� l	�W~T�

�����



�	o t � j � m-n�o$f�m��-l��-� � m��-m-�:n�o$��j:n�l�j
P̂(E)

f�p�� � m1f�z|n�m$� j1�!����o�l��
P(E)

x
� t p��>��o����uj:k:m���m�p�q t m ��j p(x) x t m-��m-c�g j e:f�m-��p�j:���-m-c����>�uf�m � m�p�n�l���j!p�q�vn�m�z|e~m-k:c�o�n�l���j:n�l��

1 < ess infx∈E p(x)
�

� n�m$� j1�!���-m �-j1�!m-�-gB}~wxe�n t y�l�r w(x) x�e:f�m-��p�j:���-m-c������ul�} e���p�m-�-l���z��
t ¡ �

) w(x) > C1(w) > 0, x ∈ E1 = {x ∈ E : p(x) = 1} ( � � ��� ),
t ¡��

)
∥∥w− 1

p(·)

∥∥
p′(·)(E2) <∞, E2 = E \E1

�-e:f�j1z m��-m-�:n�o$��o���qu��j:c�j:�
H (E, p)

�
� p�j�f�e���� o	�~��j:m-c�j1z�o�f�o�j:�xf�m��!�	o���m-��n�g j4e���p�m-�-l��uf�p�� � � c�o��-j�f�p�l��-m�v�!��l �!m-m-��n�m s j:n�l�� (1)

�
�����3�1����� � 	 - �($�� w(x) ∈ H (E, p)

;
p(x) ∈ P(E)

��< ��� &�&C� � &C����<
3�$�<�' &@����&

(1)
; �! �?>*& �

‖f‖1(E) 6 c(p, w)‖f‖p(·),w(E).

¢ o��-m � c�m��xm���m�z x�n�o-� t m�p�q t m e���p�m-�-l�� t ¡ ���Bl t ¡����d����p����>�-� � n�j:m���v}�m1f�l�z|g4z|l x�� t o t m-r�v ��mG�!��j � j:n�l m-���-j:��o��>� � c�l��-j�f�j:n�n�g j{n�l�� j{e����-j:c�v� f�j:n�l����
�����3�1����� � 	
���
�����

p(x) ∈ P(E)
�7��� &�&C� � &C����<

(1) , � <2=+# "�3:&C� w(x)0���# &C� ��# <23�$�&C��3:<  8%��� �
�($�<23���5 t ¡ ��� ,
�����3�1����� � 	 ���
�����

p(x) ∈ P̂(E) , �)$:8 ��<2=�< >:��<�021 ��� &@$�< � &C����<
3�$�<�' &@����&

(1)
;
��&�<�0�B�<(#%��� <!;%>:��<�021

w(x)α(x) ∈ L1(E)
#%$:8 $�5�0�<�� ��� � & 


 ��� <�� �������������
α(x)

; ��<!��<  "28 �! � ��&@��<!��<  < � ε > 0
��# <23�$�&C��3:<  8�&C��
�($�<23���5

− 1

p(x)− 1
+ ε 6 α(x) 6 1, x ∈ E. (3)

������������	�
�� � % ��p�l �Je���p�m-�-l�l t �����-�!����q
ε = 0

x|��mJl��{n�j:k:m��-e:f�j:�
��p�j�f�m-��o���q e���p�m-�-l�j t ¡������/
uj:r��!���-l���j!p�q-n�m�x � e��!��q ∫

E w(x)
− 1

p(x)−1 dx <∞ �b�m-k f�o�x��	o t_t o t
∫

E

∣∣∣w(x)−
1

p(x)

∣∣∣
p′(x)

dx =

∫

E

w(x)−
1

p(x)−1 dx,

��m
∥∥∥w− 1

p(·)

∥∥∥
p′(·)

(E) <∞.

���Y�



� �q�����1�n� �w�1�
~=�A@bB4E2� ���oB6g�
�G ��� �9�ng �#BDGDF$�#�I�k�D<(���6$ ��d'� � �o��d	��&���!'� [ ."��*���&4�2%"%�!'�'Q"�#��$ %��'&b���'Q4=����6N,%��'$ *
X��"��� -�&�$ &�� ;3J(���6� $ ��?�=1��$ Q'��� d	���6�'� [ .'�6$ �'�����}rM<5���6� ����x�²=��~�|�� ;�|�~�²�.�� ; l ^j��3~���� ~��=�/³�7I�/³�\Kr|Kr}�=|Iz�\Kr}�=�Iz�\Kr}|�pF�²����1g GDF'g F�; �5� � #��#B �#E�_ GD����� �n� � #��#� ���,�n� � �^E2��g /6��� �¤���o��d	��&���!'�|���'Q [ %�d	%�� �P+ [ ."��*���&
/1$ ��2V<(���6$ ��d'� �psbl�.	%��'������&�� ;3J(���6� $ ��?�=1��$ Q'��� d	���6�'� [ .'�6$ �'�����}rM<5���6� ����x1²=��~=~=� ;��=�=�i.�� ;
l ^j��q~���� ~��=�/³�7I�/³�\Kr}|KrU=Iz/²KrF~4\=|�==|KrU\�pF�|�� � w��mw�� �4�����	y#z �k� �k���ga/]=d�]Ic]=o#[�[�d�e�]=^#a/eXIZ�^#a/b/X

Lp(t)([0, 1])
7 7��DXIaI�KV�X s \#a/k�[�� ;~��/³I��� ;k���Y²�=�x�y z�� ;,�q�'=�~�|4?�==|=²��
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� 	 	
	/	����1���n�1� �����Y�;�3� �

  �:��p�j�f�e-j:�-� � �1o$f�o$��o_m��-c�o-�-m-� t l l � � o���l�� m1f�n�m�z|j:c�n�gB} l f��-e�z|j:c�vn�gB}{�!l�k:n�o	p�m-��x��1o$f�o�n�n�gB}~n�o n�j:c�o��-n�m�z|j:c�n�gB} �!j:� t o	}��� o-�:�:z|m-��c�l�zMf�l�� t c�j:��n�e��E�!j:� t e ΩN = {tj}N−1
j=0 ∈ [−1, 1]

x�� t m-��m�vc�m-r e��!p�g
tj
� m1f���l�n�j:n�g e���p�m-�-l���z ηj 6 tj 6 ηj+1 (0 6 j 6 N − 1)

x
o ��m-� t l ηj

x4�W�!�-m-�\m-��j:c�j�f�q�x �-g��-c�o�n�g �	o t x4����m −1 = η0 < η1 <
η2 < . . . < ηN−1 < ηN = 1

� � e��!��q f�p��Pn�j t m-��m-c�m-r n�j � c�j:c�g �-n�m-rPn�o
[−1, 1]

wxe�n t y�l�l f(t) �1o$f�o�n�gij:j �:n�o$��j:n�l�� �{��m-� t o	} tj � � c�l���j1zWl��1z|j!vc�j:n�l�� � c�m-l��:�-j�f�j:n�gW�4m s l$� t m-r x	�$��j-�-�1o$f�o�n�gIl��1z|j:c�j:n�l�� yj = f(tj)+ ξj
(0 6 j 6 N − 1)

x�� t m-��m-c�gB}_n�j:�1o��-l��!l�z|g j���p�e���o�r�n�g j � m-k:c�j s n�m��!��l ξje:f�m-��p�j:���-m-c����>�~e���p�m-�-l���z
E[ξj ] = 0

x
E[ξiξj ] = σ2

j δij (0 6 j 6 N − 1)
x

k f�j
E[X ]

� z�o���j1z�o���l���j1� t m-jxm$��l�f�o�n�l�j ��p�e���o�r�n�m-r{�-j!p�l���l�n�g X
��bdc�j!v

�-e-j:�-� � � c�l$��p�l�� j:n�n�mx�-m��:�!�	o�n�m-�-l���q f(t) �x��m-� t j t ∈ [−1, 1] �
m>f�l�� t c�j:�	vn�m-r{l�n�wxm-c�z�o�y�l�l {zj}N−1

j=0

�
� n�o-�!��m$� �uj:r�c�o-�-m-��jdf�o�n�n�o	���1o$f�o$��oxc�j s o�j:�-� � � m��!c�j�f��!���-m�z � c�l�z|j!vn�j:n�l�� � c���z|m-k:mJl m��-c�o���n�m-k:m � c�j:m��-c�o��:m-��o�n�l�r  �e�c�q-j � m f�l�� t c�j:��n�g4z

� m�p�l�n�m�z�o-z � t m��-l P̂α,βn,N (t)
x�m��-c�o��:e����ul�z n�o

ΩN
m-c���m-n�m-c�z|l�c�m-��o�n�n�e��

�!l��!��j1z|e{���-j1�!m�z
κα,β(t) = (1− t)α(1 + t)β

�
N−1∑

j=0

P̂α,βn,N (tj) P̂
α,β
m,N (tj)κ

α,β(tj)∆ηj = δnm,

k f�j
∆ηj = ηj+1 − ηj

x
δnm

� �!l�z|�-m�p �xc�m-n�j t j:c�o��
� c�o-�-m-��j � � �|o��-��m-c�m�z!�-gBp�m�l��:��p�j�f�m-��o�n�m~o-�!l�z � ��m-��l���j1� t m-j � m-�-j�f�j!v

n�l�j � m�p�l�n�m�z|m-� P̂α,βn,N (t) �
c�l

n,N → ∞ x�����m � m-�:�-m�p�l�p�m � f�o	p�q-n�j:r s j1zl��:e���l���q � c�o-�-m-��j � �'�xo �$� c�m t �!l�z�o���l��-n�g j �!�-m-r��!����o ��o-�!��l���n�gB}W�!e�z�z
 �e�c�q-jS� � t m��-l

Sα,βn,N (f, t) =

n∑

k=0

f̂α,βk P̂α,βk,N (t),

k f�j

f̂α,βk =

N−1∑

j=0

f(tj)P̂
α,β
k,N (tj)κ

α,β(tj)∆ηj .
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 o	p�j:j�x � e��!��q n�o � p�m�� t m��!��l_�1o$f�o�n�o �!j:� t o

ΩNM = {(xi, yj)}i=N−1, j=M−1
i=0, j=0 ∈ [−1, 1]× [−1, 1],

� t m-��m-c�m-r {
εi 6 xi 6 εi+1, 0 6 i 6 N − 1,

εj 6 yj 6 εj+1, 0 6 j 6 N − 1,
� c�l���j1z

{
−1 = ε0 < ε1 < ε2 < . . . < εN−1 < εN = 1,

−1 = ε0 < ε1 < ε2 < . . . < εM−1 < εM = 1.

��� m�p�n�j~o�n�o	p�m-k:l���n�m_m1f�n�m�z|j:c�n�m�z|eJ��p�e���o�� �-�-m1f�l��-� � �!l��!��j1z�o f��-e�vz|j:c�n�gB}Jf�l�� t c�j:��n�gB} � m�p�l�n�m�z|m-� � t m��-l P̂α,βn,m(x, y)
x|m-c���m-n�m-c�z|l�c�m-��o�n�v

n�gB}un�o
ΩNM

x�l t m-n��!��c�e�l�c�e��>�-� ���!m-m-���-j:�-�!���-e����ul�j f��-e�z|j:c�n�g j4�!e�z�z|g
 �e�c�q-j-� � t m��-l Sα,βn,m(x, y)

�'� �	o��-l��-� �~�1o$f�o$��o l��:��p�j�f�m-��o�n�l��~o �$� c�m t �!l�vz�o���l��-n�gB}W�!�-m-r��!��� �	o t l�}U�!e�z�z xBo �	o t � j l�}W��l���p�j:n�n�m-rUc�j1o	p�l��1o�y�l�llPl��:e���j:n�l��P�-m � c�m��:o e��!��m-r���l��-m��!��l �-g ��l���p�j:n�l�� t o t �:n�o$��j:n�l�r �:o-z|l�}
� m�p�l�n�m�z|m-� P̂α,βn,m(x, y)

x��	o t l t m � w wxl�y�l�j:n���m-�& �e�c�q-jS� � t m��-l f̂α,βn,m

�

� �q�����1�n� �w�1�
~=�A{����	�#w��	w4v��5�U�oy#z �¤�b{I���q^#[ s d�a/]=a/[��\#^#k�[�\�^#b=]=h�^#a/b/XS[pb=\#^#]=b=u�\ ]=©�\#Z�k�[pd�]Ic[�Z�]Irs ]=b�x=]=e�a/]=o#]=ZXKct=Z�uwv�ZXqZ�\#eXIb=Z�] s \#e�Z�]=h-^#\#a/k�\w^wb=\#^#] s�� k�]=¦=[O7 7qU1V#b����0@ ������\#e��
�DXIa/\ s XIa/[�k�X��"��\)v�XIZ�[�k�X���U1Z�f1]=e s XIa/[�k�X�� ;�²=��~#z�� ;k���n~#z�x�y�~=� ;,�q�|�\4?�z�³��²��A{����	�#w��	w4v��5�U�oy#z �¤�o{I�	� ^±v/]�W[ s ]=^#a/[ s \#a/]�WYX�ZXI[ s \#Z�t=¨;[�vDk�b/XKWeXIa/]=b-^;Z�\#eXIbIrZ�] s \#e�Z�u s [p_�V)cYX s [¤7 7$U1V#b��b�0@ ���o��\#e��n�DXIa/\ s XIa/[�k�X��m��\)v�XIZ�[�k�X���U1Z�f1]=e s XIa/[�rk�X�� ; l d�e�[�Z�¯�a=X�b�d�\#XIa/tpF�
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�S�"�S� � % ¢D¢ � %� �	 ¢ � £   � ¢ ¤ ��� ¢ � %   � �   �/��% ¢   %
� � %/� % b"� � ¢ ��	 � � � �-
�� � % ¢D¢�� � ¤ ��*+%§� �w¤ �

� 	�� 	��������*�����

� e��!��q E � c�o��-n�m�z|j:c�n�m � m�p�n�o	���-j t ��m-c�n�o	� c�j s j:� t o�x x1, . . . , xN ∈E �� c�o-�-m-��j � ���.�-gBp�m � m t o��1o�n�m�x�����m f�p��Uwxe�n t y�l�r ϕ �!m �:n�o$��j:n�l���z|lW�
� c�m-l��:�-m�p�q-n�m-r f v � m1f�o	p�k:j �-c�j l�f�j1o	p�q-n�m-k:m~y�j:n���c�o t m-n��!��c�e t ��l��-n�g4zWm���vc�o��:m�z z|m$��n�m m � c�j�f�j!p�l���q ϕ(·, x1, . . . , xN ) ∈ E

� *�m�z|m�z|m-c�wxl��1z
ϕ 7→

ϕ(·, x1, . . . , xN )
x�n�o��:g ��o�j1z|m-j
$ �'$ � � (������ 1 � ��� 8 � 9 $2�),��
	���� 1 9)3� 9)3+�0( �� 9)(>1jx1��p�e���l���m��-m�� �uj:n�l�j1z o�n�o	p�m-k:l���n�gB} c�j:�:e1p�q	�	o���m-�4l�� � �!x!��x��� � £ j!p�qf�o�n�n�m-r c�o-�-m-��g � � m��!��c�m-l���q wxe�n t y�l�m-n�o	p�q-n�m-j{l��!��l���p�j:n�l�j � c�o��-n�m�vz|j:c�n�m � m�p�n�gB} f v o	p�k:j �-c�o	}u�Bj�f�l�n�l�y�j:r f�p���n�j � c�j:c�g �-n�gB} wxe�n t y�l�r � m�vp�l�n�m�z|l�o	p�q-n�m-k:m c�m��!�	o �!m �:n�o$��j:n�l���z|l{l�� l�f�j1o	p�q-n�m-k:m y�j:n���c�o��

� �-m-�:n�o$��l�z ��j:c�j:�
Hom(L)

l
Hm(L)

z|n�m$� j1�!���-mx���!j!}
R
v �:n�o$��n�gB} c�j!v

s j:��m-��n�gB}�k:m�z|m�z|m-c�wxl��1z|m-�4l z|n�m$� j1�!���-m
R
v �:n�o$��n�gB}�z|e1p�q	��l � p�l t o���l���vn�gB} c�j s j:��m-��n�gB}{k:m�z|m�z|m-c�wxl��1z|m-�un�o L �

��� � ��� ��� ��	�
�� 
� � e��!��q E �M�-j t ��m-c�n�o	��c�j s j:� t o>l Λ � f
v o	p�k:j �-c�o��

E
n�o��:g ��o�j:�-� ���0(65�� 1

f � 1�$�=C�2�0(>1 �),7=
Λ
x:j1��p�l �-g � m�p�n����>�-� � ��p�j�f�e����ul�je���p�m-�-l����

t ���
E
����p���j:�-� � p�j:�-g4ziz|m1f�e1p�j1zin�o$f

Λ
m-��n�m��!l���j!p�q-n�mGe�z|n�m$� j:n�l��

(π, x) 7→ π·x l�� Λ×E � E x:�$�1j-� π·(x+y) = π·x+π·y x (π+ρ)·x = π·x+ρ·x x
π · (ρ · x) = (πρ) · x l π · (λx) = (λπ) · x = λ(π · x) f�p�� ���!j!} π, ρ ∈ Λ

x
x, y ∈ E

l
λ ∈ R

#
t ���

π · x > 0
f�p��{���!j!}

0 6 π ∈ Λ
l
0 6 x ∈ E

#
t ��� l�����m-k:m�x�����m

x ⊥ y
��p�j�f�e-j:�

π · x ⊥ y
f�p�� ���!j!}

π ∈ Λ
l
x, y ∈ E

�
� c�o��-g r f v z|m1f�e1p�q n�o$f Λ

m � c�j�f�j!p���j:�-� � o�n�o	p�m-k:l���n�m�� � e��!��q E �
f
v o	p�k:j �-c�o�� � � � t e�� f v � m1f�o	p�k:j �-c�ex� E x	����p������ue���� ��p�j:�-g4z f v z|m1f�e1p�j1zn�o$f

Λ
x$�-e:f�j1z n�o��:g ��o���q � c�m��!��m f � 1�$�=C�2�0(>1 �

�¡������� 	����
�����
L . f


 � <(#
� $�� �
"�#
Λ , �)$:8 $�5�0�<2=�<

ω ∈ H(L)
�+� 


6)&C����3���&C� & #%���%����3:&@����1 �
ω̃ ∈ Hm(Λ)

��"���<��%; >:��< ‖ω̃‖ = 1
;
ω(πx) =

ω̃(π)ω(x)
#%$:8 3���&(B

π ∈ Λ
�
x ∈ L , �  � � ��< � ; λ̃ω = ω̃

#%$:8 3���&(B
0 < λ ∈ R

�
ω ∈ H(L) ,

� e��!��q x1, . . . , xN ∈ E
n�jMc�o��-n�g n�e1p�� m1f�n�m-�-c�j1z|j:n�n�mXl

x :=
{e, x1, . . . , xN} � � l�z|�-m�p�m�z Λ〈〈x〉〉 �-e:f�j1z m��-m-�:n�o$��o���q f v � m1f�z|m1f�e1p�qu� E x
? ln]=^#^#[�¯�xY¥*cYXKW[�k�XIb=k�XIV=x � �DU ¥0~�� l	�W~T�

�����



� m-c�m$� f�j:n�n�g r z|n�m$� j1�!���-m�z x
x
Λ[x]m

�-e:f�j:� m-�:n�o$��o���q �1o-z|g t o�n�l�j{z|n�m�v� j1�!����o {(ω(x1), . . . , ω(xN )) ∈ RN : 0 6= ω ∈ Hm(Λ〈〈x〉〉)}
� � c�j�f � m�vp�m$��l�z x ����mI�1o-z t n�e���m-j z|n�m$� j1�!���-m K ⊂ RN

�!m1f�j:c���l��
Λ[x]m

� � �-j!vf�j1z^wxe�n t y�l�l dt1, . . . , dtN , I x|f�j:r��!���-e����ul�j � m �1o t m-n�e dti(t) = tiIE
x

I : t 7→ IE
x
IE
�M��m$� f�j1�!���-j:n�n�g rum � j:c�o���m-cun�o E x t = (t1, . . . , tN) ∈ RN

�
� �-m-�:n�o$��l�z

f
v o	p�k:j �-c�ePn�j � c�j:c�g �-n�gB}Wwxe�n t y�l�r ϕ l�� K �

Λ � m�p�l�n�m�vz|l�o	p�q-n�m-k:mJc�m��!�	oJ��j:c�j:�
B(K,Λ)

x �$� j-�
ϕ ∈ B(K,Λ)

��m-k f�oJl ��m�p�q t m��m-k f�o�x t m-k f�oJ�!e��uj1�!���-e-j:� � m t o��1o���j!p�q n ∈ N
lW��l���p�m

M > 0
�	o t l�j�x����m |ϕ| 6 M(I + dt1 + . . . + dtN )n

� ,�o-z|j:��l�z x ����m
B(K,Λ)

����p���j:�	v
� �

f
v z|m1f�e1p�j1z n�o$f

Λ
� � ��c�e t ��e�c�o f v z|m1f�e1p�� m � c�j�f�j!p���j:�-� �Wwxm-c�z|e1p�m-r

πf(t) := π ◦ (f(t)) f�p��_���!j!} t ∈ K
x
π ∈ Λ

l
f ∈ B(K,Λ)

�
��� � ��� ��� ��	�
�� ��� � e��!��q E

� c�o��-n�m�z|j:c�n�m � m�p�n�o	� f
v o	p�k:j �-c�o

�Gz|e1p�q-��l � p�l t o���l��-n�m-rUj�f�l�n�l�y�j:r e x x1, . . . , xN , y ∈ E
x
Λ
� �1o-z t n�e�v�	o	� � m n�m-c�z|j f v � m1f�o	p�k:j �-c�o � Z (E)

� � c�j�f � m�p�m$��l�z x�����m Λ[x]m ⊂ Kl
ϕ ∈ B(K,Λ)

�p�de:f�j1z � l��:o���q y = ϕ(·, x1, . . . , xN )
x�j1��p�lX�-g � m�p�vn���j:�-� � c�o��-j:n��!���-m

ω(y) = ω̃(ϕ(ω(x1), . . . , ω(xN )))
f�p�� ���!j!}

ω ∈
Hm(Λ〈〈e, x1, . . . , xN , y〉〉)

�
�����3�1����� 	����
�����

E .  "�3���< � &  ��< � <2$��
"28 f

 "�$�=�&�0  " � � � $��*��� 


� $�����"*����3���<�� & #%��������&��
e
;
Λ .  "�3���< � &  ��< �C"�� ���*�%��"28 f 
 � <(# "�$�=�&�0  "

Z (E)
;
x1, . . . , xN ∈ E

�
x := {e, x1, . . . , xN} , �  & # � <2$�<�')��� ; >:��< �C" 
� ���*�%��<�& � <(# � ��<�' &C����3:< K ⊂ RN

��<(# &  ')�%� Λ[x]m , � <2=+# " <!��<�0  "2' & 
����&
h : ϕ 7→ ϕ(·, x1, . . . , xN )

& #%���%����3:&@����1 �
Λ

 � <(#
� $�����1 � =�< � < � <  
� ��� � ���

B(K,Λ)
3
E

��"���<��%; >:��<
h(I) = e

�
h(dti) = xi (1 6 i 6

N) ,�� <2$�&�& ��<2=�<!;
h(B(K,Λ))

��<23 � "�# "!&C� �  "�3���< � &  ��1 � �C"�� 14��"���� 

& �

f

 � <(# � <(#
� $:8 3

E
; � <  <�' # &@����1 � � $�& � &@�%��"�� � e, x1, . . . , xN

; � , & ,
h(B(K,Λ)) = Λ〈〈e, x1, . . . , xN 〉〉 ,

� �q�����1�n� �w�1�
~=�kJ(!'&�K���&(1§� xbQ'�T>b���������,Jq� xn+���� m %�%�$ 5kX§� %"!'�'*P��$ %��"���1*4��� *�!'� !'&3%�� m $ ��& nA&�."��*���&O7 7
���'Q"������9:�#��2�� l r;� [ � pF� ;$~��=��~=� ;�<5%�� ��z�x�y ²�� ;3>n��z/²=|4?�z/|�=��²���=���-�Q'%�� m � x��o�P+�-p9�� x m ��-��"��!'Q0kT� m ���'Q'%�N,� -:�'%��6N,��Qp&�."��*���&�� ;3>b���6$ &4��=1���6NO���'��x~��=��~=�|���3W!'&������P+pX§��1§��%"!'�'*P��$ %��"���(*4��� *�!'� !'&����'Q¤9T$ �'K�%4/1&�K�$aQ'!"��� $ ��-p%��Y+���*P��%���� �#�6��$ *���&k7 7
<W� ��Q'$ K���+�K��Cn�9:�#��2���o�� ;�²=�=�=��� ;�<5%�� ��~=~=x�y ²�� ;3>n�|�~D?�z/²��z�����XI^#]=\#bp�q�n�q�a�q¦=]=¦=`;\#Z�Z�]=\Sfq_�Z�k�©�[�]=ZXKct=Z�]=\�[�^#�[�^)c\#Z�[�\$bDb=\#k�a/]=e�Z�uwv�e�\#¨;\#a=rk�XKv:7 7T¥*cYXKW[�k�XIb=k�� s XIaI��jT_�e�Z�� ;�²=��~�|�� ;k����~���xb=u�d�|�� ; 8 �Y³=³�?�\�\��
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 % �m  � � � ¤ ¢   %������§	 � % �db � � � ¤ ¢  �����m �,w��� � �T
��db � % ¢D¢�� � � � � 	/� � £  �� ¢ ¤
� � ���db �w¤ ¢ �db � % ¢D¢ �4v ¢ % �T
 ¢ � � �T
 ¢ �S� ¤4� % ¤ ��%

� 	/	
	���� ���n�1�3��� 1 �  	�� 	 �����1���������q��� �

� o-�:�:z�o���c�l���o�j:�-� �W�!l��!��j1z�o f�l�w wxj:c�j:n�y�l�o	p�q-n�gB}Pe�c�o��-n�j:n�l�r xdz|m1f�j!v
p�l�c�e���� o	� c�o-� � c�m��!��c�o�n�j:n�l�j � m t m�p�q-y�j:�-m�z|e o�c�j1o	p�e�f��-e�} t m-n t e�c�l�c�e�v���ul�} �1o j�f�l�n�g r{c�j1�!e�c��

p(x)
��p�l�� t m-c�m1f��!���-j:n�n�gB} � m � e1p���y�l�r��

u̇ = −q′1 + η1uf, f = 1− u+ v

p(x)
, p(x) = eµ(x),

v̇ = −q′2 + η2vf, (̇) =
∂()

∂t
, ()′ =

∂()

∂x
,

u(x, 0) = u0(x), v(x, 0) = v0(x).

t ���

� l�k:c�o�y�l�m-n�n�g j � m-��m t l q1 x q2 e���l���g ��o��>�uf�l�w wxe��:l��p�

q1 = −k1u′ + uϕ1(x, v), ϕ1 = α1(ln v)
′ + β1(ln p)

′,

q2 = −k2v′ + vϕ2(x, u), ϕ2 = α2(lnu)
′ + β2(ln p)

′.

t ���

 �e�n t y�l�l ηi(x) x ki(x) x αi(x) l βi(x) m � c�j�f�j!p����>�u�!m-m-���-j:�-�!���-j:n�n�m � o�c�o	vz|j:��c�gIc�m��!�	o�x$f�l�w wxe��:l�l l~z|l�k:c�o�y�l�m-n�n�g j t m � w wxl�y�l�j:n���g � m � e1p���y�l�r��
�p����!l��!��j1z|g t ���#x t ���#x	f�m � m�p�n�j:n�n�m-r e���p�m-�-l���z|l � j:c�l�m1f�l���n�m��!��l x�e t o��1o	vn�gUf��-j�p�j1z�z|g �
�¡������� � 	%�  � ki = αi+βi

;
i = 1, 2

� �(�%����& � 1
(1)

;
(2)

�+��6)&C����3���&C�
��& � &��%����3:<7����"�����<2�
"  ��1�B  &��)&@��� � u = γeµ(x)

;
v = (1− γ)eµ(x)

;
γ ∈ R ,

�¡������� � 	4�  � η1k2 = η2k1
;
ϕ1 = ϕ2 = 0

�(�%����& � " ��� &�&C� ��<!�(��� 

� &C�  ��5 L = (η2v,−η1u)

;?��<!��<  <�� <!��3:&2>!"!&C� ��& � &��%����3:<D����"�����<2�
"  ��1�B
 &��)&@��� �9� � &  & � &@����1 � � � &@�%�  < � ,� g ��l���p�l���j!p�q-n�g j � t � � j:c�l�z|j:n���g � �!c�j�f�j � � � �1� � � m1f����-j:c-f�l�p�l�!e��uj1�!���-m-��o�n�l�jBe��!�	o�n�m-��p�j:n�n�gB}up�j1z�z�o-z|l ��x����!�	o�y�l�m-n�o�c�n�gB} c�j s j:n�l�r��
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� ¤4�   ¤ ¢ bÍ��% ���/% b"� � ¢ �.* ����% b"�T
 ¤ �   � � %��
� � � %��D� ¤ � 
 � � ¤ ¢ ¤ �m �, ¤ 
 � 	S��% � ¢�� � b�% � % ¢  ��

¢ % � ��,w����� ¢ % � �  D� ¤ %§����� �  $
������db� 
�	 � 	��i�������n� ���1�q�1�)�

� m-�-g s j:n�n�g r l�n���j:c�j1�~z|j!}�o�n�l t m-� t l��:e���j:n�l�� � p�m�� t l�} �-l�}�c�j:�-gB}f��-l�� j:n�l�r l�f�j1o	p�q-n�m-r{��l�f t m��!��l �!�����1o�n � l�}_c�o��:n�m-m��-c�o��:n�g4z|l � c�l�p�m�v� j:n�l���z|l{� �1o$f�o$��o	}�k:l�f�c�m1f�l�n�o-z|l t l x�f�l�n�o-z|l t l_m t j1o�n�oul_o��-z|m��:wxj:c�g �
� f�o�n�n�m-rMc�o-�-m-��j � c�j�f�p�m$� j:nM��o�c�l�o�n�� �-j1�:�!j:��m-��n�m-k:mWz|j:��m1f�oI�-l�}�c�j:r�G����j:r t o	} f�p�� c�o-�!��j:�	o f�l�n�o-z|l t l ��o�c�m-��c�m � n�m-r ��l�f t m��!��l n�o �:wxj:c�j��e���j:��m�z �!l�p�g �xm-c�l�m�p�l��:o��

� e��!��q���n�o$��o	p�q-n�g r�z|m�z|j:n��u�-c�j1z|j:n�l���n�j t m-��m-c�m-r�m���p�o-�!��l D �1o$f�o	vn�g t m-m-c-f�l�n�o���g N ��l�f t l�} ��o-�!��l�y l �:n�o$��j:n�l�jd�1o��-l�}�c�j:n�n�m��!��l ω �xn�l�}��� ��l��	o�j:�-� � x�����m �1o��-l�}�c�j:n�n�m��!��q � j:c�j:n�m��!l��-� � � o-�:�!l��-n�m���l�f t m-r ��o-�!��l�vy�j:r��*
�p��Gc�o-�!��j:�	o�f�l�n�o-z|l t lJ��l�f t l�}G��o-�!��l�yJn�j:m��$}�m1f�l�z|m~c�j s o���q �!l�v�!��j1z|e�f�l�w wxj:c�j:n�y�l�o	p�q-n�gB}~e�c�o��-n�j:n�l�r��

ẋi = ψy(xi, yi), ẏi = −ψx(xi, yi).
¢ o t o	� f�m�z_�-c�j1z|j:n�n�m�z s o�k:jdl�n���j:k:c�l�c�m-��o�n�l�� � ��m-r �!l��!��j1z|gPn�e���n�mn�o	}�m1f�l���q wxe�n t y�l��i��m t o ψ l�� e�c�o��-n�j:n�l����

−4ψ + Λ2ψ = ω +
1

2
γr2,

k f�j
γ = const

x
r =

√
x2 + y2

x
Λ2 = const

�
b�o t o	�T�1o$f�o$��o z|m$� j:� �-g ��q c�o-�:�:z|m-��c�j:n�o � c�o��!p�l���n�gB} m���p�o-�!�1��}�x

� c�lUc�o��!p�l���n�gB} t c�o�j:�-gB}Ie���p�m-�-l���}In�o wxe�n t y�l��\��m t o ψ � � n�o-�!��m$��v�uj:rPc�o-�-m-��j{�1o$f�o$��o c�o-�:�:z|m-��c�j:n�oG� � c���z|m-e�k:m�p�q-n�m�z t m-n���j:r�n�j:c�j D =
{(x, y) : |x| 6 a/2; |y| 6 b/2} � c�l � j:c�l�m1f�l���j1� t l�} t c�o�j:�-gB} e���p�m-�-l���}n�o wxe�n t y�l��i��m t o ψ �
�p��Gc�j s j:n�l�� e�c�o��-n�j:n�l�� x��!�����:��o����uj:k:m~�1o��-l�}�c�j:n�n�m��!��q ω lJwxe�n t vy�l�� ��m t o ψ x�l�� � m�p�q-�:m-��o	p�� � � c�m-j t y�l�m-n�n�g r z|j:��m1f��de��-n�m-��o � *�o	p��j:c�v
t l�n�o��  �e�n t y�l��_��m t o ψ c�o��:g4� t l���o	p�o-�!qu� �-l�f�j m-��c�j:� t o c���f�o& �e�c�q-j��

ψ ≈
4∑

k=1

kx∑

i=1

ky∑

j=1

ψrij g
k
ij(x, y) + ψ1

00

g100
2
.
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�Mt o$��j1�!���-j���o��:l��!n�gB} wxe�n t y�l�rGl�� � m�p�q-�:m-��o	p�o-�!q � m�p�n�o	�J�!l��!��j1z�o ��c�l�vk:m-n�m�z|j:��c�l���j1� t l�} wxe�n t y�l�r x-e:f�m-��p�j:���-m-c������ul�} t c�o�j:�-g4zGe���p�m-�-l���z �1o	vf�o$��l{l_e���p�m-�-l��Tn�m-c�z|l�c�m-� t l��
¢ j:l��:�-j1�!��n�g j t m � w wxl�y�l�j:n���g c�o��!p�m$� j:n�l�� wxe�n t y�l�l ��m t o ψ �1o$f�o	v�>�-� �_�-g c�o	� j:n�l���z|l��

ψkij =
a2b2

4π2(i2b2 + j2a2) + Λ2a2b2

a/2∫

−a/2

b/2∫

−b/2

ω(x, y) gkij(x, y) dx dy

︸ ︷︷ ︸
Ikij

,

ψ1
00 =

1

Λ2

a/2∫

−a/2

b/2∫

−b/2

ω(x, y) g100 dx dy

︸ ︷︷ ︸
I100

− γ

12Λ2
(a2 + b2)

√
ab .

���!n�m-�-n�o	� ��p�m$��n�m��!��q4��f�j1�!q �1o t p��>��o�j:�-� � �4�-g ��l���p�j:n�l�l�l�n���j:k:c�o	p�m-�
Ikij
��
�p�� n�o	}�m$� f�j:n�l�� � ��l�}ul�n���j:k:c�o	p�m-�>m���p�o-�!��q D c�o�� �-l���o	p�o-�!q4n�o Nbox����j:j t�� c���z|m-e�k:m�p�q-n�m-rJwxm-c�z|gjx�� t o	� f�m-rJl�� t m-��m-c�gB} ω o �$� c�m t �!l�z|l�vc�m-��o	p�o-�!q{z|n�m-k:m-��p�j:n�m�z ��c�j:��q-j:r �!��j � j:n�l ϕq t q � n�m�z|j:cJ����j:r t l��#x t m�v

� w wxl�y�l�j:n���g t m-��m-c�m-k:m�n�o	}�m1f�l�p�l��!q~z|j:��m1f�m�z n�o�l�z|j:n�q s l�} t ��o$f�c�o���m-���
� n�j{����j:r t l �1o��-l�}�c�j:n�n�m��!��q � m�p�o�k!o	p�o-�!qG��m$� f�j1�!���-j:n�n�mJc�o��-n�m-rPn�e1p��u�
� ��m � m-�:�-m�p�l�p�m o�n�o	p�l���l���j1� t l��-g ��l���p�����q � c�l$��p�l�� j:n�n�m-j �:n�o$��j:n�l�j l�n�v��j:k:c�o	p�m-�

Ikij
�

�dgBp�l � c�m-�-j�f�j:n�g ��j1�!��m-�-g j c�o-�!��j:��gjx t m-��m-c�g j � m t o��:g ��o��>��x�����m
� c�j�f�p�m$� j:n�n�o	� ��l���p�j:n�n�o	� � }�j1z�o c�o-�!��j:�	o_f�l�n�o-z|l t l ��l�f t l�} ��o-�!��l�y x�-m�v � j:c��-gB}�x1�!m$}�c�o�n���j:�4e��!��m-r���l��-g ru�!�	o�y�l�m-n�o�c�n�g r�c�j!��l�z n�oBf�m��!�	o���m-��vn�m��-m�p�q s m�zJl�n���j:c���o	p�j4�-c�j1z|j:n�l x��-m�v �-��m-c�gB}�x t o$��j1�!���-j:n�n�m��-m�� � c�m-l��:�-m�vf�l�� l��:�-j1�!��n�g r o�n�o	p�l���l���j1� t l�r_c�j:�:e1p�q	�	o��$�

� �q�����1�n� �w�1�
~=�	�'y#z�y�����v���� ���	}k�Y¥wXIe�[XIZ�a s \#a/]�WYX�b=[�v�e�\#hDb�¯��\#h�k�XKv�W�c�¯�eXI^#�\#a=X d�c]=^#k�[�v�a/\)r�\#Z�[�hS[�W\�XKct=Z�]=hSZ�\#^±j�[ s XI\ s ]=h�j�[�Wk�]=^#a/[:7 7 �{¥0� �Y�-� ;�²=��~=~=� ;k������~=x�y�=�� ;
�q��~=~�|=|4?Y~=~#z�³��²��	�	�	���#y�� ���Dz � ��}k� �������'z��'y#z ����tk� A1[�^)c\#Z�Z�u�\ s \#a/]�Wu ®KXI^#a/[�©�uwr¬bIr ¯��\#h�k�XKvY°I� ;
~1]=b=]=^#[�¦=[�e�^#km�m~�X#_�k�X�xY²=�=�=���|�����w��5x ��� @�[�We�]�W[�ZX s [�k�X�� ;3��� � @�]=^=�§[�V)W�r¬b=]¡a/\)v�Z�[�k�]Ir¬a/\#]=e�\#a/[��\#^#k�]=h�c[�a=r¬e�u�x~��Iz�³�� ;��=²=��^=�
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�T  ��� ¢ � �w¤ , ��� �  D� ¤ � � � �D	.* � 	 � � ¤
�m  ¢ %�� ¢�� � ��b ¢ �.� % ¢  ��

� 	��#	 � � �1�����

���!n�m-�-n�m-r c�j:�:e1p�q	�	o��>f�m t p�o$f�o$� ��j:m-c�j1z�oxm � m��!��c�m-j:n�l�l��!l�p�q-n�m c�o��!vp�m$��l�z|m-r � m�p�e�k:c�e �$� gUp�l�n�j:r�n�gB}{m-��n�m s j:n�l�r��
� e��!��q X � ��o�n�o	}�m-�-m � c�m��!��c�o�n��!���-m��1� n�m$� j1�!���-m p�l�n�j:r�n�gB} t �1o-z�v

t n�e���gB}���m-��n�m s j:n�l�r�n�o � c�m��!��c�o�n��!���-j X m��-m-�:n�o$��l�z LR(X)
t
LCR(X)

���
��� � ��� ��� ��	�
�� � � $@�
�!� *��:& & $ � �)9��)( � ����� $'- � $�� (�� 9 � n�o��:g ��o�j:�-� �

wxe�n t y�l�� L
: (0,∞) → LR(X)

�!m��!�-m-r��!���-m�z
L
(t+ s)x =

L
(t)
L
(s)x, t, s > 0,

f�p��{p�� �-m-k:m
x ∈ X.

��� � ��� ��� ��	�
�� � � m�p�e�k:c�e �$� ox�1o-z t n�e���gB} p�l�n�j:r�n�gB}�m-��n�m s j:n�l�r L :
(0;∞) → LRC(X)

n�o��:g ��o�j:�-� � 3 9*�
	�� $ *�, 	��)$�� 9 1�$ � x�j1��p�l
X = X− ⊕

X+;X−
x
X+

� l�n���o�c�l�o�n���n�g m-��n�m��!l���j!p�q-n�m�L
(t)
x
t > 0

# ∃T− : (0;∞) →
EndX− : T−(t)x =

L
(t)x

x
t > 0

x
x ∈ X−

# ∃T+ : (0;∞) → EndX+ :
T+(t)x =

L
(t)−1x

x
t > 0

x
x ∈ X+

x�k f�j���j:c�j:�
EndX

m��-m-�:n�o$��j:n�m�z|n�m$� j!v
�!���-m p�l�n�j:r�n�gB}{m-k:c�o�n�l���j:n�n�gB} m � j:c�o���m-c�m-�un�o X �

��� � ��� ��� ��	�
�� � � e��!��q��
−
x �

+
�Ek:j:n�j:c�o���m-c�g � m�p�e�k:c�e �$� L

−
x(L

+.b�m-k f�o � (��)(+*�,�-.$/*0$21 & $@�
�!� *��:& &��
T
n�o��:g ��o�j:�-� � m-��n�m s j:n�l�j

�
=
�
− ⊕ (− � +).

��� � ��� ��� ��	�
�� � �>��n�m s j:n�l�j A ∈ LR(H)
n�o��:g ��o�j:�-� � � $/* 1�,��
	���� 1jx

j1��p�l
D(
�
) = D(

� ∗);
��� ∗ =

� ∗ � ,
k f�j�� ∗ � �!m � c���� j:n�n�m-j t �Im-��n�m s j!vn�l�j-�

�����3�1����� 	 ���
�����
H �

=���$��:0�&  ��<23:< �! <!���  "��%����3:< �  & �2<2$���3:&@�%����<�&
� ��<�' &C����3:<

ρ(
�
)
��<  � "�$�����<2=�<7$�����&�����<2=�< <!����<��)&@���:8�� ∈ LR(H)

��< 

# &  ')�%� � ��<�' &C����3:<

{λ ∈ C : a− γ < Reλ < a+ γ},
? ln]=^#^#[�¯�xY¥*cYXKW[�k�XIb=k�XIV=x � �DU ¥0~�� l	�W~T�
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#%$:8 ��&@��<!��<  1�B a, γ ∈ R. �
<2=+# " 3:&  ��1 �($�& #
��5�6���& �%��3:&  ' # &@���:8 �

H = H1 ⊕ H− ⊕ H+;
�

=
�
1 ⊕

�
− ⊕ �

+; �! �?>*& � � 0 =
�
10,

< � &  " 
��<  1 A−
;
A+

8�3�$:8�5 � � 8 ��<  � "�$�����1 � � �D8�3�$:8�5 � � 8 =�&@��&  "*��<  "�� � � < 
$*��=  � ��� ��<  � "�$�����1�B < � &  "*��<  <23 T− ; T+ ��$
"*��� "
C0

�
" � <(# �! <!���  "�� 
����3*"2B
H−

;
H+

��<�<!��3:&C� ����3:&@����<
�
<!����<��)&@����& � 8�3�$:8�&C� � 8 =�&@��&  "*��<  < ��(��$�����<  " ��$�<�')��� <�� � <2$*��=  � ��� 1 $�����&�����1�B)<!����<��)&@��� �0L

= T−⊕T−1
+ .

� �q�����1�n� �w�1�
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t e1p���c�n�m-r t c�l��-l��:n�gjx�����p������ul�r�� � l�n���o�c�l�o�n���m�zUf�o�n�n�m-k:m � c�j:m��-c�o��:m�v��o�n�l����

� 	  �*�3���1���1���q� 	 � � �n�q� "
� e��!��q (G, g)

�
n
v z|j:c�n�o	� k:c�e �$� o
� lI� p�j:�-m-l�n���o�c�l�o�n���n�m-r t � �!j:��vf�m�� c�l�z�o�n�m-�-m-r z|j:��c�l t m-r��-� �-m-�:n�o$��l�z~��j:c�j:� ∇ �!�����:n�m��!��q�� j:�-l�v � l��-l��	o�x��j:c�j:�

R(X,Y )T = ∇Y∇XT − ∇X∇Y T + ∇[X,Y ]T
� ��j:n��:m-c t c�l��-l��!vn�g � l�z�o�n�o�x|��j:c�j:�

r = tr(V 7→ R(V,X)Y )
�\��j:n��:m-c � l�����l l ��j:c�j:�

ρ = tr(r)
� � t o	p���c�n�e�� t c�l��-l��:n�e�x�k f�j X x Y x T x V � �-j t ��m-c�n�g j � m�p��n�o

G.
b�m-k f�o - (��
	�$/*�8:$2��� 9�*08��2� ;7*�� $ � 8 *09)5�9
	���� m � c�j�f�j!p���j:�-� � c�o��-j:n�v�!���-m�z

Z = R− ρ

2n(n− 1)
g∧©g,

k f�j
H ∧©K(u1, u2, u3, u4) =

= H(u1, u3)K(u2, u4) +H(u2, u4)K(u1, u3)−
−H(u1, u4)K(u2, u3)−H(u2, u3)K(u1, u4)

? l�XI¦=]=a=X b=u�d�]IcZ�\#ZX»d�e�[ d�]�W�W\#e/j�k�\���]=b=\#a=X d�]»o#eXIZ�a=X s �1e�\#V#[�W\#Z�a=X»l(�-xo#eXIZ�ap~��«r}²=²�==|�� ²=��~#z�� ~=x(�1eXIb=[�a/\)ct=^#a/b/Xml(�-x�o#]=^#k�]=Z�a/eXIk�amy ~#z�� ¥w²=��� |�~=� �=�=²=��x(��[�rZ�[�^#a/\#e�^#a/b/X ]=¦=eXIV#]=b/XIZ�[�¯«[ ZX#_�k�[¡l(�-x�k�]�W¡d�e�]=\#k�a=X��;~=~#z�\�x1X9a=XIk�j§\�d�e�]=o#eX s3s u^#a/eXIa/\#o#[��\#^#k�]=o#]-eXIV#b=[�a/[�¯:��@n�I� �«¥0��� ®#�´ca @ �;°Ix�d�e�]=\#k�a�yÍ²=��~#z�� |�~�²�� ~=� z��
q ln]=^#^#[�¯�x	�wXIe�ZX#_Kc�x	�´ca=XIh�^#k�[�hSo#]=^)_KWYXIe�^#a/b=\#Z�Z�u�h�_�Z�[�b=\#e�^#[�a/\#aI�

�����



� � c�m-l��:�-j�f�j:n�l�jD�xe1p t o�c�n�l�v ¢ m�z|l�f��:e�x�l�p�l_� t m-m-c-f�l�n�o��	o	}w�

Zhijk = Rhijk −
ρ

n(n− 1)
(gij ghk − gik ghj).

� mJo�n�o	p�m-k:l�l � ��j:n��:m-c�m�z t m-n�wxm-c�z|n�m-r t c�l��-l��:n�g n�o��:m-�-j1zT��j:n��:m-c
t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g � , * 1�$2� 9��(63 8:9 1jx�j1��p�lJ�-g � m�p�n���j:�-� �Ge���p�m�v�-l�j

divZ = 0
�

� e��!��quf�o	p�j:j G � ��c�j!} t ��j:��g c�j!}�� z|j:c�n�o	� k:c�e �$� o � l_��p�j:�-m-l�n���o�c�l�vo�n���n�m-r t � �!j:�	f�m�� c�l�z�o�n�m-�-m-r z|j:��c�l t m-r x {g, [·.·]} �T�!m-m-���-j:�-�!���-e���� o	� o	p�vk:j �-c�o � l���b�m-k f�o��!e��uj1�!���-e-j:� �-�1o�l�z|n�m�m1f�n�m-�:n�o$��n�m-j �!m-m-���-j:�-�!���-l�j>z|j!� v
f�e z|n�m$� j1�!���-m�zW� t o	p���c�n�gB} � c�m-l��:�-j�f�j:n�l�r � g

lJz|n�m$� j1�!���-m�zPp�j:�-m-l�n�v
��o�c�l�o�n���n�gB} t � �!j:�	f�m�� c�l�z�o�n�m-�-gB} z|j:��c�l t � G ���de:f�j1zim��-m-�:n�o$��o���q �!m�vm-���-j:�-�!���-e����uj:j � t o	p���c�n�m-j � c�m-l��:�-j�f�j:n�l�ju��j:c�j:� 〈·, ·〉 lGn�o��:g ��o���q � o�c�e
{g, 〈·, ·〉} 1�( - *09��(63 8:$ � ,���� ( �/*0$ � � 9��

� 	  �Y�1�3�*�1�3� �������3�q�q���
� c�j s j:n�l�l~�1o$f�o$��l�m���n�o	}�m$� f�j:n�l�l t m-n�j:��n�m�z|j:c�n�gB} k:c�e �$� � l � p�j!v�-m-l�n���o�c�l�o�n���n�m-r t � �!j:�	f�m���c�l�z�o�n�m-�-m-r z|j:��c�l t m-r l k!o�c�z|m-n�l���j1� t l�z ��j:n�v�:m-c�m�z t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g z|m$��n�m �-gdf�j!p�l���q>��p�j�f�e����ul�j m��!n�m-��vn�g j � �	o � gD�
���|m-��g4� t o�n�l�j t m�z � m-n�j:n��x��j:n��:m-c�o t c�l��-l��:n�g l��:n�o$��j:n�l���� t o	p���c�n�m-r

t c�l��-l��:n�g�#
���un�o	}�m$� f�j:n�l�j t m�z � m-n�j:n��J��j:n��:m-c�o t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g lj:k:muf�l��-j:c�k:j:n�y�l�l+#
���dc�j s j:n�l�j �!l��!��j1z|gMe�c�o��-n�j:n�l�r divZ = 0

�
� j s j:n�l�j �1o$f�o$��lIn�o t o	� f�m�z � �	o � j � c�m-�-m1f�l�p�m��!q � m ��p�j�f�e����uj1z|eo	p�k:m-c�l��-z|e-� � j:c��-m-n�o$��o	p�q-n�m{�!��c�m-l�p�o-�!q_e:f�m��-n�o	� f�p�� �-g ��l���p�l���j!p�q-n�m-rc�o-�-m-��gWz|m1f�j!p�q�l��:��p�j�f�e-j1z|m-k:m�m����j t �	o���
 o	p�j:j>�!m-��f�o���o	p�o-�!q � c�m-k:c�o-z�z�of�p�� c�j1o	p�l��1o�y�l�lJ� �!l��!��j1z|j o�n�o	p�l���l���j1� t l�}Gc�o-�!��j:��m-� � k � l _-� � p�j�f�e��4v

�ul�r s o�k��-gBp � m��!��� �uj:nuo�n�o	p�l��:e lul��!��m�p t m-��o�n�l�� � m�p�e���j:n�n�gB}�c�j:�:e1p�q�v�	o���m-��� � m���p�j���j:k:m f�j!p�o	p�� � �-g �-m1f m~�!��c�e t ��e�c�jul��:e���o�j1z|m-k:m�m����j t �	o lm �-m-�1z|m$��n�m��!��l e���m-��n�j:n�l�� z|m1f�j!p�l��
b�o t l�zUm��-c�o��:m�z x�f�p��Gn�o	}�m$� f�j:n�l�� t m-n�j:��n�m�z|j:c�n�gB}_k:c�e �$� � lG��p�j!v�-m-l�n���o�c�l�o�n���n�m-r t � �!j:�	f�m�� c�l�z�o�n�m-�-m-r z|j:��c�l t m-r{l k!o�c�z|m-n�l���j1� t l�z ��j:n�v�:m-c�m�z t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g n�j:m��$}�m1f�l�z|mG�Gp�m t o	p�q-n�m-r �!l��!��j1z|j

t m-m-c-f�l�n�o��uc�j1o	p�l��:m-��o���q ��p�j�f�e����ue�� � }�j1z|e��

�����



�;���;���1�w�
¢ o�r���l t m�z � m-n�j:n���g ��j:n��:m-c�o t c�l��-l��:n�g t

Rijkt
�dl_� t o	p���c�n�e��

t c�l��-l��:n�e t ρ � p�j:�-m-l�n���o�c�l�o�n���n�gB} t � �!j:�	f�m�� c�l�z�o�n�m-�-gB}{z|j:��c�l tn�o t m-n�j:��n�m�z|j:c�n�m-r{k:c�e �$� j � l

↓

���n�������n�n�q�1���Y��� 	»�����;�����q�
ρ = rik g

ik

rik = Rijkt g
jt

Rijkt = csij Γsk,t − Γsjk Γis,t + Γsik Γjs,t

Γsij = Γij,k g
ks

Γij,k = 1/2 (cijk − cjki + ckij)

cijs = ckij gks,� ='(
ckij

� �!��c�e t ��e�c�n�g j t m-n��!�	o�n���gTo	p�k:j �-c�g � l x
gij

� t m�z � m-n�j:n���gTz|j:��c�l���j1� t m-k:m ��j:n��:m-c�o�x
Γij,k

� �!l�z|�-m�p�g �xc�l��!��m�w wxj!p�� � j:c��-m-k:m c�m1f�o�x
Γsij

� �!l�z|�-m�p�g �xc�l��!��m�w wxj!p��{�-��m-c�m-k:m c�m1f�o�x
gks

� t m�z � m-n�j:n���g t m�z|j:��c�l���j1� t m-k:m ��j:n��:m-c�o�x
Rijkt

� t m�z � m-n�j:n���g ��j:n��:m-c�o � l�z�o�n�o�x
rik

� t m�z � m-n�j:n���g ��j:n��:m-c�o � l�����l x
ρ
� � t o	p���c�n�o	� t c�l��-l��:n�o�x

n
� c�o��1z|j:c�n�m��!��q k:c�e �$� g � l

↓

� �q�1�����1���q�1� �Y�1�Y����� ���*�� � �i�����q�1�3�{���n�������n�n�q�q�T�
��� � l s j1z � c�m-y�j�f�e�c�e f�p��_m-��g4� t o�n�l�� t m�z � m-n�j:n�� ��j:n��:m-c�o
t c�l��-l��:n�gTl � t o	p���c�n�m-r t c�l��-l��:n�g�#

��� �1o$f�o�j1zPz�o-�:�!l����!��c�e t ��e�c�n�gB} t m-n��!�	o�n�� t ckij �#x�z|j:��c�l���j1� t l�r��j:n��:m-c t
gij
�dl_n�o	}�m1f�l�z t m�z � m-n�j:n���g ��j:n��:m-c�o t c�l��-l��:n�gl � t o	p���c�n�e�� t c�l��-l��:n�e

↓

�����



�;���;���1�w�
¢ o�r���l t m�z � m-n�j:n���gT��j:n��:m-c�o t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g

t m-n�j:��n�m�z|j:c�n�gB} k:c�e �$� � l_��p�j:�-m-l�n���o�c�l�o�n���n�m-r
t � �!j:�	f�m�� c�l�z�o�n�m-�-m-r{z|j:��c�l t m-r

↓

���n�������n�n�q�1���Y��� 	»�����;�����q�

Zhijk = Rhijk −
ρ

n(n− 1)
(gij ghk − gik ghj),

� ='(
Rijkt

� t m�z � m-n�j:n���gT��j:n��:m-c�o � l�z�o�n�o�x
ρ
� � t o	p���c�n�o	� t c�l��-l��:n�o�x

gij
� t m�z � m-n�j:n���gTz|j:��c�l���j1� t m-k:m ��j:n��:m-c�o�x

n
� c�o��1z|j:c�n�m��!��q k:c�e �$� g � l

↓

� �q�1�����1���q�1� �Y�1�Y����� ���*�� � �i�����q�1�3�{���n�������n�n�q�q�T�
��� � l s j1z � c�m-y�j�f�e�c�e f�p��_m-��g4� t o�n�l�� t m�z � m-n�j:n�� ��j:n��:m-c�o
t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g�#

���dl�� � m�p�q-�:e�� n�o�r�f�j:n�n�g jx�-g s j t m�z � m-n�j:n���gT��j:n��:m-c�o
t c�l��-l��:n�g l � t o	p���c�n�e�� t c�l��-l��:n�e�x�n�o	}�m1f�l�z t m�z � m-n�j:n���g��j:n��:m-c�o t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g

↓

�;���;���1�w�
¢ o�r���l~f�l��-j:c�k:j:n�y�l��i��j:n��:m-c�o t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g

t m-n�j:��n�m�z|j:c�n�gB} k:c�e �$� � l_��p�j:�-m-l�n���o�c�l�o�n���n�m-r
t � �!j:�	f�m�� c�l�z�o�n�m-�-m-r{z|j:��c�l t m-r

↓

�����



���n�������n�n�q�1���Y��� 	»�����;�����q�

(divZ)ijk = gstZijkt;s,

� ='(
Zijkt;s

� t m-��o�c�l�o�n���n�o	� � c�m-l��:�-m1f�n�o	� ��j:n��:m-c�o
t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�gjx

gks
� t m�z � m-n�j:n���g t m�z|j:��c�l���j1� t m-k:m ��j:n��:m-c�o

↓

� �q�1�����1���q�1� �Y�1�Y����� ���*�� � �i�����q�1�3�{���n�������n�n�q�q�T�
��� � l s j1z � c�m-y�j�f�e�c�e f�p��_m-��g4� t o�n�l�� t m�z � m-n�j:n��uf�l��-j:c�k:j:n�y�l�l��j:n��:m-c�o t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g�#
���dl�� � m�p�q-�:e�� n�o�r�f�j:n�n�g jx�-g s j t m�z � m-n�j:n���gT��j:n��:m-c�o
t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�gjx�n�o	}�m1f�l�z t m�z � m-n�j:n���gf�l��-j:c�k:j:n�y�l�l

↓

�;���;���1�w�
� j s l���q��!l��!��j1z|e e�c�o��-n�j:n�l�r (divZ)ijk = 0

m-��n�m��!l���j!p�q-n�m
�!��c�e t ��e�c�n�gB} t m-n��!�	o�n��

↓

���n�������n�n�q�1���Y��� 	»�����;�����q�

(divZ)ijk = 0

k f�j
(divZ)ijk

� t m�z � m-n�j:n���gUf�l��-j:c�k:j:n�y�l�l{��j:n��:m-c�o
t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g

↓

�����



� �q�1�����1���q�1� �Y�1�Y����� ���*�� � �i�����q�1�3�{���n�������n�n�q�q�T�
  � � m�p�q-�:e��~���!��c�m-j:n�n�e�� � c�m-y�j�f�e�c�esew\�l |�_�x�c�j s o�j1zP�!l��!��j1z|ee�c�o��-n�j:n�l�r{m-��n�m��!l���j!p�q-n�m��!��c�e t ��e�c�n�gB} t m-n��!�	o�n��l_n�o	}�m1f�l�z l�n���j:c�j1�!e����ul�j n�o-��k:c�e �$� g � l

� 	��m�1�!�������q�#" � �Y� �  # #" � � �i�������3�q�q���n�q�1�n�q�n�1�3�
�  1�������;� � �q�1���n�1�3���3�{�����n�q�q���3�{� ���n�1���3�q�q�1���Y�q�1�

�����q���3�1�*�����3� �q�q�q� ����	w�q�1�3�{�q�q�q�*�q���#"
� c�l � m�z|m �ul m � l��:o�n�n�m-k:m o	p�k:m-c�l��-z�oul � o t j:�	ou�!l�z|�-m�p�q-n�gB}~�-g ��l���vp�j:n�l�rG�!c�j�f�g�� k � l _ � m�p�e���j:n�o t p�o-�:�!l�wxl t o�y�l��_��c�j!}�z|j:c�n�gB} k:c�e �$� � l�up�j:�-m-l�n���o�c�l�o�n���n�m-r t � �!j:�	f�m�� c�l�z�o�n�m-�-m-r z|j:��c�l t m-r lJk!o�c�z|m-n�l���j1� t l�z��j:n��:m-c�m�z t m-n�y�l�c t e1p���c�n�m-r t c�l��-l��:n�g �
�����3�1����� � � ���+	 ���
�����
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"��%����<��  ��� "���<23:<�� � &C�  ����<�� , � &@���2<  ��<2�����  �*� $:8  ��<�� �  ��3�������18�3�$:8�&C� � 8 =�"  � <2���?>*&C�(����� �
"

G
3A��< � � ��<2$�����<D��< � �($*�?>!"!&C; &C�($��A3�1 


� <2$��:8�&C� � 8 <(#%��< ��� �
�($�<23�� � �
1) � ����� <(#
� $:8  ��1 �9�($*�?>!" � ,�� $�=�&�0  " � �D=  � ��� 1�� ��� &�&C�7<(#%���D���

�($�& #
��5�6��:B9��� � <23 �:$���0�< su(2) ;
$���0�< e(2) ;
$���0�< R3 ;
� $�&@3:<2����3*"  �
"��%� 
�
"28  ��� "���<23*" � &C�  ����")=�< � <!��&C���?> �
"D����"���# "  ����<���� � , & , ���  ���%� �  ��1 &��<2�%����"��%��1 "�$�=�&�0  1 � �  "�3���1 � &(' #
�9��<�0�<����
�

2)
��&/������� <(#
� $:8  ��1 � �($*�?>!" � , G . =  � ��� " � �%;�� ���  ���%� �  ��1 & ��<2� 
����"��%��1 &�& "�$�=�&�0  1 � �D��� &@5 �7<(#%���D��� �($�& #
��5�6��:B 3���# <23 �

1) C =

(
1 −γ
γ 1

)
, γ ∈ R,

2) C =

(
1±

√
1− γ2 γ

γ 1∓
√
1− γ2

)
, γ ∈ [−1; 1].

C
� o-�:�:z|m-��c�l�zX��c�j!}�z|j:c�n�e�� e�n�l�z|m1f�e1p���c�n�e��Ek:c�e �$� e!� l G �{p�j!v

�-m-l�n���o�c�l�o�n���n�m-rPc�l�z�o�n�m-�-m-r z|j:��c�l t m-rIlWo	p�k:j �-c�m-r!� l g
�;  � � m�p�q-�:e��e:f�m��-n�g r{f�p�� �-g ��l���p�j:n�l�r���o��:l�� t �:zB�#� � �n�Bl � c�l�z|j:n����Go	p�k:m-c�l��-z x�m � l�v�:o�n�n�g r � c�o���f�j!p�j���x�n�o�r�f�j1zP�!e��uj1�!���-j:n�n�g j t m�z � m-n�j:n���g ��j:n��:m-c�o t m-n�vy�l�c t e1p���c�n�m-r t c�l��-l��:n�g � � ��o-�!��n�m��!��l x

Z2121 = R2121 +
ρ

6
=

1

3
λ3λ2 −

2

3
λ23 +

1

3
λ3λ1 +

1

3
λ22 −

2

3
λ2λ1 +

1

3
λ21,

�����



� m�� t m�p�q t e

R2121 =
1

2
λ3λ2 −

3

4
λ3

2 +
1

2
λ3λ1 +

1

4
λ2

2 − 1

2
λ2λ1 +

1

4
λ1

2,

ρ =
1

2
λ3

2 − λ3λ2 +
1

2
λ2

2 +
1

2
λ1

2 − λ3λ1 − λ2λ1.
¤ n�o	p�m-k:l���n�m � m�p�e���o�j1z

Z3131 =
1

3
λ3λ2 −

2

3
λ22 +

1

3
λ2λ1 +

1

3
λ23 −

2

3
λ3λ1 +

1

3
λ21,

Z3232 =
1

3
λ3λ1 −

2

3
λ21 +

1

3
λ2λ1 +

1

3
λ23 −

2

3
λ3λ2 +

1

3
λ22.

� g ��l���p���� t m-��o�c�l�o�n���n�g j � c�m-l��:�-m1f�n�g jB��j:n��:m-c�o t m-n�y�l�c t e1p���c�n�m-r t c�l�v�-l��:n�gjx�m � c�j�f�j!p���j1zPn�j:��c�l��-l�o	p�q-n�g j t m�z � m-n�j:n���g j:k:muf�l��-j:c�k:j:n�y�l�l��
� ��o-�!��n�m��!��l x

divZ213 = Z2131;1 + Z2132;2 =

=
1

2

(
λ23λ2 − λ22λ1 + λ32 − 2λ33 + λ23λ1 − λ2λ

2
1 + λ31

)
,

�	o t{t o t

Z2131;1 = −1

2

(
λ3

2λ2 − λ3λ2
2 + 2λ2

2λ1 − λ2
3 +

+λ3
3 − 2λ3

2λ1 + λ3λ1
2 − λ2λ1

2
)
,

Z2132;2 = −1

2

(
2λ2λ1

2 − λ3λ1
2 − λ1

3 + λ3
2λ1 +

+λ3
3 − 2λ3

2λ2 + λ3λ2
2 − λ2

2λ1
)
,

Z2133;3 = 0.¤ n�o	p�m-k:l���n�m n�o	}�m1f�l�z

divZ312 = −1

2
λ3λ

2
2 −

1

2
λ22λ1 + λ32 −

1

2
λ33 +

1

2
λ23λ1 +

1

2
λ3λ

2
1 −

1

2
λ31,

divZ321 =
1

2
λ3λ

2
1 − λ31 +

1

2
λ2λ

2
1 −

1

2
λ23λ2 +

1

2
λ33 −

1

2
λ3λ

2
2 +

1

2
λ32.� j s o	� �!l��!��j1z|e_e�c�o��-n�j:n�l�r (divZ)ijk = 0

m-��n�m��!l���j!p�q-n�m �!��c�e t ��e�c�vn�gB} t m-n��!�	o�n�� λ1 x λ2 x λ3 o	p�k:j �-c�g � l g
x � m�p�e���l�z

{
λ2 = λ3,

λ1 = 0,

l�p�l
{
λ1 = λ3,

λ2 = 0,

l�p�l
{
λ1 = λ2,

λ3 = 0,

l�p�l
λ1 = λ2 = λ3.

�����
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�($�<23�� � �
1) � ����� <(#
� $:8  ��1 � �($*�?>!" � , � $�=�&�0  " � � =  � ��� 1 G

��� &�&C� ��� �
su(2)

;
e(2)

;
e(1, 1)

;
sl(2, R)

��$��
R3 ,

2)
��&/������� <(#
� $:8  ��1 � �($*�?>!" � , G . =  � ��� " � �%;�� ���  ���%� �  ��1 & ��<2� 
����"��%��1 &�& "�$�=�&�0  1 � �D��� &@5 �7<(#%���D��� �($�& #
��5�6��:B 3���# <23 �

1) C =



λ cosϕ λ sinϕ 0
−λ sinϕ λ cosϕ 0

0 0 0


 ,

λ 6= 0, ϕ 6= πk, k ∈ Z,

2) C =



0 0 0
λ 0 0
0 0 0


 , λ 6= 0,

3) C =



0 λ 0
0 0 0
0 0 0


 , λ 6= 0,

4) C =



p q 0
t 0 0
0 0 0


 , q 6= t,

5) C =



0 q 0
0 0 0
0 0 0


 , q 6= 0,

6) C =



0 0 0
t 0 0
0 0 0


 , t 6= 0,

7) C =



p q 0
−q −p 0
0 0 0


 , q 6= 0.

��� �



�  �?>*& � � &C�  �?>*&C�(��� � ��&@���2<  # <2$:' &@�D��� &C��� �($�& #
��5�6�� � 3���# �
t k���^3�=�

g =



1 0 0
0 1 0
0 0 −1


 ,

t a��=�

g =




0 0 −1
0 1 0
−1 0 0


 ,

t _#��d��=�

g =



1 0 0
0 −1 0
0 0 1


 .

C
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"�$�=�&�0  <�� � � g , � <2=+# " divZ = 0

3 ��< � � ��<2$�����< 3 ��< � �($*�?>!"!&C; &C�($��
"�$�=�&�0  " � � g

�A&�&����  ���%� �  ��1 &���<2�%����"��%��1 ��<(# &  ')"*� � 8 3D��"!02$�����& 1 ,
������� ����� �

A1\#a/u�e�\)v s \#e�Z�u�\�_�Z�[ s ]�W�_Kc�¯�e�Z�u�\TXKco#\#¦=e�u �;[^1o)XIe s ]=Z�[��\#^#k�[ s a/\#Z�V#]=e�] s k�]=Z�©�[�e�k�_Kc�¯�e�Z�]=hmk�e�[�b=[�V#Z�u
y �´co#\#¦=eX �;[ ~1\#Z�_Kc\#b=u�\;^#a/e�_�k�a=_�e�Z�u�\�k�]=Z�^#a=XIZ�a/u~

4A1²
A3,6 ⊕A1 C1

2,3 = c
x
C2

1,3 = −c
x�o±W\

c > 0|
A3,9 ⊕A1 C3

1,2 = a
x
C4

1,2 = −am
x
C1

2,3 = a(m2 + 1)
x

C2
1,3 = −a(m2 + 1)

x�o±W\
a > 0

C

um t o��1o���j!p�q��!���-m m��!n�m-��o�n�m n�o{l�� � m�p�q-�:m-��o�n�l�lGe:f�m��-n�m-k:m~f�p�� �-gBv��l���p�j:n�l�r���o��:l��:o t �:zB� � �'�n�4l � c�l�z|j:n�l�l o	p�k:m-c�l��-z�o�x�m � l��:o�n�n�m-k:m �{c�o��!vf�j!p�jD� t � m1f�c�m��-n�j:jx�:zB��� �7�n��� B

��� �



�����3�1����� � � �7�+	 ���
�����
G . 3:&@6)&C����3:&@���
"28 >*&C��1  &(B � &  �
"28 ��&/����� 


� <(#
� $:8  �
"28 =  � ��� " � � ��$�&@3:<2����3*"  �
"��%����<��  ��� "���<23:<�� � &C�  ����<�� �
"�$�=�&�0  <�� � � g , � <2=+# " divZ = 0

3 ��< � � ��<2$�����< 3 ��< � �($*�?>!"!&C; &C�($��
"�$�=�&�0  " � � g

�A&�&����  ���%� �  ��1 &���<2�%����"��%��1 ��<(# &  ')"*� � 8 3D��"!02$�����& 2 ,
������� ����� �

A1\#a/u�e�\)v s \#e�Z�u�\;Z�\)_�Z�[ s ]�W�_Kc�¯�e�Z�u�\�XKco#\#¦=e�u �;[^1o)XIe s ]=Z�[��\#^#k�[ s a/\#Z�V#]=e�] s k�]=Z�©�[�e�k�_Kc�¯�e�Z�]=hmk�e�[�b=[�V#Z�u
y �´co#\#¦=eX �;[ ~1\#Z�_Kc\#b=u�\;^#a/e�_�k�a=_�e�Z�u�\�k�]=Z�^#a=XIZ�a/u~

A2 ⊕ 2A1 C2
1,2 = a

x�o±W\
a > 0²

2A2 C2
1,2 = a

x
C4

3,4 = g
x�o±W\

a > 0
x
g > 0|

A3,3 ⊕ A1 C1
1,3 = C2

2,3 = a
xo±W\

a > 0z
Aα

3,7⊕A1
x
α > 0 C1

1,3 = C2
2,3 = αl

x
C1

2,3 = −C2
1,3 = l

x�o±W\
l > 0�

A1,1
4,5 C1

1,4 = C2
2,4 = C3

3,4 = l
x�o±W\

l > 0=
Aα,0

4,6

x
α 6= 0 C1

1,4 = αl
x
C3

2,4 = −l
x
C2

3,4 = l
x�o±W\

l > 0³
Aα,α

4,6

x
α > 0 C1

1,4 = C2
2,4 = C3

3,4 = αl
x
C2

3,4 = −C3
2,4 = l

xo±W\
l > 0\

A1
4,9 C1

1,4 = C1
2,3 = 2a

x
C2

2,4 = C3
3,4 = a

x�o±W\
a > 0�

Aα
4,11 C1

1,4 = 2C3
3,4 = 2C2

2,4 = 2aα
x
C1

2,3 = 2a|α|
x

C2
3,4 = −C3

2,4 = a
x�o±W\

a > 0~��
A4,12 C1

1,3 = C2
2,3 = a

x
C1

1,4 = C2
2,4 = b

x
C1

2,4 = −C2
1,4 = d

xo±W\
a > 0

x
d > 0

C

um t o��1o���j!p�q��!���-m m��!n�m-��o�n�m n�o{l�� � m�p�q-�:m-��o�n�l�lGe:f�m��-n�m-k:m~f�p�� �-gBv��l���p�j:n�l�r���o��:l��:o t �:zB� � ���n�4l � c�l�z|j:n�l�l o	p�k:m-c�l��-z�o�x�m � l��:o�n�n�m-k:m �{c�o��!vf�j!p�jD� t � m1f�c�m��-n�j:jx�:zB��� �7�n��� B

� �q�����1�n� �w�1�
~=� �Tg _ F	�#BW`'� 8 !'�U+��#��!'�6�3%�)a� �P) ��$ ��+����6$ �����WN,�P���6$ *�%��&�o$ �����6%�!'.'&�7 73XIQ�+��"$ �:9:�#��2'��NO�Kr
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<5%�� ��~4=�� ;3>n��~��=�4?�²=�=��x�|=�Iz#?�|�==��xYz=z/²4?�z=z�\�x��=�=�4?���~=~=�|������	� �'�'�'y#z��k�#}k� � �I�my��5y#z�w�!^���k�#�1e�[ s \#Z�\#Z�[�\wdXIk�\#a/]=b1XIZXKc[�a/[��\#^#k�[�v§b=u��[�^)c\)rZ�[�hSk$[�^#^)c\)W]=b/XIZ�[�µ k�]=Z�©�[�e�k�_Kc�¯�e�Z�]Ir¬o)XIe s ]=Z�[��\#^#k�[�vp^#b=]=h�^#a/b�|Kr s \#e�Z�uwv$o#e�_�d�d
�;[�^�c\#b=]=[�Z�b/XIe�[XIZ�a/Z�]=h l d�^#\#bIW]p¬e�[ s XIZ�]=b=]=h s \#a/e�[�k�]=h�7 71��¦���ZX#_����^#a=XIa/\#h s \)jTrW�_�ZXIe��Y¨;k�� r¬^#\ s [�ZXIeXm® �;] s ]=Z�]=^#]=b=^#k�[�\T�a/\#Z�[�¯SZXk�´ca=XI\I°I�7AT�'�F� l �wXIe�ZX#_Kc�x��4?�\Z�]�¯�¦=e/¯D²=��~�|�oF� pF� ;3�wXIe�ZX#_Kco�YU1V)W�r¬b=]3�´ca @ ��x²=��~�|�� ;,�q��~�|=|4?Y~�|=���z������	� �'�'�'y#z��k��}k� � �I�my��5y#z�w�!^� �k� A1\#a/u�e�\)v s \#e�Z�u�\�o#e�_�d�d�u �;[§^�c\#b=]=[�Z�b/XIe�[XIZ�a=rZ�]=h e�[ s XIZ�]=b=]=h s \#a/e�[�k�]=h [ o)XIe s ]=Z�[��\#^#k�[ s a/\#Z�V#]=e�] s k�]=Z�©�[�e�k�_Kc�¯�e�Z�]=hik�e�[�rb=[�V#Z�u 7 7TU1V#b��"�´ca @ ���'�DXIa/\ s XIa/[�k�X§[ s \)v�XIZ�[�k�X�� ;�²=��~#z�� ;§y ~#7I²�� ; l b�d�\#XIa/[�pF�
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=����I�m���b�	�Dz�tk����� ��}��'�'y��	y��my#z � ��������[�o#ZXIa=_�eX1k�e�[�b=[�V#Z�u l3[���[�c\#b=]=[�Z�b/XIe�[XIZ�a=rZ�uwvpe�[ s XIZ�]=b=uwv s \#a/e�[�k�ZXS�\#a/u�e�\)v s \#e�Z�uwv�o#e�_�d�dXKv��;[��b~1\)_�Z�[ s ]�W�_Kc�¯�e�Z�u�h^)c�_�XIhY7 73�DXIaI��a/e�� ;�²=�=�=��� ;k����~�²�x�y�~=� ;,�q��z/�4?Y~=~4=��³�� �b�	x��	�'�'y#z�w �,�k}k�k�1e�[ s \#Z�\#Z�[�\ dXIk�\#a/]=b XIZXKc[�a/[��\#^#k�[�v b=u��[�^)c\#Z�[�h k�e�\)r¨;\#Z�[�µ�V�XKWYX�m]�WZ�]=e�]�WZ�]=h l d�^#\#bIW]p¬e�[ s XIZ�]=b=]=h9o#\#] s \#a/e�[�[m� ;[�^=���#�#�±k��'fT� r s �±Z�� ;
�wXIe�ZX#_Kco��U1V)W�r¬b=]3�´ca @ ��x�²=�=�=��� ;$~=~4\�^=�
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� o-�:�:z�o���c�l���o�j:�-� � z|m1f�j!p�q c�o-� � c�m��!��c�o�n�j:n�l�� t m-n t e�c�l�c�e����ul�}E�1oj�f�l�n�g ric�j1�!e�c�� � m � e1p���y�l�rin�oWn�j:m1f�n�m-c�m1f�n�m�z o�c�j1o	p�j-��
�p�� �!l��!��j1z|gn�j!p�l�n�j:r�n�gB} � o�c�o-�-m�p�l���j1� t l�}>e�c�o��-n�j:n�l�r � � j:c�j1z|j:n�n�g4z|l t m � w wxl�y�l�j:n�v�	o-z|l � c�m-�-j�f�j:n z�o���j1z�o���l���j1� t l�r l ��l���p�j:n�n�g r�o�n�o	p�l����!y�j:n�o�c�l�j:� e��!��m-r�v��l��-m-k:m~�!m��!e��uj1�!���-m-��o�n�l��_�-l�f�m-��� � ��l���p�j:n�n�m�z � t � � j:c�l�z|j:n���j n�o~m��!n�m�v�-j z|j:��m1f�o � c���z|gB} � c�m�o�n�o	p�l��:l�c�m-��o�n�m~c�o��:c�e s j:n�l�j t m��!l�z�z|j:��c�l�l f�p���!l��!��j1z|g f��-e�} ��p�l�� t m-c�m1f��!���-j:n�n�gB} � m � e1p���y�l�rPn�o t m�p�q-y�j:�-m�zMo�c�j1o	p�j-�� o-�:�!��l��	o�n�g m���p�o-�!��lP�:n�o$��j:n�l�r � o�c�o-z|j:��c�m-�Jc�m��!�	o�x|�!m-m-���-j:�-�!���-e����ul�}�!y�j:n�o�c�l���z �-gB��l���o�n�l��{l �!m��!e��uj1�!���-m-��o�n�l��~�-l�f�m-���
� m1f�j!p�qX�1o � l��!g ��o�j:�-� � �^�-l�f�jT�!l��!��j1z|g n�j!p�l�n�j:r�n�gB} e�c�o��-n�j:n�l�r

� o�c�o-�-m�p�l���j1� t m-k:mT��l � oim-��n�m��!l���j!p�q-n�m � p�m-��n�m��!��j:r � m � e1p���y�l�r wi =
wi(x, t)

x
i = 1, . . . ,M

�

ẇi = ki w
′′
i + ηi wif, f = 1− 1

Pm

M∑

j=1

wmj .
t ���

�xm � w wxl�y�l�j:n���g f�l�w wxe��:l�l ki x�c�m��!�	o ηi l c�j1�!e�c�� P ����p����>�-� � � m�p�m$��l�v��j!p�q-n�g4z|l wxe�n t y�l���z|l � c�m��!��c�o�n��!���-j:n�n�m-r � j:c�j1z|j:n�n�m-r x �  �e�n t y�l�� fm � l��!g ��o�j:� e�z|j:n�q s j:n�l�j � c�l�c�m��!�	o � m � e1p���y�l�r � c�l � c�l$��p�l�� j:n�l�l � p�m-�	vn�m��!��j:r t�� c�j�f�j!p�q-n�g4z �:n�o$��j:n�l���z x���p�e���o�r m = 1
m-���-j:��o�j:� p�m-k:l��!��l���j!v

� t m�z|e �1o t m-n�e-��b�m-� t o m-���-j:��o�j:�uf�l�w wxj:c�j:n�y�l�c�m-��o�n�l�� � m t x�o s ��c�l�}i�
� m x � ,�o$f�o$��o c�o-�:�:z�o���c�l���o�j:�-� �J� e���p�m-�-l�j1z � j:c�l�m1f�l���n�m��!��lJl n�o$��o	p�q�vn�g4z|l_e���p�m-�-l���z|l��

wi(0, t) = wi(a, t), ki(0)w
′
i(0, t) = ki(a)w

′
i(a, t),

t ���

wi|t=0 = wi0(x), i = 1, . . . ,M.
t ���


um t o��1o�n�g p�j1z�z|g m � c�j�f�j!p������ul�j �!m-m-��n�m s j:n�l�� n�o � o�c�o-z|j:��c�gjx � c�l
t m-��m-c�gB}{�!e��uj1�!���-e-j:� n�j � c�j:c�g �-n�m-jx�!j1z|j:r��!���-m�c�j s j:n�l�r��

�¡������� � 	 �  � � <!����<�8�����<�� �
" "  &�"�$�& �������������  &C�+�  � " P (x) =
P0 = const

� #%$:8 �! <2����3:<2$�����1�B ��< � ��� ������&@�%��<23 ki(x) ; ηi(x) 3 �(�%����& 
� &
(1) � (3)

��� &�&C� � 8 0�&C�(��<2��&2> ��<�& > �%�($�<A����"�����<2�
"  ��1�B  &��)&@��� � w̃i =

const
;:��# <23�$�&C��3:<  8�5�6��:B7�
�($�<23���5 ∑M

i=1 w̃
m
i = Pm0 ,
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�¡������� � 	 �  � � <!����<�8�����1�BD��< � ��� ������&@�%��"2B  <!����" ηi � 3�1 � <2$���& 
����� ��<�<!����<��)&@��� �
ki(x)ηj = kj(x)ηi

;
1 6 i < j 6 M

�(�%����& � "
(1) � (3)#%$:8 �! <2����3:<2$�����<2=�<  &C�+�  � " P (x) <�02$
"�# "!&C� $�����&�����<�� ��<!�(��� � &C�  ��&��

rL = (ξ1, . . . , ξn), ξj = −
j−1∑

i=1

ηiwi +
M∑

i=j+1

ηjwj .

� m-�1p�l���l�j m-�{��p�e���o	�J�!l�z�z|j:��c�l�l x t m��!l�z�z|j:��c�l�� � m-c�m$� f�o�j:� c�j s j!vn�l�j�� � j:c�j1z|j:n�n�g4zI� � j t ��c�m�zPe��!��m-r���l��-m��!��l��
�p�� l�n���j:k:c�l�c�m-��o�n�l�� �!l��!��j1z|g � c�l�z|j:n���j:�-� �Pz|j:��m1f � c���z|gB} l z|j!v��m1f � e�n�k:j!v)�xe�����gjx ��l���p�j:n�n�o	�I� }�j1z�oGm � l��:o�n�oG� � � � � ���!n�m-�-n�m-r y�j!p�q-�
�-gBp�m�m � c�j�f�j!p�j:n�l�j�e���p�m-�-l�r x � c�l t m-��m-c�gB} � m�p�e���o��>�-� � c�j s j:n�l�� �~�-l�vf�j e��!��m-r���l��-mW�!m��!e��uj1�!���-e����ul�} � m � e1p���y�l�r�� 
�p�� � ��m-k:m � c�l�z|j:n���p�� �z|j:��m1f=x t m-��m-c�g r �1o t p��>��o�j:�-� �P�Gm � c�j�f�j!p�j:n�l�l t c�l���l���j1� t l�}P�:n�o$��j:n�l�r
� o�c�o-z|j:��c�m-��x � c�l t m-��m-c�gB} ��j:c����>�Ge��!��m-r���l��-m��!��qGc�j s j:n�l�� x|�!m-m-���-j1�!�	v�-e����ul�jx�-gB��l���o�n�l��M��m�p�q t m m1f�n�m-r � m � e1p���y�l�l��¤ n�o	p�l��:l�c�m-��o	p�� � ��p�e���o�r � m��!��m$��n�n�gB} t m � w wxl�y�l�j:n���m-� f�l�w wxe�v�:l�l

k1
x
k2
x�c�m��!�	o

η1
l � j:c�j1z|j:n�n�m-k:m t m � w wxl�y�l�j:n��	o c�m��!�	o η2 = η20 +

η21 sin(2πx/a)
� � c�lUm � c�j�f�j!p�j:n�n�gB}I�:n�o$��j:n�l���} � o�c�o-z|j:��c�m-� c�m��!�	o η1 x

η20
x
η21
n�o-��p��df�o�j:�-� � �!m��!e��uj1�!���-m-��o�n�l�j � m � e1p���y�l�r�� ¢ o � p�m�� t m��!��l � o	vc�o-z|j:��c�m-�
η1
l
η21
n�o�r�f�j:n�gim���p�o-�!��l �:n�o$��j:n�l�r x � c�l t m-��m-c�gB}_�{�!l��!��j!vz|j t ��� � t ��� c�j1o	p�l��:e��>�-� � c�o��!p�l���n�g jx�!y�j:n�o�c�l�l{�-gB��l���o�n�l�� � m � e1p���y�l�r��

� f�n�o>m���p�o-�!��q>m-���-j:��o�j:�>�-gB��l���o�n�l�� � m � e1p���y�l�r w1(x, t)
x$f�c�e�k!o	�D�i�-gBv

��l���o�n�l��
w2(x, t)

x�o���c�j:��q��g� �!m��!e��uj1�!���-m-��o�n�l�� � m � e1p���y�l�r�� *�c�o�n�l�y�oz|j!� f�e � j:c��-m-r lG��c�j:��q-j:r m���p�o-�!�1��z|l��-gBp�o�n�o�r�f�j:n�o � c�l � m�z|m �ul o�n�o	vp�l��1o n�j:e��!��m-r���l��-m��!��lWc�j s j:n�l�� (w10, 0)
xBo k:c�o�n�l�y�o z|j!� f�eI�-��m-c�m-rWl

��c�j:��q-j:r_m���p�o-�!�1��z|l_�!m-m-���-j:�-�!���-e-j:�un�j:e��!��m-r���l��-m��!��l{c�j s j:n�l�� (0, w20)
�

� �q�����1�n� �w�1�
~=�3���4� ���	uD�'�'�¤tk����� � �I�����D�'�'�'y#z �¤� ��� � 
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�-�T xn���j:k:c�l�c�m-��o���q � t m�z � q-�>��j:c�n�e�� z|m1f�j!p�q l��1z|j:n�j:n�l�� t �-g c�j:�:gjx
t m�p�q-y�o��
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  � � m�p�q-�:m-��o	p�� ��c�j s o���j!p�qog.N \�Z7h�k�ew_��7q�l _�[���\�k�;�x	� t m-��m-c�m�z c�j1o	p�l��:m�v��o�n�o�f��-e�}���l�f t m��!��n�o	� z|m1f�j!p�q t l � � �uj:k:m t m$��l�� j:n�n�m-k:m�� ��p�m$�~n�oum��!n�m�v�-j t m-n���l�n�e�o	p�q-n�m-k:m � m1f�}�m1f�o t � m1f�}�m1f�o � r�p�j:c�o��#x � c�l t m-��m-c�m�zWf��-l�� j!vn�l�j ��p�m$� c�o-�:�:z�o���c�l���o�j:�-� � t o t f��-l�� j:n�l�j f��-e�}P�-�1o�l�z|m1f�j:r��!���-e����ul�}
t m-n���l�n�e�e�z|m-��x��!�����1o�n�n�gB}_�xk!o��:m�zPl ��o-�!��l�y�o-z|l��+���!n�m-�-n�g jxe�c�o��-n�j:n�l��f��-e�}���l�f t m��!��n�m-rIz|m1f�j!p�l � e�c�o��-n�j:n�l�� n�j:c�o��:c�g �-n�m��!��l lIe�c�o��-n�j:n�l��
t m�p�l���j1�!����o f��-l�� j:n�l�� f�p��_m��-j:l�} w o�� � �#�n��� �

,�o$f�o$��oXc�j s o	p�o-�!q^�Xf��-e�z|j:c�n�m�z � c�l$��p�l�� j:n�l�l�� � c�j:n�j �-c�j:k!o	p�m��!q��p�l���n�l�j1z � j:c�j�f�n�j:rPl �1o$f�n�j:r �!��j:n�m t c�o-�!��j:��n�m-rPm���p�o-�!��l n�o � c�m-y�j1�:�m$��l�� j:n�l����
? ln]=^#^#[�¯�x*¥*cYXKW[�k�XIb=k�XIV=x � �DU{¥0~��»l	�W~�'a��]=^#k�b/X�x(�§[�ZXIZ�^#]=b=u�h9_�Z�[�b=\#e�^#[�a/\#ad�e�[T�1eXIb=[�a/\)ct=^#a/b=\§l(�-�

�����



� o��1z|j:c�g �-g ��l���p�l���j!p�q-n�m-r m���p�o-�!��l��:�-g4�!m-�	oT� � z x s l�c�l�n�o � 0, 4
z x

��m�p �ul�n�o �
0, 02

zB� � � �uj:j �-c�j1z�� c�o-�!��j:��m-� t c�j1o	p�q-n�m-j �-c�j1z����S�V�{���
� c�l � ��m�zPl�� � m�p�q-�:m-��o	p�� � s o�k � m��-c�j1z|j:n�l x�c�o��-n�g r 1 · 10−4 ���'�^o�k � m
t m-m-c-f�l�n�o���j x c�o��-j:n 0, 005

z x s o�k � m t m-m-c-f�l�n�o���j y � 0, 005
zB�


�p�� � m-�-g s j:n�l�� � w wxj t ��l��-n�m��!��lMl�� � m�p�q-�:m-��o�n�l�� t m�z � q-�>��j:c�n�gB}c�j1�!e�c��!m-� y�j!p�j1�!m-m��-c�o��:n�m �!c�o��-n�l���q �1o���c�o���g z�o s l�n�n�m-k:m �-c�j1z|j:n�l � c�ll�� � m�p�q-�:m-��o�n�l�l~c�o��:n�m-k:m t m�p�l���j1�!����ou�-g ��l���p�l���j!p�q-n�gB}~��f�j:c�� � �!�����:l{�
� ��l�z � c�m-�-m1f�l�p�m��!q�c�o-� � o�c�o	p�p�j!p�l���o�n�l�j �-g ��l���p�j:n�l�r n�o ��x���x � x+����x+����x
�%�xl ���>��f�c�o	}�� � j:�:e1p�q	�	o���gPc�o-�!��j:��m-� �!c�o��-n�l���o	p�l��!qx�Bc�o-�!��j:�	o-z|l x � m�p�e�v��j:n�n�g4z|l n�o�m1f�n�m�zG��f�c�j-� � c�l~c�o-� � o�c�o	p�p�j!p�l���o�n�l�l�c�o-�!��j:��n�o	�~m���p�o-�!��qc�o�� �-l���o�j:�-� � n�o n�j1� t m�p�q t m � m1f�m���p�o-�!��j:r t f�m�z|j:n�m-��� � �!m-m-���-j:�-�!���-l�lW�
t m�p�l���j1�!���-m�z �1o$f�o���o�j1z|gB} ��f�j:c�� ¢ o t o	� f�m�z �-c�j1z|j:n�n�m�z ��p�m-j � c�m-l�� }�m�vf�l�� � � s l���o�n�l�j-� c�o-�!��j:��n�gB} f�o�n�n�gB}{n�o k:c�o�n�l�y�o	}~f�m�z|j:n�m-��� � �!�����:l �
� ��l�z c�j:�:e1p�q	�	o���gjx � m�p�e���j:n�n�g j � c�l~c�o-� � o�c�o	p�p�j!p�l���o�n�l�l n�oxc�o��!p�l���n�m�z
t m�p�l���j1�!���-j���f�j:c x�z|m-k:e�� n�j1z|n�m-k:m m-�1p�l���o���q�� ���

¢ o�l�z|j:n�q s l�jG�1o���c�o���g z�o s l�n�n�m-k:mP�-c�j1z|j:n�l � f��-e�z|j:c�n�m�z ��p�e���o�jn�o-��p��df�o��>�-� � � c�l l�� � m�p�q-�:m-��o�n�l�l f��-j:n�o$f�y�o���l � c�m-y�j1�:�!m-c�m-��� � f�n�o t m�x� �!�����:l��B��j1z x-����m � m�p�q-�:m-��o���j!p��I��j!}�n�m�p�m-k:l���j1� t m-r � p�o��-wxm-c�z|g � c�j�f�m�v�!�	o���p���j:�-� � �-m-�1z|m$��n�m��!��q m1f�n�m-�-c�j1z|j:n�n�m-k:m_c�o-�!��j:�	o ��c�j!} �1o$f�o$� ��c�o-��v
� o�c�o	p�p�j!p�l���o�n�l�j1z n�o � l�p�lW��� ��f�j:c x ��m � � c�o t ��l���j1� t m-r ��m-� t lW�:c�j!vn�l�� y�j!p�j1�!m-m��-c�o��:n�mGl�� � m�p�q-�:m-��o���qG� c�o-�!��j:�	o	}Pc�o-� � o�c�o	p�p�j!p�l���o�n�l�j{n�o
� ��f�j:c x��	o tGt o t c�o��:n�l�y�o �-m �-c�j1z|j:n�l c�o-�!��j:��m-�{z|j!� f�e ����l � ��f�c�o-z|l
�!m��!�	o���p���j:� � m-c���f t o �3��z|l�n�e��$� � p�l sut m�z��-m�p�q s m-jd�-c�j1z�� c�o-�!��j:��m-� � c�ll�� � m�p�q-�:m-��o�n�l�l ��� � c�m-y�j1�:�!m-c�m-�~l��-m�p�j:j z|m$��n�m{m�������!n�l���q �-m�p�q s l�z|l�1o���c�o��	o-z|l_�-c�j1z|j:n�l n�o � j:c�j1�!gBp t e~f�o�n�n�gB} z|j!� f�e � m1f�m���p�o-�!�1��z|l{c�o��!v
�-l�j:n�l����
b�o t l�zUm��-c�o��:m�z x�z|m$��n�m{� f�j!p�o���q~�-g �-m1f=x�����m�f�p��J�!m t c�o �uj:n�l�� �-c�j!vz|j:n�luc�o-�!��j:��m-�>lul�� � m�p�q-�:m-��o�n�l�����f�j:c �!e � j:c t m�z � q-�>��j:c�o4�>c�o-z t o	}�f��-e�vz|j:c�n�m-r_�1o$f�o$��l m � ��l�z�o	p�q-n�m�c�o-� � o�c�o	p�p�j!p�l���o���qu�-g ��l���p�j:n�l��_n�o � � c�m�vy�j1�:�!m-c�m-���

� �q�����1�n� �w�1�
~=���0GDBDGDF	C ��#F hO��/6�	G! ����6$ +��#��$ %���x1$ N,.'� ��N,�����D�#��$ %���xI���'QV+���� $ Q"�#��$ %��H%�)k*�%�N,.'!������
&�$ Nk!'� �#��$ %��ON,%�Q'��� &() %��I����&'r�&�%�� $ Q �"!'$ Q'$ n���Q|d	��Q'&W7 74�$ &�&����U�D�#��$ %��:�#�.���� ) �1Z1�'$ +����6&�$ ��-
%�)a¥n��*D2'�'%�� %���-/� ;�²=�=�=��� ;3>n��²=²=²��²���#�GDF'B6g � �^E�� /6�	G 8 %�N,.'!��D�#��$ %��"��� �"!'$ QRQ�-��"��N,$ *�&,%�)^Q'$ &�.	���6&���QR��/0%Ir�.'2"��&�� �"%4/1&O�#�
2'$ ��2T.'2"��&��^) ����*P��$ %��'&�7 7k¥I2'��&�$ &�&�!'d'N,$ �6����QA) %��I��2'��Q'�����6���k%�) �%�*P��%���%�)(>a2'$ � %�&�%�.'2�-
%�)b��2'��Z1�'$ +����6&�$ ��-|%�) �o%��'Q'%��:���'Q&�$ .'� %�NO��%�)b��N,.	���6$ ��� 8 %�� � �����=� ;�²=�=�=²�� ;3>n�Y|Iz/|��|��3`��#�'F'�P�#F �n� �'@I��`���/6���P�#F �^� %"�6$ *P��$ %��"��� ?�*�%�� � $ &�$ %��"���'*�%��'&6��$ ��!���$ +��0�6��� �#��$ %��'&b) %��n��������!'� ���
NO�#�����6$ ��� &�/1$ ��2S��.'.'� $ *4�#��$ %��¤��%Y.'� ���'�A&�2'�4���6$ �'�¤7 7,o��b%�) %b� !'$ Qi9T��*D2"���'$ *�&6;$~���\/³�� ;
<5%�� ��~K³�=�� ;3>n�	=/³�?��=|��
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	 � 	 � ���Y� � �*�3��� 2 �/ 	 �	��g�1�*���3��� �

� e��!��qIn�o t m�z � o t ��n�m�z z|n�m-k:m-m��-c�o��:l�l Mn m � c�j�f�j!p�j:n�o �!�����:n�m��!��q
� j:�-l�v � l��-l����	o ∇ m-��n�m��!l���j!p�q-n�m z|j:��c�l t l ds2 = gij dx

idxj
x��1o$f�o�n�n�o	�

�Jp�m t o	p�q-n�m-rI�!l��!��j1z|j t m-m-c-f�l�n�o�� {x1, x2, . . . , xn} �!�-m-l�z|l t m � w wxl�y�l�vj:n��	o-z|l {
Γkij
} �\�!l�z|�-m�p�o-z|l��xc�l��!��m�w wxj!p�� �-��m-c�m-k:m c�m1f�o ∇ ∂

∂xi

∂
∂xj =

Γkij
∂
∂xk .b�o t � j � e��!��q n�o z|n�m-k:m-m��-c�o��:l�l Mn f�m � m�p�n�l���j!p�q-n�m m � c�j�f�j!p�j:n�oxc�l�vz�o�n�m-��o z|j:��c�l t o ds2 = gij dx

idxj .
b�m-k f�o � m o�n�o	p�m-k:l�lW� �!l�z|�-m�p�o-z|l�xc�l��!��m�w wxj!p��J�-��m-c�m-k:m_c�m1f�o z|m$��n�m m � c�j�f�j!p�l���q ��j:n��:m-cJf�j1wxm-c�z�o�y�l�l�!�����:n�m��!��l

T kij =
1

2
gks(gsj,i + gis,j − gij,s),

k f�j
gks

�Mz�o���c�l�y�o m��-c�o���n�o	� t gij x1o gij,s � t m-��o�c�l�o�n���n�o	� � c�m-l��:�-m1f�n�o	�
gij
m-��n�m��!l���j!p�q-n�m~�!�����:n�m��!��l ∇ � ¢ j:��c�e:f�n�m � c�m-�-j:c�l���q�x�����m Γkij = Γkij +

T kij
x�k f�j

Γ
k

ij

� �!l�z|�-m�p�o-z|l��xc�l��!��m�w wxj!p�� �-��m-c�m-k:m c�m1f�o f�p��Pz|j:��c�l t l
gij
��
�p��{��j:n��:m-c�o t c�l��-l��:n�g

R
q

lki =
∂Γ

q

li

∂xk
+ Γ

q

kpΓ
p

li −
∂Γ

q

ki

∂xl
− Γ

q

lpΓ
p

ki

z|j:��c�l t l gij � m�p�e���l�z wxm-c�z|e1p�e t �:zB� � m1f�c�m��-n�j:j.� ���n�

R
q

lki = Rqlki +Qqlki,
t ���

k f�j
Rqlki

� ��j:n��:m-c t c�l��-l��:n�gT�!�����:n�m��!��l ∇ x�l

Qqlki = T qli,k + T qkpT
p
li − T qki,l − T qlpT

p
ki,

t ���

t m-��m-c�g r x���p�j�f�e�� � �7� x�n�o��:m-�-j1zU��j:n��:m-c�m�z t c�l��-l��:n�g z|j:��c�l t l gij m-��n�m�v�!l���j!p�q-n�m��!�����:n�m��!��l ∇ �
? l�XI¦=]=a=X b=u�d�]IcZ�\#ZX»d�e�[ d�]�W�W\#e/j�k�\���]=b=\#a=X d�]»o#eXIZ�a=X s �1e�\#V#[�W\#Z�a=X»l(�-xo#eXIZ�ap~��«r}²=²�==|�� ²=��~#z�� ~=x(�1eXIb=[�a/\)ct=^#a/b/Xml(�-x�o#]=^#k�]=Z�a/eXIk�amy ~#z�� ¥w²=��� |�~=� �=�=²=��x(��[�rZ�[�^#a/\#e�^#a/b/X ]=¦=eXIV#]=b/XIZ�[�¯«[ ZX#_�k�[¡l(�-x�k�]�W¡d�e�]=\#k�a=X��;~=~#z�\�x1X9a=XIk�j§\�d�e�]=o#eX s3s u^#a/eXIa/\#o#[��\#^#k�]=o#]-eXIV#b=[�a/[�¯:��@n�I� �«¥0��� ®#�´ca @ �;°Ix�d�e�]=\#k�a�yÍ²=��~#z�� |�~�²�� ~=� z��
q ln]=^#^#[�¯�x	�wXIe�ZX#_Kc�x	�´ca=XIh�^#k�[�hSo#]=^)_KWYXIe�^#a/b=\#Z�Z�u�h�_�Z�[�b=\#e�^#[�a/\#aI�

�����



� c�l f�j!p�j:n�l�l���j:n��:m-c�o t c�l��-l��:n�gWn�o�z|j:��c�l���j1� t l�r ��j:n��:m-c x-�u�:z|g4��p�j
� c�m-l��:�-j�f�j:n�l�� �xe1p t o�c�n�l�v ¢ m�z|l�f��:e�x � m�p�e���o�j1z c�o��!p�m$� j:n�l�j.� �'�F�

R =W +A∧©g,
t ���

l�p�l_� p�m t o	p�q-n�m-r{�!l��!��j1z|j t m-m-c-f�l�n�o����
£ j!p�o	�{��o-�!��q A m-�uf�j!p�j:n�l�� R n�o g n�o��:g ��o�j:�-� � ��j:n��:m-c�m�zPm1f�n�m�z|j:c�vn�m-r t c�l��-l��:n�g t l�p�lG��j:n��:m-c�m�z � }�m-e���j:n�o��#x�o~m��!�	o���m t m-� f�j!p�j:n�l�� W �

��j:n��:m-c�m�z � j:r�p�� t l�p�l_��j:n��:m-c�m�z t m-n�wxm-c�z|n�m-r t c�l��-l��:n�gz���
 o	p�j:j.�-e:f�j1zP�!��l��	o���q�x�����m
dimM = 4

��
 o	p�j:j�x���p�j�f�e�� � � � x�l��!p�m$��l�z
m��!n�m-�-n�g j t m-n��!��c�e t y�l�l���b�m-k f�o{c�l�z�o�n�m-��o z|j:��c�l t o g l�n�f�e�y�l�c�e-j:�{� t o	vp���c�n�m-j � c�m-l��:�-j�f�j:n�l�j 〈·, ·〉 �~��p�m$��} � c�m��!��c�o�n��!����o c�o-�:��p�m-j:n�l�� Λ2M � m
� c�o��-l�p�e

〈X1 ∧X2, Y1 ∧ Y2〉x = det(gx(Xi, Yj)).
� &)(+*�,�-.$/*���$�= � , ∗ : Λ2

xM → Λ2
xM

x��1o$f�o���o�j1z|g r{�!m-m-��n�m s j:n�l�j1z

〈∗α, β〉 vol = α ∧ β
f�p��Wp�� �-gB}

α, β ∈ Λ2
xM

x
x ∈ M

x k f�j
vol

� wxm-c�z�o m����j1z�o n�o
M
x

m���p�o$f�o�j:�u��j1z �!�-m-r��!���-m�z x�����m ∗2 = Id
� �>�-�!�df�o

Λ2
xM = Λ+

x ⊕ Λ−
x ,

t ���

k f�j
Λ+
x

l
Λ−
x

m��-m-�:n�o$��o��>� �!m-m-���-j:�-�!���-j:n�n�m��!m����!���-j:n�n�g j � c�m��!��c�o�n��!����o�xm-���-j:��o����ul�j �!m����!���-j:n�n�g4z �:n�o$��j:n�l���z
+1
l −1

m � j:c�o���m-c�o ∗ �� l�z�o�n�m-�-e>��j:n��:m-c�e t c�l��-l��:n�g �Bp�� �-m-rx��m-� t j z|n�m-k:m-m��-c�o��:l�� M z|m$� v
n�m � m��!�	o��-l���q�� �!m-m-���-j:�-�!���-l�j�m � j:c�o���m-c

R : Λ2
xM → Λ2

xM,
m � c�j�f�j!p���j!vz|g r_c�o��-j:n��!���-m�z

〈X ∧ Y,R(T ∧ V )〉x = Rx(X,Y, T, V ),
t ���

k f�j
Rx(X,Y, T, V ) = gx(R(X,Y )T, V ).� o���c�l�y�eWm � j:c�o���m-c�o t c�l��-l��:n�g

R
m-��n�m��!l���j!p�q-n�m c�o��!p�m$� j:n�l�� t ���

z|m$��n�m � c�j�f��!�	o��-l���q � ��p�m-��n�m�z �-l�f�j � � �F�

R =

(
W+ + s

12 Id Z
Zt W− + s

12 Id

)
,

t ���

k f�j
W+ l W− �\z�o���c�l�y�g ,75�-.$�=C�!,��
	�� $ � l ,�� -.9),75�-.$�=C�!,��
	�� $ � �!m�v

�!�	o���p������ul�} ��j:n��:m-c�o � j:r�p�� W �

��� �



��� � ��� ��� ��	�
�� 
� � l�z�o�n�m-�-m^z|n�m-k:m-m��-c�o��:l�j t
M4, g

� n�o��:g ��o�j:�-� �
8:$2� � $/* 1�� $ & $@�
�:&*�)$�3 8:9 1jx�j1��p�l o��-��m1f�e�o	p�q-n�o	�Gl�p�l o�n���l�o��-��m1f�e�o	p�q-n�o	�
�!m��!�	o���p������ o	� j:k:m ��j:n��:m-c�o � j:r�p��{��c�l��-l�o	p�q-n�o��

� � �-m-r m-c���m-n�m-c�z|l�c�m-��o�n�n�g r ��o��:l��
e1
x
e2
x
e3
x
e4
� c�m��!��c�o�n��!����o TxMm � c�j�f�j!p���j:� m-c���m-n�m-c�z|l�c�m-��o�n�n�g r ��o��:l��

1√
2
(e1 ∧ e2 ± e3 ∧ e4),

1√
2
(e1 ∧ e3 ± e4 ∧ e2),

1√
2
(e1 ∧ e4 ± e2 ∧ e3)

t �!�

� c�m��!��c�o�n��!����o Λ±
xM

t �:zB� x�n�o � c�l�z|j:c x�� �'�n���
�>�-z|j:��l�z x�����mJz�o���c�l�y�g

W+ l W− ����p����>�-� �P�!l�z�z|j:��c�l���n�g4z|l ll�} t m�z � m-n�j:n���g � m-c���m-n�m-c�z|l�c�m-��o�n�n�m�z ��o��:l��!j t �!�4n�o	}�m1f����-� � � m{wxm-c�vz|e1p�o-z��
W+

11 =
1

2
(R1212 + 2R1234 +R3434)−

s

12
,

W+
22 =

1

2
(R1313 − 2R1324 +R2424)−

s

12
,

W+
33 =

1

2
(R1414 + 2R1423 +R2323)−

s

12
,

W+
12 =

1

2
(R1213 + R1242 +R3413 +R3442),

W+
13 =

1

2
(R1214 + R1223 +R3414 +R3423),

W+
23 =

1

2
(R1314 + R1323 +R4214 +R4223),

t � �

l �!m-m-���-j:�-�!���-j:n�n�m

W−
44 =

1

2
(R1212 − 2R1234 +R3434)−

s

12
,

W−
55 =

1

2
(R1313 + 2R1324 +R2424)−

s

12
,

W−
66 =

1

2
(R1414 − 2R1423 +R2323)−

s

12
,

W−
45 =

1

2
(R1213 − R1242 −R3413 +R3442),

W−
46 =

1

2
(R1214 − R1223 −R3414 +R3423),

W−
56 =

1

2
(R1314 − R1323 −R4214 +R4223).

t � �

��� �



�dwxm-c�z|l�c�e-j1z c���f ��j:m-c�j1z � p�m t o	p�q-n�m-r �!l��!��j1z|j t m-m-c-f�l�n�o��
x1, . . . , xn

� n�j t m-��m-c�m-r{��m-� t j P ∈M4

�����3�1����� � 	 �  � ��<2�%� <  � ��<��)# &C� <  � "������ ds2 = gij dx
idxj

� &C� 

 ����� ds2 >*&C��1  &(B � &  ��<2=�<  ��� "���<23*" � ��<2=�<�<�0  " ���:8 "�3���<(#
��"�$����
"28A�
"��%���
"�3���<(#
��"�$����
"28 ��<!����"�3�$:8�5�6���& ��&@���2<  " � &���$:8 �! &�<�0  " �@��5 � � 8 � <� <  � � $
"����

W
+
= e2σW+ +

( s
24

sh 2σ − (∆σ + | gradσ|2) ch 2σ
)
Id,

W
−
= e2σW− −

( s
24

sh 2σ − (∆σ + | gradσ|2) ch 2σ
)
Id,

=+# &
∆ . < � &  "*��<  � " � $
"*� "*; | gradσ|2 . ��3*"�#  "*� #%$�����1 =  "�#%��&@�%��"*;

ch . =�� � &  0�<2$��?>*&C�(��� �D��<!�(���*�
��; sh . =�� � &  0�<2$��?>*&C�(��� �A�(���*�
� ,
C � c�l t m-n�wxm-c�z|n�m-r f�j1wxm-c�z�o�y�l�l ds2 = gij dx

idxj
z|j:��c�l t l ds2��j:n��:m-c � j:r�p��_l�n���o�c�l�o�n���j:n t � m1f�c�m��-n�j:j �:zB��� �'�n�#x��$��j-�

W = e2σ(x)W.

�p��{��j:n��:m-c�o t c�l��-l��:n�gTl�z|j:j1z

Rlkij = gjsR
s

lki = gjs(R
s
lki +Qslki) =

= e2σ(x)(Rlkij + gljBki + gkiBlj − gliBkj − gkjBli),

k f�j
Bij = σ,ij−σ,iσ,j+ 1

2σ,kσ
kgij

l
σ,ij , σ,i

� t m-��o�c�l�o�n���n�g j � c�m-l��:�-m1f�vn�g j4wxe�n t y�l�l σ m-��n�m��!l���j!p�q-n�m l�� }�m1f�n�m-r z|j:��c�l t l��Y
�p�� ��j:n��:m-c�o � l�����ll � t o	p���c�n�m-r t c�l��-l��:n�gM�!m-m-���-j:�-�!���-j:n�n�m �-g � m�p�n���j:�-� �

rki = gljRlkij = rki + gljg
ljBki + gkig

ljBlj − δjiBkj − δlkBli =

= rki + (n− 2)Bki+ gkig
ljBlj ,

s = gkirki = e−2σgki(rki + (n− 2)Bki + gkig
ljBlj) =

= e−2σ(s+ 2(n− 1)gkiBki).�xc�m�z|jx��m-k:m�x��1o-z|j:��l�z x�����m

gkiBkj = gki
(
σ,ki − σkσi +

1

2
σtσ

tgki

)
= gkiσ,ki +

1

2
(n− 2)σiσ

i.

� m�� t m�p�q t e ∇ � c�l�z�o�n�m-��oP�!�����:n�m��!��q �-j:� t c�e���j:n�l�� TxM l {ei}
�

m-c���m-n�m-c�z|l�c�m-��o�n�n�g r ��o��:l��!x���m

σ,ij = σ,ji, Bij −Bji = 0, gij = δij = gij .
t �3���

�����



  � � m�p�q-�:e�� � c�l��-j�f�j:n�n�g j �-g s j c�o��-j:n��!����o�x	�-g c�o��:l�z W+
ij

l
W−
ij
t m�z � m�vn�j:n���gL��v z|j:c�n�m-k:m c�l�z�o�n�m-��o z|n�m-k:m-m��-c�o��:l����

W
+

11 =
1

2

(
R1212 + 2R1234 +R3434

)
− s

12
=

=
e2σ

2

(
R1212 + g12B21 + g21B12 − g11B22 − g22B11 +

+2[R1234 + g14B23 + g23B14 − g13B24 − g24B13] +

+R3434 + g34B43 + g43B34 − g33B44 − g44B33

)
−

− 1

12
e−2σ

(
s+ 2(4− 1)gkiBki

)
+ e2σ

(
− s

12
+

s

12

)
=

= e2σW+
11 +

e2σ

2
[2(g12B12 + g34B34 + g14B23 + g23B14−

− g13B24−g24B13)−(g11B22 + g22B11 + g33B44 + g44B33)] +

+
s

12

(
e2σ − e−2σ

)
− 1

2
e−2σgkiBki.

� c�l�z|j:n���� t �3��� � m�p�e���o�j1z

W
+

11 = e2σW+
11 −

e2σ

2
(B11 +B22 +B33 +B44)+

+
s

12

(
e2σ − e−2σ

)
− 1

2
e−2σgkiBki.

b�o t_t o t
B11 +B22 +B33 +B44 =

= ∆σ − | gradσ|2 + 1

2
σkσ

k(g11 + g22 + g33 + g44) =

= ∆σ − | gradσ|2 + 2| gradσ|2 = ∆σ + | gradσ|2,��m

W
+

11 = e2σW+
11 +

s

12

(
e2σ − e−2σ

)
− e2σ + e−2σ

2

(
∆σ + |gradσ|2

)
,

k f�j

∆σ =
∑

i

∂2σ

∂x2i
, | gradσ|2 =

∑

i

(
∂σ

∂xi

)2

.

� e���j1z o�n�o	p�m-k:l���n�gB} c�o-�:�!e�� f�j:n�l�r � m�p�e���o�j1zUlJm��!�	o	p�q-n�g j t m�z � m�vn�j:n���gD�

W
+

22 = e2σW+
22 +

s

12

(
e2σ − e−2σ

)
− e2σ + e−2σ

2

(
∆σ + | gradσ|2

)
,

�����



W
+

33 = e2σW+
33 +

s

12

(
e2σ − e−2σ

)
− e2σ + e−2σ

2

(
∆σ + |gradσ|2

)
,

W
+

12 = e2σW+
12,

W
+

13 = e2σW+
13,

W
+

23 = e2σW+
23,

W
−
44 = e2σW−

44 −
s

12

(
e2σ − e−2σ

)
+
e2σ + e−2σ

2

(
∆σ + |gradσ|2

)
,

W
−
55 = e2σW−

55 −
s

12

(
e2σ − e−2σ

)
+
e2σ + e−2σ

2

(
∆σ + |gradσ|2

)
,

W
−
66 = e2σW−

66 −
s

12

(
e2σ − e−2σ

)
+
e2σ + e−2σ

2

(
∆σ + |gradσ|2

)
,

W
−
45 = e2σW−

45,

W
−
46 = e2σW−

46,

W
−
56 = e2σW−

56.b�j:m-c�j1z�ouf�m t o��1o�n�o�� B�����3�1����� � 	 �  � ��<2�%� <  � ��<��)# &C� <  � "������ ds2 = gij dx
idxj

� &C� 

 ����� ds2 >*&C��1  &(B � &  ��<2=�<4��<2�%� <  � ��< � <2$*� � $�<!�(��<2=�<  ��� "���<23*" � ��<2=�< 
<�0  " ���:8 M �! � s ≡ 0 (

"��%���
)
"�3���<(#
��"�$����
"28���< � � <2��&@�%��"���&@���2<  " � &���$:8����3*"  �
"��%���
" ( � <(# ����3*"  �
"��%����<!������5���< � � <2��&@�%����&@���2<  " � &���$:8 � <2��� 


� "!& � 3�1 � <2$���&@����&  "�3:&@�%����3*" W±
ij = e2σW±

ij ) ⇔
�����������:8

σ
;��?>!"*����3�� 


5�67"28D3 < �! & # &@$�&@�����)# &C� <  � "������D��� &�&C��3���# �

σ(x1, x2, x3, x4) = F1(x) + F2(x) + F3(x) + F4(x),

=+# &
F1
;
F2
;
F3
;
F4 .��! <2����3:<2$�����1 &4�������������)�73�1 � <2$��:8�5 � � 8 �
�($�<23��:8 �

d2

dx21
F1(x1) = C1 −

(
d

dx1
F1(x1)

)2

,

d2

dx22
F2(x2) = C2 −

(
d

dx2
F2(x2)

)2

,

d2

dx23
F3(x3) = C3 −

(
d

dx3
F3(x3)

)2

,

d2

dx24
F4(x4) = −C1 −

(
d

dx4
F4(x4)

)2

− C2 − C3,

t �����

�����



=+# &
C1
;
C2
;
C3 . �! <2����3:<2$�����1 & � <!����<�8�����1 & ,

C � m��:z|m-��c�l�z x � c�l t o t m-r t m-n�wxm-c�z|n�m-rGf�j1wxm-c�z�o�y�l�l W±
= W± �

� ��m>�!m-m-���-j:�-�!���-e-j:� ��m�z|e�x1����m s
12 (e

2σ−e−2σ) = e2σ+e−2σ

2 (∆σ+| gradσ|2).
,�o-z|j:��o�j1z x�����m e2σ+e−2σ

2 = ch2σ
l e2σ−e−2σ

2 = sh 2σ
l � m�p�e���o�j1z��

s

6
sh 2σ = ch 2σ(∆σ + | gradσ|2).

l�p�l
∆σ + | gradσ|2 =

s

6
th 2σ.

t �����

� c�l s ≡ 0
c�o��-j:n��!���-m t ����� � c�l�z|j:���-l�fq�

∆σ + gradσ = 0.
� j s o	� f�o�n�n�m-jdf�l�w wxj:c�j:n�y�l�o	p�q-n�m-j e�c�o��-n�j:n�l�j4� � m�z|m �uq-� � o t j:�	o �!l�z�v�-m�p�q-n�gB}~�-g ��l���p�j:n�l�r � k � l _�x�n�o	}�m1f�l�z

σ(x1, x2, x3, x4) = F1(x) + F2(x) + F3(x) + F4(x),k f�j
F1
x
F2
x
F3
x
F4
� � c�m-l��:�-m�p�q-n�g j wxe�n t y�l�l�l �-g � m�p�n����>�-� ��e���p�m-�-l����

d2

dx21
F1(x1) = C1 −

(
d

dx1
F1(x1)

)2

,

d2

dx22
F2(x2) = C2 −

(
d

dx2
F2(x2)

)2

,

d2

dx23
F3(x3) = C3 −

(
d

dx3
F3(x3)

)2

,

d2

dx24
F4(x4) = −C1 −

(
d

dx4
F4(x4)

)2

− C2 − C3,

t �����

k f�j
C1
x
C2
x
C3

� � c�m-l��:�-m�p�q-n�g j � m��!��m$��n�n�g j-�� x� t ����� � m�p�e���o�j1z x�����m3�

F1(x1) = −
√
C1x1 +

1

2
ln

1

4

(
c1e

2
√
C1x1 − c2

)2

C1
,

F2(x2) = −
√
C2x2 +

1

2
ln

1

4

(
c1e

2
√
C2x2 − c2

)2

C2
,

F3(x3) = −
√
C3x3 +

1

2
ln

1

4

(
c1e

2
√
C3x3 − c2

)2

C3
,

F4(x4) = −1

2
ln

C1 + C2 + C3

c1 sin(
√
C1 + C2 + C3x4)− c2 cos(

√
C1 + C2 + C3x4)

)2,

�����



C1
x
C2
x
C3
x
c1
x
c2
� � c�m-l��:�-m�p�q-n�g j � m��!��m$��n�n�g j l � c�lU�-g � m�p�n�j:n�l�le���p�m-�-l�r��

(c1e
2
√
C1x1 − c2)

2

C1
6= 0,

(c1e
2
√
C2x2 − c2)

2

C2
6= 0,

(c1e
2
√
C3x3 − c2)

2

C3
6= 0,

C1 + C2 + C3

c1 sin(
√
C1 + C2 + C3x4)− c2 cos(

√
C1 + C2 + C3x4)

6= 0,

c1 sin(
√
C1 + C2 + C3x4)− c2 cos(

√
C1 + C2 + C3x4) 6= 0,

√
C1 + C2 + C3 � 0,

√
C1 + C2 + C3 � 0.

b�j:m-c�j1z�ouf�m t o��1o�n�o�� B
� �q�����1�n� �w�1�

~=�3��g F�;�GDB�*D� �¤� � �b�	�#B �nGT`'�b�k�a¥I2'�|*�!'�U+��#��!'�6�Y%�)1zIr�Q'$ N,���'&�$ %��"���1sa$ �'&6����$ �S&�."��*���&A7 7
1�� %�d"���5X��"��� $ &�$ &�xm>b��.	���6&�$ � =1%��'%�!'��%�)�3T��31%�Q"���6$ �����bZ1�'$ +���¥n%�K�-�%:>a�6��&�&�� ;$~���==��� ;
>n�Y|=�=�4?�|�==���²��3�0��u�u��Wtk�'��Z�]=o#]=]=¦=eXIV#[�¯ ��h�Z�¨;a/\#h�ZX�� ;3��� �"��[�e�x�~��=�=��� ;�|�~4\�^=�|��3�bw �k�Dz�uD�'�'� �k� �k�§l3[ s XIZ�]=b/X«o#\#] s \#a/e�[�¯ [�a/\#Z�V#]=e�Z�u�h XIZXKc[�V=� ;3��� �k~�X#_�k�X�x~���=/³�� ;3=�=Iz ^=�z��3�by����	y��	y#z��I��
|� �({b�	w#z�uD�'�'� �������m�1]=Z�f1]=e s Z�u�\-[p]�WZ�]=eXIZ�o#]=b=u�\ W\#f1]=e s XI©�[�[e�[ s XIZ�]=b=uwv s \#a/e�[�kD^§d�c]=`§XKWk�X s [pZ�_Kc\#b=]=hpk�e�[�b=[�V#Z�u ZX-k�] s dXIk�a/Z�] s s Z�]=o#]Ir]=¦=eXIV#[�[ 7 7:��e��3k�]=Z�f1\#e�\#Z�©�[�[�® @�\#] s \#a/e�[�¯g[gd�e�[�c]�j§\#Z�[�¯�°Ixwd�]=^#bI¯�`;\#Z�Z�]=h ³I�Krc\#a/[�µ ¥q���§���n]=d�]=Z�]=o#]=b/X l ~1]=b=]=^#[�¦=[�e�^#k�x�~�|4?Y~4= s XIe�a=X;²=�=�=��oF� pF���DXIa/\#e�[XKcuib=e�\)rs \#Z�Z�uwvSk�]Ic�c\#k�a/[�b=]=b�� ;�²=�=��~=� ;,�q�n~K³�~D?Y~4\=²
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  ���/��%1
�� � ¤ ¢   % �T  �db�%§� � 	 �w¤ ��¢ % ¢  �� x
� �   � � � ¤ ��� %�� 
�  ¢ ¤ �¡ D��	 ��� £   ¤ ��� ¢ ���

¢ ¤ � � � � % ¢D¢ ���db�  � � � �m ��db ¢   � ¢ �S� �S� � % �db � %
� 	 � 	 �i�*���������)�

� c�j�f�p�m$� j:n�n�e�� ��c�o-�-m-��j�� � ��z|m1f�j!p�qxz|m$��n�m � c�l�z|j:n�l���q�f�p�� � m��!��c�m�vj:n�l�� t c�o�� t m-�-c�j1z|j:n�n�gB} � c�m-k:n�m-�:m-�Jl��1z|j:n�j:n�l�� n�o � c���� j:n�n�m��!��l � m�p�l�v
� ��n�l���n�m-k:m m�� �uj1�!����o � m1f_��p�l���n�l�j1z � t m-n�m�z|l���j1� t l�} � c�m-y�j1�:�!m-���$� l��!��j!vz�o~e�c�o��-n�j:n�l�r x�m � l��!g ��o���� o	�_l��1z|j:n�j:n�l�j �!m-y�l�o	p�q-n�m-r n�o � c���� j:n�n�m��!��l
� c�lu�-�1o�l�z|m1f�j:r��!���-l�l�f��-e�} �!m-y�l�o	p�q-n�gB} k:c�e �$� l�p�l � ��n�m��!m-�"�-e:f�j:�>l�z|j:��q�-l�fq�

dP1

dt
= γ(P1 − P1) + c1

P2

1− P2
[(P2 − P1) + η1P1(1− P2)], (1)

dP2
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