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` 8 o I�³.µ�O:8N9�¶�µ:w�µ µ�9<7)I�G�¶�7)G�I�H�;xw�µ�=Ly:8<I�³JR�µ�_�w�µz9NPQ=LI:w�G&²�µ�I:=?·�³JH�H:=)8L·);dva8qG-9#²�=?·�µ:8
·);Xy:=.²:H�_�8<7-9B_�V5��³&²�8N8

X
d y�I:=?µ�¸+·-=.²:})H:=)8L·)y:=.²:H:8 I:8 ` G&²:_0I�H:=)8 y�I:=)9<7)I�³JH:9<7�·-=�Z

E
d

H:8�¶�=L7-=LI:=)8
K
s y�I:=)9<7)I�³JH:9<7�·-=q9Q8#´�µ�H�µ�R:8<K

1
Z�´�²:_b¶�=L7-=LI:=LKy·);Xy:=.²:H�_�8<7-9B_uG�y:=)w�_0H�G�7-=)8

·);dva8 G-9#²�=?·�µ:8)VpvAG-9<7)}
P
d y�I:=?µ�¸+·-=.²:})H�³J_zI:8 ` G&²:_0I�H�³J_ w�=+´:G&²:_0I�H�³J_l·-8<I:=\_07)H:=)9<7)}

H�³
(X,BB(X))

V n = ` ²�³L9<H:= y�I:=+´�=.²:F�8<H�µ�^ » y:=+´+e58Nw
P ↑= p

d I:8 ` G&²:_0I�H�³J_Y·-8<I:=Js
_07)H:=)9<7)} H�³

W (X)
Z�´�=Ly�G-9�¶�³J^ ) ³J_?8#´�µ�H:9<7�·-8<H�H:=)8	I:8 ` G&²:_0I�H:=)8 o =LI:8#²�8�·-= y�I:=+´�=.²:F�8cs

H�µ:8
p̃
H�³

(X,B(X)) (X = X ↑) V���²:_r²:^ o = ` =	=L7-= o I�³JF�8<H�µ�_ f ∈ C+
b (X,E)

y:=+´+e58Nw
f ↑= g

dgy:=.²�=\F µ�7-8#²:})H�³J_ = ` I�³JH�µ�O:8<H�H�³J_|H:8<y�I:8<I�;E·)H�³J_|PYG�H�¶�R�µ�_ H�³
X
·�G�H�µ�·-8<I:9<G%s

w�8
V B V�hAH�7-8 ` I�³&² ∫ g dp̃ Z�µ�H�7-8<I�y�I:8<7�µ�I�G-8Nw�;XKr¶�³.¶(&�²�8Nw�8<H�7 9<y�G-9�¶�³ R ↓ Z:= o =?¸NH�³NO�µ:wO:8<I:8�¸ ∫ ↓

g dp̃
V

�	
�&L�����%(!&%����& � � z"{�|*{�� ���H����� w ���%�r�����W� � | f ∈ C+
b (X,E) � w �g� vW�gw �W{ x �g� } v |+�

~+�H���Z�;� t {�|����g�H���\�W� t {�|����g�H� }��2�\�%| w �g� v!wH� P ��� (X,BB(X)) ~+�%���\�W~ w �g�*�H�U�\�2�\�W{g�W�� � w �W�=�r��{ v ��� w �g��� �W� � �=���
∫
f dP = sup





n∑

i=1

ai

(
mi∑

j=1

bijP (Gij)

)
: i, j, k,m, n ∈ N ;

bij ∈ B, bij ∩ bik = 0(j 6= k),

mi∑

j=1

bij = 1;

Gij ∈ O(X); ai ∈ E+;
n∑

i=1

ai

(
mi∑

j=1

bijχGij

)
6 f



 .

� �H{g�!� w �H����� v �U�r��}��2��{ � }�� v {g�2� t ��� �!���r��}��W� v!w }�� � � w �W�=�r��{g�H}��
∫
f dP =

∫ ↓
g dp̃ (g = f ↑).

� � � &%��
�&�$'�Z� sut+v!wHx
X � �U�\� �	� }��H{ x �g����}��g�H{��g� �\�W� t {�|����g���"�U�\� v!w �r��� v!w }����?�

E � �g�W~+� w �%�\��� K � �U�\� v!w �r��� v!w }�� v �2� � � ��
 �W� 1 � v �H}������r����� �W� v �2� � � ��
 �W� t � �g�%���%�
� � |�}"�g�=� y
� �%�g� t {��

l(f) =

∫
f dP

t+v!w ������}�{ � }$��� w } � � � � �g� �;���g� � �������g��� v ��� w }�� w�v!w } � � �Z�W� � t E � � ��������� � � �Z�;� t {�|��C�
��� � � �\�W� t {�|������ � � }��2�\�%| w �g� v!w |�� � P ��� (X,BB(X))

�
E � � ��������� � � �g�H{g�%� �gw �W{ x �

»<�



��� � � { � �g�W����� � � �H�g�2�r� w �%�r��� � l ��� Cb(X,E) � �U�\� v!w �r��� v!w }��u�H�=�r��� � �$�W������� (to) �
�g�W�U�\�2���?}������ � w ���%�r�����W� � ����� X � t �\�H}�{g� w }��%��|���� � � � t+v {g�H} � � l(1) = 1

� ���H{����
�r����� � � � v }��H� v!w }������g�%��|���~+�H}��H� �g�W�U�\�2���?}��g� v!wH� � infγ{l(fγ)} = 0 (γ ∈ Γ) ����{�|
} v |�~+�H� v � wH� (fγ)

�	�
Cb(X,E)

v ���;��|�� �W� v |�� t �H�?}$��|��g~ � t {��"y � �2�\�%| w �g� v!wHx {�� ���H���
� w ~U��� w �H��� � �g�%��� v!w }$� G ∈ O(X) �H�U�\�2�\�W{�|�� w�v |��g��� �%�g� t {g�

P (G) = sup
{
l(f) : f 6 χG, f ∈ C+

b (X,E)
}
.

S » b
�uv |�~���| E � � ����������|��Z�;� t {�|�������|��\�W� t {�|�������| }��2�\�%| w �g� v!wHx P ��� (X,BB(X)) ���H{����
�r��� w�v }��H� v!w }���� �����U�\�H~ vW� �a� 
����

P (B) = inf

{ ∞∑

i=1

biP (Gi) : B ∈ BB(X); B 6

∞∑

i=1

biχGi
(i ∈ N);

bi ∈ B, bi ∩ bj = 0 (i 6= j),

∞∑

i=1

bi = 1; Gi ∈ O(X)

}
.

S ¹ b

� �U� v!w �g� v!wH� }��2�\�%| w �g� v!wHx �U�\� �	� }��H{ x �g�H���"���%�\�W{g�W}$� � �g�%��� v!w }$� M ∈ B(X)
� ���r��� w �v | �r��}��W� v!w }����

p(M) = inf

{ ∞∑

i=1

biP (Gi) : M ⊂ Gi; i ∈ N ;

bi ∈ B, bi ∩ bj = 0 (i 6= j),

∞∑

i=1

bi = 1; Gi ∈ O(X)

}
.

S��-b
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������������� �����
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N O4PRQ�S?N+T4��UWV XFY�ZB[#\&]�X^UWXF]&_�XFY�XF`5a�b�a�V cI`d["e(XFc-_�XFfDY�ghc-_^ijcIY�V a�V k�Xml:]�XR_�b�a�c-_�Y0P .DnocI]�XF`(e	b-pIXF`USq XF`(frb�_�s�/&t:cI]�XF`(eUP&u:`(V k�P S	vwb�a�eUP�@x`(Yya;P SUTG2%Y-J�P .uT L ]UP
J�P�z|{�}(NhP�~ ~(�4���&�I��pIXF`(XR_�b-�&ghc-_�f�c-g�V `5a�XFp-_�b-�	���:�W`(`UP�vwb�a�eUP;N V%b P .uTG2HT�10X�TG2HT;YHP .K��cI�OP�TG2HP .�i�P!VI1-2;X�V-2-J�P
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������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

B V B������sR V B��X@ V�� R � � @ VX[4V �
	��FB V V � ��	 V �{B R
� �sR � � ���
�
B V �M@����	����� � � � V @��@B��X@ � V �A@ B��X@�����s �
�sR @ � �A@���	 V z ��� �A@ V��

* � #%$'&)( SU@ H�E2GI]-Z\RDSUX�E�c��kE2^)P_JMC)fgE�	DC)P h JMLKbNPIH��E�[kP RDSUX�E-b�+
9 � #%-/.0(2143/56587 SU@ H�E2GI]-Z\RDSUX�E�c��kE2^)P_JMC)fgE�	DC)P h JMLKbNPIH��E�[kP RDSUX�E-b�+
9 �<; 14=,=>&6?@18A@=,7>& SU@ H�E2GI]-Z\RDSUX�E�c��kE2^)P_JMC)fgE�	DC)P h JMLKbNPIH��E�[kP RDSUX�E-b

@ H�P_b��4C\S��dC'HNcOE2H�HNPIXeJ�E2GIHKJMLNCOE2HNPIC)QYTZSUW)C\[\E2LN]
l}SUC\[kPIHNP_SUC\b�X�E}]'E2^)^ZJ�E2L�PIC�[kP��ZW\bNP_SUC
^)LKSUT)G_JMXeb �dc\JMC�XeS4[)JMGIPIC)QFT)P_SUG_SUQ�P_l�E2G bN]kbNHKJMXeb\Z mnSUL�J 
\E2X�^)G_JeP_SUC�lMW)LNLKJMC8HKb�HNc)LKSUW)Q�c�l}JMGIG
XeJMX�T)L�E2C\J}b\V z)LKSUX HNc\J�X�E2HNc\JMX�E2HNP_l�E2G!^ZSUPIC8H�S2m h P_J � ^)LKSUT)G_JMXeb�S2m�HNc)P_b H ]4^ZJ�J 
kc)PIT)PIHNPIC)Q
S�bKlMPIGIGiE2HNP_SUC\b�PICuHNPIXeJ�E2LKJ	PIC8HKJMLKJ}bNHNPIC)Q�E2G_bKSYmnSUL�HNc\J�E2^)^ZJ�E2L�E2C\l}J�S2m C\SUC0sjHNLNP h PiE2G{LKJMGiE2HNP_SUC\b
TZJMH �:J}JMC HNc\J	[kP�� JMLKJMC8HebKl�E2GIPIC)Q6b�^)LKJ}bKJMC8H�PICuHNc\J%XeS4[)JMG Z0TZSUHNc�PIC�HNc\JabN^OEUl}JaE2C\[�PICuHNc\J
HNPIXeJ h E2LNPiE2T)G_J}b f » Z ¹�h V �{m,HKJMC5Zd[kW\J
HKS�HNc\J�^)LKJ}bKJMC\l}J'S2m�E�^ZJMLNP_S4[kP_l�X�P_lMLKS�bNHNLNW\lMHNW)LKJ'PIC
HNc\J�^)c8]kbNP_l�E2GD^)LKSUT)G_JMX Z�SUC\JFE2^)^ZJ�E2G_b�HKS
c\SUXeSUQ6JMC)PIfgE2HNP_SUC HNc\J}SULN]uPIC�SULK[)JML�HKS�[)JMLNP h JFE
X�EUlMLKS�bKl}SU^)P_l�J�� J}lMHNP h J�X�E2HNc\JMX�E2HNP_l�E2G0bKlKc\JMXeJ�E2XeJMCOE2T)G_J�HKS�E2^)^)GIP_l�E2HNP_SUC f » Z ¹�h V


'J�^)LKJ}bKJMC8H LKJ}l}JMC8H�LKJ}bNW)GIHKb SUCF^)LKSUT)G_JMXeb�bKJMHDPIC�EeXeJ}[kPIW)X �dPIHNcF^ZJMLNP_S4[kP_l�PIC\lMGIW\bNP_SUC\b
S,SULsc\SUG_J}bcb%c �:JdX�E}]�HNc)PIC ��S2m E T)P_SUG_SUQ�P_l�E2GOHNP_bKbNW\J �dPIHNc�l}JMGIG_b\V!� c\JdPIC8HKJML mjEUl}JDbKJM^OE2L�E2HNPIC)Q�HNc\J
XeJ}[kPIW)X m,LKSUX HNc\J{PIC\lMGIW\bNP_SUC\bsP_b:E2T\bKSULNT)PIC)Q:Z6T)W)H:SUC)GI]�PIC�l}JMLNH�E2PIC�PIC8HKJML h E2G_b:S2m HNPIXeJrS �dc)P_lKc
�:J�l�E2GIG HNc\J�"$#&%�'�^)cOEUbKJ bcZ)TZJMPIC)Q�EU[kPiE2TOE2HNP_l�mnSULDE2GIG SUHNc\JML{HNPIXeJ}brS>HNc\J)(+*,".-/%�0a^)cOEUbKJ bcV&� c)P_b
l�E2GIG_b mnSUL�E�TZSUW)C\[\E2LN]Yl}SUC\[kPIHNP_SUC'SUC
bNW\lKc'E2C�PIC8HKJML mjEUl}J�b �dPIHKlKc)PIC)Qa^ZJMLNP_S4[kP_l�E2GIGI]�m,LKSUX HNc\J
H ]4^ZJ�S2m!RDSUT)PIC�HKS�HNc\J�H ]4^ZJ�S2m V JMW)X�E2C)C5V

� JMH
ε
TZJ'HNc\J�bN^OE2HNPiE2G�^ZJMLNP_S4[ S2meHNc\J�X�P_lMLKS�bNHNLNW\lMHNW)LKJ S>P V J)V ZDHNc\J�E h JML�E2Q6J�[kP_bNH�E2C\l}J

TZJMH �:J}JMCuPIC\lMGIW\bNP_SUC\beE2C\[ E2G_bKSYHNc\JMPIL�[kPiE2XeJMHKJMLcbcZ�E2C\[
τ
HNc\J%HNPIXeJ	^ZJMLNP_S4[�S2mDHNc\J	bN]kbNHKJMX

S>P V J)V Z S2m HNc\JeSUC\bKJMH�S2mdbNW\l}l}J}bKbNP h J�SU^ZJMC'^)cOEUbKJ}bcbcV 
'J�E2LKJ�PIC8HKJMLKJ}bNHKJ}['PIC
HNc\J�EUbN]4X�^)HKSUHNP_l
TZJMcOE h P_SUL �dc\JMC ε E2C\[ τ Q6S�HKS 0 V� JMH{W\b{l}SUC\bNP_[)JMLdmnSUL{J 
\E2X�^)G_J�HNc\J�XeS4[)JMG ^)LKSUT)G_JMX

∂uτ
∂t

− div(Aτ∇uτ ) = f, (x, t) ∈ Ωε × (0, T ),
S » b

Aτ∇uτ · ν + ατ (t)uτ = 0, (x, t) ∈ Γε × (0, T ),
S ¹ b

uτ (x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),
S��-b

uτ (x, 0) = u0, x ∈ Ωε.
S � b

� JMLKJ HNc\J�[)SUX�E2PIC
Ω
E2C\[	HNc\J ^ZS�bKbNPIT)GI]%S�bKlMPIGIGiE2HNPIC)Qe[kP��ZW\bNP_SUC	X�E2HNLNP�


Aτ b�E2HNP_b m,]�bNH�E2C\[\E2LK[
EUbKbNW)X�^)HNP_SUC\bHc

ν
P_bdHNc\J�SUW)HKJMLDC\SULNX�E2G HKS

Ωε
�dc)P_lKcYP_b{[)J | C\J}[FEUbdHNc\J�[)SUX�E2PIC

Ω
�dPIHNc\SUW)H

HNc\J�PIC\lMGIW\bNP_SUC\b\V\z0PICOE2GIGI]
Γε
P_bdHNc\J�TZSUW)C\[\E2LN]	S2m<HNc\J�PIC\lMGIW\bNP_SUC\b\V

� c\J�m,W)C\lMHNP_SUC
ατ

P_b�C\SUC0sjC\JMQ8E2HNP h J�c:PIC�HNPIXeJYPIC8HKJML h E2G_b �dc\JMC�PIH�P_b�bNHNLNP_lMHNGI] ^ZS�bNPIHNP h J
HNc\J%TZSUW)C\[\E2LN]�l}SUC\[kPIHNP_SUCuXeS4[)JMG_b�E2T\bKSULN^)HNP_SUC5Z%�dc\JMCuPIH h E2C)P_bNc\J}b�PIH�XeS4[)JMG_b�PIC\bNW)GiE2HNP_SUC5V
� c)P_b E2GIHKJMLNCOE2HNPIC)Q%TZJMcOE h P_SUL{mnSULDJ 
\E2X�^)G_J�X�E}]aTZJ�l�E2W\bKJ}[�T8]	HNc\J�SU^ZJMC)PIC)Q�12lMG_S�bNPIC)Q	S2m!P_SUC
lKcOE2C)C\JMG_b\V

BdlMHNWOE2GIGI] HNc\J�GIPIX�PIHNPIC)Q TZJMcOE h P_SULYS2m�HNc\J�^)LKSUT)G_JMX lMLNW\lMPiE2GIGI] [)JM^ZJMC\[)b�SUC HNc\J�HNPIXeJ
bN^ZJMC8HsT8]�HNc\JDbN]kbNHKJMX PIC�HNc\JDE2T\bKSULNT)PIC)Q�^)cOEUbKJ)Z8E2C\[eHNc\J{HNc)LKJ}bNc\SUG_[�[kP_bKlMLNPIX�PICOE2HNPIC)Q�E2XeSUC)Q
[kP�� JMLKJMC8H�EUbN]4X�^)HKSUHNP_l}b mnSUL

ε , τ → 0
P_b
o(τ)

V

'JaH�EUl2�4G_JaHNc)P_be^)LKSUT)G_JMX T8] E2C�J 
kHKJMC\bNP_SUC S2m�HNc\J	^ZJMLNP_S4[kP_laW)CkmnSUG_[kPIC)Q�SU^ZJML�E2HKSUL�HKS

J h SUGIW)HNP_SUC�^)LKSUT)G_JMXebHc�bKJ}J�J)VsQ:V Z f �0Z ��h E2C\[uLKJ mnJMLKJMC\l}J}b�HNc\JMLKJMPIC�mnSUL%E2^)^)GIP_l�E2HNP_SUC\b	S2m�HNc\J
W)CkmnSUG_[kPIC)Q�SU^ZJML�E2HKSUL{HKSebNH�E2HNP_SUCOE2LN]	^)LKSUT)G_JMXeb\V
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a�_�b-`(Y�]�c-_�a a�e&_�c
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V `��&cIfrb-V `(Y2��V a�ewe(cI� XFY:���76H@y� v98�P�vwb�a�eUP	�W`	b-�OP .?V=^HTWV!P .K��cI�OP�JIJ�P .�i�P�1!T;Y;X&1-H%^HP

J�P��jN �	��{�}�P+*�Q�� zK� ��z|{	,D~ {	,DN {�}'��� �:02��N *3�'0 �I["e(X"]�XR_�V c �&V �;%(`&ghcI� �&V `(p:fDXRa�e(c � V `Ke(cIfDcIpIXF`(V ZGb�a�V cI`r���
6H@y� v98�P�vwb�a�eUP	�W`	b-�OP .?V=^%^%YHP .K��cI�OP	J�^HP .�i�P$TW_=Y�_0X�TGH�V=^HP

»g�



���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

js� � ��iYh�� �'��j
l��Xi�� 
 ��lX��l��
�d��v����'vYj:�"±{� ��i�� n �Xh h �d��j�C
���AvYj�� �0� n �Xh

��� � �A�AiY�YWYh��'iYlD����i��xs �5j
lX��h���i��Xi�� 
 CEl��d��j�hYlD���"±��

� ��r	�!oa��/4p��!q�� �MSUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c�fgCEhrb�+
te� � �s�	&%"-/0&%
����3SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

�Y=LH:9<7)I�G�¶�R�µ�µ µ�¸!PYG�H�¶�R�µ:=LH�³&²:})H:=Js ` I�³&´�µ:8<H�7)H�;�~ w«³J7-8<I�µ�³&²�=?· S,z � � b H�³ ~%=+´:_07
v�µ�I:=?¶�=)8�y�I�µ:w�8<H:8<H�µ:8@·xI�³.¸�²�µ�O�H�;�~�= o ²�³L9<7 _�~Q7-8c~0H�µ�¶�µ�9 o =.²:}�v�µ:w�µr7-8<I:w�=)w�8c~�³JH�µ�O:8cs
9�¶�µ:w�µDH�³ ` I�G�¸+¶�³Lw�µ5V8z � � d ¶�=)w�y:=?¸+µ�7);QZ%= o ²�³&´�³J^ )�µ:8Xy:8<I:8Nw�8<H�H�;xw�µ|P�µ�¸+µ�O:8N9�¶�µ:w�µ
9�·-=LK:9<7�·�³Lw�µ5Z o ²�³ ` =+´�³JI%_j¶�=L7-=LI�;xw�µ:wl·|=L7	²�µ�O�µ:8�=L7|9#²�=?µ:9<7);�~r¶�=)w�y:=?¸+µ�7-=?· G&´�³L8<7-9B_
µ�¸ o 8<F�³J7)}u9�¶�³NO�¶�=?·E7-8<I:w�=)w�8c~�³JH�µ�O:8N9�¶�µ0~ ~�³JI�³.¶�7-8<I�µ:9<7�µ�¶+O:8<I:8�¸�y:=?·-8<I-~0H:=)9<7)}uI�³.¸�´�8cs
²�³0V�vAI�³.¶�7�µ�O:8N9�¶�=)8ay�I�µ:w�8<H:8<H�µ�_�z � � ¸&³.·�µ:9�µ�7|=L7J¸NH�³JH�µ�_u7-=LO�H�;�~b¸&³.¶�=LH:=?·|H:8N=+´:H:=Js
I:=+´:H:=)9<7�µ5Z�H�³ ~%=\F�´�8<H�µ:8�¶�=L7-=LI�;�~L·-=?¸\w�=\F�H:=�7-=.²:}�¶�=�y�G�7-8Nw I:8Mva8<H�µ�_L¶�= &\PQP�µ�R�µ:8<H�7Ls
H�;�~a= o I�³J7)H�;�~�¸&³&´�³NOuSU��� �5b 7-8<y�²�=Ly�I:=?·-=+´:H:=)9<7�µJµa7-8<I:w�=LG�y�I�G ` =)9<7�µ5V)�Y= &\PQP�µ�R�µ:8<H�7Ls
H�;x8Y= o I�³J7)H�;x8�¸&³&´�³NO�µu_�·?²:_0^'7-9B_|H:8#²�µ�H:8<K�H�;xw�µr¸&³&´�³NO�³Lw�µ5Z ` ²�³.·)H�³J_	7)I�G&´:H:=)9<7)}Dy�I�µ
µ:9N9#²�8#´�=?·�³JH�µ�µ�¶�=L7-=LI�;�~Ad &N7-=XPQ=LI:w�G&²�µ�I:=?·�¶�³x=Ly:8<I�³J7-=LI�H:=LKa9�·)_�¸+µrw�8<F�´:G6µ:9�¶�=)w�;xw�µ
µ�µ�¸\w�8<I%_�8Nw�;xw�µ	PYG�H�¶�R�µ�_�w�µ5V4�F´:H�³.¶�=�·Qy:=)9#²�8#´:H�µ:8 ` =+´:;_·rI%_�´�8xI�³ o =L7�I�³.¸+·�µ�·�³L8<7-9B_
H:=?·);XKEy:=+´�~%=+´|¶uI:8Mva8<H�µ�^k��� �j´�²:_ H:8N=+´:H:=LI:=+´:H�;�~ 7-8#² V�± &N7�µ0~ I�³ o =L7?³ ~uI:8Mva8<H�µ:8
H:8#²�µ�H:8<K�H�;�~3= o I�³J7)H�;�~l¸&³&´�³NO 9�·-=+´�µ�7-9B_�¶lµ�7-8<I�³JR�µ:=LH�H:=LK y�I:=LR:8#´:G�I:8)ZpH�³j¶�³JF�´�=)w
v ³ ` 86¶�=L7-=LI:=LKuI:8Mv ³L8<7-9B_ ²�µ�H:8<K�H:=)8Q=Ly:8<I�³J7-=LI�H:=)8rG�I�³.·)H:8<H�µ:8)Z�y:=.²:G�O:8<H�H:=)8YH�³�=)9<H:=?·-8
9#²�³ o =LKzy:=)9<7?³JH:=?·�¶�µ3y�I%_�w�=LK_¸&³&´�³NO�µ5Vpj�³JH:8N8(&N7-=L7 y:=+´�~%=+´ o ; ² G-9<y:8Mv�H:=!y�I�µ:w�8<H:8<H
´�²:_�I:8Mva8<H�µ�_z��� � 7-8<y�²�=Ly�I:=?·-=+´:H:=)9<7�µ�µz7-8<I:w�=LG�y�I�G ` =)9<7�µ ´�²:_?9<7-8<I%F�H�_�Vd�F´:H�³.¶�=
¶�I:=)w�8|9<7-8<I%F�H:8�·);�~ ¶�=LH:9<7)I�G�¶�R�µ�K�H�³uy�I�³.¶�7�µ�¶�8|O�³L9<7-=E7)I:8 o G-8<7-9B_�=Ly�I:8#´�8#²�µ�7)} 7-8<I0s
w�=)w�8c~�³JH�µ�O:8N9�¶�µ:8 ~�³JI�³.¶�7-8<I�µ:9<7�µ�¶�µ µ H�³Jy�I%_0F�8<H�H:=Js ´�8NPQ=LI:w�µ�I:=?·�³JH�H:=)8 9N=)9<7-=\_0H�µ:8|·
7-8#²�³ ~ R�µ�²�µ�H�´:I�µ�O:8N9�¶�=LK PQ=LI:w�;QZ
H�³Jy�I�µ:w�8<I5Z�·-=.²:H:=?·-=+´�³ ~]µ 7)I�G o =Ly�I:=?·-=+´�³ ~�V�± ´�³JH0s
H:=LKDI�³ o =L7-8xy:=.²:G�O:8<H�H�;x8xI�³JH:8N8F·r= o )a8Nwj·�µ�´�8 =Ly:8<I�³J7-=LI�H�;x8 G�I�³.·)H:8<H�µ�_Dy�I�µ:w�8<H�_0^'7Ls
9B_|´�²:_ I:8Mva8<H�µ�_j¸&³&´�³NO+= ·-=)9N9<7?³JH:=?·?²�8<H�µ�µ H�³L¶�=LH:8<O�H:=)w ·)I:8Nw�8<H�H:=)w#=L7)I:8�¸+¶�8 =+´:H:=Js
w�8<I�H�;�~�7-8<y�²�=)P�µ�¸+µ�O:8N9�¶�µ0~ µ�7-8<I:w�=)w�8c~�³JH�µ�O:8N9�¶�µ0~z~�³JI�³.¶�7-8<I�µ:9<7�µ�¶zH:8N=+´:H:=LI:=+´:H:= ` =
R�µ�²�µ�H�´:I�³0V�±My:=)9<7?³JH:=?·�¶�³ ~+= o I�³J7)H�;�~|¸&³&´�³NO!7)I:8 o G-8<7-9B_j·-=)9N9<7?³JH:=?·�µ�7)}E=+´:H�G|µ�¸a7-8<I0s
w�=)w�=)w�8c~�³JH�µ�O:8N9�¶�µ0~ ~�³JI�³.¶�7-8<I�µ:9<7�µ�¶Ey�I�µbµ�¸+·-8N9<7)H�;�~ =)9<7?³&²:})H�;�~�V

vAI%_�w«³J_�¸&³&´�³NO�³Q7-8<y�²�=Ly�I:=?·-=+´:H:=)9<7�µL´�²:_DR�µ�²�µ�H�´:I�³ry:=)9#²�8 = o 8�¸NI�³.¸\w�8<I�µ�·�³JH�µ�_|I:8cs
v ³L8<7-9B_ w�8<7-=+´�=)w ��³&²�8<I�¶�µ�H�³0V�hY9N9#²�8#´�=?·�³JH�µ:8|y�I%_�w�=LKh¸&³&´�³NO�µ*7-8<I:w�=LG�y�I�G ` =)9<7�µY´�²:_
R�µ�²�µ�H�´:I�³�9�·-8#´�8<H:=�¶ I:8Mva8<H�µ�^#9�µ:9<7-8Nw�; = o ;E¶�H:=?·-8<H�H�;�~�´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~qG�I�³.·Ls
H:8<H�µ�K » s ` =ry:=LI%_�´�¶�³�·r7)I�³JH:9NPQ=LI:w«³JH�7?³ ~qy:=���³Jy�²�³L9<GDH�³Q=)9<H:=?·-8'w�8<7-=+´�³ry�I�µ:9<7)I:8#²�¶�µ
µbµ:9<y:=.²:}�¸\=?·�³JH�µ�_ y�I:=LR:8#´:G�I�;M= o I�³ )a8<H�µ�K5Z:I:8	³&²�µ�¸NG-8Nw�=LKy· 9N=)=L7�·-8<7-9<7�·�µ�µ 9Yw�8<7-=+´�=)w
�rG�I o µ�H�³0V
��� :-%%7%-%:R<%4A*�7=9�G�.2G�:R<aI�:-E+8�:�@�*�I�7%.08�-%:EBu1�G�7I%%I�G�:0F�8�1��d2HP HIH�_!P V=^HTFJ5��t�G�:R<%4A*�7=9�G�.2G�1�.CG�:0FHK�G�7-,1�30329�. 5�7=<!:=-�.29('�308H7=J"I�:-%%7%-%4 < I�:-E+8�:�@ *�I�7%.08�-%G�7=J*K�:=30-%1*`;7%32FW5�:=I�30-%<�.2G�G�7=`;7 /;:;5�:WG�1�] < 3;L�.0I�.?G�:�,FHK�G�7=J?5�.0]�-�.29('%G�7%30-%1?1<*�I�1r*�705�5�.0IHDZ8H.��RI�7=`;I�:-E#E�4 L\FHG�5�:-E+.2G�-%:W9('%G�4A@�1�30329�. 5�7=<!:WG�1�J<*�7a30-�I�:=-�.R,`01�K�.0308�1	E"G�:�*�I�:W<%9�.2G�1�]&E�I�:=/2<%1�-%1�]?G�:0F�8�1	�RI�.0/21�5�1�F&E	: ��
 0�� T�
�CEFHG�5�:-E+.2G�-%:W9('%G�4r.:*�I�7I%=9�.FE�4

E	:=-�.FE	:=-%1�K�.0308H7=`;7�E+705�.29�1�I�7=<!:WG�1�]��=P

»\]



� o I�³J7)H�³J_ ¸&³&´�³NO�³�I:8Mv ³L8<7-9B_ H�³�=)9<H:=?·-8jµ�7-8<I�³JR�µ:=LH�H:= ` =zy�I:=LR:8N9N9	³0V i�³NO�³&²:})H:=)8
y�I�µ o ²�µ�F�8<H�µ:8*w�=+´:G&²�8<KMI�³.¸N;x9�¶�µ�·�³L8<7-9B_ ·l¶�²�³L9N9N8j²�µ�H:8<K�H�;�~MPYG�H�¶�R�µ�K�H�³?=)9<H:=?·-8
w�µ�H�µ:w�µ�¸&³JR�µ�µ	PYG�H�¶�R�µ:=LH�³&²�³QH:8�·)_�¸+¶�µ5V-��²:_DH�³ ~%=\F�´�8<H�µ�_|y:=Ly�I�³.·-=?¶qI:8�¶�=LH:9<7)I�G�µ�I�G-8cs
w�;�~DPYG�H�¶�R�µ�K�y�I�µ:w�8<H�_0^'7-9B_ y:=.²:G�O:8<H�H�;x8E´�²:_�R�µ�²�µ�H�´:I�³�µ�H�7-8 ` I�³&²:})H�;x8 G�I�³.·)H:8<H�µ�_
�rI:8#´ ` =.²:}-w«³ » s ` =XI:=+´�³0VJvY=)9#²�8�H�³ ~%=\F�´�8<H�µ�_�y:=Ly�I�³.·-=?¶�9<7)I:=?µ�7-9B_QH:=?·-=)8�y�I�µ o ²�µ�F�8<H�µ:8
µ =)9<G*)a8N9<7�·?²:_�8<7-9B_|µ�7-8<I�³JR�µ:=LH�H�;XK+y�I:=LR:8N9N9aG�7-=LO�H:8<H�µ�_|·-=)9N9<7?³JH�³.·?²�µ�·�³L8Nw�;�~ ~�³JI�³.¶0s
7-8<I�µ:9<7�µ�¶5V��AI�µ�7-8<I�µ�K ·);�~%=+´�³bµ�¸vµ�7-8<I�³JR�µ:=LH�H:= ` =uy�I:=LR:8N9N9	³	d ´�=)9<7�µ�F�8<H�µ:8qy:=LI:= ` =Js
·-= ` = ¸NH�³NO:8<H�µ�_uPYG�H�¶�R�µ:=LH�³&²�³aH:8�·)_�¸+¶�µ5V

±k~%=+´�8L·);XO�µ:9#²�µ�7-8#²:})H�;�~ &+¶�9<y:8<I�µ:w�8<H�7-=?· =Ly�I:8#´�8#²�8<H�; H�³.µ o =.²�8N8 µ�H:PQ=LI:w«³J7�µ�·Ls
H�;x8Qy�I:=)w�8<F�G�7�¶�µr·)I:8Nw�8<H�µy´�²:_ µ�¸\w�8<I:8<H�µ�_E9Nw�8 )a8<H�µ�Krµ 7-8Nw�y:8<I�³J7)G�I�;MH�³ ·)H:8Mv�H:8<K
y:=?·-8<I-~0H:=)9<7�µuR�µ�²�µ�H�´:I�³ µu=LR:8<H:8<H�³ay:= ` I:8Mv�H:=)9<7)} I:8�¶�=LH:9<7)I�G�¶�R�µ�µr· ¸&³.·�µ:9�µ:w�=)9<7�µ =L7
7�µ�y�³aH�³ ` I�G�F�8<H�µ�_bµuw�=LH:=L7-=LH�H:=)9<7�µ PYG�H�¶�R�µ�K5Z0~�³JI�³.¶�7-8<I�µ�¸NG�^ )�µ0~	H:8N=+´:H:=LI:=+´:H:=)9<7)}:V
h"´�8<H�7�µ:P�µ�¶�³JR�µ�_z7-8<y�²�=)P�µ�¸+µ�O:8N9�¶�µ0~lµ w�8c~�³JH�µ�O:8N9�¶�µ0~?~�³JI�³.¶�7-8<I�µ:9<7�µ�¶3R�µ�²�µ�H�´:I�³]·
9#²:G�O�³L8 ` ²�³&´�¶�µ0~�¸&³.¶�=LH:=?·aH:8N=+´:H:=LI:=+´:H:=)9<7�µ y�I:=?µ:9 ~%=+´�µ�7�´�=?·-=.²:})H:=rG-9<y:8Mv�H:=�e%y:= ` I:8Mvrs
H:=)9<7)}3I:8�¶�=LH:9<7)I�G�¶�R�µ�µkw�=LH:=L7-=LH�H�;�~ PYG�H�¶�R�µ�K#H:8+y�I:8�·);dv ³&²�³ ��� Z6³?H:8Nw�=LH:=L7-=LH0s
H�;�~ »	º�� V �F´:H�³.¶�=+y�I�µ?H�³&²�µ�O�µ�µ_¸\=LH ´�8N9<7)I�G�¶�R�µ�µzI:8�¶�=LH:9<7)I�G�¶�R�µ�_ y�I:=?µ:9 ~%=+´�µ�7�9N=
¸NH�³NO�µ�7-8#²:})H:= o =.²:}�va8<K|y:= ` I:8Mv�H:=)9<7)})^aZ0O:8Nwh·�9#²:G�O�³L8Aw�8#´�²�8<H�H:=�µ�¸\w�8<H�_0^ )�µ0~%9B_|w�=Js
´:G&²�8<K5V�±z7-=�F�86·)I:8Nw�_L·-=�·-9N8c~	9#²:G�O�³J_�~ ~%=LI:=Uva=�·-=)9N9<7?³JH�³.·?²�µ�·�³&²�µ:9<}Jµ�H�7-8 ` I�³&²:})H�;x8
~�³JI�³.¶�7-8<I�µ:9<7�µ�¶�µ�S y:8<I�·);x8rw�=)w�8<H�7);'bcV

» �



���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

z�@ V @���� z 	 V � �X@ � V �q@ V
C(R)B V ��z�@ V @���� �
���
��� V ���	@ V � � � � � R � B����X@�� � �

* �!yY�0w 18xs18(
S � JMLNX�E2C8]-Z � LKJ}bK[)JMCrc&��	 �Qb

�4SUXeJ�[)JMH�E2PIG_J}[�E2COE2GI]kbNP_b S2m<l}SUC8HNPIC8W\SUW\bdm,W)C\lMHNP_SUC\b �dPIHNc�l}SUX�^OEUlMH{bNW)^)^ZSULNHQS>P VkJ)V | C)PIHKJ
m,W)C\lMHNP_SUC\bcbdG_J�EU[)b HKS�HNc\J�C\SUHNP_SUC�S2m | C)PIHKJ)Z@HKSUH�E2GIGI] | C)PIHKJ�E2C\[FbKJMG¡m,X�E �NSULNPIf}PIC)QaJMG_JMXeJMC8HKb�PIC
E h J}lMHKSUL�GiE2HNHNP_l}J E Z@J)V@Q:VZE2C
JMG_JMXeJMC8H ϕ ∈ E

P_b l�E2GIG_J}[��
'���� %dP¡m�HNc\JMLKJ�J 
kP_bNHKb�E2C�JMG_JMXeJMC8H

z ∈ E
SnEeX�E �NSUL�E2C8H�S2m

ϕ
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HNW)LNC\bsSUW)H<HKS TZJdE ��E2W\bK[)SUL �	bN^OEUl}J:T)W)H\ZUPIC�Q6JMC\JML�E2G Z6[)S4J}b0C\SUHsb�E2HNP_b m,]�E2C8]�bNHNLKSUC)Q6JML

bKJM^OE2L�E2HNP_SUC%E 
kP_SUX V � c\JdbN^OEUl}J
M(E)

l�E2LNLNP_J}b!X�E2C8]�PICkmnSULNX�E2HNP_SUC�SUC�HNc\J h J}lMHKSUL!GiE2HNHNP_l}J E V� c\J�JMG_JMXeJMC8H
ϕ
P_b l�E2GIG_J}[�� "��	� * * 
��
'���� %<Z\P¡msPIH ^ZS�bKbKJ}bKbKJ}b EeX�E �NSUL�E2C8H �dc)P_lKc�PIHKbKJMG¡m�P_b�E

| C)PIHKJ�JMG_JMXeJMC8H\VOB | C)PIHKJ�JMG_JMXeJMC8H
ϕ
P_b{l�E2GIG_J}[ -/%�* ��
���� "�������� '��)Z4P¡m |ϕ| P_bDE�X�E �NSUL�E2C8H S2m ϕ V� c\J

τhk
s lMG_S�bNW)LKJ

suppM(x)
S2m�HNc\JabKJMH

Gx = {M ∈ M(E) : x /∈ M} P_b�HNc\JabKSJsl�E2GIG_J}[����$-������!(�� -��/#!# "�����S2m�HNc\J'JMG_JMXeJMC8H
x
Vdz0PIC)PIHKJ)ZdHKSUH�E2GIGI] | C)PIHKJ'E2C\[ bKJMG¡m,X�E �NSULNPIf}PIC)Q

JMG_JMXeJMC8HKb�PIC E L�EU[kP_l�E2G snm,LKJ}J h J}lMHKSUL�GiE2HNHNP_l}J�l�E2C�TZJ�lKcOE2L�EUlMHKJMLNPIf�J}[ T8] XeJ�E2C\b�S2meHNc\JMPIL
E2T\bNHNL�EUlMH%bNW)^)^ZSULNHKb\V�z\SUL%J 
\E2X�^)G_J)ZsPIC�bNW\lKc E h J}lMHKSUL�GiE2HNHNP_l}JFE | C)PIHKJYJMG_JMXeJMC8H ϕ S �dPIHNc
X�E �NSUL�E2C8H

z
b�P_b%lKcOE2L�EUlMHKJMLNPIf�J}[�T8] HNc\JYl}SUX�^OEUlMHNC\J}bKb	S2m�PIHKb	E2T\bNHNL�EUlMH	bNW)^)^ZSULNH	E2C\[�HNc\J

PIC\lMGIW\bNP_SUC
suppM(ϕ) ⊂ Gz

V
� c\J�bNW)T\bN^OEUl}J

MΦ(E) =
⋃{Gϕ : ϕ

P_bDE | C)PIHKJ�JMG_JMXeJMC8HDPIC
E} ^)GiE}]kb�E2C'PIX�^ZSULNH�E2C8HLKSUG_JsmnSUL/HNc\J�LKJM^)LKJ}bKJMC8H�E2HNP_SUC�S2m h J}lMHKSUL<GiE2HNHNP_l}J}b0T8]�XeJ�E2C\b<S2mOl}SUC8HNPIC8W\SUW\b0m,W)C\lMHNP_SUC\b\ZgCOE2XeJMGI]

PICYHNc\J�bNPIHNWOE2HNP_SUCFP¡m�SUC\J�EUb��kb{mnSULDLKJM^)LKJ}bKJMC8H�E2HNP_SUC\b\Z �dc\JMLKJ�HNc\J�P_bKSUXeSULN^)c)P_l�PIX�E2Q6J�S2m�J�EUlKc
| C)PIHKJ�JMG_JMXeJMC8HDP_bDE�m,W)C\lMHNP_SUC\b �dPIHNcYl}SUX�^OEUlMHDbNW)^)^ZSULNH\V

y 1�� 18(214-/5618�

T%P ��P"!&P+� � �#4 �$#jV `(V a�X&%#� XFfDXF`5a�YAV `w��X$�Ra�c-_('�b�a�a�V �FXFY0P:(oXR_�� V `HX (ocIYya�cI`
/�)�P#�&X&*W_+%&\?a�XR_;S�V=^HTFJ�P
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�Aj
l"±�i���iYh��kh ±����Qf ����iYh�� n vYj:�'h���±{� ��i�� CEht± n js����i���C
hkh 
 vYj�h������ ��iYh��

���<���s~������5���/�
SUj�=)9N9�µ�_�Z�±�=LI:=LH:8<F�c�± ���Qb

vY=LH�_07�µ:8py�I:=?µ�¸+·-=+´:H�;�~�·'9<I:8#´:H:8Nw 9#²:G�O�³JK�H�;�~ry�I:=LR:8N9N9N=?· o ; ²�=;·�·-8#´�8<H:=��'V iY8#²:}Ls
9N=LH:=)w · m�º s�~ ` =+´�³ ~ 
 
 ·-8�¶�³�f »%h V

± H�³L9<7-=\_�)a8Nw ´�=?¶�²�³&´�8)Z 9#²�8#´:G)_�f ¹�h Z ´�³L8<7-9B_ ·�·-8#´�8<H�µ:8]·�7-8N=LI�µ�^.G�I�³.·)H:8<H�µ�K µ
·�¶�²:^'O:8<H�µ�Kz9|y�I:=?µ�¸+·-=+´:H�;xw�µ_·!9<I:8#´:H:8Nw y:= iY8#²:}-9N=LH�G-Z ³E7?³.¶�F�8 = o ¸\=LI?H:=?·);�~�I:8cs
¸NG&²:} 7?³J7-=?·yµ�¸'&N7-=LK 7-8N=LI�µ�µ]µ 8N8ay�I�µ�²�=\F�8<H�µ�K*9�G�y:=LI:=)w H�³qy:=)9#²�8#´:H�µ:8�y�G o ²�µ�¶�³JR�µ�µ
³.·)7-=LI�³�f � [�¼�h V

j�³ o =L7?³ f ��h ·);Xy:=.²:H:8<H�³ y�I�µzP�µ�H�³JH:9N=?·-=LK?y:=+´�´�8<I%F ¶�8 Cyµ�H�µ:9<7-8<I:9<7�·�³!= o I�³.¸\=?·�³ s
H�µ�_�µqH�³NG�¶�µ|j�=)9N9�µ�K:9�¶�=LK ��8#´�8<I�³JR�µ�µL·�I�³Lw�¶�³ ~ ` =)9<G&´�³JI:9<7�·-8<H�H:= ` =�¸&³&´�³JH�µ�_J·)G�¸&³Lw ·
9NPQ8<I:8AH�³NG�O�H:=LKb´�8<_07-8#²:})H:=)9<7�µuH�³ ¹�º�»<�J[�¹�º�»\ma` =+´:;TS y�I:=)8�¶�7 » V »	¼ � � V ¹�º�»<� 12�rbcV

j�8�¸NG&²:} 7?³J7);�9<7?³J7)}�µ�f ¼�h y:=.²:G�O:8<H�; y�I�µ|P�µ�H�³JH:9N=?·-=LK y:=+´�´�8<I%F ¶�8Yj�=)9N9�µ�K:9�¶�= ` =�H�³ s
G�O�H:= ` =|PQ=LH�´�³ES y�I:=)8�¶�7q� »<� s ¹�» s º�º�º)m)m Z�·);Xy:=.²:H�_�8Nw�;XK]·L±�=LI:=LH:8<F�9�¶�=)w ` =)9<G�H�µ�·-8<I0s
9�µ�7-8<7-8 bcV

�u��/0&%
���/4p5
��

T%P��|P�~ *3��} ��� q XR_�V kIb�a�V cI`�c-g�a�e(X 6 ��e&_��c �&V `(pIXR_oX���%	b�a�V cI`Kg _�cIf��:X �Aa�cI`(V b-`DfDX$��e	b-`(V �FYo���|i#e5\&Y0P�UWXFk�P .TG2IHIHHP .K��cI�OP�TW_=^HS � J�P .�i�P$T;^�1-2;X�T;^%Y�_!PV!P�0"~ N S?~ N S	��
��(� ����*:� c
�	b-�	b-`#��65a�c���e	b-Yya�V �W�W`	b-� \&Y�V Y ��V a�eD�W](](� V �Gb�a�V cI`(Y4a�c vwb�a�e(XFfrb�a�V �Gb-�	i#e5\&Y�V �FY0P .
'
cI`#�&cI`
/:6?]&_�V `(pIXR_ X5��XR_�� b-p�S�V=^HT%T%P .KJ�H%^D]UPL P�0"~ N S?~ N S	��
��(� ��� ��T
��P�~ . N S �
�G{�� ��� �!65a�c���e	b-Yya�V � X���%	b�a�V cI`(Y�b-`#�<V `!�F� %(Y�V cI`(Y;��V a�e�fDXGb-`��&XR_�V kIb�a�V k�XFY
b-`#� Y�cIfDXob-](](� V �Gb�a�V cI`(Y0P5l:]&a�V frb-�IY�cI� %&a�V cI`(Yjghc-_#V `!�F� %(Y�V cI`(Y4c-g(pIXFcIfDXRa�_�V �2(�_�c"��`(V b-`KfDc-a�V cI`|ax\&]�X"���
v�XRa�e(c �&cI�OP�nocIfD]!%&a;P(�W](](�OP(i4_�c
�	b��UP .?V=^HTW_!P .K��cI�OP�T�1!S � T%P .�i�P�2HT X�T;^�_!P

J�P�0"~ N S?~ N S	��
��(�
��� �?T
{�~ �!�?{�P"�G{�� � �����:cI`&,��:X �Aa�cI`(V b-`��#%(V �&Y#b-`#�KYya�c���e	b-Yya�V �Wb-`	b-� \&Y�V Y�cI`Ka�e(XAp-_�c
%(](Y
c-g �&V ��XFcIfDc-_�](e(V Y�fDY������W](](� V �Gb��(� X �W`	b-�OP .?V=^HTW_!P .K��cI�OP�2-J�S � HHP .�i�P$T%T%TGH;X�T%TWVI1!P_!P�0"~ N S?~ N S	��
��(� ��� ��� {	*��(S �
� ����
��(� 65a�c���e	b-Yya�V � '
XFcI`5a�V X���ax\&]�X X���%	b�a�V cI`(Y���V a�eB`(cI`&, �FcI`(Yya�b-`5a
�Fc5X��7�FV XF`5a�Y ���K�W](](� V �Gb��(� X �W`	b-�OP .�N�V `w]&_�V `5a2b P
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l'j�
AhYCF����hYl'iYh���l'WYh�� �Av��'j �x��� ����iYi�� 

± �����D�'j�i�� 
 vYj:� n �Xj
l'i n �E±

�e�<���<�A$'&)�!q�� �����
S ��G�I�R�µ�_�Z:l H�¶�³JI�³0Z:� ��� c:j�=)9N9�µ�_�Z�iY=?·-=)9�µ o µ�I:9�¶5Z�hYC n �Mj
l'irb

��²:_uG�y:=LI%_�´�=LO:8<H�H:= ` =L·-8�¶�7-=LI�H:= ` =|y�I:=)9<7)I�³JH:9<7�·�³
V
Z
= o ²�³&´�³J^ )a8 ` =|9�µ�²:})H:=LK y:=Js

I%_�´�¶�=?·-=LK#8#´�µ�H�µ�R:8<K5ZF±�8<I�H vY=.²�9N8<H µ C|³JI�¶ � =)w�PQ=LI�´�I�³.¸NI�³ o =L7?³&²�µMw�8<7-=+´ ³JI-~�µ0s
w�8#´�µ�³JH�µ�¸&³JR�µ�µ f »%h Z�¸&³.¶�²:^'O�³J^ )�µ�K:9B_ · y:=)9<7)I:=)8<H�µ�µ H�³NO�³&²:})H:= ` =E= o e58�¶�7?³b·b¶�³J7-8 ` =Js
I�µ�µr³JI-~�µ:w�8#´�=?·);�~	G�y:=LI%_�´�=LO:8<H�H�;�~ y�I:=)9<7)I�³JH:9<7�·:Z�O:8<I:8�¸�¶�=L7-=LI�;XKEw�=\F�H:=DP�³.¶�7-=LI�µ0s
¸\=?·�³J7)}A8#´�µ�H:9<7�·-8<H�H�;xw = o I�³.¸\=)wy·-9B_�¶�µ�Kay:=.²�=\F µ�7-8#²:H�³JK�²�µ�H:8<K�H�;XK�=Ly:8<I�³J7-=LI

V → U
Z

` ´�8
U
³JI-~�µ:w�8#´�=?·-=YG�y:=LI%_�´�=LO:8<H�H:=)8Xy�I:=)9<7)I�³JH:9<7�·-=�V�±py:=)9#²�8#´�9<7�·�µ�µ w�8<7-=+´Dy:=)9<7)I:=)8<H�µ�_

³JI-~�µ:w�8#´�8	³JH�µ�¸&³JR�µ�µ o ; ² I�³L9Mv�µ�I:8<H f ¹ Zp� h H�³!9#²:G�O�³JKzy�I:=?µ�¸+·-=.²:})H:= ` = G�y:=LI%_�´�=LO:8<H0s
H:= ` = y�I:=)9<7)I�³JH:9<7�·�³

V
Z�H:8N= o _�¸&³J7-8#²:})H:=]µ:w�8<^ )a8 ` = 9�µ�²:})H�G�^ 8#´�µ�H�µ�R�G-V�vAI�µ &N7-=)w ·

=L7	²�µ�O�µ�µ+=L7 ¶�=LH:9<7)I�G�¶�R�µ�µ+vY=.²�9N8<H�³qd � =)w�PQ=LI�´�³0Z�y�I:8#´�²�³ ` ³L8Nw«³J_]¶�=LH:9<7)I�G�¶�R�µ�_h³JI0s
~�µ:w�8#´�8	³JH�µ�¸&³JR�µ�µ�7)I:8 o G-8<7|·E= o )a8NwM9#²:G�O�³L8 o =.²�8N8|=+´:H:=LKYµ�7-8<I�³JR�µ�µh´�³JF�8J·E9#²:G�O�³L8
·-8�¶�7-=LI�H�;�~ I:8Mva8<7-=?¶�SU9NwXV�y�I�µ:w�8<I�i�³.¶�³J_�w�;QZ�y�I�µ�·-8#´�8<H�H�;XK · f ��h bcV���³JH�H�;XK?w�8<7-=+´
¶�=)9�·-8<H�H�;xw?= o I�³.¸\=)w*9�·)_�¸&³JH 9;µ�¸+·-8N9<7)H:=LK|~�³JI�³.¶�7-8<I�µ�¸&³JR�µ:8<Ky±�8�¶�9#²�8<I�³�f ¼�h ³JI-~�µ:w�8#´�=Js
·-=)9<7�µ P�³.¶�7-=LI0s I:8Mva8<7-=?¶ O:8<I:8�¸�I�³.·)H:=)w�8<I�H�G�^ ¸&³Lw�¶�H�G�7-=)9<7)}|y:=LI%_�´�¶�=?·-= ` =Lµ�´�8	³&²�³ y:=
¶�=L7-=LI:=)w�GY·-8�¶�7-=LI�H�³J_*I:8Mva8<7�¶�³ P�³.¶�7-=LI�µ�¸NG-8<7-9B_�V«± ´�³JH�H:=)w ´�=?¶�²�³&´�8	= o 9<G�F�´�³J^'7-9B_
´�8<7?³&²�µLµqI�³.¸�²�µ�O�H�;x8AH�})^�³JH:9<; w�8<7-=+´�³ry:=)9<7)I:=)8<H�µ�_ ³JI-~�w�8#´�µ�³JH�µ�¸&³JR�µ�µ G�y:=LI%_�´�=LO:8<H0s
H�;�~|y�I:=)9<7)I�³JH:9<7�·:V

�u��/0&%
���/4p5
��

T%P��#{ �I~ *RP�}��A���R� ���#�	,�� �	� �(P�� �
��X$�Ra�c-_�Y�]	b��FXFY ��V a�e b-` c-_3�&XR_)%(`(V aK����@x`#�&V b-`	b�u:`(V k�Pjvwb�a�eUP 8�P .V=^%^I2HP .K��cI�OPU_=YHS � L P .�i�PUT L TG2;X�T L _-2HPV!P�� ,�P�~ �	{�}:�
� ��� 
��(� ��_+��e(V fDX"�&XGb-`(V ZGb�a�V cI` c-g c-_3�&XR_�X"� k�X$�Ra�c-_dY�]	b��FXFY0P .�b�_ >:V k�/ TFJ�^IHHP L H�_I1�k�V
� frb�a�eUP #?�
	 P .?V=^HTFJ�P .�i�P�T X�T;^HPL P�� ,�P�~ �	{�}:�
�'��� 
��(�&��_+��e(V fDX"�&XGb-`-�FcI`(XFY�V `wk�X$�Ra�c-_�Y�]	b��FXFY ���'8�P�nocI`?k�P(�W`	b-�OP .�N�V `w]&_�V `5a2b P

J�P�M ����P+, ! �
� � ��� ���&�&� ��T
{I{�}�P�}������"�?UWV XFY�Z:Y�]	b��FXFY0P�@ P .��WfDYya�XR_3�(b-fZX '
cI`#�&cI`HX �aP�
ZP /	�:c-_�a�e&,��:cI� ,
� b-`#��SUTG2�1!T%P .��&V �R_!TFJr]UP_!P�3����(�����y
+������� �RI�1�G�M�1(* 
 I5@H1	E+. 5�:R<Z`;7IE+7IE+7%I�L\G�4A@�7I%%I�:=/;:�@ ` , `;I�F?*(* 1u<�.08�-�7%I�G�4A@ 30-�I�F�8&,-%F�Iw�����R/2<�P�<%F�/07=<�P�B�:=-�.FE	:=-%1�8�:HP .uTG2IHIHHP . � _!P .D$\P LIL X L YHP
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js� � ��iYh�� n hYi ���:� �Aj�i�� � �Yj
l �«±{� � ��lX��l��Yh n vYjs�����!����i�� CEh
� n ���"±�h��ACEhgiYlM� � n ���'i����Yi��'C hYi��d��j«±�lD���?��� � n h n �d��CF� � �r�

te�!o%�!�	"-
����5�����
SUj�=)9N9�µ�_�Z ��I:=?¸NH�;XKrc � ���Qb

vAG-9<7)}v· 9�µ:9<7-8Nw�8Q= o ;E¶�H:=?·-8<H�H�;�~ ´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~ G�I�³.·)H:8<H�µ�K Sj� �r�Qb

y′i = fi(x, y1, y2, . . . , yn), i = 1, n, (1)

y�I�³.·);x8DO�³L9<7�µ+=Ly�I:8#´�8#²�8<H�;tµ!H:8<y�I:8<I�;E·)H�;t· = o ²�³L9<7�µ
D : {|yi| 6 di; i = 1, n, x ∈

(−∞,+∞)} ·-w�8N9<7-8 9�O�³L9<7)H�;xw�µ�y�I:=?µ�¸+·-=+´:H�;xw�µ f ′i,yi(x, y1, y2, . . . , yn)
µr9<G*)a8N9<7�·)G�^'7

H:8<y�I:8<I�;E·)H:=Js ´�µ:PQPQ8<I:8<H�R�µ�I�G-8Nw�;x8 PYG�H�¶�R�µ�µ
ϕi(x)

y�I�µ
x ∈ (−∞,+∞)

7?³.¶�µ:8)Z O�7-=
limx→±∞ ϕi(x) = 0

µb·);Xy:=.²:H�_0^'7-9B_ H:8<I�³.·-8<H:9<7�·�³
∣∣fi(x, y1, y2, . . . , yi−1, ϕi(x), yi−1, . . . , yn)− ϕ′i(x)

∣∣ 6 ψi(x), i = 1, n, (2)
∣∣fiyi(x, y1, y2, . . . , yn) sign(x− x0)

∣∣ 6 ψi(x), i = 1, n, x0 ∈ (−∞,+∞), (3)
` ´�8YH:8N9N= o 9<7�·-8<H�H�;x8�µ�H�7-8 ` I�³&²:;

+∞∫

x0

ψi(x) dx,

x0∫

−∞

ψi(x) dx

9 ~%=+´:_07-9B_�Z�³aPYG�H�¶�R�µ�µ
ψi(x)

7?³.¶�=?·);QZ:O�7-=�´�²:_L²:^ o = ` =�O�µ:9#²�³
A > 0

µ�H�7-8 ` I�³&²:;

A∫

x0

ψi(x) dx,

x0∫

−A

ψi(x) dx, x0 ∈ (−A,A), (4)

9<G*)a8N9<7�·)G�^'7JZ�H:=aH:8N9N= o 9<7�·-8<H�H�;x8�µ�H�7-8 ` I�³&²:;

+∞∫

A

ψi(x) dx,

A∫

−∞

ψi(x) dx (5)

I�³L9 ~%=+´:_07-9B_yµ	I�³.·)H�_0^'7-9B_
+∞ V%��³&²�8N8)Z�´�=Ly�G-9�¶�³L8<7-9B_y·);Xy:=.²:H:8<H�µ�_ H:8<I�³.·-8<H:9<7�·

maxϕi(x)−∞6x6+∞ +max

{ +∞∫

x0

ψi(x) dx,

x0∫

−∞

ψi(x) dx

}
6 di, i = 1, n. (6)

� &%��
�&�$'�Z�as � � }��?�g�H{��g�W� ����t+v {g�H} � � (2) � (6)
vW�gv!w �=�a� t �r��}��g�W� � � (1)

� �Z�!� w �g�
~U�r�����g�W� �Z�2�\� �;���g���\� � �W� � �!� t �\�H}�{g� w }��%��|���� �!� t+v {g�H} � |��

yi(x0) = 0, lim
x→±∞

yi(x) = 0, i = 1, n. (7)

¹ �
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�'��j
l��Xi�����± � n �'��� �Yl n �D� �Xi���� ��lX��l��Yhkh l n hYCEv��D� �XhY�Yh
� �!o%�!�	������"-�����?SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb�+

o%�<�%�0�u&%��&%�0� /-�:$ SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�G-Z�f �A� c�±@²�³&´�µ�¶�³.·�¶�³.¸-Z�fgCEhrb�+
te�������	
������?SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

± ´�=?¶�²�³&´�8uI:8<O�}+y:=LK�´�8<7*=!7)I:8c~ ¸&³&´�³NO�³ ~ ´�²:_ ²�µ�H:8<K�H�;�~ ´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~
G�I�³.·)H:8<H�µ�K*SU= o ;E¶�H:=?·-8<H�H�;�~yµ ·DO�³L9<7)H�;�~	y�I:=?µ�¸+·-=+´:H�;�~�bx9 o ;x9<7)I:= =)9<R�µ�²�²�µ�I�G�^ )�µ0s
w�µ�y:=;·)I:8Nw�8<H�µ�¶�= &\PQP�µ�R�µ:8<H�7?³Lw�µuS ·'y:8<I�·-=LK�¸&³&´�³NO:8 b�µ�²�µ�y�I�³.·-=LKaO�³L9<7)})^ S ·-=;·)7-=LI:=LK
µ 7)I:8<7)}-8<Ky¸&³&´�³NO�³ ~�bcV�± y:8<I�·-=LKyµ�¸rH�µ0~ o G&´:G�7�y:=)9<7)I:=)8<H�;My:=.²:H�;x8�³L9�µ:w�y�7-=L7�µ�O:8N9�¶�µ:8
I�³.¸�²�=\F�8<H�µ�_*9N=)=L7�·-8<7-9<7�·)G�^ )a8 ` =uH�³ o =LI�³ ²�µ�H:8<K�H:= H:8�¸&³.·�µ:9�µ:w�;�~+I:8Mva8<H�µ�K*9�µ:9<7-8Nw�;
= o ;E¶�H:=?·-8<H�H�;�~J´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~ G�I�³.·)H:8<H�µ�K|y:8<I�·-= ` =�y:=LI%_�´�¶�³�9;·);XI:=\F�´�8<H�H�;xw
w«³J7)I�µ�O�H�;xwh¶�= &\PQP�µ�R�µ:8<H�7-=)w y�I�µqy�I:=?µ�¸+·-=+´:H:=LK5V � 7-=L7�H�³ o =LIq7-8N9<H:=�9�·)_�¸&³JH	9N=r9<y:8�¶0s
7)I:=)wu= o ;XO�H:= ` =F´�²:_Q7?³.¶�µ0~�9�µ:9<7-8NwEw«³J7)I�µ�O�H:= ` = y�G�O�¶�³0V ��´�8N9<}'w�;+7?³.¶�F�8pI�³L9N9Nw�=L7)I�µ:w
·-=Ly�I:=)9Q=�I:8Mva8<H�µ�_�~L¸&³&´�³NO�µE�Y=Uv�µ5V

±p7-=LI�³J_�µ 7)I:8<7)})_v¸&³&´�³NO�µ|_�·?²:_0^'7-9B_ = o I�³J7)H�;xw�µL¸&³&´�³NO�³Lw�µJ´�²:_DG�I�³.·)H:8<H�µ�_ y:8<I:8cs
H:=)9	³aS ·Y9#²:G�O�³L8 ¸&³&´�³NO�µD�Y=Uv�µ
b�µaG�I�³.·)H:8<H�µ�_�7-8<y�²�=Ly�I:=?·-=+´:H:=)9<7�µ S ·Y9#²:G�O�³L8pH�³NO�³&²:})H:=Js
¶�I�³L8�·-=LKy¸&³&´�³NO�µ
bcV�±3= o =?µ0~ 9#²:G�O�³J_�~	I�³L9N9Nw«³J7)I�µ�·�³J^'7-9B_uG�I�³.·)H:8<H�µ�_u96´�·)G0w�_	H:8�¸&³.·�µ0s
9�µ:w�;xw�µqy:8<I:8Nw�8<H�H�;xw�µ

(x, t)
Z-y�I�µ�O:8Nw µ0~�y�I�³.·);x8 O�³L9<7�µ _�·?²:_0^'7-9B_Dy�I:=?µ�¸+·-8#´�8<H�µ�_�w�µ

´�·)G%~ PYG�H�¶�R�µ�K5Z�=+´:H�³Lµ�¸�¶�=L7-=LI�;�~j¸&³.·�µ:9�µ�7	7-=.²:}�¶�= =L7|y�I:=)9<7)I�³JH:9<7�·-8<H�H:=LK+y:8<I:8Nw�8<H0s
H:=LK$
�Z�³ ·)7-=LI�³J_!d 7-=.²:}�¶�=E=L7r·)I:8Nw�8<H�µ

t
S µ o =.²:}�va= ` =Ey�³JI�³Lw�8<7)I�³ d O�³L9<7-=L7); =)9cs

R�µ�²�²:_0R�µ�K
bcV
vAI�µ(&N7-=)w ·)7-=LI�³J_uPYG�H�¶�R�µ�_	H:8�µ�¸+·-8N9<7)H�³0V�vY=�´�·)G�O�²�8<H�H:=LKj³L9�µ:w�y�7-=L7�µ�¶�8
I:8Mva8<H�µ�_�Z�¸&³&´�³JH�H:=LK|·qH:8�¶�=L7-=LI:=LK!P�µ�¶�9�µ�I:=?·�³JH�H:=LK 7-=LO�¶�8

x = x0
Z�H�³JK�´�8<H�; G�¶�³.¸&³JH0s

H�;x8YH:8�µ�¸+·-8N9<7)H�;x8rPYG�H�¶�R�µ�µ5V"� =LO�H:8N8)Z�y:=)9<7)I:=)8<H�;#G�I�³.·)H:8<H�µ�_b±�=.²:} 7-8<I�I�³ ¹ I:=+´�³0Z:I:8cs
va8<H�µ�_�w�µ ¶�=L7-=LI�;�~�_�·?²:_0^'7-9B_ &N7�µDPYG�H�¶�R�µ�µ5V ±+~%=+´�8�I:8Mva8<H�µ�_aG�¶�³.¸&³JH�H�;�~�7)I:8c~�¸&³&´�³NO
9<G*)a8N9<7�·-8<H�H:= µ:9<y:=.²:}�¸\=?·�³&²�µ:9<}qI:8�¸NG&²:} 7?³J7); µ w�8<7-=+´:;#I�³ o =L7 f » Z ¹�h V

�u��/0&%
���/4p5
��

T%P�� �&6	����������� 
 321	E4*�-�7%-%1�K�.0308H7%.g1�G�-�.2`;I�1�I�7=<!:WG�1�.C9�1�G�.2J�G�4A@a5�1�L L�.0I�.2G�M�1�:W9('%G�4A@?321�30-�.FE 3<%4rI�7WDE5�.2G�1�]&E�1$P .�� 1�.2<(/�=	4r3��a:=] �E8H7=9�:HS$TG2I2HT%P .?V=^IH?3%PV!P	�<��
(6������K���
� � 
 321	E4*�-�7%-%1�8�: I�.��E.2G�1�Ju7I%%I�:=-%G�4A@ /;:;5�:0K?5�9�]�`01(*�.0I(%%7=9�1�K�.0308H7=`;7RF�I�:W<%G�.2G�1�]3 E	:W9�4�E�*�:=I�:-E+.0-�I�7IE *�I�1�30-%:=I��E.2J<*�I�7=1�/2<�705�G�7=J+����� F�I�G$P!<%4CK�1�329�1�-=P5E	:=-�.FE	:=-%1�8�1u1�E	:=-=PL\1�/21�8�1$P .?V=^HT L P .�)�P�_ L S �&_!P .D$\P�1�JIJWX&1%_%V!P
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��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� i��:� n WYh���� �AWYhYhg�Aj
l"±�i���iYh��kiYl �5j
l ���
�{�s���s�	p�����&%�

SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEh�Z n � ���Qb

j�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_y´�µ:PQPQ8<I:8<H�R�µ�³&²:})H:=)8QG�I�³.·)H:8<H�µ:8

Lu = f(x), x ∈ Γ, (1)

¸&³&´�³JH�H:=)8aH�³ ` 8N=)w�8<7)I�µ�O:8N9�¶�=)w ` I�³LPQ8
Γ
V
vAI�µ &N7-=)w y:=+´j´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;xw3G�I�³.·Ls

H:8<H�µ:8NwTS » b'H�³ ` I�³LPQ8Dw�;gy:=+´:I�³.¸NG0w�8�·�³L8NwXZ�9#²�8#´:G)_ f » Z��
�0V »%h Z H�³ o =LI = o ;E¶�H:=?·-8<H�H�;�~
´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~ G�I�³.·)H:8<H�µ�K H�³ I:8 o I�³ ~ ` I�³LP�³vµ H�³ o =LI G-9#²�=?·�µ�K!9N= ` ²�³L9N=?·�³JH�µ�_
·-= ·)H�G�7)I:8<H�H�µ0~ ·-8<I)v�µ�H�³ ~�V

± ´�³JH�H:=LK I�³ o =L7-8Qw�;3I�³L9N9Nw«³J7)I�µ�·�³L8Nw?G�I�³.·)H:8<H�µ:8)Z�y:=LI:=\F�´�³L8Nw�=)8r9�µ:9<7-8Nw�=LK ´�µ:PAs
PQ8<I:8<H�R�µ�³&²:})H�;�~	G�I�³.·)H:8<H�µ�KuH�³�I:8 o I�³ ~

γi
` I�³LP�³

(pi(x)u
′′
i )
′′ − (qi(x)u

′
i)
′ = fi(x), x ∈ γi ⊂ Γ, (2)

9�¶�= &\PQP�µ�R�µ:8<H�7?³Lw�µ5Z =Ly�I:8#´�8#²:_�8Nw�;xw�µ PYG�H�¶�R�µ�_�w�µ
p ∈ C2[Γ]

Z
infx∈Γ p(x) > 0

Z
q ∈

C1[Γ]
Z
q(x) > 0

Z
f ∈ C[Γ]

Z�µ ´�=Ly:=.²:H�_�8Nw�=)8"·�¶�³JF�´�=LKJ·)H�G�7)I:8<H�H:8<KJ·-8<I)v�µ�H:8
a ∈ J(Γ)I�³.·-8<H:9<7�·�³Lw�µ

ui(a) = uk(a), u′i(a) = αki(a)u
′
k(a) + αji(a)u

′
j(a),∑

i∈I(a)
pi(a)αki(a)u

′′
i (a) = 0,

∑

i∈I(a)
pi(a)αji(a)u

′′
i (a) = 0 (3)

µ	G-9#²�=?·�µ�_�w�µE9A7)I:8<7)}�µ:w�µuy�I:=?µ�¸+·-=+´:H�;xw�µ
∑

i∈I(a)
D3ui(a) + δ(a)u(a) = f̃(a), a ∈ J(Γ), D3u = (pu′′)′ − qu′, (4)

` ´�8
J(Γ)

d w�H:=\F�8N9<7�·-=J·-9N8c~b·)H�G�7)I:8<H�H�µ0~b·-8<I)v�µ�H ` I�³LP�³
Γ
Z
I(a)

d w�H:=\F�8N9<7�·-=Jµ�H0s
´�8�¶�9N=?·�·-9N8c~|I:8 o 8<I5Z�y�I�µ:w�;E¶�³J^ )�µ0~b¶b·-8<I)v�µ�H:8

a ∈ J(Γ)
V

�Q8�·�³J_!O�³L9<7)}
Lu

G�I�³.·)H:8<H�µ�_3S » b'd &N7-= ²�8�·);x8 O�³L9<7�µ G�I�³.·)H:8<H�µ�K3S ¹ bAH�³	I:8 o I�³ ~
·-w�8N9<7-8Y9AI�³.·-8<H:9<7�·�³Lw�µ S��-b«µL²�8�·);xw�µ	O�³L9<7 _�w�µ G-9#²�=?·�µ�K+S � bcV�±zG-9#²�=?·�µ�_�~!S��-bcZ5S � b@·-9N8
y�I:=?µ�¸+·-=+´:H�;x8X9<O�µ�7?³J^'7-9B_�·'H�³Jy�I�³.·?²�8<H�µ�µD=L7"·-8<I)v�µ�H�;

a ∈ J(Γ) c k Z j d#P�µ�¶�9�µ�I:=?·�³JH0s
H�;x8 S o ³.¸+µ:9<H�;x8 bEµ�H�´�8�¶�9<; µ�¸

I(a)
Z
i ∈ I(a)

c
αki(a)

Z
αji(a)

µ
δ(a)

Z
f̃(a)

d ¸&³&´�³JH�H�;x8
O�µ:9#²�³0Z
y�I�µ�O:8Nw

αkk(a) = αjj(a) = 1
µ
αkj(a) = αjk(a) = 0

Z
δ(a) > 0

c�´�²:_y¶�³JF�´�=LK
·-8<I)v�µ�H�;

a ∈ J(Γ)
µy¶�³JF�´�= ` =Jµ�H�´�8�¶�9	³

i ∈ I(a)
~%=L7 _ o ;M=+´:H�³vµ�¸�¶�=LH:9<7?³JH�7

αji(a)
Z

αki(a)
=L7	²�µ�O�H�³u=L7EH�G&²:_�Z5y�I�µ�O:8Nw ´�²:_ ¶�³JF�´�=LKh·-8<I)v�µ�H�;

a ∈ J(Γ)
w�=\F�H:=r¸&³&´�³J7)}

o ³.¸+µ:9<H�;x8�µ�H�´�8�¶�9<;
j, k ∈ I(a)

7?³.¶5Z5O�7-= ´�²:_ H:8�¶�=L7-=LI:= ` =rµ�H�´�8�¶�9	³
i ∈ I(a) \ {j, k}=+´:H:=?·)I:8Nw�8<H�H:= o G&´:G�7|·);Xy:=.²:H�_07)}-9B_�H:8<I�³.·-8<H:9<7�·�³

αji(a) 6 0
Z
αki(a) 6 0

Z�=+´:H:=jµ�¸
¶�=L7-=LI�;�~z9<7)I:= ` =)8)V���³.¶�F�8uy:=.²�³ ` ³L8NwXZ O�7-= ` I�³LP

Γ
_�·?²:_�8<7-9B_ ´�8<I:8�·-=)w µ ¶ ¶�³JF�´�=LK

·)H�G�7)I:8<H�H:8<Ky·-8<I)v�µ�H:8Yy�I�µ:w�;E¶�³L8<7 H:8Qw�8<H:8N8Y7)I:8c~|I:8 o 8<I5V

¹)m



��²:_L¶�³JF�´�=LK ` I�³JH�µ�O�H:=LKy·-8<I)v�µ�H�;
b ∈ ∂Γ

=Ly�I:8#´�8#²�µ:w?PYG�H�¶�R�µ�^
yb(x)

Z�¶�=L7-=LI�³J_
_�·?²:_�8<7-9B_�I:8Mva8<H�µ:8Nw+=+´:H:=LI:=+´:H:= ` =rG�I�³.·)H:8<H�µ�_uS » b�H�³

Γ
µDG&´�=?·?²�8<7�·-=LI%_�8<7 ` I�³JH�µ�O�H�;xw

G-9#²�=?·�µ�_�w
yb(b) = 0, ϑ(b)y′b(b)− β(b)y′′b (b) = 1,

yb(a) = 0, ϑ(a)y′b(a)− β(a)y′′b (a) = 0, a ∈ ∂Γ \ b, (5)

·h¶�=L7-=LI�;�~
ϑ, β > 0

Z
ϑ + β > 0

V�vAI:8#´:y:=.²�=\F�8<H�µ�_�=L7)H:=)9�µ�7-8#²:})H:=�9�·-=LK:9<7�· ¶�= &\PAs
P�µ�R�µ:8<H�7-=?·aG�I�³.·)H:8<H�µ�_!S » b ` ³JI�³JH�7�µ�I�G�^'7 =+´:H:=?¸NH�³NO�H�G�^MI�³.¸NI:8Mv�µ:w�=)9<7)}v¶�I�³L8�·);�~L¸&³ s
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∂Γ
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ϑ2, β2
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�g�2�r��}��W� v!w }��
ϑ1(b)

β1(b)
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ϑ2(b)

β2(b)
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� v { � βi(b) = 0,

w � ϑi(b)
βi(b)

= ∞
)
.

� �H�0�r� �g�H{g�%� �gw �W{ x �g� v!wHx � t ��~ 
������ � � ��� � ���r��� � (1) � (5)
v ~+�	�&�+� ��
�� �W� w ��� �

ϑ ≡ ϑ2, β ≡ β2 }�{g� �$� w �g�H{g�%� �gw �W{ x �g� v!wHx � t ��~ 
���� � � � ��� � ���r��� � (1) � (5) v ~+���
�&�+� ��
�� �W� w ��� � ϑ ≡ ϑ1, β ≡ β1 ytY��&L��"-/0����&\�"! {�������| �g�!� v 
�� {�{�| 
�� | t �r��}��g�W� � | (1) �����=�r��� � Γ �%~�} � }$��{g�W� w ���
�g�H{g�%� �gw �W{ x �g� v!wH� � t ��~ 
����#� � � ��� � ���r��� � z � � � ��{g� (1) � (5) v {�� �H� � � �\�H� t+v!wH� �
� � � � � �����$�W� � |�� � ~+�	�&�+� ��
�� �W� w �H} ϑ, β.
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R(x, y)

V �FSUHNP h E2HKJ}[
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@ C8HKJMLNCOE2HNP_SUCOE2G��:SUC)Q�LKJ}bKbDS2m���E2HNc\JMX�E2HNP_lMPiE2C\bDPIC �<E2LNP_baS » ��º�º bce

� 7,=>xs18( ���I� d�� � ���0(2�Ox<=>14$ ����	�
�
�
������������
f ∈ R(x1, . . . , xN ) � ����
������������ �! �"������#$#
�
 � ���%�&
�' RN ( ���*)�� f � �,+��*-����.+ y0/ � f �1-�� � �2�3��	546
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N yPT ���*�U�����*)��V��W � ��� p1, . . . , pm, q ∈

Q(K)[x1, . . . , xN ]
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0 < k1, . . . , km ∈ Q(K)
��	�=2�X�������

q2p = k1p
2
1 + · · · +

kmp
2
m y&Y 
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  �*) � q(x1, . . . , xN ) = 0 � 'Q����+Z
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PILNLKJ}[kW\lMPIT)G_Jdm,L�EUlMHNP_SUC�cOEUbs[)SUX�E2PIC
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V � c\JdP_[)J�E2G_b�S2m HNc\J mnSULNX

A∗ := {k ∈ K : kA = {0}}E2LKJ�l�E2GIG_J}[ � '&'��^]�� * ��� "���� 0 %�� * -<VsB`l}SUX�X�W)H�E2HNP h JYLNPIC)Q K P_bel�E2GIG_J}[�-/%�
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LNPIC)Q

K
mnSULNX EYl}SUX�^)G_JMHKJ � S4SUG_J�E2C E2GIQ6JMT)L�E

A(K)
Z �dPIHNc�PIC8HKJMLKbKJ}lMHNP_SUC�EUb�PIC | X�W)X E2C\[

E2C)C)PIc)PIGiE2HKSUL�EUbal}SUX�^)G_JMXeJMC8H�E2HNP_SUC5V'@jm
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HNcOE2H
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a0 + a1x + · · · + anx
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9�¶�=LK|´�8<_07-8#²:})H:=)9<7�µ!G�O�µ�7-8#²:_E_�·?²:_�8<7-9B_ 7-8N=LI�µ�_ H:8<y�I:8<I�;E·)H:=LK+w�8<7-=+´�µ�O:8N9�¶�=LK+y:=+´ ` =Js
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lD� � ����j
l'h���� n ��� ��vYjs��� n � l"±:����iYh�� n �Xj
l��d� �5hYh
���'j�CElD�Qh���l'WYhYh hYi ���'j�CEl'WYhYhg�Yl'� CF���D� ���D��� �5h���� n �Yl �

� n i��"±�l �'�p� ����iYh��kCEl��d��CEl��XhY���
���<�%�< M&)�!q����������zSUj�=)9N9�µ�_�ZO� ¶�³J7-8<I�µ�H o G�I ` c��'I � ���Qb�+
te�!o%�<� ��
�,/p�(!&%�zSUj�=)9N9�µ�_�ZO� ¶�³J7-8<I�µ�H o G�I ` c��'I � ���Qb

n 7)I�³J7-8 ` µ�^�w�;zy:=LH�µ:w«³L8Nw]¶�³.¶qw�8c~�³JH�µ�¸\w 9N=?¸�´�³JH�µ�_ &N7?³&²�=LH�H�;�~ w�=+´�8#²�8<K5Z�·QO�³L9<7Ls
H:=)9<7�µ5Z09N=?¸�´�³JH�µ�_|y�²�³JH:=?·�´�8<_07-8#²:})H:=)9<7�µ f » Z ¹�h V�±?I�³ o =L7-8 f »%h y:=?¶�³.¸&³JH:=�Z0O�7-=a8N9#²�µJ´�8<_�s
7-8#²:})H:=)9<7)}'G&´�=?·?²�8<7�·-=LI%_�8<7YH:8�¶�=L7-=LI:=)w�GQH�³ o =LI�GQy:=)9<7)G&²�³J7-=?·�S &N7�µry:=)9<7)G&²�³J7?³LwEG&´�=?·?²�8cs
7�·-=LI%_�8<7QI�G�7�µ�H�H�³J_ay�I:=)8�¶�7)H�³J_�´�8<_07-8#²:})H:=)9<7)}�bcZ)7-=AI:8	³&²�µ�¸&³JR�µ�^ &N7-=LKD9<7)I�³J7-8 ` µ�µ w�=\Fas
H:=�y�I:8#´�9<7?³.·�µ�7)}L·v·�µ�´�8Qy�I�µ:w�8<H:8<H�µ�_y¶�=)w o µ�H�³JR�µ�µ 9<7)I�³J7-8 ` µ�µj³&´�³Jy�7?³JR�µ�µrµ�¸+·-8N9<7)H:=LK
w�=+´�8#²�µ?S ¶�=L7-=LI�G�^ ·�&N7-=)w 9#²:G�O�³L8rw�=\F�H:=qy�I:8#´�9<7?³.·�µ�7)}L·�·�µ�´�8�¶�=)w o µ�H�³JR�µ�µ!9<7)I�³J7-8cs
` µ�µ�= o = ` ³ )a8<H�µ�_�Z�I:8#´:G�R�µ�I:=?·�³JH�µ�_�Z@³ o 9<7)I�³ ` µ�I:=?·�³JH�µ�_ µ�²�µY¶�=LH�¶�I:8<7�µ�¸&³JR�µ�µzw�=+´�8#²�µ5Z
9<7)I�³J7-8 ` µ�µ?9Nw�8<H�;TI:=.²�8<KYµ*y�I�µ:=LI�µ�7-8<7-=?·jµ�9<7)I�³J7-8 ` µ�µY¶�=)w o µ�H�µ�I:=?·�³JH�µ�_zw�=+´�8#²�8<K
bcZ
9<7)I�³J7-8 ` µ�µ y:=)9<7)I:=)8<H�µ�_!H:=?·-=LK w�=+´�8#²�µ S ·�&N7-=)w�9#²:G�O�³L8 8N8Dw�=\F�H:= y�I:8#´�9<7?³.·�µ�7)}|¶�³.¶
¶�=)w o µ�H�³JR�µ�^ 9<7)I�³J7-8 ` µ�µ�y:=?µ:9�¶�³6µ�µ:9<y:=.²:}�¸\=?·�³JH�µ�_�³JH�³&²�= ` µ�µ5Z)9<7)I�³J7-8 ` µ�µDy:8<I:8c~%=+´�³Y=L7
y�I:=)8�¶�7�µ�I:=?·�³JH�µ�_ µ�¸X=L7	´�8#²:})H�;�~�´�8<7?³&²�8<K ¶�µ:9<y:=.²:}�¸\=?·�³JH�µ�^ G�¸�²�=?·6µ ³ ` I:8 ` ³J7-=?·:Z-9<7)I�³ s
7-8 ` µ�µqy:=)9<7)I:=)8<H�µ�_	w�=+´�8#²�µ	9 H:=)9�µ�7-8#²�8Nwhµ�¸ ~�³JI�³.¶�7-8<I�µ:9<7�µ�¶5Z�=L7)H:=Uva8<H�µ�KLµ�²�µ|9N=)9<7?³.·Ls
²:_0^ )�µ0~ µ�H�7-8<I:PQ8<K:9<H:= ` =|¶�=)w�y:=LH:8<H�7?³ H:8�¶�=L7-=LI:=LK?w�=+´�8#²�µ
bcZ�9<7)I�³J7-8 ` µ�µ�y:=)9<7)I:=)8<H�µ�_
µjµ:9<y:=.²:}�¸\=?·�³JH�µ�_+w�=+´�8#²�8<Kh³&´�8�¶�·�³J7)H:=)9<7�µ3S ¶�=)w o µ�H�³JR�µ�_+9<7)I�³J7-8 ` µ�µ+y�I:8#´�·�¶�G4va8<H�µ�_�Z
9<7)I�³J7-8 ` µ�µ	y�I�µ:=LI�µ�7-8<7)H:= ` =�³JH�³&²�µ�¸&³0Z t &+¶�9<7)I:8Nw«³&²:})H�;�~�{q9�µ�7)G�³JR�µ�K5Z�9<7)I�³J7-8 ` µ�_L·);X_�·Ls
²�8<H�µ�_ µ µ:9<y:=.²:}�¸\=?·�³JH�µ�_E= ` I�³JH�µ�O:8<H�µ�K
bcV

±�I�³ o =L7-86f ¹�h y:=.²:G�O:8<H]³JH�³&²�= ` µ�O�H�;XK I:8�¸NG&²:} 7?³J7:e�I:8	³&²�µ�¸&³JR�µ�^T9<7)I�³J7-8 ` µ�µ I�G�7�µ�H0s
H:= ` ='w�=+´�8#²�µ�I:=?·�³JH�µ�_	S H�³ o =LI�y:=)9<7)G&²�³J7-=?·Y=L7	²�µ�O�³L8<7-9B_a=L7'y:=)9<7)G&²�³J7-=?·'y�I:=)8�¶�7)H:=LK�´�8<_�s
7-8#²:})H:=)9<7�µ
bpw�=\F�H:=�y�I:8#´�9<7?³.·�µ�7)}v·�·�µ�´�8 y�I�µ:w�8<H:8<H�µ�_L¶�=)w o µ�H�³JR�µ�µ 9<7)I�³J7-8 ` µ�K5e�9<7)I�³ s
7-8 ` µ�_L³&² ` 8 o I�³.µ�O:8N9�¶�= ` =�y:=)9<7)I:=)8<H�µ�_|w�=+´�8#²�µ+S ¶�= ` ´�³�µ:w�8N8<7-9B_q7�µ�y:=?·-=LKb³&² ` =LI�µ�7-w*y:=Js
9<7)I:=)8<H�µ�_EH�G�F�H:=LK w�=+´�8#²�µ
bcZ�µ 9<7)I�³J7-8 ` µ�µ 9Nw�8<H�; ¶�=)w�y:=LH:8<H�7-=?·uw�=+´�8#²�µ5V�vY=)9#²�8#´:H�_0_
·YI�³L9N9Nw«³J7)I�µ�·�³L8Nw�=LKq9�µ�7)G�³JR�µ�µqw�=\F�8<7QI�³L9N9Nw«³J7)I�µ�·�³J7)}-9B_�¶�³.¶v¶�=)w o µ�H�³JR�µ�µq9<7)I�³J7-8 ` µ�µ
y:=)9<7)I:=)8<H�µ�_aw�=+´�8#²�µay:=6³JH�³&²�= ` µ�µ5ZL9<7)I�³J7-8 ` µ�µay:=)9<7)I:=)8<H�µ�_aw�=+´�8#²�µ�9 y:=)w�= )�})^z9Nw�8<H�;
I:=.²�8<KYµ*y�I�µ:=LI�µ�7-8<7-=?·:Z�9<7)I�³J7-8 ` µ�µ µ�7-8<I�³JR�µ:=LH�H:=Js ³Jy�y�I:=?¶�9�µ:w«³JR�µ:=LH�H:= ` = y:=)9<7)I:=)8<H�µ�_
w�=+´�8#²�µ5V

�;¶�³.¸&³&²�=)9<}:ZLO�7-="·'9#²:G�O�³L8)Z.¶�= ` ´�³'H:8 7)I:8 o G-8<7-9B_�µ�H:9	³JK�7JZLH�³xH�³NO�³&²:})H:=)w &N7?³Jy:8�9<7)I�³ s
7-8 ` µ�_EPQ=LI:w«³&²�µ�¸&³JR�µ�µ|µ�H:PQ=LI:w«³JR�µ�µEG&´�=?·?²�8<7�·-=LI%_�8<7	y:=)9<7)G&²�³J7?³Lw I�G�7�µ�H�H:=LK y�I:=)8�¶�7Ls
H:=LK_´�8<_07-8#²:})H:=)9<7�µ f »%h ZE³+H�³$&N7?³Jy:8 y:=.²:G�O:8<H�µ�_3=?¶�=LH�O�³J7-8#²:})H�;�~#PQ=LI:w�G&²�µ�I:=?·-=?¶ d
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R�µ�µ µ�H:PQ=LI:w«³JR�µ�µ*w�=\F�H:=E9�·-8N9<7�µ ¶ =)9�·-=)8<H�µ�^ = o G�O�³L8Nw�;xw�µ*9<I�³.·)H�µ�7-8#²:})H:=EH:8 o =.²:}Ls
va= ` =DH�³ o =LI�³ o ³.¸\=?·);�~u9<7)I�³J7-8 ` µ�K5Z
7-=LO�H:8N8)Z�H�³.¶�=Ly�²�8<H�µ:8a=Ly�;X7?³vµ:9<y:=.²:}�¸\=?·�³JH�µ�_ &N7�µ0~
9<7)I�³J7-8 ` µ�K5VJvY= &N7-=)w�G�³.¶�7)G�³&²:})H:=LKa_�·?²:_�8<7-9B_�¸&³&´�³NO�³xI�³.¸NI�³ o =L7�¶�µaw�8<7-=+´�µ�¶�7?³.¶�= ` =A= o G%s
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i��«± �����Yl �ki���� n �D� ���Yh�±{� n � � �d������iYh��
CF� � �r�kvYj:�'iYhYWYl ��CF� CEhgWYh��QhYi ��j
l'CEh �

� �!�%�< M��
�2Up�����"!SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�G-Z�f �A� c�±@²�³&´�µ�¶�³.·�¶�³.¸-Z
fgCEhrb�+
���s���s�q�!q����#S ±�8#²�µ�¶�= o I�µ�7?³JH�µ�_�Z �Y=LI�¶rc��'H�µ�·-8<I:9�µ�7-8<7 �Y=LI�¶�³-b

��·�µ�F�8<H�µ:8"·)_�¸+¶�=LK|H:8N9BF µ:w«³L8Nw�=LK µq=+´:H:=LI:=+´:H:=LK	F µ�´�¶�=)9<7�µ =Ly�I:8#´�8#²:_�8<7-9B_|9�µ:9<7-8cs
w�=LKui�³.·)}-8Ad n 7-=?¶�9	³

vt + (v,∇)v = −∇p+ ν∆v, div v = 0,

` ´�8
v = v(x, t)

d ·-8�¶�7-=LI�H:=)8	y:=.²�8	9�¶�=LI:=)9<7�µ�F µ�´�¶�=)9<7�µ5Z
p = p(x, t)

dd´�³.·?²�8<H�µ:8)Z
ν
dn·)_�¸+¶�=)9<7)}:Z

(v,∇)
dn¶�=?·�³JI�µ�³JH�7)H�³J_ y�I:=?µ�¸+·-=+´:H�³J_r·?´�=.²:}

v
Z
∆ = ∇div − rot rot

V
n µ:9<7-8Nw«³ai�³.·)}-8'd n 7-=?¶�9	³�µ:w�8N8<7D9N8Nw�8<K:9<7�·-=ay�²�=)9�¶�µ0~L·)I�³ ) ³J7-8#²:})H:=Js�9�µ:w�w�8<7)I�µ�O�H�;�~
9<7?³JR�µ:=LH�³JI�H�;�~uI:8Mva8<H�µ�K

Uν(r) = βr−1; Vν(r) = Ar1+
β
ν +Br−1.

S » b
` ´�8

r
d I�³L9N9<7-=\_0H�µ:8�=L7q=)9�µuR�µ�²�µ�H�´:I:=?·:Z

U
Z
V
d I�³&´�µ�³&²:})H�³J_rµr³.¸+µ:w�G�7?³&²:})H�³J_ 9�¶�=Js

I:=)9<7�µ?y:=L7-=?¶�³0Z
β = ±1

Z�¶�=LH:9<7?³JH�7);
A
µ
B
¸&³.·�µ:9B_07+=L7

ν
Z
β
V��
H�³.¶

β
=Ly�I:8#´�8#²:_�8<7

H�³Jy�I�³.·?²�8<H�µ:8�y:=L7-=?¶�³0V���²:_r¶�I�³J7�¶�=)9<7�µ5Z�·	9#²:G�O�³L8
β = 1

o G&´�8Nw ` =?·-=LI�µ�7)} = o ����� �����

����/�NZ�·�y�I:=L7�µ�·)H:=)wz9#²:G�O�³L8Ad = ��� ���/�NV

j�8Mva8<H�µ�_	S » b�=Ly�µ:9<;E·�³J^'7Ay�I:=)9<7-=)8pG-9<7?³JH:=?·�µ�·�va8N8N9B_a7-8<O:8<H�µ:8@·"¸&³.¸\=LI:8pw�8<F�´:G�´�·)G%s
w�_�¶�=�³.¶�9�µ�³&²:})H�;xw�µ�y�I:=LH�µ�R�³L8Nw�;xw�µ�R�µ�²�µ�H�´:I�³Lw�µ5Z y:=LI:=\F�´�³L8Nw�=)8 ·)I�³ )a8<H�µ:8Nw R�µ�²�µ�H0s
´:I:=?·:Z�·?´:G�·-=)w+F µ�´�¶�=)9<7�µ|O:8<I:8�¸Y=+´�µ�HJµ�¸'R�µ�²�µ�H�´:I:=?·�µq=L7 o =LI:=)w O:8<I:8�¸;´:I�G ` =LK5V n =)=L7Ls
·-8<7-9<7�·)G�^ )�µ:8 ` I�³JH�µ�O�H�;x8QG-9#²�=?·�µ�_ µ:w�8<^'7v·�µ�´

u
∣∣
r=1

= β, u
∣∣
r=a

=
β

a
, v

∣∣
r=1

= γ1, v
∣∣
r=a

=
γ2
a
; w

∣∣
r=1,a

= 0.
S ¹ b

��´�8N9<}
u
Z
v
Z
w
d I�³&´�µ�³&²:})H�³J_�Z�³.¸+µ:w�G�7?³&²:})H�³J_ µ+=)9N8�·�³J_j¶�=)w�y:=LH:8<H�7);

v
Z
a > 1

V � 8cs
O:8<H�µ�_+S » bpG&´�=?·?²�8<7�·-=LI%_0^'7 ` I�³JH�µ�O�H�;xwzG-9#²�=?·�µ�_�wMS ¹ bpy�I�µ ´�=.²:F�H:=)w ·); o =LI:8

A
µ
B
V

� 8<O:8<H�µ�_uS » bcZJy:=+´:O�µ�H���H�H�;x8 ` I�³JH�µ�O�H�;xw G-9#²�=?·�µ�_�wzS ¹ bcZ?µ:w�8<^'7Ay�I:8#´�8#² y�I�µ
ν → +∞ Z

µ+&N7-=�y�I:8#´�8#²:})H:=)8Q7-8<O:8<H�µ:8�µ:w�8N8<7v·�µ�´
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o =L7-8*f »%h Z�·�H�³L9<7-=\_�)a8N8"·)I:8Nw�_L³.¶�7�µ�·)H:=�µ�¸NG�O�³J^'7-9B_ f ¹\[)�Hh V�±Y´�=?¶�²�³&´�8 o G&´�8<7�´�³JH|= o ¸\=LI
H:8�¶�=L7-=LI�;�~�Z:H:8#´�³.·)H:=Dy:=.²:G�O:8<H�H�;�~�Z�I:8�¸NG&²:} 7?³J7-=?·:V

�	
�&L������
���/0&)�!q�����&u"-��&L��&%���5�
±�9N8AH:8N= o ~%=+´�µ:w�;x8�9�·-8#´�8<H�µ�_ =�·-8�¶�7-=LI�H�;�~	I:8Mva8<7�¶�³ ~ µ	I:8Mva8<7-=LO�H:=Js H:=LI:w�µ�I:=?·�³JH0s

H�;�~ y�I:=)9<7)I�³JH:9<7�·�³ ~�w�=\F�H:=*H�³JK�7�µ�·�w�=LH:= ` I�³LP�µ�µ�f ]�h V�vAG-9<7)}
(V,E)

µ
(W,F )

d
I:8Mva8<7-=LO�H:=Js H:=LI:w�µ�I:=?·�³JH�H�;x8Dy�I:=)9<7)I�³JH:9<7�·�³0V/� y:8<I�³J7-=LI

T : V → W
H�³.¸N;E·�³L8<7-9B_#� � �

� ��� �	
�� ����
�� � 
�
	��� � �	
�
 �QZ 8N9#²�µ
T (u + v) = Tu + Tv

´�²:_]²:^ o ;�~
u, v ∈ V, u⊥v V� I�7-= ` =LH�³&²:})H:=h³&´�´�µ�7�µ�·)H�;XK =Ly:8<I�³J7-=LI

T : V → W
H�³.¸N;E·�³L8<7-9B_��2��� � � � ��� � � 
 �

���
� � � � � � � ��� � 
7���	
��)Zp8N9#²�µ 9<G*)a8N9<7�·)G-8<7
S ∈ Uev

+ (E,F )
7?³.¶�=LK5Z�O�7-= |Tv| 6 S|v|´�²:_�²:^ o = ` =

v ∈ V
V�±�&N7-=)w�9#²:G�O�³L8 ` =?·-=LI%_07JZ:O�7-=

S
_�·?²:_�8<7-9B_ �2��� � � ��
�� ��	 ´�²:_

T
V

CuH:=\F�8N9<7�·-=�·-9N8c~�w«³JF�=LI�³JH�7�=Ly:8<I�³J7-=LI�³
T
= o =?¸NH�³NO�³L8<7-9B_ O:8<I:8�¸ ��SUX�PIC

(T )
V)i�³.µ:w�8<H�}Ls

v�µ�K &�²�8Nw�8<H�7y·-= w�H:=\F�8N9<7�·-8 ��SUX�PIC
(T )

=L7)H:=)9�µ�7-8#²:})H:=uy:=LI%_�´�¶�³0Z�µ�H�´:G�R�µ�I:=?·�³JH�H:= ` =
µ�¸ Uev

+ (E,F )
Z�H�³.¸+·�³L8<7-9B_ � ����
���	6�2��� � � ��
�� ��	 T µu= o =?¸NH�³NO�³L8<7-9B_ O:8<I:8�¸ |T | V�CuH:=JsF�8N9<7�·-=J·-9N8c~uw«³JF�=LI�µ�I�G-8Nw�;�~ =Ly:8<I�³J7-=LI:=?·|�'I�;x9N=LH�³�µ�¸

V
·
W

= o =?¸NH�³NO�³L8<7-9B_ O:8<I:8�¸
DU (V,W )

V
vAG-9<7)}

(V,E)
d I:8Mva8<7-=LO�H:=Js H:=LI:w�µ�I:=?·�³JH�H:=)8 y�I:=)9<7)I�³JH:9<7�·-=�µ

F
d o ³JH�³ ~%=?·-=Yy�I:=Js

9<7)I�³JH:9<7�·-=�VZ� I�7-= ` =LH�³&²:})H:=L³&´�´�µ�7�µ�·)H�;XKE=Ly:8<I�³J7-=LI
T : V → F

H�³.¸N;E·�³L8<7-9B_
• C
� ��� �
��� � � 
�
 �QZ 8N9#²�µ w�H:=\F�8N9<7�·-=

T (Fv)
y�I:8#´�¶�=)w�y�³.¶�7)H:= ·

F
´�²:_ ²:^ o = ` =

v ∈ V V
• ��� �����QZ�8N9#²�µh´�²:_]²:^ o ;�~ v ∈ V

µ
ε > 0

9<G*)a8N9<7�·)G-8<7 I�³.¸ o µ:8<H�µ:8
v
H�³ ´�µ�¸!e�s

^'H�¶�7)H�;x8Q=)9�¶�=.²�¶�µ
v1
µ
v2

7?³.¶�µ:8)Z:O�7-= ‖Tv1 − Tv2‖ < ε
V

��´�8N9<}DO:8<I:8�¸ Fv
= o =?¸NH�³NO�³L8<7-9B_Ew�H:=\F�8N9<7�·-=�·-9N8c~	=)9�¶�=.²�¶�=?· &�²�8Nw�8<H�7?³

v
V

�	&%����/0��
���&u
�&-�6p��!q0/-��/0�
� &%��
�&�$'� d � sut+v!wHx

(V,E) � �r� � {g�%� � �Z�����\� � � w � ���g��� �g�%�g� � �\�H}$�����g��� �U�\���v!w �r��� v!w }���� F � �������?���H}$� �\� � � w ~�� v �g�%��|���~+�H}�� �g�W�U�\�2���?}��g�H���g�%�g�Z�H� �
T ∈

DU (V, F ) y
� v { � T � C � ~+��� ��� w ���?� �H�g�2�r� w �%�\� w � w ��~+�H}�� � |�}�{�|�� w�v | � �W��� w � ������|
�a�����%�r��� w � |T | y
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� &%��
�&�$'� � � sut+v!wHx
(V,E) � �U�\� v!w �r��� v!w }�� � �����?��� ��� ��� w �%�\�H} � �U������� ��� � �

� w ��� �g�H� �g�%��|���~+�H}�� �g�H{��g�H� }��W~ w �%���g�H���\� � � w ~+�H� E �
Γ � �g�W~+� w �%�\��� � �g�%��� v!w }��$ysut+v!wHx

X = X(Γ) � �������?���H}$� �\� � � w ~���} � �r� c0(Γ) � { � `p(Γ) ���0�\� 1 6 p <∞ y � �H�0�r�
~���� ���?� {�� w �2�r��{ x �g��� �g��� �g�%�g�Z�"�g�W�U�\�2���?}����?� �a�����%� � � t �=� �?� �H�g�2�r� w �%���C��� v �H���
T : V → X |�}�{�|�� w�v | t	� ~ � � y

�u��/0&%
���/4p5
��

T%PD�&� � �2� { �����}�� �	P��#�
��{ �(PrM4P����} ����lW_3�&XR_7��c
%(`#�&X"��c-_�a�e(cIpIcI`	b-� � \ b
�!�&V a�V k�X�cI]�XR_�b�a�c-_�Y���� UWXFk�P
UWc
%(frb-`(X vwb�a�eUP	i %&_�XFYW�W](](�OP .uTG2I2%^HP .�)�P L _!S � J�P .D$\P L V-2;X L _ L PV!P��	�F� �����5�m���K��� ��$ �&6
��� � �K��� � $���� ��� � � � � �RI�705�7=9�DE.2G�1�.�:-%%30-�I�:=8�-%G�4A@ 7-*�.0I�:=-�7%I�7=<
	�I�4r307=G�:HP .�N G�:�*�I�:W<%9�.2G�7Z<�*�.2K�:=-I'Hb PL P�
�P�} � ,-�	�5� �:��� ���#~ NhP"�-� ������'�b�a�XR_�b-� � \ �FcI`5a�V ` %(c
%(Y:]	b�_�a c-g"b-` b��(Yya�_�b��Ra uW_�\&Y�cI`+cI]�XR_�b�a�c-_����@x`5a;P!8�P�vwb�a�eUP	�W`	b-�OP .?V=^HT L P .K��cI�OP�1!S � _=YHP .�i�P�V=Y�_ L X�V=YIH%^HP

J�P�0WP"./�?P"�G{ ���;��� �:�#~ NhP"� � �;��� q cIfDV `	b�a�V cI` ]&_�c
�(� XFf>ghc-_ c-_�a�e(cIpIcI`	b-� � \Bb
�!�&V a�V k�X cI]�XR_�b�a�c-_�YwV `
� b�a�a�V �FXR, `(c-_�fDX"�<Y�]	b��FXFY ���a@x`5a;P!8�P�vwb�a�eUP	�W`	b-�OP .?V=^HTW_!P .K��cI�OP�2HS � VI1!P .�i�P$T L J�T X�T L _%V!P_!P�05�
,�P�}�Q����IS ��� �A� �-�#~ NhP"� � �	��� �-� �FO �
� � ��� � % �?a�XF`(Y�V cI`(Y�c-g(c-_�a�e(cIpIcI`	b-� � \Kb
�!�&V a�V k�X�cI]�XR_�b�a�c-_�Y#���
vwb�a;P�65a+%#��P .?V=^HTFJ�P .K��cI�OP(J�T%S �&V!P .�i�P�V!TFJWX�V!TG2HP

HHP��#~ NhP"� � � ��� �o� �FO �
� � � � � � b�_�_�c"� c-_�a�e(cIpIcI`	b-� � \ b
�!�&V a�V k�X�cI]�XR_�b�a�c-_�Y<��� ijcIY�V a�V k?V ax\!P .?V=^HTFJ�P .
��cI�OPUT;YHS � J�P .�i�P�H-J�T X?HIH�1!P

1!P��#~ NhP"��� �
��� ��� �FO �
��� �
� � q cIfDV `	b�a�X"� uW_�\&Y�cI`KcI]�XR_�b�a�c-_�Y"���\@x`5a;P�8�P5vwb�a�eUP��W`	b-�OP .?V=^HTFJ�P .K��cI�OP!YHS
�&V%V!P .�i�PUT;^�_!T X�T;^�_-2HPYHP����	��

�����D���&����B�:=DE7%I�1�I�F!.FE�4r.R7-*�.0I�:=-�7%I�4RP .?B P /	0E:0F�8�:HS�V=^%^ L P .�H�V L 3%P
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

CEl��d��CEl��Xh���� n ��� � �'vYh n l'iYh�� �Xj
l'i n v��'j��Xi�� 
gv�� �D�'���"±
hk���'CEv ��f �d��j�i�� �3C
� ���!�QhYj:�"±�l'iYh��
� �!o%���	�-����
���2 �?SUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c:C ���Qb�+
���!o%���Q�/�
�������zSUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c�C ���Qb

��³.¶yµ�¸+·-8N9<7)H:=�Z�·D7-8N=LI�µ�µu7)I�³JH:9<y:=LI�7)H�;�~uy:=L7-=?¶�=?·J·-=?¸NH�µ�¶�³J^'7J¸&³&´�³NO�µ5Z�y�I:8#´�9<7?³.·Ls
²:_0^ )�µ:8bµ�H�7-8<I:8N9E9u7-=LO�¶�µ_¸NI:8<H�µ�_zw«³J7-8Nw«³J7�µ�O:8N9�¶�=LK#P�µ�¸+µ�¶�µ SU9NwXV�f »%h bcV vAI�µ3=Ly�I:8cs
´�8#²�8<H�H�;�~|G-9#²�=?·�µ�_�~	7)I�³JH:9<y:=LI�7)H�;XK y:=L7-=?¶uw�=\F�H:=�7)I�³.¶�7-=?·�³J7)}v¶�³.¶ 9<y:8<R�µ:P�µ�O:8N9�¶�µ�K
y:=L7-=?¶u9<y�²�=Uv�H:=LKE9<I:8#´:;#9N=�9<7?³JH�´�³JI�7)H�;xw�µu~�³JI�³.¶�7-8<I�µ:9<7�µ�¶�³Lw�µ

ρ = ρ(x, t), v = v(x, t), q = q(x, t). (1)

��´�8N9<}
ρ(x, t)

µ
v(x, t)

d y�²�=L7)H:=)9<7)}rµ+9�¶�=LI:=)9<7)}E7)I�³JH:9<y:=LI�7)H:= ` =Ey:=L7-=?¶�³b· 7-=LO�¶�8
x·|w�=)w�8<H�7 ·)I:8Nw�8<H�µ

t
Z�³

q(x, t)
d µ�H�7-8<H:9�µ�·)H:=)9<7)}	y:=L7-=?¶�³0Z�9N=)=L7�·-8<7-9<7�·)G�^ ) ³J_ G-9<I:8#´�s

H:8<H�H:=)w�G?O�µ:9#²:G_³.·)7-=)w�= o µ�²�8<K5Z�y�I:=N~%=+´:_�)�µ0~ O:8<I:8�¸ 7-=LO�¶�G
x
·*w�=)w�8<H�7h·)I:8Nw�8<H�µ

t
V

±�8#²�µ�O�µ�H�;.S » b�9�·)_�¸&³JH�; 9N=)=L7)H:=Uva8<H�µ�_�w�µ5Z�H�³Jy:=)w�µ�H�³J^ )�µ:w�µzG�I�³.·)H:8<H�µ�_ 

� � � � � 
 �	�

��	��� ��Z 
 �	� � ��
���� µ ���	��� ����
���	�µ�¸ w�8c~�³JH�µ�¶�µ 9<y�²�=Uv�H�;�~ 9<I:8#´ Vd�'9N= o =h·); ´�8#²�µ:w
9�·)_�¸+µ

v = V (ρ), 0 6 ρ 6 ρmax, (2)
9Yw�=LH:=L7-=LH�H:=DG o ;E·�³J^ )a8<K S H:8�·-=?¸NI�³L9<7?³J^ )a8<K
bxPYG�H�¶�R�µ:8<K

V (ρ)
µ

q = Q(ρ), 0 6 ρ 6 ρmax, (3)

` ´�8
Q(ρ) = ρV (ρ)

d�� � 
�
	� �"��
�� � ����
���� 
	��� � � � � �2�n´�=LI:=\F�H:= ` =n´�·�µ�F�8<H�µ�_�V
± ´�=?¶�²�³&´�8 o G&´:G�7u= o 9<G�F�´�³J7)}-9B_ ¸&³&´�³NO�µ5Z�9�·)_�¸&³JH�H�;x8q9 ·-=)9N9<7?³JH:=?·?²�8<H�µ:8Nw ¸&³.·�µ:9�µ:w�=Js
9<7-8<K+S ¹ bcZ S��-bp9<I:8#´�9<7�·�³Lw�µb¶�=)w�y�})^'7-8<I�H:= ` =qw�=+´�8#²�µ�I:=?·�³JH�µ�_�V
vAI:8#´�²�=\F�8<H�H�;XKEy:=+´�~%=+´
µ:w�µ�7�µ�I�G-8<7Ey:=L7-=?¶Y³.·)7-=)w�= o µ�²�8<KY·b·�µ�´�8vµ�H�´�µ�·�µ�´:G�³&²:})H�;�~ = o e58�¶�7-=?·ud 7)I�³JH:9<y:=LI�7Ls
H�;�~Q9<I:8#´�9<7�·:Z\I�³L9<y:=.²�=\F�8<H�H�;�~rH�³X=+´:H:=Ly:=.²�=)9<H:=LKv³.·)7-=+´�=LI:= ` 8)V n y:8<R�µ�³&²:})H�;XK�µ�H�7-8<I:8N9
y�I:8#´�9<7?³.·?²:_�8<7 9#²:G�O�³JKL¶�=.²:})R:8�·-=LKr³.·)7-=+´�=LI:= ` µ5Z�¶�=L7-=LI�;XK	y:=?¸+·-=.²:_�8<7D9N=?¸�´�³.·�³J7)}�³.·)7-=Js
H:=)w�H�;x8A7)I�³JH:9<y:=LI�7)H�;x8r9�µ:9<7-8Nw�;QZ�´�·�µ�F�G*)�µ:8N9B_ µ:9�¶�²:^'O�µ�7-8#²:})H:=�y:=a9�·-=?µ:wY·)H�G�7)I:8<H0s
H�µ:w3y�I�³.·�µ�²�³LwXV5�Y=)w�y�})^'7-8<I�H:=)8Dw�=+´�8#²�µ�I:=?·�³JH�µ:8 ´�³L8<7 ·-=?¸\w�=\F�H:=)9<7)}E9�µ:9<7-8Nw�H:= µ�¸NG%s
O�³J7)}DR:8#²:;XKuI%_�´ ~�³JI�³.¶�7-8<I�H�;�~ _�·?²�8<H�µ�K5VZ� 7-w�8<7�µ:wXZ�·DO�³L9<7)H:=)9<7�µ5Z�9#²�8#´:G�^ )�µ:8Y7-8Nw�;
y�I:=?·-8#´�8<H�H�;�~bµ:9N9#²�8#´�=?·�³JH�µ�K5V

» V n ·)_�¸N} w«³.¶�I:=)9�¶�=Ly�µ�O:8N9�¶�µ0~ ¸&³.¶�=LH:=?· S » bcZ�S ¹ b'9aw�µ�¶�I:=)9�¶�=Ly�µ�O:8N9�¶�µ:w�µ y�³JI�³Lw�8<7Ls
I�³Lw�µbµ�H�´�µ�·�µ�´:G�³&²:})H�;�~E= o e58�¶�7-=?·D7)I�³JH:9<y:=LI�7)H:= ` = y:=L7-=?¶�³0V

¹ VQi�³ ` ²:_�´:H�³J_ I:8	³&²�µ�¸&³JR�µ�_gw«³J7-8Nw«³J7�µ�O:8N9�¶�µ0~ &\PQPQ8�¶�7-=?·:Z"´�µ�¶�7)G-8Nw�;�~k7-8N=LI�µ:8<K
¶�·�³.¸+µ�²�µ�H:8<K�H�;�~b´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~	G�I�³.·)H:8<H�µ�K*SU9�µ�²:})H�;x8rI�³.¸NI�;E·);#I:8Mva8<H�µ�K5Z�9N=Js
=L7)H:=Uva8<H�µ:8 ��^ ` =LH�µ:=�Z o µ:PYG�I�¶�³JR�µ�µ I:8Mva8<H�µ�Kbµ 7JV�y5V bcV

�0V ±�=?¸NH�µ�¶�H:=?·-8<H�µ:8 I:8 ` G&²:_0I�H�;�~3G�y�²�=L7)H:8<H�µ�K3y:=L7-=?¶�³ S>HNL�E�B�l �KE2XebcbcZ G-9<7-=LK�O�µ�·-=
´�·�µ�F�G*)�µ0~%9B_b¶�³.¶u8#´�µ�H:=)8YR:8#²�=)8)V

CuH:= ` µ:8�µ�¸D= o 9<G�F�´�³L8Nw�;�~ _�·?²�8<H�µ�K G-9<7?³JH�³.·?²�µ�·�³&²�µ:9<}EI�³JH:8N8�µ�¸�´:I�G ` µ0~ 9N=)= o I�³ s
F�8<H�µ�K*SU9NwXVrf » [0]�h bcV
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J!VI1Z3%PV!P�M
N � �:. �(N ~ ~)� ���&� � ���(N . ��{	, 0 � 
:��l:` t|V `(XFfrb�a�V � ) bGk�XFY0Pg@A@ P�� ["e(XFc-_�\ c-g�[
_�b��7� #j� c"� cI`
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� � 5W*�.0I�:=-�7%I�4 *�I�.07I%%I�:=/07=<!:WG�1�]�1?1(@K*�I�1�9�7WDE.2G�1�]r��� �R30329�. 5�7=<!:WG�1�]K*�7E307=<�I�.FECP:WG�:W9�1�/2F�1<E	:=-=P?E+705�.29�1�I�7=<!:WG�1�[ � � . 5�P � P(C P �R7%I�7I%%.2J�G�1�8US 
 P ��P � F!30I�:=.2<�P .�=	9�:;5�1�8�:W<�8�:=/%SV=^%^%YHP .Dn\PUV%V-H;X�V-2 L P
J�P��?N . }(N S	���#� �([
_�b-`(Y�f'%&a�b�a�V cI`(Y�b-`#�w�W](](� V �Gb�a�V cI`(YF/	bKY�%&_�k�XR\!P .�b�_ >:V k�/ T;^HTWV!P L 1�J�T%P .?V=^HTWV!P .uTFJ�TD]UP_!P��({	,DS � ����0 � ��� N ~ !�{	* ��� ��� �:� {	��N Q���P"� � ���R� #&_�b��Ra�V cI`	b-�U@x`5a�XFp-_�b-� YWb-`#� q XR_�V kIb�a�V k�XFYF/(["e(XFc-_�\�b-`#�
�W](](� V �Gb�a�V cI`(Y0P . *:c-_3�&cI`+b-`#��(�_�XGb���e 6 �FV XF`!�FX i %!�(�OP SUTG2I2 L P .uT;^HTFJ<]UP

HHP��?N . }(N S ��� � � ( %(Y���e(frb-`HX %4_3�&XF� \&V|[
_�b-`(Y�f'%&a�b�a�V cI`(Y0S:no� b-Y�Y�V 
#�Gb�a�V cI`�b-`#�^�W](](� V �Gb�a�V cI`(Y0P .�b�_ >:V k�/T L ^-J�P V!T%TFJ�P .?V=^HT L P .�H�1�]UP
1!P��?N . }(N S ��� � � ( %(Y���e(frb-`HX %4_3�&XF� \&V a�_�b-`(Y�f'%&a�b�a�V cI`(Y0S �F� b-Y�Y�V 
#�Gb�a�V cI` b-`#� b-](](� V �Gb�a�V cI`(Y ���
�W`	b-� \?a�V � v�XRa�e(c �&Y�lWg �W`	b-� \&Y�V Ym�W`#� q V ��XR_�XF`5a�V b-� % ��%	b�a�V cI`(YF/+� vw� q % V=^HTWVd� % ��P��5\
v P	�aP q %!�	b�a�c�k?Y�sIbF\?bHS!6�P(�aP(UWcIpIcIY�V `UP .Dnoc-a�a�XF`(e	b-fw/�n"b-f'�&_�V �&pIX 6 �FVOP	i %!�(�OP S�V=^HT L P . L T�]UPYHPw!�6
� 
(6 � !"� � � 	\G�1�-%:=I�G�7%30-I'a1 7=`;I�:WG�1�K�.2G�G�7%30-I'Z7-*�.0I�:=-�7%I�7=<��	F � E	:WG�:K. ��I�5�.2J�1�G�F=9�.2<�7=`;7
*�7%IH]!5�8�: ` 9�:;5�8H7%30-%1 ��� �RI�.R*�I�1�G�-=P .�� G�30-%1�-%F�-?:W<�-�7IE	:=-%1�8�1*1 *�I�7=M�.030307=<�F?*�I�:W<%9�.2G�1�] 0K= 5

 09$A$A$ � S$TG2I2%^HP .KJIJ 3%P

2HPw!�6
� 
(6 ��!"� � � � .��E.2G�1�. /;:;5�:0K�1�7I%"FHG�1�-%:=I�G�7IE 7I%%7I% �E.2G�1�1 7-*�.0I�:=-�7%I�7=<�*�I�.07I%%I�:=/07=<!:WG�1�]
$�7=G�1�G�:�. � FH:=30307=G�:����K0E:0FHK$P!<�. 5�P���.29�`2P�`;7%3%P�F?, -%:HP .?V=^HT;^HP .a<%4A*$P$T;YHS � _gN 1-H�b P .D$\P$T L _0X�TW_ L PT;^HP��?N . }(N S ��� � � 6?cIfDXW]&_�c
�(� XFfDYoV `Da�e(X:fDc �&XR_�`�a�e(XFc-_�\rc-g
a�_�b-`(Y�f'%&a�b�a�V cI`(YA���'6?]�X$�Ra�_�b-��["e(XFc-_�\rb-`#�q V ��XR_�XF`5a�V b-��% ��%	b�a�V cI`(Y\N 6&[ q %�X�V=^HTWV%b�/!@x`5a�XR_�`UP
�FcI`&g P5V `De(cI`(c-_oc-g��:� b
�&V fDV _"�EP5vwb�_+��e(XF`(s�c � Y"2%^�a�e
�(V _�a�e#�(bF\!P!(\P	��XR_�s?V `u@x`(Yya�V a+%&a�X ghc-_W� c"� a�XFfD]�XR_�b�a+%&_�X|b-`#��XF`(pIV `(XFXR_�V `(pDc-g4a�e(X � b�a�V cI`	b-�j�;�Gb
�&XFf�\
c-g�6 �FV XF`!�FXFY4c-g	u:s5_�b-V `(X%S-�aP�t b�_�b-ZFV `�t|e	b�_�s?V k � b�a�V cI`	b-�?u:`(V k�XR_�Y�V ax\!P�(oc5cIs c-g�b��(Yya�_�b��Ra�Y0P .Kt|e	b�_�s?V k�SV=^HTWV!P .�i�P�T;^HT X�T;^�V!P
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B��!��� �
� ���X@�� � �s� B �A@ � R � z �"����	��X@ � V �
� z ����	 � �!� V � V �5@ V �sB R �@B RDB � ���5@�� �!� �����
� �

# � � � � 18.01816?
S,R{W\bKbNPiE0Z � GiEU[kP,��E h ��E2f�c����E@ b

@ C
HNc)P_b�LKJM^ZSULNH��:Je[)J�E2G��dPIHNc�E	lMGiEUbKb�S2md[)JMQ6JMC\JML�E2HKJ�12bNPIC)Q�W)GiE2L 	8WOEUbNPIGIPIC\J�E2L�^OE2L�E2TZSUGIP_l
bN]kbNHKJMXeb\V 
'J�bNHNW\[k]uE � E2W\lKc8]u^)LKSUT)G_JMX PIC

RN �dPIHNc�E2CuPIC)PIHNPiE2GD[\E2HNW)X PIC
L1
V �8cOE2LN^

L1−L∞
J}bNHNPIX�E2HKJ}b<E2LKJs^)LKS h J}[�VJ@ C�HNc\J�[)JMQ6JMC\JML�E2HKJ:l�EUbKJ)Z2EUbKbNW)X�PIC)QDHNcOE2H/HNc\JsPIC)PIHNPiE2Gk[\E2HNW)X

cOEUb{l}SUX�^OEUlMH bNW)^)^ZSULNH\Z��:J�^)LKS h J�HNc\J�SU^)HNPIX�E2G/bN^ZJ}J}[aS2m<^)LKSU^OE2Q8E2HNP_SUCFS2m<HNc\J�bNW)^)^ZSULNH\V
� c)P_b{P_b �NSUPIC8H �:SUL�� �dPIHNc�^)LKS2mnJ}bKbKSUL � PIC\l}JMC)f�S �sJ}bN^)LNP V

y 1�� 18(214-/5618�

T%P��W}����RP	�5QFQ�N|zK�W{�}�� ��P$�(PFP"� ���Wl:]&a�V frb-���&X$�GbF\ _�b�a�X ghc-_ �&XFpIXF`(XR_�b�a�X ]	b�_�b���cI� V � X���%	b�a�V cI`(YwcI`
`(cI`!�FcIfD]	b��Ra�frb-`(V ghcI� �&Y:���Dv�XRa�e(c �&YW�W](](�OP(�W`	b-�OP .�Nha�cDb-](]�XGb�_2b PV!P ��P$�(PFP"� ���"{�}����
P+*xO:��N��A�"l:]&a�V frb-� ��XFe	bGk?V c-_<c-g|a�e(XwY�%(](]�c-_�a<c-g|a�e(XwY�cI� %&a�V cI`(Yra�c�b �F� b-Y�Y<c-g
�&XFpIXF`(XR_�b�a�X|]	b�_�b���cI� V � Yy\&Yya�XFfDYW���Z@x`5a�XR_�g�b��FXFYWb-`#� #&_�XFX�(oc
%(`#�(b�_�V XFY0P .�Nha�crb-](]�XGb�_2b P
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n v���WYhYlD����i���� S n CF� �kl'iYi����pbxj �x��� v�� ���Ql nXn h���� n �YhYC
v��D�QhYi��'CEl'C �Ql � ��j�j
l hki������ �D�'js���3h 
 vYj�h������ ��iYh��

���!���!� ��
���,/p%���������
SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEhrb

± H�³L9<7-=\_�)a8<K I�³ o =L7-8 I�³L9N9Nw�=L7)I:8<H�; H:8�¶�=L7-=LI�;x8|9<y:8<R�µ�³&²:})H�;x8qI%_�´:; y:=b¶�²�³L9N9�µ0s
O:8N9�¶�µ:w�y:=.²�µ�H:=)w«³Lw ��³ ` 8<I�I�³

Lα
n(t) =

1

n!
t−αet

{
tn+αe−t

}(n)
, (1)

¶�=L7-=LI�;x8 H:8<y:=)9<I:8#´�9<7�·-8<H�H:=�·-=?¸NH�µ�¶�³J^'7ay�I�µDI:8Mva8<H�µ�µJ¸&³&´�³NO�µ|�Y=Uv�µ ´�²:_ = o ;E¶�H:=?·-8<H0s
H:= ` ="´�µ:PQPQ8<I:8<H�R�µ�³&²:})H:= ` =AG�I�³.·)H:8<H�µ�_ay�G�7-8Nw y�I:8#´�9<7?³.·?²�8<H�µ�_�H�³.µ�·);x9Mva8<KDy�I:=?µ�¸+·-=+´�s
H:=LK	8 ` =�I:8Mva8<H�µ�_�Z�·-9<7)I:8<O�³J^ )a8<K:9B_L·aI�³L9N9Nw«³J7)I�µ�·�³L8Nw�=)w�G�I�³.·)H:8<H�µ�µ5Z�·�·�µ�´�8'I%_�´�³�y:=
G�¶�³.¸&³JH�H�;xw3y:=.²�µ�H:=)w«³Lw ��³ ` 8<I�I�³

Lα
n(t)

9
α = 0

V n y:8<R�µ�³&²:})H�;XKzSU9Nw�8Mv ³JH�H�;XK
b I%_�´ Z
=�¶�=L7-=LI:=)w µ�´�8<7DI:8<O�}:Z�µ:w�8N8<7�·�µ�´

x(t) = Pr−1(t) + tr
∞∑

k=0

x̂r,kL
r
k(t)

(k + 1)r
, (2)

` ´�8

Pr−1(t) =
r−1∑

l=0

x(l)(0)

l!
tj

d�y:=.²�µ�H:=)w � 8<K�²�=LI�³0V�� 7-w�8<7�µ:wE9<I�³.¸NG-Z O�7-=xI%_�´ Z P�µ ` G�I�µ�I�G�^ )�µ�K�·xy�I�³.·-=LK�O�³L9<7�µ�I�³ s
·-8<H:9<7�·�³aS ¹ bcZ H:8 _�·?²:_�8<7-9B_rI%_�´�=)w �rG�I�}-8�d ��³ ` 8<I�I�³0V6� H�µ:w�8N8<7Y9Nw�8Mv ³JH�H�;XKr~�³JI�³.¶�7-8<I
·	7-=)w 9Nw�;x9#²�8)Z�O�7-=L¶�= &\PQP�µ�R�µ:8<H�7);

x̂r,k
d &N7-=L¶�= &\PQP�µ�R�µ:8<H�7); �rG�I�}-8�d ��³ ` 8<I�I�³

y�I:=?µ�¸+·-=+´:H:=LK
x(r)(t)

y:= y:=.²�µ�H:=)w«³Lw ��³ ` 8<I�I�³
Lk(t) = L0

k(t)
Z�¶�=L7-=LI�;x8qG0w�H:=\F�³J^'7Ls

9B_uH�³DPYG�H�¶�R�µ�µF��³ ` 8<I�I�³v·�µ�´�³ xrLr
k(t)

(k+1)r

V��AI:=)w�8�7-= ` =�Z�· y�I�³.·-=LKEO�³L9<7�µ I�³.·-8<H:9<7�·�³ S ¹ b
P�µ ` G�I�µ�I�G-8<7uy:=.²�µ�H:=)w � 8<K�²�=LI�³

Pr−1(t)
V�± 7-=	F�8v·)I:8Nw�_!O�³L9<7�µ�O�H�³J_+9<G0w�w«³ 9<y:8<R�µ0s

³&²:})H:= ` =DI%_�´�³ S ¹ b@·�µ�´�³

Ln(t) = Ln(x, t) = Pr−1(t) + tr
n−r∑

k=0

x̂r,kL
r
k(t)

(k + 1)r
(3)

y�I:8#´�9<7?³.·?²:_�8<7 9N= o =LKEy�I:=)8�¶�7-=LI H�³�y:=+´:y�I:=)9<7)I�³JH:9<7�·-= ·-9N8c~r³&² ` 8 o I�³.µ�O:8N9�¶�µ0~ y:=.²�µ�H:=Js
w�=?·

q(x)
9<7-8<y:8<H�µuH:86·);dva8

n
Z07JV:8)V

Ln(q, t) = q(t). (4)

±39	³Lw�=)wY´�8#²�8)Z:PYG�H�¶�R�µ�_

rn(t) =
q(t)− Pr−1(q, t)

tr

�%]



y�I:8#´�9<7?³.·?²:_�8<7 9N= o =LK|³&² ` 8 o I�³.µ�O:8N9�¶�µ�K y:=.²�µ�H:=)w39<7-8<y:8<H�µEH:8�·);dva8
n− r

Z:y:= &N7-=)w�Gb·
I�³.¸�²�=\F�8<H�µ�µ

q(t) = Pr−1(q, t) + tr
∞∑

k=0

q̂r,kL
r
k(t)

(k + 1)r
¶�= &\PQP�µ�R�µ:8<H�7);

q̂r,k
9
k > n− r + 1

= o I�³ ) ³J^'7-9B_ ·DH�G&²:}:Z�µu9#²�8#´�=?·�³J7-8#²:})H:=�Z

q(t) = Pr−1(q, t) + tr
n−r∑

k=0

q̂r,kL
r
k(t)

(k + 1)r
,

µ	7-8Nw?9	³Lw�;xw?9<y�I�³.·-8#´�²�µ�·-=)9<7)}qI�³.·-8<H:9<7�·�³uS � bpG-9<7?³JH:=?·?²�8<H�³0V
±?9�·)_�¸+µ	9xy�I:8#´�9<7?³.·?²�8<H�µ:8Nw#S ¹ b ·-=?¸NH�µ�¶�³L8<7�¸&³&´�³NO�³�= o =LR:8<H�¶�8'y:= ` I:8Mv�H:=)9<7�µL¸&³Lw�8cs

H�;kPYG�H�¶�R�µ�µ
x(t)

8N8ay�I�µ o ²�µ�F�8<H�H�;xw ¸NH�³NO:8<H�µ:8Nw
Ln(x, t)

V��rI�G ` µ:w�µ+9#²�=?·�³Lw�µ5Z�·-=?¸<s
H�µ�¶�³L8<7j¸&³&´�³NO�³E= o µ:9N9#²�8#´�=?·�³JH�µ�µl³Jy�y�I:=?¶�9�µ:w«³J7�µ�·)H�;�~z9�·-=LK:9<7�·|µ O�³L9<7�µ�O�H�;�~�9<G0w�w
Ln(x, t)

9<y:8<R�µ�³&²:})H:= ` =�I%_�´�³ S ¹ bcV�±�H�³L9<7-=\_�)a8<KqI�³ o =L7-8F·�·-8#´�8<H�; H:=?·);x8'9<y:8<R�µ�³&²:})H�;x8
I%_�´:; y:=|y:=.²�µ�H:=)w«³Lw ��³ ` 8<I�I�³0Z�O�³L9<7)H�;xw�9#²:G�O�³L8Nw�¶�=L7-=LI�;�~ _�·?²:_0^'7-9B_ I%_�´:; S ¹ bcZ�µ
µ:9N9#²�8#´�=?·�³JH�; ³Jy�y�I:=?¶�9�µ:w«³J7�µ�·)H�;x8a9�·-=LK:9<7�·�³ µ0~|O�³L9<7�µ�O�H�;�~u9<G0w�wXV

���
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hYi��d��j�v��D� �AWYh��'iYi���� n ±{� � n �E±�l
��±�l ��hYi��'j�CElD����i�� 
 vYj:� n �Xj
l'i n �E±

 "� � �!��p � ��
����
SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

d V�± ´�=?¶�²�³&´�8Dy�I:8#´:y:=.²�³ ` ³L8<7-9B_ I�³L9N9Nw�=L7)I:8<H�µ:8q9�·)_�¸+µ+w�8<F�´:G H:8�¶�=L7-=LI�;xw�µh¶�²�³L9cs
9	³Lw�µ ²�=?¶�³&²:})H:=�·);Xy�G�¶�²:;�~	y�I:=)9<7)I�³JH:9<7�· SU= o ²�³&´�³J^ )�µ0~u9�·-=LK:9<7�·�³Lw�µu7�µ�y�³aH:=LI:w«³&²:}Ls
H:=)9<7�µ
b µbµ�H�7-8<I�y:=.²:_0R�µ:=LH�H�;xw�µ w�8<7-=+´�³Lw�µ5V

vAG-9<7)}
E
d ²�=?¶�³&²:})H:=j·);Xy�G�¶�²�=)8|y�I:=)9<7)I�³JH:9<7�·-=�c

(| · |p)p∈P
d H�³ o =LI�H:=LI:wXZ�¸&³ s

´�³J^ )�µ�K+7-=Ly:=.²�= ` µ�^ ·
E
c
Up := {x ∈ E : |x|p 6 1} V��AI:=)w�8 7-= ` =�Z y�G-9<7)} B(X)

d
w�H:=\F�8N9<7�·-=q= ` I�³JH�µ�O:8<H�H�;�~ y:=+´�w�H:=\F�8N9<7�·L·

X
V

vAI:=)9<7)I�³JH:9<7�·-=
X
H�³.¸N;E·�³J^'7 f »%h ¶�·�³.¸+µ�H:=LI:w«³&²:})H�;xwXZ�8N9#²�µ

(∀ p0 ∈ P ) (∃ p ∈ P ) (∀ ε > 0) (∃B ∈ B(X)) (Up ⊂ B + Up0).

vAI:=)9<7)I�³JH:9<7�·-=
X
H�³.¸N;E·�³J^'7 f ¹�h ³L9�µ:w�y�7-=L7�µ�O:8N9�¶�µEH:=LI:w«³&²:})H�;xwXZ
8N9#²�µ

(∃ p0 ∈ P ) (∀ p ∈ P ) (∃ p1 ∈ P ) (∀ ε > 0) (∃∆ > 0) (∀x ∈ E) (|x|p 6 ∆|x|p0 + ε|x|p1)
� �
j�³L9N9Nw«³J7)I�µ�·�³L8Nw�;x8�·�´�=?¶�²�³&´�86µ�H�7-8<I�y:=.²:_0R�µ:=LH�H�;x8Q9�·-=LK:9<7�·�³aPQ=LI:w�G&²�µ�I�G�^'7-9B_

· 7-8<I:w�µ�H�³ ~u= o = o )a8<H�H�;�~|³ o 9<7)I�³.¶�7)H�;�~uy�I:=)9<7)I�³JH:9<7�·	�Q=LI:8<H�R�³ AΦ,p(·)
µuC|³JI�µ�H�¶�8cs

·�µ�O�³
MΦ,p(·)

Z ` ´�8
Φ
d ~�³JI�³.¶�7-8<I�µ:9<7�µ�O:8N9�¶�³J_ PYG�H�¶�R�µ�_|µ�H�7-8<I�y:=.²:_0R�µ:=LH�H:= ` =uPYG�H�¶0s

7-=LI�³0V�±zO�³L9<7)H:=)w?9#²:G�O�³L8DS ´�²:_
p = 1

b ³ o 9<7)I�³.¶�7)H�;x8Yy�I:=)9<7)I�³JH:9<7�·�³ AΦ,1(·)
µ
MΦ,1(·)o ; ²�µb·�·-8#´�8<H�; ·�f � h V

vAG-9<7)}
F
d�H:=LI:w«³&²�µ�¸\=?·�³JH�H�;XKvµ�H�7-8<I�y:=.²:_0R�µ:=LH�H�;XKDPYG�H�¶�7-=LI5Z	¸&³&´�³JH�H�;XK�H�³xw�H:=Js

F�8N9<7�·-8u=+´:H:=)w�8<I�H�;�~?y�³JI
[t0R, t1R]

V:� 7-= o I�³JF�8<H�µ:8
Φ : (t0, t1) 7→ F (t0R, t1R)

H�³ s
¸N;E·�³J^'7!~�³JI�³.¶�7-8<I�µ:9<7�µ�O:8N9�¶�=LK�PYG�H�¶�R�µ:8<K µ�H�7-8<I�y:=.²:_0R�µ:=LH�H:= ` =*PYG�H�¶�7-=LI�³?S ·j´�³&²:}Ls
H:8<K)va8Nw y:=+´�= o H�;x8*PYG�H�¶�R�µ�µ o G&´�8Nw H�³.¸N;E·�³J7)}z~�³JI�³.¶�7-8<I�µ:9<7�µ�O:8N9�¶�µ:w�µ
bcV�± = o ¸\=LI:8
±AV�h�V:�;·)O�µ�H�H�µ�¶�=?·�³ f ¼�h 9N=+´�8<I%F µ�7-9B_�³JH�³&²�µ�¸E9�·-=LK:9<7�· ~�³JI�³.¶�7-8<I�µ:9<7�µ�O:8N9�¶�µ0~ PYG�H�¶0s
R�µ�K5V

� k+p���l+krq vAG-9<7)}
ϕ : R+ → R+

d#H:8<y�I:8<I�;E·)H�³J_�Z�·-=?¸NI�³L9<7?³J^ ) ³J_�PYG�H�¶�R�µ�_r7?³.¶�³J_�Z
O�7-=

ϕ(+0) = 0
Z
ϕ(+∞) = +∞ V"� = ` ´�³DPYG�H�¶�R�µ�_

Ψϕ(t0, t1) := inf
t>0

(
ϕ(t)t0 +

1

t
t1

)
, t0 > 0, t1 > 0.

_�·?²:_�8<7-9B_ 9N=)=L7�·-8<7-9<7�·-8<H�H:=D~�³JI�³.¶�7-8<I�µ:9<7�µ�O:8N9�¶�=LK5V
vAG-9<7)}

Φ
d3~�³JI�³.¶�7-8<I�µ:9<7�µ�O:8N9�¶�³J_aPYG�H�¶�R�µ�_�µ

X = [X0, X1]
d�µ�H�7-8<I�y:=.²:_0R�µ:=LH�H�³J_

y�³JI�³ o ³JH�³ ~%=?·);�~	y�I:=)9<7)I�³JH:9<7�·:V
vAI:=)9<7)I�³JH:9<7�·-= AΦ,p(X) = AΦ,p(X0, X1)

9N=)9<7-=?µ�7�µ�¸A7-8c~
x ∈ X0 +X1

Z�´�²:_J¶�=L7-=Js
I�;�~L¶�=LH:8<O�H�³�H:=LI:w«³ ‖ · ‖AΦ,p

Z

‖ · ‖AΦ,p := inf

(
+∞∑

k=−∞
Φp
(
‖xk‖0, ‖xk‖1

)
)1/p

,

¼�º



` ´�8Y7-=LO�H�³J_	H�µ�F�H�_0_ ` I�³JH�} o 8<I:8<7-9B_ y:=Dw�H:=\F�8N9<7�·)G	I�³.¸�²�=\F�8<H�µ�K

x =
+∞∑

k=−∞
xk, xk ∈ X0 ∩X1.

vAI:=)9<7)I�³JH:9<7�·-=
MΦ,p(X) = MΦ,p(X0, X1)

9N=)9<7-=?µ�7 µ�¸b·-9N8c~
x ∈ X0 + X1

Z�´�²:_
¶�=L7-=LI�;�~b¶�=LH:8<O�H�³�H:=LI:w«³ ‖ · ‖MΦ,p

Z

∥∥x
∥∥M
Φ,p

:=









+∞∫

0

[
K(t, x,X0, X1)

Φ∗(t)

]p dΦ∗(t)
Φ∗(t)





1/p

, 1 6 p <∞,

sup
t0>0, t1>0

[
K(t0, t1, x,X0, X1)

Φ∗(t0, t1)

]
, p = ∞.

� �
vY=.²:G�O:8<H�H�;x8YI:8�¸NG&²:} 7?³J7);�y:=?¸+·-=.²:_0^'7�9NPQ=LI:w�G&²�µ�I:=?·�³J7)}�´�=)9<7?³J7-=LO�H:=)8QG-9#²�=?·�µ:8
9<G*)a8N9<7�·-=?·�³JH�µ�_ o ³.¸+µ:9	³j·+y�I:=)9<7)I�³JH:9<7�·-8 �rI:8Mva8)V � 7�µzG-9#²�=?·�µ�_zPQ=LI:w�G&²�µ�I�G�^'7-9B_ ·
7-8<I:w�µ�H�³ ~!y�I:=)9<7)I�³JH:9<7�·-8<H�H�;�~ µ�´�8	³&²�=?·

(DNϕ)
µ
(Ωϕ)

Z�·b¶�=L7-=LI�;�~
ϕ = (ϕζ)

d 9N8cs
w�8<K:9<7�·-=�Z:9N=)9<7-=\_�)a8N86µ�¸�·-=?¸NI�³L9<7?³J^ )�µ0~ PYG�H�¶�R�µ�K

ϕζ : R → R
V�± f ¹\[%��h ³JH�³&²�= ` µ�O�H�;x8

¶�²�³L9N9<;�I�³L9N9Nw«³J7)I�µ�·�³&²�µ:9<}|7-=.²:}�¶�=�´�²:_ =+´:H:= &�²�8Nw�8<H�7)H�;�~E9N8Nw�8<K:9<7�·
ϕ
V

�u��/0&%
���/4p5
��

T%P�02�3��. ��P�}��5NhPRQ�S-���#6 %&_�� XFY�XFY�]	b��FXFY (F ) XRa (DF ) ���76 %(fDfrb (�_�b-ZFV �4vwb�a�eUP .uTG2�_�J�P .�i�PU_I10X�TWV%V!PV!P ��P+� �FN �"��~ � �o� �����"�!.�zK�"l:` b-Yy\&fD]&a�c-a�V �Gb-� � \ `(c-_�frb��(� X #&_�X$��e(XRarY�]	b��FXFYw��� �:c-a�X vwb�a;P .uTG2I2HT%P .
��cI�OPUT%T%P .�i�P�V=YI2;X�V-2IHHPL P	� �46
�F
	6
���+3:� ��� ���W
�� '�
^!"�#��� � *"��
I6�
(6 �����+3:� ����5�32G�7=<%4 -�.07%I�1�1"1�G�-�.0I&*�7=9�]HM�1�1*9�1�G�.2J(,G�4A@ 7-*�.0I�:=-�7%I�7=<r��� �H.07IE+.0-�I�1�]�9�1�G�.2J�G�4A@K*�I�7%30-�I�:WG�30-%<E1�-�.07%I�1�]?7-*�.0I�:=-�7%I�7=<�P .�� I�7%329�:W<%9('�STG2�1I1!P .D$\P L T X&1�J�P

J�P ��P+� �FN �"��~ � �o� 
��
� �&{�S��I~2� � ��T
{IQ���{	��N � .x{ �A�4l:` Y�cIfDXr`(c-_�frb��(� \ �FcI`#�&V a�V cI` ���+vwb�a�eUP � b���e&_;P .V=^%^�_!P .K��cI�OPUVI1=YHS � TFJ�P .�i�P$T�1!TFJWX�T�1%V%_!P_!P *"��
I6�
�
(6 �����K3:� ��� � G�-�.0I&*�7=9�]HM�1�7=G�G�4r.\L\FHG�8�M�1�1u1�1�G�-�.0I&*�7=9�]HM�1�7=G�G�:=]�8H7=G�30-�I�F�8�M�1�]�� 1(,7=G�3;:�. �R.0-�I�. ��� 		3R*�.R@H1�E	:=-=PHG�:0F�8UP .�)�P&HI2HS�<%4A*$P(J�P .D$\P$T;^ L X�TGH%YHP
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

���Ql nXn h���� n �Yh�� �'v���j
l��D�'js�
± ± � n �"± � 
 vYj:� n �Xj
l'i n �E±�l 
 �0�D���'C
�'j���i�� 
 �A�AiY�YWYh�� �

� �!o%� ��� �������MSUj�=)9N9�µ�_�Z
j�=)9<7-=?·Ls H�³ sU��=LH�G-Z
f �A� c�±@²�³&´�µ�¶�³.·�¶�³.¸-Z�fgCEhrb�+
� �:$ �	����2��Q��&%�MS ±p}-8<7)H�³LwXZ 
�³JH:=LKrc 
�³JH:=LK:9�¶�µ�K G�H�µ�·-8<I:9�µ�7-8<7 H�³NG�¶�µ
b

±z´�=?¶�²�³&´�8 o G&´�8<7Ey�I:8#´�9<7?³.·?²�8<H�H:=?·);XK y:=+´�~%=+´ ¶hµ�¸NG�O:8<H�µ�^n¶�²�³L9N9�µ�O:8N9�¶�µ0~*=Ly:8cs
I�³J7-=LI:=?· S ´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ�_�Z�µ�H�7-8 ` I�µ�I:=?·�³JH�µ�_yµ ´:I5V b ·v·-8N9N=?·);�~ y�I:=)9<7)I�³JH:9<7�·�³ ~
` =.²�=)w�=LI:PYH�;�~!PYG�H�¶�R�µ�K5Z5=)9<H:=?·�³JH�H�;XK H�³Lµ:9<y:=.²:}�¸\=?·�³JH�µ�µh¶�³JH:=LH�µ�O:8N9�¶�µ0~ ·-8N9N=?· f »%h V
� H y:=?¸+·-=.²:_�8<7 y�I:=?·-=+´�µ�7)}yµ:9N9#²�8#´�=?·�³JH�µ�_j· 9#²:G�O�³L8�= o ²�³L9<7-8<K]µj·-8N9N=?· = o )a8 ` =L·�µ�´�³0Z
·'7-=;·)I:8Nw�_�¶�³.¶ay�I:8<F�H�µ:8�w�8<7-=+´:;&f ¹�h o ; ²�µ�y�I�µ ` =+´:H�;�7-=.²:}�¶�=;´�²:_�¶�I�G ` ³;µ�·-9N8<K�y�²�=)9cs
¶�=)9<7�µbµ|I�³&´�µ�³&²:})H�;�~ ·-8N9N=?·:V���=.²�8N8A7-= ` =�Z�¸&³�9<O:8<7�I�³.¸+·�µ�7);�~ w�8<7-=+´�=?·vµ|y:=.²:G�O:8<H�H�;�~
9�µ0~|y:=)w�= )�})^ I:8�¸NG&²:} 7?³J7-=?·|= o )a8 ` =a~�³JI�³.¶�7-8<I�³Dy:=.²:H:=)9<7)})^ =Ly�µ:9	³JHy¶�²�³L9N9YI�³&´�µ�³&²:}Ls
H�;�~ ·-8N9N=?·:Z«´�²:_ ¶�=L7-=LI�;�~z9N=)=L7�·-8<7-9<7�·)G�^ )�µ�K3=Ly:8<I�³J7-=LI H:8<y�I:8<I�;E·)H:= ´�8<K:9<7�·)G-8<7hµ�¸
=+´:H:= ` =y·-8N9N=?·-= ` =uy�I:=)9<7)I�³JH:9<7�·�³b·b´:I�G ` =)8)V vY=Ly�G�7)H:= G-9<7?³JH:=?·?²�8<H�;TH:=?·);x8q=Ly�µ:9	³JH�µ�_
H:8�¶�=L7-=LI�;�~L¶�²�³L9N9N=?·aI�³&´�µ�³&²:})H�;�~L·-8N9N=?·:Z�µ:9<y:=.²:}�¸NG-8Nw�;�~L·aI:8Mva8<H�µ�µ|I%_�´�³�¸&³&´�³NO|7-8N=Js
I�µ�µb·-8N9N=?·);�~	y�I:=)9<7)I�³JH:9<7�· ` =.²�=)w�=LI:PYH�;�~ PYG�H�¶�R�µ�K f � h V

�u��/0&%
���/4p5
��

T%P�� !�{�}(N } ��� �A� ��� ��{	, � �3��} � ��NhP�}��
nocI`5a�V ` %	b�a�V cI` c-goe(cI� cIfDc-_�](e(V ��g %(`!�Ra�V cI`(Y ��V a�e p-_�c"�Aa�e �FcI`&,
�&V a�V cI`(YWb-`#��Y�cIfDX c-g4V a�Y:b-](](� V �Gb�a�V cI`(Y:���765a+%#��P	vwb�a�eUP .?V=^HT;^HP .K��cI�OPUV=^%^HP .�i�P�VI1-2;X�V-2�_!PV!P�� {	�"� . � �I} �	{�} ��� �|M �
*�S � ��� l:`Ba�e(X���c
%(`#�&X"�&`(XFY�Y c-gDa�e(X �&V ��XR_�XF`5a�V b�a�V cI`(cI]�XR_�b�a�c-_ ��XRa/�"XFXF`
�"XFV pIe5a�X"��Y�]	b��FXFYWc-g4e(cI� cIfDc-_�](e(V � g %(`!�Ra�V cI`(Y:����65a+%#��P	vwb�a�eUP .?V=^%^%YHP .K��cI�OP�T;Y-J�P .�i�P�V LIL X�V�J51!PL P�z��	,<{ �}!*�S?Nj�4� ��M
N }���*$. ����	, � ��6?XRa�YWc-g#V `5a�XR_�]�cI� b�a�V cI` b-`#��Y�b-fD](� V `(p�ghc-_ �"XFV pIe5a�X"��("b-`	b���e Y�]	b��FXFY
c-g#e(cI� cIfDc-_�](e(V �:g %(`!�Ra�V cI`(Y:�����W`(`UP(ijcI� cI`UP�vwb�a�eUP .?V=^%^�V!P .K��cI�OP
1-2HP .�i�P�V LIL X�V-H-J�P

��� :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � TW_G, ^HTR, ^HTFJ�^-J�bHS�1 � � #jl�6&[ % q S&]&_�c � X$�Ra � T;^HT%P ^�VG, V=^HTFJ�P J�2HP
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���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

l'vYvYj:�'� n hYCEl��Xh�±�i���� n ±{� � n �E±�l���h n �Yjs���Xi�� 

n �ACEC �A�Aj � ����� � �A� n � �Yi��xs �O�QlX���Yh 
 �A�AiY�YWYh��

~ �s~ � � ������&%�
SUj�=)9N9�µ�_�Z
CE=)9�¶�·�³�c���iYWkj
l'irb

vAG-9<7)}
C2π

d y�I:=)9<7)I�³JH:9<7�·-=	H:8<y�I:8<I�;E·)H�;�~
2π
s y:8<I�µ:=+´�µ�O:8N9�¶�µ0~!PYG�H�¶�R�µ�K 9rH:=LI0s

w�=LK
‖f‖ = max

x
|f(x)|.

� o =?¸NH�³NO�µ:w3O:8<I:8�¸
En(f)

H�³.µ�²:G�O)va8N8ry�I�µ o ²�µ�F�8<H�µ:8�PYG�H�¶�R�µ�µu7)I�µ ` =LH:=)w�8<7)I�µ�O:8N9�¶�µ0s
w�µQy:=.²�µ�H:=)w«³Lw�µry:=LI%_�´�¶�³

n
VNvAG-9<7)}

N > 2
d3R:8#²�=)8�y:=.²�=\F µ�7-8#²:})H:=)8pO�µ:9#²�=�Z

u = uN
d

·-8 )a8N9<7�·-8<H�H:=)8QO�µ:9#²�= µ

tk = t
(N)
k = u+

2πk

N
(0 6 k 6 N − 1)

9�µ:9<7-8Nw«³�G�¸�²�=?·);�~|7-=LO:8�¶5V@� o =?¸NH�³NO�µ:wzO:8<I:8�¸

Ln,N(f) = Ln,N(f, x) (0 6 n 6 N/2)

7)I�µ ` =LH:=)w�8<7)I�µ�O:8N9�¶�µ�K	y:=.²�µ�H:=)w!y:=LI%_�´�¶�³
n
9XH�³.µ:w�8<H�}�v�µ:w ¶�·�³&´:I�³J7�µ�O�H�;xw*=L7�¶�²�=LH:8cs

H�µ:8Nw!=L7
f
H�³A9N8<7�¶�8

ωN = {tk}N−1k=0

V �rI�G ` µ:w�µ 9#²�=?·�³Lw�µ5Z
Ln,N(f)

´�=)9<7�µ ` ³L8<7rH�³.µ o =.²:}Ls
va8<K	H�µ�F�H:8<K ` I�³JH�µ�R�;#9<G0w�w

N−1∑

k=0

∣∣f(tk)− Tn(tk)
∣∣2

H�³ w�H:=\F�8N9<7�·-8 7)I�µ ` =LH:=)w�8<7)I�µ�O:8N9�¶�µ0~ y:=.²�µ�H:=)w�=?·
Tn

y:=LI%_�´�¶�³
n
VJ± O�³L9<7)H:=)9<7�µ5Z

L[N/2],N (f, x)
d µ�H�7-8<I�y:=.²:_0R�µ:=LH�H�;XK?y:=.²�µ�H:=)wXZ�9N=?·)y�³&´�³J^ )�µ�K?9qPYG�H�¶�R�µ:8<K

f(x)
·

7-=LO�¶�³ ~
ωN

V�vY=.²�µ�H:=)w
Ln,N (f, x)

w�=\F�H:=Dy�I:8#´�9<7?³.·�µ�7)}J· ·�µ�´�8

Ln,N (f, x) =
n∑

ν=−n
c(N)
ν (f)eiνx,

` ´�8

c(N)
ν (f) =

1

N

N−1∑

k=0

f(tk)e
−iνtk .

��³&²�8N8)Z�y�G-9<7)}

Sn(f, x) =

n∑

k=−n
ck(f)e

ikx

d 9<G0w�w«³��rG�I�}-8YPYG�H�¶�R�µ�µ
f
Z ` ´�8

ck(f) =
1

2π

π∫

−π

f(t)eiνtdt.
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f
9 ~%=+´�µ�7-9B_ · 7-=LO�¶�³ ~

tk = u+ 2kπ/N
Z�7-= µ:w�8N8<7 w�8N9<7-=

Ln,N(f, x) = Sn(f, x) +Rn,N (f, x),

¶�= ` ´�³
2n < N

Z ` ´�8
Sn(f, x)

dTI%_�´ �rG�I�}-86´�²:_	PYG�H�¶�R�µ�µ
f
µ

Rn,N (f, x) =
2

π

∞∑

µ=1

π∫

−π

Dn(x− t) cosµN(u− t)f(t) dt.

± H�³L9<7-=\_�)a8<K I�³ o =L7-8 y:=.²:G�O:8<H�³u=LR:8<H�¶�³
Rn,N (f, x) = O(N−2)

·E9#²:G�O�³L8)Z�¶�= ` ´�³
f(x)
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��� ��� � ����
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s y�I:=)9<7)I�³JH:9<7�·
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w�=+´�µ:P�µ�¶�³JR�µ�_ w�8<7-=+´�³�±AVLi�V)��8<I:8N9<7-=?·-9�¶�= ` =Qy�I�µ:w�8<H�µ�7-8#²:})H:=�¶a~%=LI�´�=?·);xw y�I:=)9<7)I�³JH0s
9<7�·�³Lw�y:=?¸+·-=.²�µ�²�³�y:=.²:G�O�µ�7)} 9#²�8#´:G�^ )�µ�K I:8�¸NG&²:} 7?³J7JV

� &%��
�&�$'� d �?sut+v!wHx
X � G � �U�\� v!w �r��� v!w }��6�g�W�g�H{g�%� �gw �W{ x �g�H� ~U� � } �	� ��� � w �g���vW�gw �W{ x �g��}��a�\�W{g�W���g�H��� v �=�Z�W� v!w }$�"� w �\� � ~+�H}	y � �H�0�r� �H�g� � �Z�!� w ~+�H�g� ��� t � w �H�g�H{g�H� � �

�$� v ~ t � �r� � �Z�2���g� v!wHx y
�u��/0&%
���/4p5
��

T%P�
 �
*RP+,<{�}(}	��� �	� ��{ �5S&P 
:�#6?]	b��FXFY2��V a�e��&V Yya�V `(p
%(V Y�e(X"�<pIXFc �&XFY�V �FY0P .��aP�
ZP S!("b-Y�XF��/�vwb�_+�FXF� q XFs?s�XR_@x`!�%P SUTG2%Y�1!PV!P�8��y
��R�G� ���5� �&6	'D3:� ��� � *�I�7I%=9�.FE+.g8H7=G�.2K�G�7IE+.0I�G�7%30-%1 G , *�I�7%30-�I�:WG�30-%<!: �	F�/0.FE	:WG�:|���|$	1	%�PIE	:=-=PDaF�I�G$P .uTG2�1I1!P .�)�P$T;YHS � T%P .D$\P�V!TG2;X�V%V!T%P

��� :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � TFJ-, ^HTR, ^%^�V!TG2HP
¼6�



���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�Yl'i��'iYh���� n �Yh�� n �Xj��A�����Ajs� tJCF��� lD���Qh���� n ��� �0� n ��CF��� n �E±�lr{
iYl � ��i��'j:� ��i�� 


k
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gvYj:� n �Xj
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o%�<o%�<�a�����"! &%�����

SU��8#²�³JI�G-9<}:Z�Cyµ�H:9�¶rc���8#² ���Qb

�"²�³L9N9�µ�O:8N9�¶�µ:w�µ|³LPQP�µ�H:=LI�H�;xw�µ 9<7)I�G�¶�7)G�I�³Lw�µ H�³ ` ²�³&´�¶�µ0~ w�H:= ` =)= o I�³.¸+µ�_�~	7)I�³ s
´�µ�R�µ:=LH�H:= _�·?²:_0^'7-9B_zy:=LO�7�µ_¶�=)w�y�²�8�¶�9<H�;x8!9<7)I�G�¶�7)G�I�;

J
S
J2 = −id bcZp9<7)I�G�¶�7)G�I�;y:=LO�7�µ y�I:=?µ�¸+·-8#´�8<H�µ�_

P (P 2 = id)
Z
f
s�9<7)I�G�¶�7)G�I�; ��V��'H:=

(f 3 + f = 0)
µ I%_�´

´:I�G ` µ0~�V�±M7-=	F�8 ·)I:8Nw�_|µ:w�8N8<7-9B_!H:8Nw«³&²�=	I�³ o =L7JZ�· ¶�=L7-=LI�;�~jµ�¸NG�O�³J^'7-9B_ ³LPQP�µ�H:=LI0s
H�;x8 9<7)I�G�¶�7)G�I�;QZ%=Ly�I:8#´�8#²:_�8Nw�;x8;µ�H�;xw�µ y:=.²�µ�H:=)w�µ�³&²:})H�;xw�µ|G-9#²�=?·�µ�_�w�µ5V�i�³Jy�I�µ:w�8<I5Z
·!I�³ o =L7-8 f »%h ·�·-8#´�8<Hl·+I�³L9N9Nw�=L7)I:8<H�µ:8y¶�²�³L9N9 7?³.¶zH�³.¸N;E·�³L8Nw�;�~�� � � ����� 
���� ��� ��� ���
� ��� Z�¶�=L7-=LI�;x8"·�·-8#´�8<H�; y:=)9<I:8#´�9<7�·-=)w ³LPQP�µ�H:=LI�³

F
Z-G&´�=?·?²�8<7�·-=LI%_0^ )a8 ` =�G�I�³.·)H:8<H�µ�^

F 2 = F+id.
��³.¶�=)8�G-9#²�=?·�µ:8Eµ�H�µ�R�µ�µ�I:=?·�³JH:=�¶�·�³&´:I�³J7)H�;xw G�I�³.·)H:8<H�µ:8Nw

x2−x−1 = 0
Z

y:=.²�=\F µ�7-8#²:})H�;XKb¶�=LI:8<H�} ¶�=L7-=LI:= ` = 1+
√
5

2 = ϕ
8N9<7)}�µ�¸+·-8N9<7)H:=)86¸\=.²�=L7-=)8A9N8<O:8<H�µ:8�S O�µ:9cs

²�= ��µ�´�µ�_�bcV
iY8#´�³.·)H:= ·|I�³ o =L7-8�f ¹�h I�³L9N9Nw�=L7)I:8<H o =.²�8N8�= o )�µ�Kj¶�²�³L9N9v³LPQP�µ�H:=LI�H�;�~ 9<7)I�G�¶�7)G�I

F
7?³.¶EH�³.¸N;E·�³L8Nw�= ` =6�"� � � �������,��������� � � � �"� 	���� �	�)Z�¶�=L7-=LI�;x8a=Ly�I:8#´�8#²:_0^'7-9B_uG�I�³.·)H:8cs

H�µ:8Nw
F 2 = pF + qI,

` ´�8
p
µ
q
d H�³J7)G�I�³&²:})H�;x8aO�µ:9#²�³0Z

I = id
V:��²:_u7?³.¶�= ` = 9N8Nw�8<K0s

9<7�·�³D9<7)I�G�¶�7)G�Iyµ�H�µ�R�µ�µ�I�G�^ )a8N8�¶�·�³&´:I�³J7)H:=)8rG�I�³.·)H:8<H�µ:8�µ:w�8N8<7�·�µ�´
x2 − px− q = 0

Z
³k8 ` =gy:=.²�=\F µ�7-8#²:})H�;XK ¶�=LI:8<H�}

σp,q
H�³.¸N;E·�³L8<7-9B_

(p, q)
s �"� � � �������,��������� O�µ:9#²�=)w

S �sJML�E 
 Vs[)J��8^)PICOEU[)JMG f � h bcV���³L9<7)H�;xw�µ 9#²:G�O�³J_�w�µz_�·?²:_0^'7-9B_�e«¸\=.²�=L7-=)8uO�µ:9#²�=
(p =

q = 1)
c�9N8<I:8 o I%_0H:=)8�O�µ:9#²�=

(p = 2, q = 1);
o I:=LH�¸\=?·-=)8aO�µ:9#²�= S

p = 3
Z
q = 1

b%c�w�8#´:H:=)8
O�µ:9#²�=uS

p = 1
Z
q = 2

b µL´:I5V
h6¸+·-8N9<7)H:=�Z-O�7-="²:^ o ³J_�9<7)I�G�¶�7)G�I�³Ay:=LO�7�µ�y�I:=?µ�¸+·-8#´�8<H�µ�_

P
y:=LI:=\F�´�³L8<7�´�·-8Xw�8<7?³&²�s

²�µ�O:8N9�¶�µ:8r9<7)I�G�¶�7)G�I�;�H�³aw�H:= ` =)= o I�³.¸+µ�µ�µ
M
e

F1 =
p

2
I +

(
2σp,q − p

2

)
P, F2 =

p

2
I −

(
2σp,q − p

2

)
P.

� o I�³J7)H:=�Z�²:^ o ³J_ w�8<7?³&²�²�µ�O:8N9�¶�³J_?9<7)I�G�¶�7)G�I�³
F
H�³

M
=Ly�I:8#´�8#²:_�8<7r´�·-8q9<7)I�G�¶�7)G�I�;

y:=LO�7�µ y�I:=?µ�¸+·-8#´�8<H�µ�_�e

P = ±
(

2

2σp,q − p
F − p

2σp,q − p
I

)
.

±E³JF�H:=q=L7-w�8<7�µ�7)}:Z
O�7-=q9N=)=L7�·-8<7-9<7�·)G�^ )�µ:8�´:I�G ` ´:I�G ` G 9<7)I�G�¶�7)G�I�;
F
µ
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M
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F =
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 ���r3:��3:� � �:6 ��� 
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�D� �Yi���� �'W���iY�YhgiYh�� i�� �0� �XhYvYlMW��!��� 
 �A�AiY�YWYh��
v��'j �x���Yl

ρ ∈ (0, 1)
n ���'j�i��ACEh ��lX��l'iYi�� 


� n js����i���iYi�� 
gv���� �Xi�� n �d���
~ �s~ �!�a
�����1�&%�

SUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c:CEv ���Qb

�"²�³L9N9�µ�O:8N9�¶�µ:w�µ ~�³JI�³.¶�7-8<I�µ:9<7�µ�¶�³Lw�µgI:=)9<7?³zR:8#²:;�~MPYG�H�¶�R�µ�K#_�·?²:_0^'7-9B_M7�µ�y µ
H�µ�F�H�µ�K�7�µ�y5Z«³E9�¶�=LI:=)9<7)}]µ�¸\w�8<H:8<H�µ�_*H�G&²�8<KYµ�¸\w�8<I%_�8<7-9B_?y�²�=L7)H:=)9<7 _�w�µ µ0~ I�³L9<y�I:8cs
´�8#²�8<H�µ�_�V:vAI�µ�·-8#´�8Nw?7-=LO�H�;x8r=Ly�I:8#´�8#²�8<H�µ�_�V

vAG-9<7)} A = (λn)
∞
n=1

d y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7)}j¶�=)w�y�²�8�¶�9<H�;�~*O�µ:9N8#² Z�9<7)I:8Nw�_�) ³J_�s
9B_|¶ o 8N9�¶�=LH:8<O�H:=)9<7�µ µj·);Xy�µ:9	³JH�H�³J_j·|y:=LI%_�´�¶�8DH:8<G o ;E·�³JH�µ�_ w�=+´:G&²�8<K5V5vAG-9<7)}L´�³&²�8N8
nA(r) =

∑
0<|λn|6r 1

d 9<O�µ�7?³J^ ) ³J_+PYG�H�¶�R�µ�_�SU9�G�O:8<7-=)w�¶�I�³J7)H:=)9<7-8<K
b &N7-=LK!y:=)9#²�8cs
´�=?·�³J7-8#²:})H:=)9<7�µ5Z�³

NA(r) :=
∫ r
0

nA(t)
t dt

d 8N8�µ�H�7-8 ` I�³&²:})H�³J_�Z�µ�²�µ G-9<I:8#´:H:8<H�H�³J_�Z�9<O�µ0s
7?³J^ ) ³J_ PYG�H�¶�R�µ�_�V

��³&´�³&´�µ:w
ρ > 0.

±�8<I-~0H�_0_�µaH�µ�F�H�_0_�y�²�=L7)H:=)9<7�µDy�I�µay:=?¶�³.¸&³J7-8#²�8
ρ
S
ρ
s y�²�=L7)H:=)9<7�µ
b

y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µ A =Ly�I:8#´�8#²:_0^'7-9B_uI�³.·-8<H:9<7�·�³Lw�µE9N=)=L7�·-8<7-9<7�·-8<H�H:=

∆ ρ(A) := lim
r→+∞

nA(r)
rρ

, ∆ ρ(A) := lim
r→+∞

nA(r)
rρ

.

±�8<I-~0H�_0_ µ H�µ�F�H�_0_+G-9<I:8#´:H:8<H�H�;x8
ρ
s y�²�=L7)H:=)9<7�µ*y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µ A =Ly�I:8#´�8#²:_�s

^'7-9B_y³JH�³&²�= ` µ�O�H�;xw�µuI�³.·-8<H:9<7�·�³Lw�µ

∆
∗
ρ (A) := lim

r→+∞
NA(r)
rρ

, ∆∗ρ(A) := lim
r→+∞

NA(r)
rρ

.

� µ�y:=)w!R:8#²�=LKqPYG�H�¶�R�µ�µ
f(z)

y�I�µ y:=LI%_�´�¶�8
ρ
S ¶�=LI:=L7�¶�=�Z

ρ
s 7�µ�y:=)w b�H�³.¸N;E·�³J^'7�·-8#²�µ�O�µ0s

H�G
σρ(f) := lim

r→+∞
r−ρ lnmax

|z|=r
|f(z)|.

��³Lw�8<H�³h· &N7-=)w I�³.·-8<H:9<7�·-8j·-8<I-~0H:8 ` =*y�I:8#´�8#²�³ H�³+H�µ�F�H�µ�K�y�I�µ�·-=+´�µ�7 ¶ =Ly�I:8#´�8#²�8cs
H�µ�^3H�µ�F�H:8 ` =

ρ
s 7�µ�y�³YR:8#²�=LKqPYG�H�¶�R�µ�µ5Z�¶�=L7-=LI�;XK o G&´�8Nw+= o =?¸NH�³NO�³J7)}

σ ρ(f)
V�±@²�µ�_0H�µ:8

y�²�=L7)H:=)9<7)H�;�~�~�³JI�³.¶�7-8<I�µ:9<7�µ�¶Dy:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µ H�G&²�8<K Af
µ�¸

C
µ�²�µ�µ�¸

R+
R:8#²�=LK

PYG�H�¶�R�µ�µ
f(z)

H�³�·-8#²�µ�O�µ�H�G	8N8Y7�µ�y�³ay:=.²:H:=)9<7)})^ µ�¸NG�O:8<H:=�V�±3H�³L9<7-=\_�)a8<K I�³ o =L7-8rw�;
´�=Ly:=.²:H�_�8Nw =Ly�µ:9	³JH�µ:8QI:=)9<7?³DR:8#²�=LKEPYG�H�¶�R�µ�µ y:=LI%_�´�¶�³

ρ ∈ (0, 1)
y�I�µ H:8<I:8 ` G&²:_0I�H:=)w

y:=?·-8#´�8<H�µ�µ 8N8'H�G&²�8<K5V"� =LO�H:8N8)Z�w�;3H�³ ~%=+´�µ:w�H:8<G&²:G�O)v ³L8Nw�;x8A=LR:8<H�¶�µ	H�µ�F�H:8 ` =
ρ
s 7�µ�y�³

9<H�µ�¸NG*O:8<I:8�¸uG-9<I:8#´:H:8<H�H�;x8
ρ
s y�²�=L7)H:=)9<7�µ_¶�=LI�H:8<K5Z�I:8Mv ³J_ &+¶�9<7)I:8Nw«³&²:})H�;x8r¸&³&´�³NO�µ_·

´�·)G%~uy�I�µ�H�R�µ�y�µ�³&²:})H�;�~!9#²:G�O�³J_�~�e�¶�=LI�H�µ!PYG�H�¶�R�µ�µEH�³ ~%=+´:_07-9B_ H�³q=+´:H:=)wl²:G�O:8�c�¶�=LI0s
H�µ+PYG�H�¶�R�µ�µ!y�I:=?µ�¸+·-=.²:})H:=uI�³L9<y�I:8#´�8#²�8<H�; H�³|y�²�=)9�¶�=)9<7�µ5V�j�8<O�}yµ�´�8<7u= 9#²�8#´:G�^ )�µ0~
&+¶�9<7)I:8Nw«³&²:})H�;�~y¸&³&´�³NO�³ ~�V

vAG-9<7)}r¸&³&´�³JH�; O�µ:9#²�³
ρ ∈ (0, 1)

Z
β∗ > 0

µ
α∗ ∈ [0, β∗]

V ��I:8 o G-8<7-9B_h·);XO�µ:9#²�µ�7)}
&+¶�9<7)I:8Nw«³&²:})H�;x8�·-8#²�µ�O�µ�H�;Qe

s∗C(α
∗; ρ) := inf

{
σ ρ(f) : Af = A ⊂ C, ∆ ∗ρ(A) = α∗

}
,

m�º



s∗C(α
∗, β∗; ρ) := inf

{
σ ρ(f) : Af = A ⊂ C, ∆ ∗ρ (A) = α∗, ∆

∗
ρ(A) 6 β∗

}
,

s∗R+
(α∗ ; ρ) := inf

{
σ ρ(f) : Af = A ⊂ R+, ∆

∗
ρ(A) = α∗

}
,

s∗R+
(α∗, β∗; ρ) := inf

{
σ ρ(f) : Af = A ⊂ R+, ∆

∗
ρ(A) = α∗, ∆

∗
ρ(A) 6 β∗

}
,

h6¸�y:=.²:G�O:8<H�H�;�~�I:8�¸NG&²:} 7?³J7-=?·r9#²�8#´:G-8<7JZ)O�7-=AH�³.µ:w�8<H�}�v�µ:8E·-=?¸\w�=\F�H�;x8E¸NH�³NO:8<H�µ�_�H�µ�Fas
H:8 ` =

ρ
s 7�µ�y�³v·�¶�³JF�´�=)wlµ�¸rG�¶�³.¸&³JH�H�;�~E9#²:G�O�³L8�·qI�³L9<y:=.²�=\F�8<H�µ�_ H�G&²�8<KuH�³�y�²�=)9�¶�=)9<7�µ

H:8 ¸&³.·�µ:9B_07 =L7]·-8<I-~0H:8<KzG-9<I:8#´:H:8<H�H:=LK
ρ
s y�²�=L7)H:=)9<7�µ5V � 7-=L7]·);E·-=+´ H:8<y:=)9<I:8#´�9<7�·-8<H�H:=

·);X7-8�¶�³L8<7�µ�¸r9#²�8#´:G�^ )�µ0~|7-8N=LI:8NwXV
� &%��
�&�$'� d ��sut+v!wHx

ρ > 0. z"{�| {�� �H��� � � ~ vW� �\�H}$��������� � �gv �W{ β∗ > 0
�

α∗ ∈ [0, β∗]
v �U�r��}��2��{ � }�� �r��}��W� v!w }$�

s∗C(α
∗; ρ) = s∗C(α

∗ , β∗; ρ) = α∗.

��� �"� � �?�=�r��� � �\� v!wH� �!��� w�v |6��� �g�W~+� w �%�\�H���g� v {g�2�\�H}$� w �W{ x �g� v!wH� Ã ⊂ C,
t ~+� w �%�\�H�

∆∗ρ(Ã) = α∗
�
∆
∗
ρ(Ã) = β∗.

� &%��
�&�$'� � � sut+v!wHx
ρ ∈ (0, 1). z"{�| {�� �H��� � � ~ vW� �\�H}$��������� � �gv �W{ β∗ > 0

�
α∗ ∈ [0, β∗]

v �U�r��}��2��{ � }�� �r��}��W� v!w }$�
s∗R+

(α∗; ρ) = s∗R+
(α∗; β∗ , ρ) =

π ρ

sinπ ρ
α∗.

��� �"� � � �=�r��� � �\� v!wH� �!��� w�v |���� �g�W~+� w �%�\�H� }�� � �r� v!w ����� �W���g� v {g�2�\�H}$� w �W{ x �g� v!wH�
Ã ⊂ R+

v�t+v �\�2���g�W����� � � ρ � ��{g� w �g� v!w |�� � ∆∗ρ(Ã) = α∗
�
∆
∗
ρ(Ã) = β∗.
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�Yl���� n �E± ��iYi���� n ±{� � n �E±�l �p� n �Xjs��CElD����i�� 
 ������CF��i��D�"±
±3vYj:� n �Xj
l'i n �E± � � ��j �5CEl'iYl

#Y��#Y�<��p5
�1���&%�
SUj�=)9N9�µ�_�Z ��I:=?¸NH�;XKrc � ���Qb

r�"-����������&���,�
�&L��&)��&%���5�s�
D(R) = {z ∈ C; |z| < R} Z R > 1

c
D = D(1)

Z
t = eiθ

Z
0 6 θ 6 2π

c
A(A(R))

d w�H:=\F�8N9<7�·-=|PYG�H�¶�R�µ�K5Z�³JH�³&²�µ�7�µ�O:8N9�¶�µ0~y·
D(D(R))

c
dσ

[ H:=LI:w�µ�I:=?·�³JH�H�³J_zw�8<I�³F�Q8 o 8 ` ³ H�³
D
c
Ap

d y�I:=)9<7)I�³JH:9<7�·-=+��8<I ` w«³JH�³Ed.y:=+´�s
y�I:=)9<7)I�³JH:9<7�·-= y�I:=)9<7)I�³JH:9<7�·�³

Lp(D)
Z
1 6 p < ∞ Z�y:=LI:=\F�´�8<H�H:=)8 PYG�H�¶�R�µ�_�w�µ]µ�¸

A
c

A⊥p = {x : x ∈ Lq(D), 1/p + 1/q = 1,
∫∫

D x(z)f(z)dσ = 0, f ∈ Ap}
c
l ∈ A∗p

e
l(ϕ) =

∫∫
D ϕ(z)ω̄(z)dσ

Z
ω ∈ Aq

c
F (z)

d�&+¶�9<7)I:8Nw«³&²:})H�;XK &�²�8Nw�8<H�7!S &-V &-V b PYG�H�¶�R�µ:=Js
H�³&²�³

l(ϕ)
e {‖F‖ 6 1, l(F ) = ‖l‖} c χ d &�²�8Nw�8<H�7�H�³.µ�²:G�O)va8 ` =ry�I�µ o ²�µ�F�8<H�µ�_ S &-V H5V y5V b

´�²:_L´�²:_
ω̄(z)

e
χ ∈ Lq(D), ‖ω̄ − χ‖Lq = inf{‖ω̄ − x‖Lq , x ∈ A⊥p }

c
χ(t)

d ` I�³JH�µ�O�H�;x8
¸NH�³NO:8<H�µ�_

χ(z)
y:=�H:8�¶�³L9	³J7-8#²:})H�;xwzy�G�7 _�wXV

±#y:=)9#²�8#´:H�µ:8�y:=.²�·-8�¶�³qy:=\_�·�µ�²�=)9<}uw�H:= ` =|y�G o ²�µ�¶�³JR�µ�K5Z�y:=)9�·)_�)a8<H�H�;�~|µ�¸NG�O:8<H�µ�^
9�·-=LK:9<7�· &-V &-V�µ &-V H5V y5V�· y�I:=)9<7)I�³JH:9<7�·�³ ~j³JH�³&²�µ�7�µ�O:8N9�¶�µ0~ PYG�H�¶�R�µ�K*S y�I�µEI�³.¸�²�µ�O�H�;�~
= ` I�³JH�µ�O:8<H�µ�_�~uH�³a_�´:I:= PYG�H�¶�R�µ:=LH�³&²�³-bcVZ� 7-w�8<7�µ:w 9<I:8#´�µuH�µ0~ f » [%��h V�vAI:=+´�=.²:F�8<H�µ:8Nw
y:=+´�= o H�;�~bµ:9N9#²�8#´�=?·�³JH�µ�_ _�·?²:_0^'7-9B_

� &%��
�&�$'� d � � v { � ω ∈ A(R) � w � F ∈ A(R) y
� &%��
�&�$'� � ��sut+v!wHx

2 < p < ∞ � ω ∈ A(R) � w �H�0�r� χ(t) = ψ̄(t) + ψ0(t) �
ψ,ψ0 ∈ A(R) y

� &%��
�&�$'� � � � v { � 1 6 p < 2 � ω ∈ A(R) � w � χ(t) = ψ̄(t) + ψ0(t) �g�0�\� � t ��~ 
����
ψ(z)

�
ψ0(z) ������{ �gwH� ����� ��� D = {z ∈ C; |z| 6 1} y

�u��/0&%
���/4p5
��

T%P%1�-�� &"7 3:�(��� ��8H30-�I�.FE	:W9('%G�4r.E/;:;5�:0K�1�5�9�]u32F&E#E�1�I�F!.FE�4A@�:WG�:W9�1�-%1�K�.0308�1(@ L\FHG�8�M�1�J+���D$	1	%�P
E	:=-=P�DaF�I�G$P .uTG2%YIHHP .�)�P�VI1!S � L P .D$\P�V!TWV0X�V!T�1!PV!P�84�&
 
?����� �K���K� ��1�-�� &"7 3:�	��� � 1�-�� &"7 ����� � 
 G�:W9�1�-%1�K�G�7%30-I'a< C � 8H30-�I�.FE	:W9('%G�4A@�L\FHG�8�M�1�JL\FHG�8�M�1�7=G�:W9�:HS�7I%%I�:=/07=<!:WG�G�7=`;7r*�7=9�1�G�7IE+7IECS�G�:;5+*�I�7%30-�I�:WG�30-%<�7IE ��.0I�`GE	:WG�:<���?B�:=-=P�L�7%I�F&ECP
)�P%YHS=K$PHT%P �R30329�. 5�7=<!:WG�1�]|*�7 E	:=-=P%:WG�:W9�1�/2F!P��R-�7=`01aG�:0F�8�1$P ��` � 7%30321�1$P .�=	9�:;5�1�8�:W<�8�:=/I/ � B �
=o0RQ ��
 0 1 � $ 5rX 
 S�V=^HTFJ�P .D$\PUV=^-JWX�V!TFJ�P .�N �R-�7=`01 G�:0F�8�1$P ��` � 7%30321�1�b PL P��#{	��~hP+*3��}mM�� �:��{IQ$�$!�* ���2(oXFYya b-](]&_�c �&V frb�a�V cI` �5\ b-`	b-� \?a�V �+g %(`!�Ra�V cI`(Y ��� ��_�s�PWvwb�a;P .uTG2�1%V!P .
� T;^HP .�i�P�V!TG2;X�V%V-2HP

J�P�� ��{
�-N }!*3��} zK� � �:.yP+*�*�N } � ��noXR_�a�b-V ` � V `(XGb�_ X �?a�_�XFfrb-�4]&_�c
�(� XFfDY:V ` (oXR_�pIfrb-` 6?]	b��FXFY|c-g"b-`	b-� \?a�V �
g %(`!�Ra�V cI`(Ym���a@x`#�&V b-`	bKu:`(V k�P	vwb�a�eUP .uTG2I2�1!P . � J�HrN L b P .�i�P	2 LIL X?2�1�J�P
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

n � l'j
l �kvYj:�'�:����CEl iYl 
 ��� ����iYh�� �p� n �Xjs��CElD����i�� 
 �A�AiY�YWYh��
±3vYj:� n �Xj
l'i n �E± � � ��j �5CEl'iYl �

#Y�%#Y�!��p5
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D = {z ∈ C; |z| < 1} c T = {t ∈ C; |t| = 1} c dσ d

H:=LI:w�µ�I:=?·�³JH�H�³J_	w�8<I�³��Q8 o 8 ` ³QH�³
D
c
dζ

dkH:=LI:w�µ�I:=?·�³JH�H�³J_	w�8<I�³��Q8 o 8 ` ³rH�³
T
c
Ap

d
y�I:=)9<7)I�³JH:9<7�·-= ��8<I ` w«³JH�³	d y:=+´:y�I:=)9<7)I�³JH:9<7�·-= y�I:=)9<7)I�³JH:9<7�·�³

Lp(D)
Z y:=LI:=\F�´�8<H�H:=)8

PYG�H�¶�R�µ�_�w�µ5Z ³JH�³&²�µ�7�µ�O:8N9�¶�µ:w�µ�·
D
Z
1 6 p < ∞ c

Hp
d = o ;XO�H:=)8uy�I:=)9<7)I�³JH:9<7�·-=


�³JI�´�µrc
A⊥p = {x : x ∈ Lq(D), 1/p + 1/q = 1,

∫∫
D x(z)z

ndσ = 0, n = 0, 1, . . . } c
χ : χ ∈ Lq(D)

Z ‖ω̄ − χ‖Lq = minx∈A⊥
p
‖ω̄ − x‖Lq

Z
ω ∈ Aq

c
f
d &+¶�9<7)I:8Nw«³&²:})H�³J_

PYG�H�¶�R�µ�_ ²�µ�H:8<K�H:= ` = H:8<y�I:8<I�;E·)H:= ` =!PYG�H�¶�R�µ:=LH�³&²�³
l(f) : {‖f‖ 6 1, |l(f)| = ‖l‖} c

lω ∈ A∗1
e
lω(ϕ) =

∫∫
D ϕ(z)ω̄(z)dσ

c &+¶�9<7)I:8Nw«³&²:})H�³J_#PYG�H�¶�R�µ�_
lω

y�I:8#´�9<7?³.·?²�8<H�³ ·
·�µ�´�8

f = Φ2 · B Z ` ´�8 B(z)
d PYG�H�¶�R�µ�_	�@²:_kv�¶�8rPYG�H�¶�R�µ�µ

f(z)
Z
Φ2(z)

d PYG�H�¶�R�µ�_�Z
H:8�µ:w�8<^ ) ³J_|H�G&²�8<Kb·

D
c
ak

dTH�G&²�µ PYG�H�¶�R�µ�µ
B(z)

V
vY=?µ:9�¶Ey:=.²:H:= ` =q=Ly�µ:9	³JH�µ�_Ew�H:=\F�8N9<7�·�³ &+¶�9<7)I:8Nw«³&²:})H�;�~ PYG�H�¶�R�µ�Ky¸&³&´�³JH�H:= ` =v²�µ0s

H:8<K�H:= ` ='PYG�H�¶�R�µ:=LH�³&²�³xH�³&´ay�I:=)9<7)I�³JH:9<7�·-=)w
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¸&³JH�_�² o =.²�8N8p9<7?³E²�8<7"µ o ; ²�¸&³.·-8<I)va8<H
9<7?³J7)})_�w�µ f » Z ¹�h µ	w�=LH:= ` I�³LP�µ:8<K�f � h V0vY8<I�·);xw�µ µ:9N9#²�8#´�=?·�³JH�µ�_�w�µ�&+¶�9<7)I:8Nw«³&²:})H�;�~ ¸&³ s
´�³NO�²�µ�H:8<K�H�;�~rPYG�H�¶�R�µ:=LH�³&²�=?·'H�³&´ry�I:=)9<7)I�³JH:9<7�·-=)w ��8<I ` w«³JH�³x_�·�µ�²�µ:9<} I�³ o =L7); f �J[0m�h V

i�³NO�µ�H�³J_u9�¶�=LH�R�³�´�·�³&´:R�³J7-= ` =v·-8�¶�³�y:=\_�·�µ�²�=)9<}qw�H:= ` =�y�G o ²�µ�¶�³JR�µ�KEH�³ &N7)Gq7-8Nw�G-V
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y�I�µ�·-8#´�8<H�H�;�~ ·+f � h µ f ¼�h S

ω(z) = zn
Z
n ∈ N

c
ω(z) = 1

(1−d̄z)2
Z
d ∈ D

bcZ5H:8 µ�¸+·-8N9<7)H�;
&+¶�9<7)I:8Nw«³&²:})H�;x8rPYG�H�¶�R�µ�µJ¸&³&´�³JH�H:= ` =�²�µ�H:8<K�H:= ` =�PYG�H�¶�R�µ:=LH�³&²�³rH�³&´	y�I:=)9<7)I�³JH:9<7�·-=)w
��8<I ` w«³JH�³0V

n PQ=LI:w�G&²�µ�I�G-8Nw 9�µ:9<7-8Nw�Gvµ�H�7-8 ` I�³&²:})H�;�~qG�I�³.·)H:8<H�µ�K	=L7)H:=)9�µ�7-8#²:})H:=�H:8�µ�¸+·-8N9<7)H�;�~
PYG�H�¶�R�µ�K

Φ, B, χ
Z�y:=?¸+·-=.²:_0^ )�G�^ H�³JK�7�µ�&+¶�9<7)I:8Nw«³&²:})H�G�^ PYG�H�¶�R�µ�^ ´�²:_

lω
9
ω ∈

AC1(D)
V

� &%��
�&�$'�Z� z"{�| w �H��� � w ���H� f � ‖f‖A1 = 1 �C�H�?{�� �%~ v!w �\�=�a��{ x �g�H�9� t ��~ 
�� �W� ��{�|
� t ��~ 
�� �H����{�� lω ���g�!���-���;� � �Z� � �\� v!w � w � ���g��� � w ���H� Φ � B � χ t �\�H}�{g� w }��%��|�{ ��v {g�2� t �
��� �W� vW�gv!w �=�Z� � � w �W�=�r��{ x ����� t �r��}��g�W� � �
�





tΦ(t) ‖lω‖ = t̄
∫∫
D

Φ(z)B(z)ω̄(z)dσ
(1−t̄z)2 + 1

2

∫∫
D

Φ(z)B′(z)ω̄(z)dσ
1−t̄z ,

‖lω‖
∫
T

Φ(ζ)B(ζ) dζ
(1−t̄ζ)Φ(ζ) =

∫∫
D

ω(z) Φ′(z)
Φ(z)

dσ
(1−t̄z)2 +

+ 1
2

∑
k

∫∫
D

(1−|ak |2)ω(z) dσ
(1−ākz)(z−ak)(1−t̄z) −

1
2

∑
k

1
1−ak t̄

∫∫
D

χ(z)dσ
z−ak + ω(t),

∫
T

Φ̄(ζ)
Φ(ζ)

dζ
1−t̄ζ ‖lω‖ =

∫∫
D

ω̄(z)B(z)dσ
(1−t̄z)2 − 1

2

∫∫
D

ω̄(z)B′(z)dσ
1−t̄z −

∫∫
D

ω̄(z)B(z)
1−t̄z

Φ′(z)dσ
Φ(z) .
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lω
9
ω(z) =

∑n
k=0 ckz

k Z n = 0, 1, . . . ,
S
lω(ϕ) =

∑n
k=0 ck

ϕ(k)(0)
(k+1)!

bbµ ´�²:_
lω

9
ω(z) =

∑n
k=1

ck
(1−d̄kz)2

Z
ck ∈ C

Z
dk ∈ D

S
lω(ϕ) =∑n

k=1 ckϕ(dk)
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SUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c�C ���Qb
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P�µ�µ f ]�h V5vAG-9<7)}
E
d ·-8�¶�7-=LI�H�³J_+I:8Mva8<7�¶�³ µ

X
d ´�8<K:9<7�·�µ�7-8#²:})H:=)8J·-8�¶�7-=LI�H:=)8Dy�I:=Js

9<7)I�³JH:9<7�·-=�V�� 7-= o I�³JF�8<H�µ:8
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H�³.¸N;E·�³L8<7-9B_ � � � ��� �	
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�
	��� � �	
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 �QZN8N9#²�µ
T (x+ y) = T (x) + T (y)

´�²:_J²:^ o ;�~J´�µ�¸!e�^'H�¶�7)H�;�~�&�²�8Nw�8<H�7-=?·
x, y ∈ E

V
h6¸�=Ly�I:8#´�8#²�8<H�µ�_u_�9<H:=�Z:O�7-=

T (0) = 0
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D ⊂ E
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H�;XKu=Ly:8<I�³J7-=LI
T : E → F

H�³.¸N;E·�³L8<7-9B_
• ��� ��� � ��� � ����
�
 �QZ08N9#²�µ Tx > 0

·
F
´�²:_L²:^ o ;�~

x ∈ E
c

• ��� � ��
���� �	� ��� � ��
����,��
�
�
 � 
�� �2
�� � ����� ��� D Z:8N9#²�µ
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V
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• 8N9#²�µ x ∈ D

Z07-= ` ´�³
y ∈ D

´�²:_L²:^ o = ` =
y ∈ Fx
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• 8N9#²�µ x, y ∈ D

Z
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SU��8#²�³JI�G-9<}:Z�Cyµ�H:9�¶rc���8#² ���Qb

h6¸+·-8N9<7)H:=�Z O�7-=
f
s�9<7)I�G�¶�7)G�I:=LK!H�³	w�H:= ` =)= o I�³.¸+µ�µ
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f
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·�µ�^
f3 + f = 0

f »%h VXCE8<7)I�µ�O:8N9�¶�³J_
f
s�9<7)I�G�¶�7)G�I�³ H�³ I�µ:w«³JH:=?·);�~�w�H:= ` =)= o I�³.¸+µ�_�~

S
M, g

b y:=LI:=\F�´�³L8<7�y�³JI�G ·�¸&³.µ:w�H:=h´�=Ly:=.²:H�µ�7-8#²:})H�;�~ I�³L9<y�I:8#´�8#²�8<H�µ�K
Im f

µ
Ker fH�³

M
V:j�_�´b·�³JF�H:8<K)v�µ0~ ¶�²�³L9N9N=?·qw�8<7)I�µ�O:8N9�¶�µ0~

f
s�9<7)I�G�¶�7)G�I w�=\F�8<7 o ;X7)} =Ly�I:8#´�8#²�8<H

y:=)9<I:8#´�9<7�·-=)w ¶�=)w�y:=?¸+µ�R�µ:=LH�H:= ` =q7-8<H�¸\=LI�³
T
·�µ�´�³�f ¹�h e

T (X,Y ) =
1

4
f
(
∇fX(f)fY −∇f2X(f)f2Y

)
,

` ´�8 ∇ d 9�·)_�¸NH:=)9<7)}a�Q8�·�µ0s �6µ�·�µ�7?³ w�8<7)I�µ�¶�µ
g
Z
X
µ
Y
d ` ²�³&´�¶�µ:8 ·-8�¶�7-=LI�H�;x8ay:=.²:_

H�³
M
V �Y=)w�y:=?¸+µ�R�µ:=LH�H�;XK?7-8<H�¸\=LI

T
µ ` I�³L8<7 PYG�H�´�³Lw�8<H�7?³&²:})H�G�^ I:=.²:}r· ` 8N=)w�8<7)I�µ�µ

w�8<7)I�µ�O:8N9�¶�µ0~
f
s�9<7)I�G�¶�7)G�I5V�CE8<7)I�µ�O:8N9�¶�³J_

f
s�9<7)I�G�¶�7)G�I�³ H�³.¸N;E·�³L8<7-9B_�� � �2��� � �	��	 f ���� ��� � � ��� ��	�S%� � s ��� ��� � � ��� ��	�e/� JMLNX�PIHNPiE2C f s bNHNLNW\lMHNW)LKJ bcZ�8N9#²�µ T (X,Y ) = 0

f ¹ Z�� h V
� 7-w�8<7�µ:wXZ�O�7-=	w�8<7)I�µ�O:8N9�¶�µ:8

f
s�9<7)I�G�¶�7)G�I�; d O�³L9<7)H�;XK+9#²:G�O�³JK �	�	�	� � ��
�
���	 ����� � �

� � �2��� � �	��	 ��� ��� � � ��� 
yµ�²�µ GAH s�9<7)I�G�¶�7)G�I�; I�³JH ` ³
r
H�³rS y:9N8�·?´�=%b�I�µ:w«³JH:=?·-=)w w�H:=Js

` =)= o I�³.¸+µ�µ*S
M, g

b�f ¹�h V
vAG-9<7)}

G
d ` I�G�y�y�³
��µ5Z

g
d 8N8r³&² ` 8 o I�³
��µ5Z

g = 〈·, ·〉 d ²�8�·-=?µ�H�·�³JI�µ�³JH�7)H�³J_
I�µ:w«³JH:=?·�³�w�8<7)I�µ�¶�³�H�³

G
V�� = ` ´�³�9�·)_�¸NH:=)9<7)}��Q8�·�µ0s �6µ�·�µ�7?³ ∇ Z�H�³rI�µ:w«³JH:=?·-=)w?w�H:= ` =Js

= o I�³.¸+µ�µ*S
G, g = 〈·, ·〉 bX=Ly�I:8#´�8#²:_�8<7-9B_EPQ=LI:w�G&²�=LK f ��h e

∇XY =
1

2
[X,Y ] + U(X,Y ),

` ´�8
U : g × g → g

d 9�µ:w�w�8<7)I�µ�O:8N9�¶�=)8 o µ�²�µ�H:8<K�H:=)8u=L7-= o I:=\F�8<H�µ:8)ZX=Ly�I:8#´�8#²�8<H�H:=)8
PQ=LI:w�G&²�=LK

2〈U(X,Y ), Z〉 = 〈X, [Z, Y ]〉+ 〈[Z,X], Y 〉 ∀X,Y,Z ∈ g.

j�³L9N9Nw�=L7)I�µ:w ` I�G�y�y�G
��µ
G
9 ¼ s�w�8<I�H:=LK H�µ�²:})y:=L7-8<H�7)H:=LK ³&² ` 8 o I:=LK���µ

L1
5

Z�¶�=L7-=LI�³J_
=Ly�I:8#´�8#²:_�8<7-9B_u9#²�8#´:G�^ )�µ:w�µb¶�=)w�w�G�7?³JR�µ:=LH�H�;xw�µ 9N=)=L7)H:=Uva8<H�µ�_�w�µ f ¼�h e

[e1, e2] = e3, [e1, e4] = e5.

��²:_ 9<7?³JH�´�³JI�7)H:=LK?8�·�¶�²�µ�´�=?·-=LK?w�8<7)I�µ�¶�µY·);XO�µ:9#²�8<H:=y´�8<K:9<7�·�µ:8|=L7-= o I�³JF�8<H�µ�_
U
H�³

·-8�¶�7-=LI�; ³&² ` 8 o I�; ��µ
L1
5

e

2U(X,Y ) = (x2y3 + x3y2 + x4y5 + x5y4)e1 − (x1y3 + x3y1)e2 − (x1y5 + x5y1)e4,

` ´�8
xi
Z
yi
dt¶�=)=LI�´�µ�H�³J7); ·-8�¶�7-=LI:=?·

X,Y ∈ L1
5

· o ³.¸+µ:9N8
e1, . . . , e5

V-��=?¶�³.¸&³JH:=D9#²�8#´:G%s
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�Mj
l ��js� �khYC
� n �Xh �Aj
l"±�i���iYh�� ± �Yl n �Xh��Yi��
�Av��'j �x��� ����iYi�� 
gvYj:� n �Xj
l'i n �E±�l 
 �

te�!����� p5������"-�����
SUj�=)9N9�µ�_�Z
CE=)9�¶�·�³�c:j�����irb

vAG-9<7)}
X
Z
Y
d H:8<y�G-9<7);x8aw�H:=\F�8N9<7�·�³0Z�¸&³&´�³JH�; ´�·�³ =L7-= o I�³JF�8<H�µ�_

ψ,ϕ : X → Y.� =LO�¶�=LKE9N=?·)y�³&´�8<H�µ�_u=L7-= o I�³JF�8<H�µ�K
ψ
µ
ϕ
H�³.¸N;E·�³L8<7-9B_ I:8Mva8<H�µ:8

x ∈ X G�I�³.·)H:8<H�µ�_

ψ(x) = ϕ(x).

± I�³ o =L7-8 f »%h y:=.²:G�O:8<H�; ´�=)9<7?³J7-=LO�H�;x8uG-9#²�=?·�µ�_?9<G*)a8N9<7�·-=?·�³JH�µ�_�7-=LO:8�¶z9N=?·)y�³&´�8<H�µ�_
=L7-= o I�³JF�8<H�µ�K

ψ
µ
ϕ
·D9

X
µ
Y
_�·?²:_0^'7-9B_	w�8<7)I�µ�O:8N9�¶�µ:w�µuy�I:=)9<7)I�³JH:9<7�·�³Lw�µ5V �'9<H:=?·Ls

H:=LK I:8�¸NG&²:} 7?³J7b· &N7-=LK 9<7?³J7)}-8�9NPQ=LI:w�G&²�µ�I:=?·�³JHj·|7-8<I:w�µ�H�³ ~EH�³.¶�I�;E·�³J^ )�µ0~ =L7-= o I�³ s
F�8<H�µ�K5V

±3y�I:8#´�9<7?³.·?²�8<H�H:=)w�µ:9N9#²�8#´�=?·�³JH�µ�µEy:=LH�_07�µ:8rH�³.¶�I�;E·�³J^ )a8 ` = =L7-= o I�³JF�8<H�µ�_Ey:8<I:8cs
H:8N9N8<H:=!H�³ O�³L9<7�µ�O�H:=+G�y:=LI%_�´�=LO:8<H�H�;x8Ey�I:=)9<7)I�³JH:9<7�·�³0V�vAI�µ�·-8#´�8Nw 9N=)=L7�·-8<7-9<7�·)G�^ )a8N8
=Ly�I:8#´�8#²�8<H�µ:8)VLvAG-9<7)}

(X,�)
Z
(Y,�)

d�O�³L9<7�µ�O�H:= G�y:=LI%_�´�=LO:8<H�H�;x8�y�I:=)9<7)I�³JH:9<7�·�³0V ��²:_
x ∈ X

y:=.²�=\F µ:w
OX(x) =

{
ξ ∈ X : ξ � x

}
.

i"j�k+l$mEl$nEl+o�p�l���q � 7-= o I�³JF�8<H�µ:8
ψ : X → Y

o G&´�8Nw H�³.¸N;E·�³J7)} � ��� � ��
	���,��
�
��

�� � � 
 �	� ��� ���QZ:8N9#²�µ ´�²:_J²:^ o = ` = u ∈ X

µ:w�8N8<7 w�8N9<7-= ·�¶�²:^'O:8<H�µ:8

OY

(
ψ(u)

)
⊂ ψ

(
OX(u)

)
.

n PQ=LI:w�G&²�µ�I�G-8Nw?7-8<y:8<I�} 7-8N=LI:8Nw�G =�7-=LO�¶�³ ~u9N=?·)y�³&´�8<H�µ�_E=L7-= o I�³JF�8<H�µ�K|·DO�³L9<7�µ�O0s
H:=#G�y:=LI%_�´�=LO:8<H�H�;�~Ty�I:=)9<7)I�³JH:9<7�·�³ ~�V�vAG-9<7)} ¸&³&´�³JH:= w�H:=\F�8N9<7�·-=

U ⊂ X.
�Y8<I:8�¸

S(ψ,ϕ, U)
= o =?¸NH�³NO�µ:w w�H:=\F�8N9<7�·-=�·-9N8c~|R:8<y:8<K

S ⊂ U
7?³.¶�µ0~�Z�O�7-=

ψ(x) � ϕ(x) ∀x ∈ S, ψ(x1) � ϕ(x2) ∀x1, x2 ∈ S : x1 ≺ x2.

� &%��
�&�$'� d f ¹�h �Esut+v!wHx�v0t � � v!w } t � w �%{g�=�Z�W� w x0 ∈ X
w ��~+�H�g� � w � ψ(x0) � ϕ(x0);

� w ���%�r�����W� � � ϕ �Z�H�g� w �H���g� � � w ���%�r�����W� � � ψ |�}�{�|�� w�v | t �g�%��|��\� �$�W���g� ����~U���?}$��� �
� � � ����{�|��U�\� �	� }��H{ x �g�H� 
 �W� � S ∈ S(ψ,ϕ, U)

v0t � � v!w } t � w � � �"��|�|��=�r��� ��
 � u ∈ X
 �W� � S w ��~���|�� � w � ψ(u) � ϕ(u).� �H�0�r� v0t � � v!w } t � w ξ ∈ OX(x0)
w ��~���|�� � w � ψ(ξ) = ϕ(ξ). � �\���Z� w �H�����	}�� � �g�%���%�v!w }�� {ξ ∈ OX(x0) : ψ(ξ) = ϕ(ξ)} v0t � � v!w } t � w � � � � �a��{ x ���?� �%{g�=�Z�W� w yh6¸+·-8N9<7)H�³J_q7-8N=LI:8Nw«³a�AH�³L9<7-8<I�³Qd ��³JI:9�¶�= ` =uSU9NwXV Z%H�³Jy�I�µ:w�8<I5ZCf � h b�=rH:8<y:=+´�·�µ�F�H:=LK

7-=LO�¶�8!w�=LH:=L7-=LH�H:= ` =z=L7-= o I�³JF�8<H�µ�_
ϕ : X → X

·);X7-8�¶�³L8<7lµ�¸ 7-8N=LI:8Nw�; » VX��=.²�8N8
y:=+´:I:= o ` =DI:8�¸NG&²:} 7?³J7); µ:9N9#²�8#´�=?·�³JH�µ�_b¸&³&´�³NO�µuy�I:8#´�9<7?³.·?²�8<H�; ·�f ¹�h V
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�'� �'W���iY�Yl 
 n iYh��
����� � CEl'� n hYCElD����i�� �0� �Yh n �QlM���'CEv��'i���i��
���'v��D�Qi���iYh��gvYjs�����!����i�� �0� n v������Xj
lkv�� n �������"±�l��d�!����i�� n �Xh

� ���v��QhYW��«± � 
kCEl��Xj�hYW n�n hYCr±{�D���'C ��lX��l'iYi�� � n �d��v���iYh
te� � � � ������/0���

SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc�� � ���Qb

vAG-9<7)}
f

d ¶�=)w�y�²�8�¶�9<H:=?¸NH�³NO�H�³J_ PYG�H�¶�R�µ�_�Zr³JH�³&²�µ�7�µ�O:8N9�¶�³J_x· =?¶�I:8N9<7)H:=)9<7�µ
=?¶�I�G�F�H:=)9<7�µE8#´�µ�H�µ�O�H:= ` =DI�³&´�µ�G-9	³

S1 = {z ∈ C : |z| = 1} e

f(z) =
∑

k∈Z
akz

k.

�pG&´�8Nwu= o =?¸NH�³NO�³J7)}YO:8<I:8�¸
Tn(f)

7��J<y�²�µ�R:8�·)G�w«³J7)I�µ�R�GQI�³.¸\w�8<I�³
n×n Z<7JVJ8)V w«³J7)I�µ�R�G

Tn(f) = (ai,j)
n
i,j=1

Z-w«³J7)I�µ�O�H�;x8 &�²�8Nw�8<H�7);l¶�=L7-=LI:=LKJ¸&³&´�³J^'7-9B_qPQ=LI:w�G&²�=LK
ai,j = ai−j

V
��²:_

k < −r µ�´�²:_ k > h
Z
ak = 0

ZL7JV-8)V�³JH�³&²�µ�7�µ�O:8N9�¶�³J_qPYG�H�¶�R�µ�_
f(z)

y�I:8�·)I�³ ) ³L8<7-9B_
·�²�=LI�³JH:=?·-9�¶�µ�KEy:=.²�µ�H:=)w

f(z) =

h∑

k=−r
akz

k,

7-=D9N=)=L7�·-8<7-9<7�·)G�^ ) ³J_	7?³.¶�=LKEPYG�H�¶�R�µ�µ	7��J<y�²�µ�R:8�·�³ w«³J7)I�µ�R�³�H�³.¸N;E·�³L8<7-9B_ ²�8<H�7-=LO�H:=LK5V
�'y:=LI%_�´�=LO�µ:wr¶�³.¶�µ:w�s H�µ o G&´:}Q= o I�³.¸\=)wE9N= o 9<7�·-8<H�H�;x8 ¸NH�³NO:8<H�µ�_ {λn,i}n−1i=0

w«³J7)I�µ�R�;
Tn(f)

V:vAG-9<7)}
σn = σ(Tn(f)) = {λn,0, . . . , λn,n}

d 9<y:8�¶�7)IEw«³J7)I�µ�R�;
Tn(f)

V:CuH:=\F�8cs
9<7�·-=Dy�I:8#´�8#²:})H�;�~ 7-=LO:8�¶uy:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7-8<K {λk}

Z ` ´�8
λk ∈ σik

Z
limk→∞ ik = ∞ Z

o G&´�8NwzH�³.¸N;E·�³J7)}|y�I:8#´�8#²:})H�;xw39<y:8�¶�7)I:=)w y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µ!7��J<y�²�µ�R:8�·);�~ w«³J7)I�µ�R
{Tn(f)}∞n=1

µu= o =?¸NH�³NO�³J7)} O:8<I:8�¸
σl(f)

V
j�³L9N9Nw�=L7)I�µ:w w�H:= ` =LO�²�8<H

b(t) = µ+ t−k(t− α)k(t− β)k,
` ´�8

µ
Z
α
Z
β
_�·?²:_0^'7-9B_ ¶�=)w�y�²�8�¶�9<H�;xw�µ O�µ:9#²�³Lw�µ5Z�µ

α · β 6= 0
V

� &%��
�&�$'�Z�
1. � v { � k = 1

� { � k = 2 � w �H�0�r� C \ σl(b)
v }�| � �W�\y

2. � v { � k > 3 � w �H�0�r� C \ σl(b)
� �Z�!� w �g� �Z�W� x � �W� �Z�2�\� [k+1

2

] ~+��� �g�H�g�W� w
( }�~�{�� �U��|��g�!�H�=�r��� � �$�W��� t � ~+��� �g�H�g�W� w�t ) y

3. z"{�| ~���� �\�H��� ��� w�t �r��{ x �g�H��� � �gv {�� j �Z�W� � t 1
� [k+1

2

] v0t � � v!w } t � w�w ��~ � �
α � β ��� w � C \σl(b)

� �Z�!� w �\�H}��g� j ~+��� �g�H�g�W� w y�� �Z�W���g� α � β ���?���;��| w�v | �	�at �r��}��g�W� � �
{
−(α+ β) + 2

√
α · β = f1,

−(α+ β)− 2
√
α · β = f2.s � � � w ��� f1 � f2 v {g�2� t � w }���� � �r� wHx�w ��~g� � w ���H� �r� � �g� v!wHx � �����$�W� � � � � ����� t �Z�W� w �H}t �\�H}�{g� w }��%��|�{�� v {g�2� t ��� �=� t6t+v {g�H} � � �

π(r − 1)

k
<
∣∣ arg(f1)− arg(f2)

∣∣ < πr

k
, r = 1, . . . , k.

� � w ��� v { t �U��� � �gv {g� ~+��� �g�H�g�W� w v }�| � �g� v!wH� �\�H�g�H{��g�W� � |��U�\�2�\�W{ x �g�H��� v �g�W~ w �r� � t �
�\� w �r��}���| wHx�v | [ r+1

2 ] y

�?¹
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�'� �'j���h�� l 
kl'iYlD�Qh��Xh���� n �Yh 
 �A�AiY�YWYh��
� �Xi�� n h��d�!����i����'v���j
l��D�'j
l �XhYvYl v��'CEC � �
�	������������r	� � �xSUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb�+

 M&)���/�
����te�s���xSUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�G-Z
f �A� c�±@²�³&´�µ�¶�³.·�¶�³.¸-Z�fgCEhrb

± ´�=?¶�²�³&´�8]µ�´�8<7�I:8<O�}z= ¶�=)w�w�G�7?³JH�7?³ ~ µ�R�µ�¶�²�µ�O:8N9�¶�µ0~ &�²�8Nw�8<H�7?³ ~#=Ly:8<I�³J7-=LI�³
7�µ�y�³ vY=)w�w�}-8

D0,g0

Z�´�8<K:9<7�·)G�^ )a8 ` =jµ�²�µ ·j·-8N9N=?·-=)w
(LF )

s y�I:=)9<7)I�³JH:9<7�·-8
E

R:8#²:;�~
S ·

C
bqPYG�H�¶�R�µ�K5ZEµ�²�µ ·?y�I:=)9<7)I�³JH:9<7�·-8 �rI:8Mva8

A(Ω)
PYG�H�¶�R�µ�K5Z;³JH�³&²�µ�7�µ�O:8N9�¶�µ0~ ·

=+´:H:=)9�·)_�¸NH:=LK = o ²�³L9<7�µ
Ω
Z�9N=+´�8<I%F�³ )a8<K º V:vAI�µ�&N7-=)w

D0,g0(f)(t) :=





f(t)− g0(t)f(0)

t
, t 6= 0

Z

f ′(0)− g′0(0)f(0), t = 0,

` ´�8�PYG�H�¶�R�µ�_
g0
7?³.¶�=?·�³0ZLO�7-=

g0(0) = 1
SU9N=)=L7�·-8<7-9<7�·-8<H�H:=�Z

g0 ∈ E
µ�²�µ

g0 ∈ A(Ω)
bcV?±�8cs

9	³0Z�¸&³&´�³J^ )�µ:8ay�I:=)9<7)I�³JH:9<7�·-=
E
Z
G&´�=?·?²�8<7�·-=LI%_0^'7 9<7?³JH�´�³JI�7)H�;xw�7-8c~0H�µ�O:8N9�¶�µ:w3G-9#²�=Js

·�µ�_�wXV
vAI�µ�·-8#´�8Nw H:8�¶�=L7-=LI�;x8 I:8�¸NG&²:} 7?³J7);QV vAG-9<7)}

F
d =+´:H:=Yµ�¸ y�I:=)9<7)I�³JH:9<7�·

E
µ�²�µ

A(Ω)
c K(D0,g0)

d y�I:=)9<7)I�³JH:9<7�·-=J·-9N8c~b²�µ�H:8<K�H�;�~EH:8<y�I:8<I�;E·)H�;�~ =Ly:8<I�³J7-=LI:=?·
B
·
F7?³.¶�µ0~�Z)O�7-=

BD0,g0 = D0,g0B
·
F
c P(D0,g0)

d y�I:=)9<7)I�³JH:9<7�·-=rw�H:= ` =LO�²�8<H:=?·�=L7Q=Ly:8<I�³ s
7-=LI�³

D0,g0

c L(F ) dTy�I:=)9<7)I�³JH:9<7�·-=�·-9N8c~J²�µ�H:8<K�H�;�~ H:8<y�I:8<I�;E·)H�;�~b·
E
=Ly:8<I�³J7-=LI:=?·:V

� &%��
�&�$'� d ��� L(E)
� } L(A(Ω)) v w �H�g�H{g�H� � �W���U�\�2��~+��� ����~ w �g�H� v ���;� � �Z� v!wH�

K(D0,g0)
v �H}������r��� w v � ��� �?~���� � �=� P(D0,g0) y� &%��
�&�$'� � �gsut+v!wHx

Ω � �;���g� v }�| � ����|����H{�� v!wHx } C � v �;�\�2���"������|���y ! {g�2� t ��� � �tgw }��2��� �\�W� � |��r��}��g� vW� { x ��� �
(i)
!\�gv!w �=�a� {Dn

0,g0(f) : n > 0} ( �%�\� �gw � f) �g�W�g�H{���� } A(Ω) ( w y	��y f �g�?|�}�{�|�� w�v |
�� ~�{ � �$� v ~ � ���%{g�=�Z�W� w ��� �H�g�2�r� w �%�r� D0,g0 } A(Ω)) y
(ii) � t ��~ 
���� f �

g0
� �Z�W� w ���H� � �"� t { � } Ω

� { � v0t � � v!w } t � w �r� 
�� �H����{ x ����|
� t ��~ 
�� | R w ��~���|�� � w � f = Rg0 yj�³JH:8N8�³JH�³&²�= ` µ	7-8N=LI:8Nw�; » SU=�y�I:8#´�9<7?³.·?²�8<H�µ�µy· L(A(Ω)) ¶�=)w�w�G�7?³JH�7-=?·q=Ly:8<I�³J7-=JsI�³

D0,g0

y�I�µ
g0 ≡ 1

·�·�µ�´�8
D0,g0

s�=Ly:8<I�³J7-=LI:=?· o 8N9�¶�=LH:8<O�H:= ` =qy:=LI%_�´�¶�³0Z
7JV@J)V:I%_�´�³Lw�µ
·�µ�´�³ ∑∞

n=0 cnD
n
0,g0

b o ; ²�µL´�=?¶�³.¸&³JH�; ·�9#²:G�O�³L8)Z�¶�= ` ´�³
Ω
[ ¶�I�G ` |t| < R

SUi�V)�xVk��µ�H0s
O�G�¶5Z�i�V�h�V�i�³ ` H�µ o µ�´�³-bcV � 8N=LI:8Nw«³ ¹ o ; ²�³�´�=?¶�³.¸&³JH�³ y�I:8<F�´�8�f V n V\��µ�H�O�G�¶�=)wzy�I�µ
y�I:8#´:y:=.²�=\F�8<H�µ�µ5Z
O�7-=DPYG�H�¶�R�µ�_

g0
H:8Y= o I�³ ) ³L8<7-9B_b· º ·

Ω
V

� �



���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� � � � ��hYi ±�l'j�hYl'i�� �d�:�'js��CF� ���!����� ��l
te�<�%�!�q����$'&%��/0���

SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�G-Z�f �A� c�±@²�³&´�µ�¶�³.·�¶�³.¸-Z
fgCEhrb

��9#²�µb·v¶�=)w�y�²�8�¶�9<H:=LK
z
s y�²�=)9�¶�=)9<7�µEy�I:=)9<7?³J_b¸&³Lw�¶�H�G�7?³J_b¶�I�µ�·�³J_

L
8N9<7)}DI:8 ` G&²:_0I0s

H�;XK ` =)w�8N=)w�=LI:PYH�;XKa= o I�³.¸�=?¶�I�G�F�H:=)9<7�µ
Γt
e
L = {z : z = z(t) ≡ z(s) = x(s)+iy(s)} Z

t = eis
Z
z′(s) 6= 0

Z
z(t) ∈ Ck

α(Γt), k > 1
Z�7-= o G&´�8Nw ` =?·-=LI�µ�7)}:Z�O�7-= ¶�I�µ�·�³J_

L
y�I�µ�H�³&´�s

²�8<F µ�7v¶�²�³L9N9<G
Ck
α

µ	y�µ:9	³J7)}
L ∈ Ck

α

V
� o =?¸NH�³NO�µ:w

W
k− 1

p
p (Γ)

w�H:=\F�8N9<7�·-= ` I�³JH�µ�O�H�;�~Y¸NH�³NO:8<H�µ�KMSU9#²�8#´�=?·�b�PYG�H�¶�R�µ�KYµ�¸
¶�²�³L9N9	³

W k
p (D)

V)��9#²�µ y�I:=)9<7?³J_b¸&³Lw�¶�H�G�7?³J_ ¶�I�µ�·�³J_
L
8N9<7)}DI:8 ` G&²:_0I�H�;XK ` =)w�8N=)w�=LI:PAs

H�;XK	= o I�³.¸Q=?¶�I�G�F�H:=)9<7�µ
Γt
Z�y:=.²:G�O�³L8Nw�;XK ¶�³.¶ ` I�³JH�µ�O�H�;x86¸NH�³NO:8<H�µ�_ PYG�H�¶�R�µ�µJ¶�²�³L9cs

9	³
W k

p (D), k > 2, p > 2
Z
7-= o G&´�8Nw ` =?·-=LI�µ�7)}:Z�O�7-=J¶�I�µ�·�³J_

L
y�I�µ�H�³&´�²�8<F µ�7 ¶�²�³L9N9<G

W
k− 1

p
p

µ	y�µ:9	³J7)}
L ∈W

k− 1
p

p
V

vAG-9<7)}?= o ²�³L9<7)}
G

= ` I�³JH�µ�O:8<H�³Y¶�I�µ�·-=LK
L ∈ Ck

α

(
W

k− 1
p

p

) Z 7-= ` ´�³ o G&´�8Nw y�µ:9	³J7)}

G ∈ Ck
α

(
W

k− 1
p

p

) Z µ ` =?·-=LI�µ�7)}:ZXO�7-=*= o ²�³L9<7)}
G

y�I�µ�H�³&´�²�8<F µ�7z9N=)=L7�·-8<7-9<7�·)G�^ )a8Nw�G
¶�²�³L9N9<G-V

±t¶�=)w�y�²�8�¶�9<H�;�~zy�²�=)9�¶�=)9<7 _�~?y:8<I:8Nw�8<H�H:=LK
z
µ�y:8<I:8Nw�8<H�H:=LK

w
I�³L9N9Nw�=L7)I�µ:w ´�·-8

= ` I�³JH�µ�O:8<H�H�;x8�¸&³Lw�¶�H�G�7);x8�=+´:H:=)9�·)_�¸NH�;x8�= o ²�³L9<7�µ
Dz

µ
Gw

9 ` I�³JH�µ�R�³Lw�µ
Γ
µ
L
9N=Js

=L7�·-8<7-9<7�·-8<H�H:=�Z ¶�²�³L9N9	³
Ck+1
α

Z
k = 0, 1, 2, . . . , 0 < α < 1

Z«²�µ o =h¶�²�³L9N9	³
W

k+1− 1
p

p
Z

k = 1, 2, . . . , p > 2
V���³&²�8N8E= o =?¸NH�³NO�³L8Nw

Dz = Dz ∪ Γ
Z
Gw = Gw ∪ L

V 
A=LI:=Uva=
µ�¸+·-8N9<7)H:= 9#²�8#´:G�^ )a8N8AG�7�·-8<I%F�´�8<H�µ:8|S 7-8N=LI:8Nw«³��Y8#²�²�= ` ³-b f » [�¹�h V

� &%��
�&�$'� d � � v { � Φ = Φ(z) � �;���g�H{ �gv!w �g���E~+�H�"� �%�g� �g����� w ���%�r�����W� � � ���H{�� v!wH�
Dz ∈ Ck+1

α ��� ���H{�� v!wHx Gw ∈ Ck+1
α � w � Φ(z) �U�\�;�\�H{��"��� w�v |��\� �����Z�!���Z�%�W� �	� �a� Dz

��� Gw �g�U� � �$�=� Φ(z) ∈ Ck+1
α (Dz) ���6���%�r� w �g��� � w ���%�r�����W� � � �U� � ������{g�W� �gw ~�{�� v!v0t

Ck+1
α (Gw) y�'9<H:=?·)H�³J_	R:8#²:}�y�I:8#´�²�³ ` ³L8Nw�=LKEI�³ o =L7); d ´�=?¶�³.¸&³J7-8#²:}-9<7�·-=q9#²�8#´:G�^ )a8 ` =v³JH�³&²�= ` ³

7-8N=LI:8Nw�; » V
� &%��
�&�$'� � � � v { � Φ = Φ(z) � �;���g�H{ �gv!w �g���E~+�H�"� �%�g� �g����� w ���%�r�����W� � � ���H{�� v!wH�

Dz ∈W
k+1− 1

p
p � k > 1 � p > 2 �	�������H{�� v!wHx Gw ∈W

k+1− 1
p

p � w � Φ(z) �U�\�;�\�H{��"��� w�v |��\�
�����Z�!���Z�%�W� �	� �a� Dz ��� Gw �\�U� � �$�=� Φ(z) ∈ W k+1

p (Dz) �E� ���%�r� w �g��� � w ���%�r�����W� � �
�U� � ������{g�W� �gw ~�{�� v!v0t W k+1

p (Gw) y±�H�³L9<7-=\_�)a8<K|I�³ o =L7-8'G-9<7?³JH:=?·?²�8<H:=�Z0O�7-=�8N9#²�µq7-8N=LI:8Nw«³ » 9<y�I�³.·-8#´�²�µ�·�³ry�I�µ
k = 1

Z
7-=Y7-8N=LI:8Nw«³ ¹ &+¶�·�µ�·�³&²�8<H�7)H�³r9#²�8#´:G�^ )a8Nw�GaG�7�·-8<I%F�´�8<H�µ�^#=YI:8 ` G&²:_0I�H:=)9<7�µJ¶�·�³.¸+µ�¶�=LH0s
PQ=LI:w�H:= ` = ` =)w�8N=)w�=LI:P�µ�¸\w«³ 8#´�µ�H�µ�O�H:= ` =J¶�I�G ` ³

Dz = {z : |z| 6 1} y�I�µEI:8 ` G&²:_0I�H:=LK¶�=)w�y�²�8�¶�9<H:=LKu~�³JI�³.¶�7-8<I�µ:9<7�µ�¶�8)Z�³JH�³&²�= ` µ�O�H:=)w�G	7-8N=LI:8Nw�8 ¹ µ�¸ f � h V
j�³L9N9Nw�=L7)I�µ:wl· ¶�I�G ` 8

Dz
G�I�³.·)H:8<H�µ:8r��8#²:} 7)I�³Lw�µ

∂z̄w − q(z)∂zw = 0, |q(z)| 6 q0 = const < 1, (1)

�?¼



q(z) ∈ W k
p (Dz)

Z
k = 1, 2, . . . , p > 2

c
∂z̄ = 1

2(∂x + i∂y)
Z
∂z = 1

2(∂x − i∂y)
d y�I:=?µ�¸<s

·-=+´:H�;x8�·D9Nw�;x9#²�8 n = o =.²�8�·�³0V
� &%��
�&�$'� � � � v { � w = w(z) � �\� � �W� � � t �r��}��g�W� � | (1) �������Z�!���Z�%�W�u�g��� w ���%�r���

�"����� �!��~U� t � Dz = {z : |z| 6 1} ����~U� t � Dw = {w : |w| 6 1} � w � w(z) ∈W k+1
p (Dz) �

�����%�r� w �g��� � w ���%�r�����W� � ���U� � ������{g�W� �gw ~�{�� v!v0t W k+1
p (Dw) y

������l�����o�p�lrq ��=?¶�³.¸&³J7-8#²:}-9<7�·-=�³JH�³&²�= ` µ�O�H:= ` =�9�·-=LK:9<7�·�³ ` =)w�8N=)w�=LI:P�µ�¸\w�=?·�G�I�³.·Ls
H:8<H�µ�_ ��8#²:} 7)I�³Lw�µ · f � h ´�²:_

q(z) ∈ Ck
α(Dz)

Z
k > 0

Z
0 < α < 1

Z H:8q=Ly�µ�I�³L8<7-9B_*H�³
7-8N=LI:8Nw�G �Y8#²�²�= ` ³|SU9N9<; ²�¶�GDH�³Q7-8N=LI:8Nw�G �Y8#²�²�= ` ³�·�´�=?¶�³.¸&³J7-8#²:}-9<7�·-8A7-8N=LI:8Nw�; ¹ µ�¸ f � h
w�=\F�H:= ¸&³Lw�8<H�µ�7)}�9N9<; ²�¶�=LK H�³ y�I�µ�H�R�µ�y39�µ:w�w�8<7)I�µ�µ�¶�=LH:PQ=LI:w�H�;�~ =L7-= o I�³JF�8<H�µ�K
bcV
±z9�·)_�¸+µ|9 &N7�µ:w y�I�µ�·-8#´�8<H�H�³J_L·�´�=?¶�³.¸&³J7-8#²:}-9<7�·-8Y7-8N=LI:8Nw�; ¹ 9 ~%8Nw«³rI�³L9N9<G�F�´�8<H�µ�KL´�³ s
8<7�H:=?·);XK	9<y:=)9N= o y:8<I:8c~%=+´�³�·�´�=?¶�³.¸&³J7-8#²:}-9<7�·-8Y7-8N=LI:8Nw�; » =L7a9#²:G�O�³J_

k = 1
¶|9#²:G�O�³J^

y�I:=?µ�¸+·-=.²:})H:= ` =
k > 2

V

�u��/0&%
���/4p5
��

T%P���P�~ ~ �"� � �wzK�wijc-a�XF`5a�V b-� g %(`!�Ra�V cI`(YBcI` a�e(X ��c
%(`#�(b�_�\ cI` a�e(XFV _ _�XFpIV cI`(YBc-g �&X�
	`(V a�V cI` ���
[
_�b-`(Y0P<�WfDXR_;P<vwb�a�eUP�6?c��%P .uTG2%^%YHP .K��cI�OPw2HS�� T%P .�i�P L 2;X�_=^HP .Ku:U '#/<e5a�a�]
/ �I�"�;�;�RP b-fDY0P c-_�p5�
� c
%&_�`	b-� Y��Ga�_�b-`��!TG2%^%Y�, ^%^I2�, ^HT���e(cIfDX%P e5a�fD�OPV!P���P�~ ~ �"� � �KzK��� b�_�fDcI`(V � g %(`!�Ra�V cI`(Y b-`#� *W_�XFXF` � Y V `5a�XFp-_�b-� ����[
_�b-`(Y0PD�WfDXR_;P�vwb�a�eUP-6?c��%P .TG2HTWV!P .K��cI�OP�T L S � T%P .�i�PrT;^I2;X�T L V!P .Ku:U '#/"e5a�a�]
/ �I�"�;�;�RP b-fDY0P c-_�p5� � c
%&_�`	b-� Y��Ga�_�b-`��!TG2HTWV�, ^HT L , ^HT-�
e(cIfDX%P e5a�fD�OPL P�� �&6��"��

� ���D!"��8:� �RI�. 5�30-%:W<%9�.2G�1�]�
W<�-�7%I�7=`;7RI�705�: ��5�9�]a8�9�:=30307=< � :=I�5�1�I�.��E.2G�1�J�F�I�:W<%G�.2G�1�]
��.29('=-�I�:-E�1 ����$	1	%�P	E	:=-=P�DaF�I�G$P .?V=^HTFJ�P .�)�P�_%_!S �&V!P .D$\P L V�JWX L J�^HP
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�
G
s�vYj:� n �Xj
l'i n �E±p�gi���v��D����� h��d�!����i�� � �Yj�h�±�h���i�� �

 "� � �s�	����1���

SUj�=)9N9�µ�_�Z�l I-~�³JH ` 8#²:}-9�¶rc n l �A�Qb

±zI�³ o =L7-8Yv�V%�qV0l H�´:I:8N8�·�³6f »%h ·�·-=+´�µ�7-9B_	y:=LH�_07�µ:86¶�³L9	³J7-8#²:})H:= ` =v¶�=LH�G-9	³�¶
G
s y�I:=Js

9<7)I�³JH:9<7�·)Gu�pG�¸\8Nw«³JH�³DH:8<y:=.²�=\F µ�7-8#²:})H:=LK]¶�I�µ�·�µ�¸NH�;QV � H:=�µ ` I�³L8<7J¶�²:^'O:8�·)G�^ I:=.²:}J·
´�=?¶�³.¸&³J7-8#²:}-9<7�·-8 ·qG�¶�³.¸&³JH�H:=)w�¶�²�³L9N9N8�y�I:=)9<7)I�³JH:9<7�· µ�¸+·-8N9<7)H:=LK ` µ�y:=L7-8�¸N; �pG�¸\8Nw«³JH�³0Z
G�7�·-8<I%F�´�³J^ )a8<K5Z�O�7-=L·-9B_�¶�=)8 � s y�I:=)9<7)I�³JH:9<7�·-= _�·?²:_�8<7-9B_ 7-=Ly:=.²�= ` µ�O:8N9�¶�µ:w#w�H:= ` =)= o s
I�³.¸+µ:8NwXV<�;¶�³.¸N;E·�³L8<7-9B_�Z O�7-= ¶�³L9	³J7-8#²:})H�;XKh¶�=LH�G-9 = o ²�³&´�³L8<7b´�=Ly:=.²:H�µ�7-8#²:})H:=LK*9<7)I�G�¶0s
7)G�I:=LK5V

� &%��
�&�$'� d ��sut+v!wHx
X � G � �U�\� v!w �r��� v!w }�� �Et	� �=�a�������g�W�g�H{g�%� �gw �W{ x �g�H��~U� � } �	� �

����� KpX � �W����~�� v � w �W{ x ���?� ~+�H� t+v } w � ��~+� p y � �H�0�r� KpX
�	� ���Z� w � � �$�W� v!w �\�H���

}��?� t ~�{g��� t �g�%�g� � �\�H}$�����g��� t �U�\� v!w �r��� v!w } t yh6¸+&N7-=LK*7-8N=LI:8Nw�; 9#²�8#´:G-8<7JZ�O�7-=|·-9B_�¶�=)8
G
s y�I:=)9<7)I�³JH:9<7�·-=+�pG�¸\8Nw«³JH�³EH:8<y:=.²�=\F µ0s

7-8#²:})H:=LKv¶�I�µ�·�µ�¸NH�;zw�=\F�H:=YI�³L9N9Nw«³J7)I�µ�·�³J7)}�¶�³.¶ tJ9#²�³ o =YP�µ�H:9#²�8<I:=?·-=Yy�I:=)9<7)I�³JH:9<7�·-=0{JV
vY=+´39#²�³ o =+P�µ�H:9#²�8<I:=?·);xwky�I:=)9<7)I�³JH:9<7�·-=)wTw�;n¸�´�8N9<}+y:=LH�µ:w«³L8Nw ` 8N=+´�8�¸+µ�O:8N9�¶�=)8

y�I:=)9<7)I�³JH:9<7�·-=
X
Z�_�·?²:_0^ )a8N8N9B_37-=Ly:=.²�= ` µ�O:8N9�¶�µ:w w�H:= ` =)= o I�³.¸+µ:8NwXZF· ¶�³JF�´�=LK�7-=LO0s

¶�8
p
¶�=L7-=LI:= ` = =Ly�I:8#´�8#²�8<H:=h¶�³L9	³J7-8#²:})H:=)8Ey�I:=)9<7)I�³JH:9<7�·-=

KpX
Z =)9<H�³ )a8<H�H:=)8E9<7)I:= ` =

·);Xy�G�¶�²�=LK?H:=LI:w�=LK5V��AI:=)w�8	7-= ` =�Z ·j¶�³JF�´�=LKz7-=LO�¶�8 =Ly�I:8#´�8#²�8<H:= &+¶�9<y:=LH:8<H�R�µ�³&²:})H:=)8
=L7-= o I�³JF�8<H�µ:8

exp : KpX → X
Z�³JH�³&²�= ` µ�O�H:=)8 &+¶�9<y:=LH:8<H�R�µ�³&²:})H:=)w�G�=L7-= o I�³JF�8<H�µ�^

P�µ�H:9#²�8<I:=?·);�~uw�H:= ` =)= o I�³.¸+µ�K5V�±�=+´:H:=)9�·)_�¸NH:=)w39#²:G�O�³L8r=LH:=D_�·?²:_�8<7-9B_ ` =)w�8N=)w�=LI:P�µ�¸<s
w�=)wXV�±�9N8�G�¶�³.¸&³JH�H�;x8 &+¶�9<y:=LH:8<H�R�µ�³&²:})H�;x8'=L7-= o I�³JF�8<H�µ�_ ·YI�³.¸NH�;�~a7-=LO�¶�³ ~aH:8<y�I:8<I�;E·Ls
H:=�9N= ` ²�³L9N=?·�³JH�;QV ��³.¶�µ:w*= o I�³.¸\=)wh´�=Ly�G-9<7�µ:w�;�¸&³&´�³NO�µ5Z�~�³JI�³.¶�7-8<I�H�;x8"´�²:_qP�µ�H:9#²�8<I:=Js
·-=LK ` 8N=)w�8<7)I�µ�µ5Z:H�³Jy�I�µ:w�8<IE7?³.¶�µ:8)Z�¶�³.¶b¸&³&´�³NO�³�y�I:8N9#²�8#´�=?·�³JH�µ�_�V
vY=LH�_07)H:=�Z:O�7-= ¶�²�³L9N9
` ²�³&´�¶�=)9<7�µ�7?³.¶�µ0~r9#²�³ o = P�µ�H:9#²�8<I:=?·);�~Yy�I:=)9<7)I�³JH:9<7�·"· = o )a8Nw 9#²:G�O�³L8�y:=?·);x9�µ�7)} H:8#²:}Ls
¸N_�V

�u��/0&%
���/4p5
��

T%P�� 
5��
��F��� $�� �w� 0a7%8�:=/;:=-�.29('�30-%<�7\`01(*�7%-�.0/24 �	F�/0.FE	:WG�:C5�9�] G , *�I�7%30-�I�:WG�30-%<rG�.R*�7=9�7WDa1�-�.29('%G�7=J8�I�1�<%1�/2G�4B��� 
 9�`;.F%%I�:E1 :WG�:W9�1�/%P .?V=^HTFJ-.�)�P�V-HHS � V!P .D$\P$T X�V=^HP

��� :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � TFJ-, ^HTR, ^%^�V!TG2 
 P
���
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vYj:� �����Xh�±�i���� �'vYh n l'iYh�� ± � n �"± � 

(LF )

s�vYj:� n �Xj
l'i n �E±
i���vYjs��js�h±�i�� 
 �A�AiY�YWYh��giYl ���'iA� n l 


���<o%�s�	�
$'��
�1/p5�
SUj�=)9N9�µ�_�Z�l;¸\=?·+c:l��XhM� � ���Qb

±_´�=?¶�²�³&´�8�µ�´�8<7DI:8<O�}q=�y�I:= o ²�8Nw�8Qy�I:=)8�¶�7�µ�·)H:= ` =q=Ly�µ:9	³JH�µ�_u9<O:8<7)H�;�~bµ�H�´:G�¶�7�µ�·Ls
H�;�~qy�I:8#´�8#²�=?· ·-8N9N=?·);�~qy�I:=)9<7)I�³JH:9<7�·DH:8<y�I:8<I�;E·)H�;�~ PYG�H�¶�R�µ�KqH�³�¶�=LH�G-9	³ ~�Z�¸&³&´�³.·�³L8cs
w�;�~|y:=.²�=\F µ�7-8#²:})H:=|=+´:H:=LI:=+´:H�;xw�µr·-8N9	³Lw�µ5V

vAG-9<7)}
Y
d H:=LI:w�µ�I:=?·�³JH�H:=)8!S ¶�=)w�y�²�8�¶�9<H:=)8 µ�²�µh·-8 )a8N9<7�·-8<H�H:=)8 b�²�µ�H:8<K�H:=)8qy�I:=Js

9<7)I�³JH:9<7�·-=Q9�H:=LI:w�=LK ‖·‖ c X d ¶�=LH�G-9E·
Y
VLvAI:8#´:y:=.²�=\F µ:wXZ%O�7-=

X
9 µ�H�´:G�R�µ�I:=?·�³JH�H:=LK

µ�¸
Y
7-=Ly:=.²�= ` µ:8<Kb²�=?¶�³&²:})H:=v¶�=)w�y�³.¶�7)H:=�V

vAG-9<7)}
hn : X → R

Z
n ∈ N,

d H:8<y�I:8<I�;E·)H�;x8qy:=.²�=\F µ�7-8#²:})H:= =+´:H:=LI:=+´:H�;x8|9<7-8cs
y:8<H�µ

ρ > 0
PYG�H�¶�R�µ�µM7?³.¶�µ:8)Z O�7-=

hn 6 hn+1
´�²:_ ²:^ o = ` =

n ∈ N
V���³&²�8N8

ω :
[0,+∞) → [0,+∞)

d H:8<y�I:8<I�;E·)H�³J_ PYG�H�¶�R�µ�_�Z�´�²:_]¶�=L7-=LI:=LK
limt→+∞ ω(t) = +∞µ

limt→+∞ ω(t)/tρ = 0
V�vY=.²�=\F µ:w

ω(x) := ω(‖x‖) Z x ∈ X
V:� y�I:8#´�8#²�µ:w ·-8N9N=?·);x8

PYG�H�¶�R�µ�µ
wnk(x) := exp(−hn(x) + kω(x)), x ∈ X, n, k ∈ N,

µ ·�·-8#´�8Nw ·-8N9N=?·);x8 o ³JH�³ ~%=?·);#y�I:=)9<7)I�³JH:9<7�·�³DH:8<y�I:8<I�;E·)H�;�~uPYG�H�¶�R�µ�K

C(wnk, X) :=
{
f ∈ C(X)

∣∣ ‖f‖nk := sup
x∈X

|f(x)|wnk(x) < +∞
}
, n, k ∈ N.

vY=.²�=\F µ:w
WC(X) := indnprojkC(wnk, X)

V
l'9N9N=LR�µ�µ�I:=?·�³JH�H:=)8A9

(wnk)n,k∈N
9N8Nw�8<K:9<7�·-=�·-8N9N=?·

W
9N=)9<7-=?µ�7�µ�¸;·-9N8c~Dy:=.²:G�H:8<y�I:8cs

I�;E·)H�;�~ 9�·-8<I-~0G PYG�H�¶�R�µ�K
w : X → [0,+∞)

7?³.¶�µ0~�Z:O�7-=�´�²:_L²:^ o = ` =
n
9<G*)a8N9<7�·)G�^'7

αn > 0
µ
k = k(n)

Z�´�²:_�¶�=L7-=LI�;�~
w 6 αnwnk

H�³
X
V�vAI:=)8�¶�7�µ�·)H�³J_	= o =.²�=LO�¶�³�µ�H�´:G�¶0s

7�µ�·)H:= ` =Dy�I:8#´�8#²�³
WC(X)

=Ly�I:8#´�8#²:_�8<7-9B_E9#²�8#´:G�^ )�µ:w?= o I�³.¸\=)wXe

CW (X) :=
{
f ∈ C(X)

∣∣ ‖f‖w := sup
x∈X

|f(x)|w(x) < +∞, ∀w ∈W
}
.

� =Ly:=.²�= ` µ�_
CW (X)

¸&³&´�³L8<7-9B_*9N8Nw�8<K:9<7�·-=)w y�I:8#´:H:=LI:w ‖ · ‖w
Z
w ∈ W

V
(LF )

s y�I:=)9<7Ls
I�³JH:9<7�·-=

WC(X)
H:8<y�I:8<I�;E·)H:=v·?²�=\F�8<H:=�·

CW (X)
V

� &%��
�&�$'�Z�
1) WC(X) |�}�{�|�� w�v | w �H�g�H{g�H� � �$� v ~ � � �g�;���U�\� v!w �r��� v!w }���� CW (X) y

2) �u{����!�%�r� � �$� v ~+���a�r��}��W� v!w }�� WC(X) = CW (X) }��?�g�H{���|�� w�v | w �H�0�r� �6w �H{ x ~+�w �H�0�r����~+�H�0�r� ∀n ∃m ∀µ ∃C > 0 �
hµ(x)− hm(x) 6 C(hm(x)− hn(x)), x ∈ X.

vAI:= o ²�8Nw«³ 7-=Ly:=.²�= ` µ�O:8N9�¶�= ` =�µ�³&² ` 8 o I�³.µ�O:8N9�¶�= ` =Yy�I:=)8�¶�7�µ�·)H�;�~�=Ly�µ:9	³JH�µ�KaI:8Mva8<H�³
7?³.¶�F�8�µ ´�²:_

(LF )
s y�I:=)9<7)I�³JH:9<7�·�³

CW (X)
H:8<y�I:8<I�;E·)H�;�~EPYG�H�¶�R�µ�K H�³

X
Z�¸&³&´�³.·�³L8cs

w�= ` =D9N8Nw�8<K:9<7�·-=)w ·-8N9N=?·

wnk(x) := exp

(
−hn(v(x)) −

(
α+

1

k

)
ω(x)

)
, x ∈ X, n, k ∈ N,

` ´�8
α > 0

c
hn : Γ → R

Z
n ∈ N

Z�d y:=.²�=\F µ�7-8#²:})H:=�=+´:H:=LI:=+´:H�;x8 9<7-8<y:8<H�µ
ρ > 0PYG�H�¶�R�µ�µrc

Γ
d ¶�=LH�G-9"·�H:=LI:w�µ�I:=?·�³JH�H:=)wh²�µ�H:8<K�H:=)w y�I:=)9<7)I�³JH:9<7�·-8

Z
Z�³
v : X → Γ

d
H:8<y�I:8<I�;E·)H�³J_uPYG�H�¶�R�µ�_	9AH:8�¶�=L7-=LI�;xw t H�³.¶�I�;E·�³J^ )�µ:w�{q9�·-=LK:9<7�·-=)wXV

�L]
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B�� � � ��� ������@��X@ � V �d����� R��
� �

� � # �s� 3/��(2&)16?)&
S,R{W\bKbNPiE0Z � GiEU[kP,��E h ��E2f�c����E@ b

� c\J�^)W)LN^ZS�bKJ�S2m�HNc)P_b �:SUL��FP_b�HKS	bNc\S�� HNcOE2H�HNc\J ��J}l}SUX�^ZS�bNPIHNP_SUC � c\J}SULKJMX �dc)P_lKc
P_b
J}bNH�E2T)GIP_bNc\J}[�mnSUL h J}lMHKSUL�GiE2HNHNP_l}J}b S>T8] �
V��
V<��W)H�E2HKJMGiEU[kf�J%PIC f »%h b�c\SUG_[)b�E2G_bKSYPICuEYl�EUbKJ%S2m
E2LNT)PIHNL�E2LN]aSULK[)JMLKJ}[YbN^OEUl}J}b\V

BDC�SU^ZJML�E2HKSUL
P : X → Y ∪ {+∞} P_b�l�E2GIG_J}[ -�����* � ' %�����P¡m

P (0) = 0
Z
P (x + y) 6

P (x)+P (y)
E2C\[

P (λx) = λP (x)
mnSULsE2GIG

x, y ∈ X
E2C\[

0 6 λ ∈ R
S �dPIHNc�HNc\J l}SUC h JMC8HNP_SUC

+∞+ y = y +∞ = +∞ E2C\[
λ(+∞) = +∞ S

y ∈ Y
Z
λ ∈ R+

bcV
��J | C\J

domP := {x ∈ X : P (x) < +∞} V � c\Jel}SUGIG_J}lMHNP_SUC�S2m{E2GIG!GIPIC\J�E2L�SU^ZJML�E2HKSULKbm,LKSUX
X
PIC8HKS

Y
[)SUX�PICOE2HKJ}[�T8]

P
P_b�l�E2GIG_J}[�HNc\J -��/#!# "���� -/%��!S2m

P
E2C\[
[)JMC\SUHKJ}[�T8]

∂P
c

bN]4X�TZSUGIP_l�E2GIGI]-Z
∂P :=

{
T ∈ L(X,Y ) : Tx 6 P (x), ∀x ∈ X

}
,

�dc\JMLKJ
L(X,Y )

P_bdHNc\J�bN^OEUl}J�S2msE2GIG GIPIC\J�E2L SU^ZJML�E2HKSULKb m,LKSUX
X
HKS
Y
V

B # ".-�������� % 0 %�(2"�
�# ".-������ " '�S2m@E2C�SU^ZJML�E2HKSUL
T
P_b!E2C

N
sjHNW)^)G_J

(T1, . . . , TN )
�dPIHNc

N ∈ N
Z

Tk > 0 (k := 1, . . . , N)
ZOE2C\[

T = T1 + . . .+ TN
V

z\SULeE2C�PIC\lMLKJ�EUbNPIC)Q'bNW)T)GIPIC\J�E2L�SU^ZJML�E2HKSUL
P : X → Y ∪ {+∞} [)J | C\J	HNc\J%SU^ZJML�E2HKSUL

Pf : XN → Y ∪ {+∞} EUb

Pf(x1, . . . , xN ) = inf
{
P (x) : x1, . . . , xN 6 x

}
.

z\SUL{HNc\J�C\J}l}J}bKb�E2LN]%PICkmnSULNX�E2HNP_SUCFbKJ}J
[2]
V

9a1856�@$ �s�O�g7 �g7>�@- � �/18�O(214$ � � �*��	54 �D�������
H1, . . . ,HN

��)��1=.
����:� � �N��� 
�)�+��*)��.+
 �.=��2
�)1�M
 �O=.� X y � �*��	54 � '<	5)������*)V������� P ����+

Q
��)�� � ��=*)���� � � ���>��	 K # � ������) 
;
��*);���2
�)*�' )�
�4

X
�2

Y ∪{+∞} ����+ H1×· · ·×HN +∆N (dom(P ))−XN

+ � � ����	 K �M
 �O=.�:� � � XN y
T ��� � ���.8�	9��# � �@?

Pf(h1, . . . , hN ) > Qf(h1, . . . , hN )
��
�#�+9� 'M
�)���#$#

(h1, . . . , hN ) ∈ H1×· · ·×HN � '�����+,
���# ? � '0�2
"���O=2� 
�
�� � � �! �7+��.=.
�43
�
�� � � � 
��
(T1, . . . , TN )


�' ����?
T ∈ ∂Q

�����*)�� � � �3
�
�� � � �! �,+��.=.
�43
�
�� � � � 
�� (S1, . . . , SN )

�'���
�4 �

S ∈ ∂P
��	�=2� �������

Sk(hk) > Tk(hk) (hk ∈ Hk; k := 1, . . . , N).

� c)P_b{LKJ}bNW)GIHdP_b h JMLN]%PIX�^ZSULNH�E2C8HDPICYl}SUC h J 
YE2COE2GI]kbNP_b\V

y 1�� 18(214-/5618�

T%P���� .x{�.yP�~ { ���-P	��� ���onoe(c	��%(XRa7��c
%(`#�(b�_�V XFYDV ` t , Y�]	b��FXFY<��� U %(Y�Y0P"vwb�a�eUP26 %&_�k�P .uTG2�1%_!P .K��cI�OP L ^HS
� J�P .�i�PUT%TW_0X�TW_%_!PV!P����
*���{�P"� ��� 0 � � ��� .x{�.yP�~ { ���-P ��� ���26 %!���&V ��XR_�XF`5a�V b-� YF/"["e(XFc-_�\ b-`#� �W](](� V �Gb�a�V cI`(Y0P . q c-_3�?_�X$��e5aG/
t|� %��"XR_;SUTG2I2�_!P . L 2%Yr]UP

� 6 %(](]�c-_�a�X"�rg _�cIf U %(Y�Y�V b-` #(c
%(`#�(b�a�V cI`<ghc-_ ("b-Y�V ��UWXFY�XGb�_+��eUS(]&_�c � X$�Ra � TFJ-, ^HTR,x2HT LIL 2HP
�	�
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�M���'i n �Xj��A�YWYhYhT��±�l ��h �p��±�h�±�lD����i��Xi�� n �Xh
± � ��i�� �gl'� n �Xj
l'���Xi�� � ± ��j n hYh ���'�YlD����i�� �0� CF���D� ��l

� �!o%�<��p5�����
SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

± f »%h y�I�µ y:=)w�= )�µ*w�=+´�µ:P�µ�¶�³JR�µ�µY²�=?¶�³&²:})H:=LK�9<7)I�G�¶�7)G�I�; n µ:w�=LH:8<H�¶�=Ed �Y=?¸&³ s
¶�³ f ¹�h y:=.²:G�O:8<H ¶�I�µ�7-8<I�µ�K�y�I�µ:w�8<H�µ:w�=)9<7�µMy�I:=)8�¶�R�µ:=LH�H:= ` =zw�8<7-=+´�³Y´�²:_ 9�·-8<I�7-=?¶#9
¶�=)w�y�³.¶�7)H�;xw�µJ¶�= &\PQP�µ�R�µ:8<H�7?³Lw�µ5VL��²:_�8 ` =Ay:=)9<7)I:=)8<H�µ�_Dy:=L7)I:8 o =?·�³&²�=)9<}�µ:9N9#²�8#´�=?·�³J7)}
¶�=LH:9<7)I�G�¶�R�µ�^ ¶�·�³.¸+µ"&+¶�·�µ�·�³&²�8<H�7)H:=)9<7�µ5Zxy:=LI:=\F�´�8<H�H:=LK µ�H�´:G�R�µ�I:=?·�³JH�H:=LK�H�³+y:=+´�³&²�s
` 8 o I�; ²�=?¶�³&²:})H:=LK 9<7)I�G�¶�7)G�I:=LK5V

vAG-9<7)} A d o ³JH�³ ~%=?·�³�³&² ` 8 o I�³Y9�8#´�µ�H�µ�R:8<K
e
Z
X
d ¶�=)w�y�³.¶�7JZ�³

ΣX
d o =LI:8#²�8�·-9�¶�³J_

σ
s ³&² ` 8 o I�³uy:=+´�w�H:=\F�8N9<7�·+y�I:=)9<7)I�³JH:9<7�·�³

X
Z
p : ΣX → A d ²�=?¶�³&²:})H�³J_�9<7)I�G�¶�7)G�I�³

H�³&´
X
SU=Ly�I:8#´�8#²�8<H�µ:8X9NwXV&·*f ¹�h bcVLvAG-9<7)}

X̃(⊂ X)
d ¶�=)w�y�³.¶�7JZ Ã d o ³JH�³ ~%=?·�³ y:=+´�³&² ` 8 o s

I�³�³&² ` 8 o I�; A 9'8#´�µ�H�µ�R:8<K
ẽ
Vk��9#²�µ

p(ΣX̃) ⊂ Ã µ
p(X̃) = ẽ

Z�7-= o G&´�8Nw ` =?·-=LI�µ�7)}:Z0O�7-=
=L7-= o I�³JF�8<H�µ:8

p̃ = p|Σ
X̃

: Σ
X̃

→ Ã ��
�
 � ��� ��� � � · Ã ²�=?¶�³&²:})H�G�^T9<7)I�G�¶�7)G�I�G H�³
X̃
V

�«²�8Nw�8<H�7);
a, b ∈ A H�³.¸N;E·�³J^'7-9B_ � � �	� �	� �
��
�� 
�
 �2� � � ��� �/�

x ∈ X
Z�8N9#²�µr´�²:_y²:^ s

o = ` =�O�µ:9#²�³
ε > 0

9<G*)a8N9<7�·)G-8<7�=?¶�I:8N9<7)H:=)9<7)}
u
7-=LO�¶�µ

x
7?³.¶�³J_�Z0O�7-= ‖(a− b)p(u)‖ < ε

Z
‖p(u)(a − b)‖ < ε

V n =?¶�I�³ )a8<H�H:= o G&´�8Nw�y�µ:9	³J7)}
a ∼x b

V
vAG-9<7)} A Z B d o ³JH�³ ~%=?·); ³&² ` 8 o I�;k9�²�=?¶�³&²:})H�;xw�µ+9<7)I�G�¶�7)G�I�³Lw�µ H�³&´ y�I:=)9<7)I�³JH0s

9<7�·�³Lw�µ
X
µ
Y
Z�y:=LI:=\F�´�8<H�H�;xw�µE=L7-= o I�³JF�8<H�µ�_�w�µ

p : ΣX → A µ
p′ : ΣY → B c a ∈ Aµ

b ∈ B d &�²�8Nw�8<H�7); &N7�µ0~L³&² ` 8 o I5Z
x ∈ X

µ
y ∈ Y d P�µ�¶�9�µ�I:=?·�³JH�H�;x8Y7-=LO�¶�µ5V0vAG-9<7)}

9<G*)a8N9<7�·)G�^'7q=?¶�I:8N9<7)H:=)9<7�µ
u
µ
v
7-=LO:8�¶

x
µ
y
Z ` =)w�8N=)w�=LI:P�µ�¸\w

ϕ : u → v
µrµ�¸\=)w�=LI0s

P�µ�¸\w
T : p(u)Ap(u) → p′(v)Bp′(v) Z�G&´�=?·?²�8<7�·-=LI%_0^ )�µ:8r9#²�8#´:G�^ )�µ:w�G-9#²�=?·�µ�_�wXe

» b
ϕ(x) = y

c
¹ b ∀w ∈ Σu T (p(w)) = p′(ϕ(w))

c
�-b
T (p(u)ap(u)) ∼y p

′(v)bp′(v)
V

� = ` ´�³ ` =?·-=LI%_07JZ%O�7-= &�²�8Nw�8<H�7
a
·Q7-=LO�¶�8

x
� �	� � � � � �	� �	� �
��
�� ��
 &�²�8Nw�8<H�7)G b ·Y7-=LO�¶�8 y Vn =?¶�I�³ )a8<H�H:= o G&´�8Nw*y�µ:9	³J7)}

a ∼x ϕ, T ∼y b
µ�²�µ

a ∼x∼y b
V

� &%��
�&�$'� d �usut+v!wHx
a ∼x ϕ, T ∼y b � X̃(⊂ X)

�
Ỹ (⊂ Y ) � ~+��� ����~ w � w ��~ � �!�

� w � x ∈ X̃ � y ∈ Ỹ � Ã � B̃ � �������?���H}�� �g�;�r��{����!�%��� ��{����!�%� A � B v �2� � � ��
 ��� �
ẽ ∈ Ã �

ẽ′ ∈ B̃ w ��~ � �!� � w � a ∈ Ã � b ∈ B̃ � v�� �U� t�
�� �\�H}$������� � � {g�H~���{ x ��� � �v!w � t ~ w�t �r��� � p̃ � p̃′ ���6~+��� ����~ w �?� X̃ �
Ỹ y sut+v!wHx v0t � � v!w } t � w �H~U�\� v!w �g� v!wH� ũ(⊂

u ∩ X̃) } X̃ �
ṽ(⊂ v ∩ Ỹ ) } Ỹ w � �$�W~ x �

y
v ��� w }�� w�v!w }��W���g��� w ��~ � �!� � w � ϕ(ũ) = ṽ�

T (p̃(ũ)Ãp̃(ũ)) = p̃′(ṽ)B̃p̃′(ṽ) � Φ �
Ψ � �������?���H}�����{����!�%��� v �2� � � ��
 ��� � eΦ �

eΨ �
��{�| ~+� w �%����� � �Z�W� w�v | �g�W�U�\�2���?}������ �	� ���Z�%�W� �	� � � κ : Ã → Φ

�
ψ : B̃ → Ψ �v �-���r����|���� � � �2� � � ��
$t y � �H�0�r�

1) � w ���%�r�����W� � | q = κp̃ : ΣX̃ → Φ
�
q′ = ψp̃′ : ΣỸ → Ψ �H�U�\�2�\�W{�|�� w {g�H~���{ x �����v!w � t ~ w�t ���&} Φ

�
Ψ �

2)
v0t � � v!w } t � w��	� ���Z�%�W� �	� � T ′ : q(ũ)Φq(ũ) → q′(ṽ)Ψq′(ṽ)

w ��~+�H�g� � w � κ(a) ∼x

ϕ̃, T ′ ∼y ψ(b) y
�Y8<I:8�¸ Vp(= Vp(R

k))
Z ` ´�8

p > 1
Z
k > 2

Z�= o =?¸NH�³NO�µ:w ¸&³Lw�¶�H�G�7)G�^ y:=+´�³&² ` 8 o I�G
L(Lp(R

k))
Z�y:=LI:=\F�´�8<H�H�G�^M=Ly:8<I�³J7-=LI�³Lw�µ w�H:= ` =)w�8<I�H:=LK 9�·-8<I�7�¶�µ	9 _�´:I:=)whµ�¸

L1(R
k)
V

]�º



vAG-9<7)}
X
d ~�³NG-9P´�=LI:PQ=?·|¶�=)w�y�³.¶�7 9 w�8<I:=LK5Z Kp

ddµ�´�8	³&²h¶�=)w�y�³.¶�7)H�;�~*=Ly:8<I�³J7-=LI:=?·
· L(Lp(X))

Z VKp
p = Vp ⊗ Kp

Z
M

d ¸&³Lw�¶�H�G�7-=)8!= ` I�³JH�µ�O:8<H�H:=)8 w�H:=\F�8N9<7�·-=l·
Rk ZG&´�=?·?²�8<7�·-=LI%_0^ )a8N8|=Ly�I:8#´�8#²�8<H�H�;xw G-9#²�=?·�µ�_�w ` ²�³&´�¶�=)9<7�µ5Z

Kx
d ¶�=LH�G-9q9�·-8<I)v�µ�H:=LK

·
x
VNvAG-9<7)}

Qm d3y�I:=)8�¶�7-=LIrH�³�y:8<I�·);x8
m
&�²�8Nw�8<H�7-=?· o ³.¸+µ:9	³E·

Lp(X)
Z
PM

d3y�I:=)8�¶�7-=LI
H�³�w�H:=\F�8N9<7�·-=

M
V��Y8<I:8�¸

AX
= o =?¸NH�³NO�µ:w?w�H:=\F�8N9<7�·-=D9N8Nw�8<K:9<7�· {Am}m>1

²�µ�H:8<K�H�;�~
= ` I�³JH�µ�O:8<H�H�;�~q=Ly:8<I�³J7-=LI:=?·

Am : (PmX ⊗Qm)Lp(R
k×X) → (PmX ⊗Qm)Lp(R

k×X)7?³.¶�µ0~�Z
O�7-=
supm>1 ‖Am‖ < ∞ c:O:8<I:8�¸

JX = {{Am}m>1 ∈ AX
e
limm→∞ ‖Am‖ = 0}= o =?¸NH�³NO�µ:wz¸&³Lw�¶�H�G�7);XKY´�·)G%~%9<7-=LI:=LH�H�µ�K µ�´�8	³&² ·

AX
V��"²�³L9N9	9Nw�8<F�H:=)9<7�µ &�²�8Nw�8<H�7?³

{Am}m>1(∈ AX)
y:="µ�´�8	³&²:G

JX
ZL_�·?²:_0^ )�µ�K:9B_ &�²�8Nw�8<H�7-=)w!P�³.¶�7-=LI0s ³&² ` 8 o I�;

AX/JX
Z

= o =?¸NH�³NO�µ:w?O:8<I:8�¸
[{Am}m>1]JX

V
� &%��
�&�$'� � �"sut+v!wHx

A ∈
(
VKp
p

)+ � w �H�0�r����{�| {�� ���H��� x ∈ ∂M
� �Z�!� w �Z� v!w �

~�}$� ��� �%~�} � }$��{g�W� w �g� v!wHx
[
{(PmM⊗Qm)A(PmM⊗Qm)}m>1

]
JM

∼x∼x

[
{(PmKx⊗Qm)A(PmKx⊗Qm)}m>1

]
JKx

.

�u��/0&%
���/4p5
��

T%P%.�� �&6�
 ���A3:� 5 *�I�1	E+.2G�.2G�1�169�7%8�:W9('%G�7=`;7 E+.0-�705�: $	1	E+7=G�.2G�8H7 . �R7%/;:=8�:"<�-�.07%I�1�1 *�I�7-,.08�M�1�7=G�G�4A@ E+.0-�705�7=<*I�.��E.2G�1�] F�I�:W<%G�.2G�1�J 32<�.0I�-�8�1�3�7-*�.0I�:=-�7%I�G�4�E�1�8H7 � L L\1�M�1�.2G�-%:-E�1 ���$�7=<�I�.FE+.2G�G�4r.wE+.0-�705�4 1�*�I�7I%=9�.FE�4 -�.07%I�1�1�7-*�.0I�:=-�7%I�7=< 1 `0:=I(E+7=G�1�K�.0308H7=`;7*:WG�:W9�1�/;: 1�1(@
*�I�1�9�7WDE.2G�1�]?, ��/A)�.0/%P	5�7%8�9$PAE+.0DE5�FHG�:=IUPr8H7=G�LaP . � 7%30-�7=< G�� 0 P /g1�/ 5�PgM�.2G�-�I+0 ��) 	rSCV=^HTW_!P .
$\P	JIJWX5J!_!PV!P����- G� �����G3:� �R7%8�:W9('%G�4CJ|*�I�1�G�M�1(* <\-�.07%I�1�1 *�I�7%.08�M�1�7=G�G�4A@:E+.0-�705�7=< ����0E1�L L�.0I�.2G�M�1�:W9('%G�4r.1�1�G�-�.2`;I�:W9('%G�4r.�F�I�:W<%G�.2G�1�] 1�1(@r*�I�1�9�7WDE.2G�1�]�P . �	9�1�30-%:HS�TG2%Y L P .D$\PU_=Y;X&1 L P
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

i������ �D�'js����±{�'vYj:� n � �d�:�'j�hYhgvYj�hY�:�Qh�� ��iYh�� n �ACECEl'CEh
�A�Aj � ��d�
Al'l'j
l ±�± � n �"± � 
 vYj:� n �Xj
l'i n �E±�l 
 ����� � ��l

n v���js��CF��iYi�� C v��'�Yl ��l��d�!����C
 "�s~ �! M��2)�
$'&L��4 �	��"�p $'���
SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEhrb

��²:_qy:=)9<7)I:=)8<H�µ�_	I%_�´�³ �rG�I�}-8'd 
�³�³JI�³ ∑∞
k=1 ckχk(x)

Z
ck =

∫ 1
0 f(t)χk(t) dt

Z�´�²:_
PYG�H�¶�R�µ�µ

f(x)
7)I:8 o G-8<7-9B_�Z%O�7-= o ;�&N7?³QPYG�H�¶�R�µ�_ o ; ²�³Q9<G0w�w�µ�I�G-8Nw�=LK5V�±�9�·)_�¸+µq9 &N7�µ:w

y�I�µrµ:9N9#²�8#´�=?·�³JH�µ�µ H:8�¶�=L7-=LI�;�~r·-=Ly�I:=)9N=?·|7-8N=LI�µ�µ y�I�µ o ²�µ�F�8<H�µ�K!9<G0w�w«³Lw�µ �rG�I�}-8Qd

�³�³JI�³j· ·-8N9N=?·);�~zy�I:=)9<7)I�³JH:9<7�·�³ ~��Q8 o 8 ` ³+9 y:8<I:8Nw�8<H�H�;xw y:=?¶�³.¸&³J7-8#²�8Nw ·-=?¸NH�µ�¶�³L8<7
H:8N= o ~%=+´�µ:w�=)9<7)}�H�³&²�=\F�8<H�µ�_qH�³�·-8N9xG-9#²�=?·�µ�K5Z%y�I�µ�¶�=L7-=LI�;�~ o G&´�8<7�·);Xy:=.²:H:8<H:=�·?²�=\F�8cs
H�µ:8

Lp(x)
w (E) ⊂ L1(E). (1)

±l´�³JH�H:=LK I�³ o =L7-8�µ:9N9#²�8#´:G�^'7-9B_	G-9#²�=?·�µ�_	H�³�·-8N9
w(x)

Z�y�I�µb¶�=L7-=LI�;�~ o G&´�8<7 9<y�I�³.·-8#´�s
²�µ�·-=�G�¶�³.¸&³JH�H:=)8�·?²�=\F�8<H�µ:8)V

± ·-8#´�8Nw H:8�¶�=L7-=LI�;x8�=Ly�I:8#´�8#²�8<H�µ�_�V�vAG-9<7)}
w(x)

d H:8N=L7)I�µ�R�³J7-8#²:})H�³J_ y:=LO�7�µ|·-9<^ s
´:G S y5V ·:V bqy:=.²�=\F µ�7-8#²:})H�³J_M9<G0w�w�µ�I�G-8Nw«³J_�PYG�H�¶�R�µ�_kS ·-8N9 bcZx=Ly�I:8#´�8#²�8<H�H�³J_�H�³*w�H:=Js
F�8N9<7�·-8

E = [0, 1]
V@±�8N9N=?·);xw y�I:=)9<7)I�³JH:9<7�·-=)w"�Q8 o 8 ` ³!9|y:8<I:8Nw�8<H�H�;xwky:=?¶�³.¸&³J7-8#²�8Nw

L
p(x)
w (E)

H�³.¸N;E·�³L8<7-9B_ w�H:=\F�8N9<7�·-=Lµ�¸\w�8<I�µ:w�;�~EH�³
E
PYG�H�¶�R�µ�K

f(x)
Z:G&´�=?·?²�8<7�·-=LI%_0^ s

)�µ0~|G-9#²�=?·�µ�^ ∫
E |f(x)|p(x)w(x) dx <∞ V���³.¶bµ�¸+·-8N9<7)H:= f » [ � h Z:8N9#²�µ

1 6 ess inf
x∈E

p(x) 6 ess sup
x∈E

p(x) <∞, (2)

7-=r7-=Ly:=.²�= ` µ�_ y�I:=)9<7)I�³JH:9<7�·�³
L
p(x)
w (E)

H:=LI:w�µ�I�G-8Nw«³�µq=+´:H�Gvµ�¸ &+¶�·�µ�·�³&²�8<H�7)H�;�~qH:=LI:w
w�=\F�H:= =Ly�I:8#´�8#²�µ�7)}:Z:y:=.²�³ ` ³J_ ´�²:_

f ∈ L
p(x)
w (E)

‖f‖p(·),w(E) = inf

{
α > 0 :

∫

E

∣∣∣∣
f(x)

α

∣∣∣∣
p(x)

w(x) dx 6 1

}
.

n µ:w�·-=.²�=)w P(E)
o G&´�8Nw = o =?¸NH�³NO�³J7)}�w�H:=\F�8N9<7�·-=�µ�¸\w�8<I�µ:w�;�~�H�³Aw�H:=\F�8N9<7�·-8

E
PYG�H�¶0s

R�µ�K
p(x)

Z G&´�=?·?²�8<7�·-=LI%_0^ )�µ0~+G-9#²�=?·�µ�^ S ¹ bcV i�³Lw�7?³.¶�F�8qy:=LH�³&´�= o µ�7-9B_*= o =?¸NH�³NO:8<H�µ:8
P̂(E)

´�²:_�y:=+´�w�H:=\F�8N9<7�·�³�µ�¸ P(E)
Z�·�¶�²:^'O�³J^ )a8 ` =Y7-=.²:}�¶�=Q7-8

p(x)
Z�¶�=L7-=LI�;x8xG&´�=?·?²�8cs

7�·-=LI%_0^'7 ´�=Ly:=.²:H�µ�7-8#²:})H:=)w�Gu= ` I�³JH�µ�O:8<H�µ�^
1 < ess infx∈E p(x)

V
CuH:=\F�8N9<7�·-=�·-8N9N=?·);�~ PYG�H�¶�R�µ�K

w(x)
Z�G&´�=?·?²�8<7�·-=LI%_0^ )�µ0~ G-9#²�=?·�µ�_�w

S,� »
) w(x) > c(w) > 0, x ∈ E1 = {x ∈ E : p(x) = 1} (

y5V ·:V
),

S,� ¹
)
∥∥∥w−

1
p(·)

∥∥∥
p′(·)

(E2) <∞, E2 = E \ E1,

o G&´�8Nw?= o =?¸NH�³NO�³J7)} O:8<I:8�¸ Hp(·)(E)
V

n ²�8#´:G�^ ) ³J_u7-8N=LI:8Nw«³v´�³L8<7�´�=)9<7?³J7-=LO�H�;x8aG-9#²�=?·�µ�_y´�²:_E9<y�I�³.·-8#´�²�µ�·-=)9<7�µ!9N=)=L7)H:=Js
va8<H�µ�_!S » bcV

]�¹



� &%��
�&�$'� d � � v { � w(x) ∈ Hp(·)(E) � p(x) ∈ P(E) � w � � �Z�!� w �Z� v!w �u}�{g�%���W� � � (1) �
�U� � �$�=�

‖f‖1(E) 6 c(p,w)‖f‖p(·),w(E).

i�³b·-=Ly�I:=)9|= 7-=)wXZ H�³L9�¶�=.²:}�¶�= G-9#²�=?·�µ�_3S,� » b�µ3S,� ¹ bY_�·?²:_0^'7-9B_+H:8N= o ~%=+´�µ:w�;xw�µ5Z
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�&�$'� � � sut+v!wHx
p(x) ∈ P(E)

� � �Z�!� w �Z� v!w � (1) y � �H�0�r� }�� v w(x) � t �\� wt �\�H}�{g� w }��%��| wHx"t+v {g�H} � � S,� » b y
� &%��
�&�$'� � �Esut+v!wHx

p(x) ∈ P̂(E) y�z"{�| w �H��� � w ���H� � �Z�W{g� �Z� v!w � }�{g�%���W� � � (1) �
�g�!���-���;� � �Z��� � w ���H� w(x)α(x) ∈ L1(E) ��{�|�{�� ���H� �	� �Z�2� � �Z�H�m� t ��~ 
���� α(x) �+~+� w ���
�r��|6�U� � �g�W~+� w �%�\��� ε > 0

t �\�H}�{g� w }��%��|�� w t+v {g�H} � �
− 1

p(x)− 1
+ ε 6 α(x) 6 1, x ∈ E. (3)

�#7-=)wXZ�¶�³.¶u9�·)_�¸&³JH�; ¶�²�³L9N9<; Hp(·)(E)
y�I�µ	I�³.¸�²�µ�O�H�;�~	y:=?¶�³.¸&³J7-8#²:_�~

p(x)
Z�y:=?¶�³ s

¸&³JH:= ·D9#²�8#´:G�^ )a8<K 7-8N=LI:8Nw�8)V
� &%��
�&�$'��� � � v { � 1 6 p(x) 6 q(x) 6 q(E) <∞ � w � Hp(·)(E) ⊂ Hq(·)(E) y
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���/4p5
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T%P��9�F

���?����6�
 ���
��� ����5"-�7-*�7=9�7=`01�1|*�I�7%30-�I�:WG�30-%<!: Lp(t)([0, 1]) ���rB�:=-=P0/;:-E+.0-�8�1$P .uTG2�1-2HP .�)�P=V-HHS
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X$��XFY�p
%(X|b-`#�-6?c
��cI� XFk-6?]	b��FXFY2��V a�e<�ob�_�V b��(� X
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X$��XFY�p
%(X;6?]	b��FXFYF/ #(c
%(`#�(b�a�V cI`(Yjb-`#� � b�_�fDcI`(V �o�W`	b-� \&Y�V Y0P .
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�}5	� 3/�
S,R{W\bKbNPiE0Z)��E2fgE2Crc\��z 	Yb

� - ��(2� .<3/5 �g7>�@- � ��E2C8]	^OE2^ZJMLKb E2LKJ�[)J h SUHKJ}[�HKS 	8WOE2C8HNW)X`G_SUQ�P_l)V\BZ[�� � ' ����
 *," ��� ( f »%h
P_b%E'bKJMH

L
JMC\[)S��:J}[ �dPIHNc E�^OE2LNHNPiE2G�SULK[)JML

6
E2C\[ W)COE2LN] SU^ZJML�E2HNP_SUC ⊥ bNW\lKc�HNcOE2H%HNc\J

mnSUGIG_S��dPIC)Q%l}SUC\[kPIHNP_SUC\b E2LKJ�b�E2HNP_b | J}[�e
(i) L

^ZS�bKbKJ}bKbKJ}b{E�G_J�EUbNH E2C\[YE�Q�LKJ�E2HKJ}bNHDJMG_JMXeJMC8H\Z
0
E2C\[

I
ZOE2C\[

0 6= I
c

(ii) a 6 b
PIX�^)GIP_J}b

b⊥ 6 a⊥
mnSUL E2C8]

a
Z
b ∈ L

c
(iii) (a⊥)⊥ = a

mnSULDE2C8]
a ∈ L

c
(iv)

P¡m {ai}i∈X
P_b E | C)PIHKJ bNW)T\bKJMH S2m

L
bNW\lKc%HNcOE2H

ai 6 a⊥j
mnSUL

i 6= j
Z8HNc\JMC	bNW)^)LKJMX�W)X

∨i∈Xai
J 
kP_bNHKbdPIC

L
c

(v)
P¡m
a
Z
b ∈ L

E2C\[
a 6 b

ZkHNc\JMC
b = a ∨ (b ∧ a⊥) V�4SUXeJMHNPIXeJ}bDLKJM^)GiEUl}J}[YE 
kP_SUXeb

(iv)
Z
(v)

SUC5e
(iv′)

P¡m
a 6 b⊥

HNc\JMC�HNc\JMLKJ�J 
kP_bNH
a ∨ b c

(v′)
P¡m
a
Z
b ∈ L

E2C\[
a 6 b

ZkHNc\JMC�HNc\JMLKJ�J 
kP_bNH
c 6 a⊥

bNW\lKc�HNcOE2H
b = a ∨ c V� �:SuJMG_JMXeJMC8HKb

a
Z
b ∈ L

E2LKJ�l�E2GIG_J}[ SULNHNc\SUQ6SUCOE2G�P¡m
a 6 b⊥

V 
'J �dPIGIG�[)JMC\SUHKJ�HNc\J
SULNHNc\SUQ6SUCOE2GIPIH ]�S2m

a
Z
b
T8]%HNc\J�bN]4X�TZSUG

a ⊥ b
V

BDC PIX�^ZSULNH�E2C8H
PIC8HKJMLN^)LKJMH�E2HNP_SUC S2m%E�	8WOE2C8HNW)X G_SUQ�P_l�P_bYHNc\J�bKJMHFS2m%E2GIG�SULNHNc\SUQ6SUCOE2G
^)LKS��NJ}lMHNP_SUC\bDSUCFE��DPIGITZJMLNH{bN^OEUl}J�E2C\[�SUCYE�bN^OEUl}J �dPIHNcYl}SUC	� W)Q8E2HNP_SUCFSU^ZJML�E2HKSUL f ¹�h V

� �@$'1	.01��!-07 �g7>�@-/� ��� JMH
Cm,n

[)JMC\SUHKJ HNc\J bKJMH S2m0l}SUX�^)G_J 

m×n

X�E2HNLNP_l}J}b\V 	 bNWOE2GIGI]
H �:S h J}lMHKSULKbsPIC Cm,1

E2LKJ{l�E2GIG_J}[ "���� ] " �!" ' � *UP¡m@HNc\JMPIL �!W\lMGIP_[)J�E2C�PIC)C\JMLs^)LKS4[kW\lMH!P_b!f�JMLKS�Z�P V�J)V
x∗y = 0

mnSUL
x, y ∈ Cm,1

E2C\[
x
Z
y
P_b b�E2P_[YHKSeTZJ -/%�
 � � "���� ] " �!" ' � *�f � h P¡m <x∗y = 0

V�� c\J
bN]4X�TZSUG

A∗
�dPIGIG/bNH�E2C\[amnSUL{HNc\J�l}SUC	� W)Q8E2HKJ�HNL�E2C\bN^ZS�bKJ�S2m

A ∈ Cm,n
V � ]

H(A)
�:J�[)JMC\SUHKJ

HNc\J:� JMLNX�PIHNPiE2C�^OE2LNH<S2m
A
Z�P V2J)V

H(A) = 1
2 (A+A∗)

VJ@ H/P_b �:JMGIG �4C\S��dC�HNcOE2H
A ∈ Cm,m

P_b<E2C
SULNHNc\SUQ6SUCOE2G\^)LKS��NJ}lMHNP_SUC5ZUP VUJ)V�E2Ce� JMLNX�PIHNPiE2C�P_[)JMX�^ZSUHKJMC8H\Z�P¡mZE2C\[�SUC)GI]�P¡m

(Im−A)x E2C\[ AxE2LKJdSULNHNc\SUQ6SUCOE2G\mnSUL�E2GIG
x ∈ Cm,1

V � ]�HNc\JDE2COE2G_SUQ�] S,bKJ}J f � h bcZ6E X�E2HNLNP�

A ∈ Cm,m

P_bsl�E2GIG_J}[
E -/%�
 � � "���� ] " �!" ' � * # ��"��/%�(���� " '�P¡m HNc\J h J}lMHKSULKb (Im−A)x

Z
Ax

E2LKJ bKJMX�P s SULNHNc\SUQ6SUCOE2GZmnSULdE2GIG
x ∈ Cm,1

V � c)P_b�P_b�J
	8W)P h E2G_JMC8H�HNcOE2H (Im − A∗)A
P_b�b��6J ��s � JMLNX�PIHNPiE2C5Z �dc)P_lKc'P_b�b�E2HNP_b | J}[

P¡m�E2C\[YSUC)GI]aP¡m
A∗A

J
	8WOE2G_b{HNc\J�� JMLNX�PIHNPiE2CF^OE2LNH S2m
A
Z\P V\J)V

A∗A = 1
2(A + A∗) = H(A).


'J �dP_bNc�HKS	X�E.�6J�lMG_J�E2L�HNcOE2H�E	bKJMX�P s SULNHNc\SUQ6SUCOE2G�^)LKS��NJ}lMHNP_SUC
C\J}J}[�C\SUH�TZJ�E%^)LKS��NJ}lMHNP_SUC
PICaHNc\J�W\bNWOE2G/bKJMC\bKJ)Z)bNPIC\l}J�PIH{P_bdC\SUHdC\J}l}J}bKb�E2LNPIGI]�E2C�P_[)JMX�^ZSUHKJMC8H\V

� c\J}SULKJMX ¼ f � h b�E}]kb\e IF���
A � B ∈ Cm,m K �����*4 � � 
�)�����
.��
�����# 
�)�
��.�.=�� � 
���� y IF��� α K ����S��) K � ��);��)2?V)�����# ��=���# ��)P��	�=2��������� 0 < α < 1 y T ���*�������"'M
�#$#�
 ( � ���D���M���2�*4 �*���%�"��
�#�+ �

(a) A∗B � � �&���*4 � � 
�)�����
.��
�����#�
�)�
��.�.=�� � 
�� � ' ����+V
���# ? � ' H(A∗B) = H(A∗BA) y
(b) A+B � � �,���*4 � � 
�)�����
.��
�����#0
�)�
��.�.=�� � 
�� � ' ����+V
���# ? � ' H(A∗B) = 0 y
(c) A−B � � �&���*4 � � 
�)�����
.��
�����#�
�)�
��.�.=�� � 
�� � ' ����+V
���# ? � ' H(A∗B) = H(B) y
(d) αA + (1 − α)B � � �Q���*4 � � 
�)�����
.��
�����#P
�)�
��.�.=�� � 
�� � '3����+E
���# ? � ' H(A∗B) =

1
2 [H(A) +H(B)] y

'J�C\SUHKJ)e ����� =.
���+ � � � 
�� (d) � �J'<	5#$-�#$#��.+ � ' ����+V
���# ? � ' A = B y
# �0&)( �g7>&\=:�O(2.018(e�@-u��14$�7 4 �O( � �/�OAO�@-/&\= �0(2� �}185 �g7>�@-/� � � JMHdW\bd[)JMC\SUHKJ�T8] Sor HNc\J

bKJMH<S2mZE2GIGkbKJMX�P s SULNHNc\SUQ6SUCOE2G)^)LKS��NJ}lMHNP_SUC\b0m,LKSUX
Cm,m

V2z0PILKbNH �:J S.� JML!E #�-/%�� 0!":^OE2LNHNPiE2G)SULK[)JML
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E2C\[�W)COE2LN]�SU^ZJML�E2HNP_SUC ⊥ Z �dPIHNceLKJ}bN^ZJ}lMH<HKS �dc)P_lKc Sor TZJ}l}SUXeJ}b��:JMGIG s �4C\S��dC%bNHNLNW\lMHNW)LKJ)V � JMH
A,B ∈ Sor V

�!W)H
A 61 B

P¡m
B −A ∈ Sor Z A⊥ := Im,m −A

Z\E2C\[
A ⊥ B

P¡m
B 61 A

⊥ V
���������
	�� q � JMH

p, q ∈ C2,2
Z
q 6= p⊥

Z
q 6= p

E2LKJ�E2C SUC\Jcs [kPIXeJMC\bNP_SUCOE2GDSULNHNc\SUQ6SUCOE2G
^)LKS��NJ}lMHNP_SUC\b\V � JMH

λ ∈ C
TZJ	bNW\lKc�HNcOE2H |λ|2 = <λ Z 0 6= λ 6= 1

V�@ H�P_b�lMG_J�E2L�HNcOE2H
λp⊥

Z
(1−λ)q ∈ Sor VN@ C�EU[)[kPIHNP_SUC5Z λp 61 λ(p+p

⊥) = λI2,2 ∈ Sor Z λI2,2 61 (λI2,2+(1−λ)q) ∈
Sor V � ] λp⊥+(1−λ)q 6∈ Sor Z �:JdcOE h J λp 6<1 λI2,2+(1−λ)q = λp+(λp⊥+(1−λ)q) V


���������� q @jm
A
Z
B ∈ Sor E2C\[ A 61 (I − B)

HNc\JMC
AB 6= 0

Z@PIC�Q6JMC\JML�E2G Z S,bKJ}J)ZOmnSUL
PIC\bNH�E2C\l}J)Z

A = λP
Z
B = (1−λ)P S,� JMLKJ |λ|2 = <λ E2C\[ P P_b E2C%SULNHNc\SUQ6SUCOE2GZ^)LKS��NJ}lMHNP_SUC5Z

dimP = 1
b bcV

� �/18�O(214$ �����S�����J����� Sor ( � ��� 61
����+ ⊥ ����� =.
���+ � � � 
���� (i)− (iv) � (iv′) � (v′) ��)��'<	5#$-�#$#��.+ yV S��QZ"�:J�S.� JML E�^OE2LNHNPiE2G/SULK[)JMLDSUC�HNc\J�bKJMH Sor V

���
������������ �� q � JMH
A
Z
B ∈ Sor V��!W)H A 6 B

P¡m HNc\JMLKJ J 
kP_bNH | C)PIHKJ bNW)T\bKJMH {Ai}n1 ⊂ Sor

bNW\lKc�HNcOE2H
(A+A1+ · · ·+Ak−1)+Ak ∈ Sor mnSULsE2GIG k Z 1 6 k 6 n

E2C\[
A+

∑n
i=1Ai = B

V
� JMH{W\bdHNW)LNC�HKS �%
\E2X�^)G_J)V � ]%HNc\J�l}SUC\bNHNLNW\lMHNP_SUC5Z

λp < (λI2,2 + (1− λ)q
bcV

@ H P_b�lMG_J�E2L�HNcOE2H HNc\J�LKJMGiE2HNP_SUC
6
P_b�EeHNL�E2C\bNPIHNP h J�LKJMGiE2HNP_SUC'E2C\[

61
JMC8H�E2PIG_b

6
V � W)H�HNc\J

l}SUC h JMLKbKJsP_b C\SUH HNLNW\J S,bKJ}J
�%
\E2X�^)G_J bcV�� c\JsLKJMGiE2HNP_SUC
6
P_b0E2C�E2COE2G_SUQ�W\J�S2mkHNc\J�l}SULNLKJ}bN^ZSUC\[kPIC)Q
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y 1�� 18(214-/5618�
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d y�I:=)9<7)I�³JH:9<7�·-=	I:=)9<7�¶�=?·b·-9N8c~ PYG�H�¶�R�µ�K5Z�³JH�³&²�µ�7�µ�O:8cs

9�¶�µ0~ H�³
Q
Z H�³&´�8#²�8<H�H:=)8	7-=Ly:=.²�= ` µ:8<K�y�I:=)8�¶�7�µ�·)H:= ` = y�I:8#´�8#²�³

proj←nH(Qn)
V���´�8N9<}

H(Qn)
d

(LB)
s y�I:=)9<7)I�³JH:9<7�·-= I:=)9<7�¶�=?·r·-9N8c~+PYG�H�¶�R�µ�K5Z ` =.²�=)w�=LI:PYH�;�~!H�³ ¶�=)w�y�³.¶0s

7-8
Qn

VJvAG-9<7)}
Hn

dM=Ly:=LI�H�;x8XPYG�H�¶�R�µ�µ
Qn

VLi6µ�F�8�I�³L9N9Nw«³J7)I�µ�·�³J^'7-9B_ ·-8N9N=?·);x8�PYG�H�¶0s
R�µ�µ

vn,k(z) := exp(−Hn(z) − |z|/k) Z n, k ∈ N
Z
z ∈ CN V@±�8N9N=?·-=LK_µ�H�´:G�¶�7�µ�·)H�;XKy�I:8#´�8#²

V H(CN )
y�I:=)9<7)I�³JH:9<7�· �rI:8Mva8�R:8#²:;�~ PYG�H�¶�R�µ�K!=Ly�I:8#´�8#²:_�8<7-9B_!I�³.·-8<H:9<7�·-=)w

V H(CN ) := indn→proj←kH(vn,k,C
N )
Z ` ´�8

H
(
vn,k,C

N
)
:=
{
f ∈ H

(
CN
) ∣∣ ‖f‖vn,k

:= sup
z∈CN

vn,k(z)|f(z)| <∞
}
.

S n µ:w�·-=.²
H(CN )

= o =?¸NH�³NO�³L8<7Dy�I:=)9<7)I�³JH:9<7�·-= ·-9N8c~qR:8#²:;�~J·
CN PYG�H�¶�R�µ�K5V b�vAI:8N= o I�³ s

¸\=?·�³JH�µ:8e��³Jy�²�³L9	³	_�·?²:_�8<7-9B_]²�µ�H:8<K�H�;xw�7-=Ly:=.²�= ` µ�O:8N9�¶�µ:w µ�¸\=)w�=LI:P�µ�¸\w�=)w#9�µ�²:})H:= ` =
9N=Ly�I%_0F�8<H�H:= ` =

H(Q)′b
¶
H(Q)

H�³
V H(CN )

V ��V��qV5� µ�I)v�7-8#´:7JZ�j�V�C|³JK�¸\8)Z�±AV n ³Lw�s
w�8<I:9�f »%h ·�·-8#²�µh³L9N9N=LR�µ�I:=?·�³JH�H�G�^ 9�µ:9<7-8Nw�G

V
·-9N8c~ y:=.²:G�H:8<y�I:8<I�;E·)H�;�~+9�·-8<I-~0Gr·-8N9N=?·

v : CN → [0,+∞)
7?³.¶�µ0~�Z�O�7-=j´�²:_Y²:^ o = ` =

n
9<G*)a8N9<7�·)G�^'7

αn > 0
µ
k = k(n)

Z
´�²:_ ¶�=L7-=LI�;�~

v 6 αnvn,k
H�³

CN V�vAI:=)8�¶�7�µ�·)H:=LK = o =.²�=LO�¶�=LKr·-8N9N=?·-= ` =�µ�H�´:G�¶�7�µ�·)H:= ` =y�I:8#´�8#²�³
V H(CN )

_�·?²:_�8<7-9B_ y�I:=)9<7)I�³JH:9<7�·-=

HV
(
CN
)
:=
{
f ∈ H

(
CN
) ∣∣ ‖f‖v := sup

z∈CN

v(z)|f(z)| <∞ ∀ v ∈ V
}

9 ²�=?¶�³&²:})H:= ·);Xy�G�¶�²�=LK 7-=Ly:=.²�= ` µ:8<K5Z =Ly�I:8#´�8#²:_�8Nw�=LK 9�µ:9<7-8Nw�=LK y�I:8#´:H:=LI:w
{‖ · ‖v | v ∈ V } VMvAI:=)9<7)I�³JH:9<7�·-=

V H(CN )
H:8<y�I:8<I�;E·)H:= ·?²�=\F�8<H:= ·

HV (CN )
V

vAI:= o ²�8Nw«³ ³&² ` 8 o I�³.µ�O:8N9�¶�= ` = y�I:=)8�¶�7�µ�·)H:= ` = =Ly�µ:9	³JH�µ�_ ¸&³.¶�²:^'O�³L8<7-9B_f· =Ly�I:8#´�8cs
²�8<H�µ�µ G-9#²�=?·�µ�K5Zqy�I�µ ¶�=L7-=LI�;�~ y�I:=)9<7)I�³JH:9<7�·�³

V H(CN )
µ
HV (CN )

9N=?·)y�³&´�³J^'7
³&² ` 8 o I�³.µ�O:8N9�¶�µ5V n =)=L7�·-8<7-9<7�·)G�^ )�µ:8	G-9#²�=?·�µ�_?y:=.²:G�O:8<H�;n· 7-8<I:w�µ�H�³ ~ ¶�=)w�y�²�8�¶�9<H�;�~
³JH�³&²�= ` =?· S ²�=?¶�³&²:})H:=LK
b�9<7)I:= ` =LK ·);Xy�G�¶�²�=)9<7�µ µY²�µ�H:8<K�H:=LK ·);Xy�G�¶�²�=)9<7�µ5V�vAI�µ�·-8#´�8Nw
´�·�³aI:8�¸NG&²:} 7?³J7?³ES ´�²:_

N > 1
µ
N = 1

bcV
� &%��
�&�$'� d ��sut+v!wHx }�� tgw �\�W���g� v!wHx Q �g�W� t+v!w ��y s �\�2���g�H{g�%� � �Z� � w ����{�|�~���� �\�H�

~+��� ��{g�W~ v �g�H��� � �g�2����{g� v ~+� v!wH� T w ��~+�H�g� � w � T ∩Q = ∅ � v0t � � v!w } t � w �\�W� v!w } �gw �W{ x �
����| � � �g�2����{g� v ~+� v!wHx Π ����{�| ~+� w �%�\�H� T ⊂ Π

�
Π∩Q = ∅ � � �g�2�\� v � �$�W� � � Q v {�� ���H�

])m
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���!�%�r� � �$� v ~+��� �r��}��W� v!w }�� V H(CN ) = HV (CN ) y

� &%��
�&�$'� � � sut+v!wHx
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-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

n v���WYh ��hY�Yl n hYCECF���Xj�h��Yi�� �0� � �Xjs�����Ylz± �d�:�'j�hYh
���Ql nXn h���� n �Yh 
gv��D�QhYi��'C
�"±�� ��j�i � �d���YiYl

 "� � ���	&%/0
���"-�����zSUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c:CEv ���Qb�+
���!o%���Q�/�
�������zSUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c:C ���Qb�+

o%�<�%�!� &%
�"-/��q�����zSUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c�iYh��'� CEh ��hrb

±37-8N=LI�µ�µy¶�²�³L9N9�µ�O:8N9�¶�µ0~uy:=.²�µ�H:=)w�=?·q��8<I�H)v�7-8<K�H�³ = o ;XO�H:=DI�³L9N9Nw«³J7)I�µ�·�³J^'7|9#²:G%s
O�³JK+9<7?³JH�´�³JI�7)H:= ` =E=L7)I:8�¸+¶�³

[0, 1]
SU9NwXVEf » [)�Hh bcV
��²:_!PYG�H�¶�R�µ�µ

f ∈ C[0, 1]
y:=.²�µ�H:=)w�;

��8<I�H)v�7-8<K�H�³D=Ly�I:8#´�8#²:_0^'7 PQ=LI:w�G&²�=LK

Bn(f, x) =

n∑

k=0

f

(
k

n

)
Ck
n x

k (1− x)n−k, n ∈ N. (1)

n ²:G�O�³JK!9�µ:w�w�8<7)I�µ�O�H:= ` =u=L7)I:8�¸+¶�³
[−1, 1]

7?³.¶�F�8 ·�³JF�8<H]·L¸&³&´�³NO�³ ~ ³Jy�y�I:=?¶�9�µ:w«³JR�µ�µ5V
� HJµ:w�8N8<7a9�·-=L^#9<y:8<R�µ:P�µ�¶�Gvµ�²:G�O)va8xy�I�µ:9<y:=)9N= o ²�8<HL´�²:_�µ�¸NG�O:8<H�µ�_ O:8<7)H�;�~�µqH:8<O:8<7Ls
H�;�~uPYG�H�¶�R�µ�K5V���²:_EPYG�H�¶�R�µ�µ

f ∈ C[−1, 1]
y:=.²�µ�H:=)w�; ��8<I)v�7-8<K�H�³�·�·-=+´:_07|y:=Dy�I�³ s

·�µ�²:G

Bn(f, x) =
1

2n

n∑

k=0

f

(
2k

n
− 1

)
Ck
n (1 + x)k (1− x)n−k, n ∈ N. (2)

n 7-=LO�¶�µ�¸NI:8<H�µ�_ ` 8N=)w�8<7)I�µ�O:8N9�¶�µ0~�9�·-=LK:9<7�·FµY~�³JI�³.¶�7-8<I�³x9 ~%=+´�µ:w�=)9<7�µ�¶�=LH:9<7)I�G�¶�R�µ�µ	S » b
µ S ¹ b�H:8 µ:w�8<^'7Ay�I�µ�H�R�µ�y�µ�³&²:})H�;�~�I�³.¸�²�µ�O�µ�K5V8�F´:H�³.¶�=�Z-w�H:= ` µ:8 ¶�=)w o µ�H�³J7-=LI�H�;x8Fµv³&²�s
` 8 o I�³.µ�O:8N9�¶�µ:8r9�·-=LK:9<7�·�³ay:=.²�µ�H:=)w�=?· ��8<I�H)v�7-8<K�H�³aH�³

[0, 1]
µ	H�³

[−1, 1]
9<G*)a8N9<7�·-8<H�H:=

I�³.¸NH�_07-9B_�V?±j´�=?¶�²�³&´�8py�I:8#´:y:=.²�³ ` ³L8<7-9B_D9P´�8#²�³J7)}�³.¶�R:8<H�76µ:w�8<H�H:= H�³x7?³.¶�µ0~�I�³.¸�²�µ�O�µ�_�~�V
± O�³L9<7)H:=)9<7�µ5Z�´�²:_	y:=.²�µ�H:=)w�=?·q��8<I�H)v�7-8<K�H�³aH�³

[−1, 1]
o G&´:G�7D= o 9<G�F�´�³J7)}-9B_

» b _�·)H�³J_ ³&² ` 8 o I�³.µ�O:8N9�¶�³J_ ¸&³Jy�µ:9<} y:=	9<7-8<y:8<H�_�w
x
µ!9�·)_�¸&³JH�H�;x8D9aH:8<K]¶�=)w o µ�H�³ s

7-=LI�H�;x8�&\PQPQ8�¶�7); c
¹ b�¶�=LH�¶�I:8<7)H�;x8]·);XI�³JF�8<H�µ�_�y:=.²�µ�H:=)w�=?· ��8<I�H)v�7-8<K�H�³h´�²:_�·�³JF�H�;�~3y�I�µ:w�8<I:=?·

9<7-8<y:8<H:8<K
xp
µu9�µ:w�w�8<7)I�µ�O�H:= ` =qw�=+´:G&²:_ |x| c�-b 7-=LO�H�;XKy¸&³.¶�=LH I:8 ` G&²:_0I�H:= ` =�y:=Ly�³JI�H:= ` = 9N=?·)y�³&´�8<H�µ�_ y:=.²�µ�H:=)w�=?·q��8<I�H)v�7-8<K�H�³

·D9#²:G�O�³L8�¶�G-9N=LO�H:= ²�µ�H:8<K�H:=LKuy:=LI:=\F�´�³J^ )a8<KEPYG�H�¶�R�µ�µrc
� b5w�=+´�µ:P�µ�¶�³JR�µ�µ�¶�²�³L9N9�µ�O:8N9�¶�µ0~�7-8N=LI:8Nw 9 9N=)=L7�·-8<7-9<7�·)G�^ )�µ:w�µa7-8c~0H�µ�O:8N9�¶�µ:w�µ�y:=Js

y�I�³.·�¶�³Lw�µ5V
� 7	´�8#²:})H�;x8	I:8�¸NG&²:} 7?³J7); y:=Ey:8<I:8<O�µ:9#²�8<H�H�;xw 7-8Nw«³LwMy�I:8#´�9<7?³.·?²�8<H�;n· H:8#´�³.·)H�µ0~

y�G o ²�µ�¶�³JR�µ�_�~ f ]\[�»�»%h V ��³.¶�F�8 o G&´:G�7�¸&³J7)I:=LH�G�7); H:8�¶�=L7-=LI�;x8�H:8<I:8Mva8<H�H�;x8�y�I:= o ²�8Nw�;QZ
9�·)_�¸&³JH�H�;x8r9Ay:=.²�µ�H:=)w«³Lw�µE��8<I�H)v�7-8<K�H�³�H�³a9�µ:w�w�8<7)I�µ�O�H:=)w =L7)I:8�¸+¶�8)V
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

CF���D� � v�� ���'��i�� 
"�'v���j
l��D�'j:�"± ± n v������Xj
lD����i��'C l'iYlD�Qh��Z�
��h �'����js��iYWYhYlD����i�� �0� �'v���j
l��D�'j
l �����E± ��j��D� �0�kv��'j �x���Yl �

���! "���	����� �����
SUj�=)9N9�µ�_�Z�±�=LI:=LH:8<F�c�± ���Qb

vAG-9<7)}
L2[0, 1]

d ` µ�²:} o 8<I�7-=?·-='y�I:=)9<7)I�³JH:9<7�·-=A9<G0w�w�µ�I�G-8Nw�;�~�9 ¶�·�³&´:I�³J7-=)wuH�³
[0, 1]¶�=)w�y�²�8�¶�9<H:=?¸NH�³NO�H�;�~ PYG�H�¶�R�µ�K 9N=�9�¶�³&²:_0I�H�;xwzy�I:=?µ�¸+·-8#´�8<H�µ:8Nw

(x, y) =

1∫

0

x(τ) y(τ) dτ, x, y ∈ L2[0, 1].

�Y8<I:8�¸
W 4

2 [0, 1]
= o =?¸NH�³NO�µ:wzy�I:=)9<7)I�³JH:9<7�·-= n = o =.²�8�·�³ {y : [0, 1] → C : y, y′, y′′

H:8<y�I:8cs
I�;E·)H�;x8YH�³

[0, 1]
Z
y′′′

³ o 9N=.²:^'7)H:=�H:8<y�I:8<I�;E·)H�³ µ
y(IV ) ∈ L2[0, 1]}

V
j�³L9N9Nw�=L7)I�µ:w =Ly:8<I�³J7-=LI

Lbc : D(Lbc) ⊂ L2[0, 1] → L2[0, 1]
Z�=Ly�I:8#´�8#²�8<H�H�;XK 9#²�8#´:G%s

^ )�µ:wh´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;xw ·);XI�³JF�8<H�µ:8NwXe

l(y) = y(IV ) − a(t)y′′ − b(t)y,
` ´�8

a, b ∈ L2[0, 1]
V

� o ²�³L9<7)}q=Ly�I:8#´�8#²�8<H�µ�_
D(Lbc)

=Ly�I:8#´�8#²:_�8<7-9B_E=+´:H�µ:w µ�¸�´�·)G%~L¶�I�³L8�·);�~	G-9#²�=?·�µ�K5e
SnE-bpy:8<I�µ:=+´�µ�O:8N9�¶�µ:8

bc = per
e
y(j)(0) = y(j)(1)

Z
j = 0, 1, 2, 3

c
S>T
bE³JH�7�µ�y:8<I�µ:=+´�µ�O:8N9�¶�µ:8

bc = ap
e
y(j)(0) = −y(j)(1) Z j = 0, 1, 2, 3

V
n ²�8#´�=?·�³J7-8#²:})H:=�Z

D(Lbc) = {y ∈W 4
2 [0, 1] : y

G&´�=?·?²�8<7�·-=LI%_�8<7
bc} V\� y:8<I�³J7-=LI L0

bc :
D(Lbc) = D(Lbc) ⊂ L2[0, 1] → L2[0, 1]

Z
L0
bcy = y(IV ) Z
_�·?²:_�8<7-9B_!9	³Lw�=)9N=Ly�I%_0F�8<H�H�;xw

=Ly:8<I�³J7-=LI:=)wz96¶�=)w�y�³.¶�7)H:=LKEI:8�¸\=.²:}�·-8<H�7-=LK5V
��²:_ PYG�H�¶�R�µ�K

a, b ∈ L2[0, 1]
9<y�I�³.·-8#´�²�µ�·);M9#²�8#´:G�^ )�µ:8Yy�I:8#´�9<7?³.·?²�8<H�µ�_�e

a(t) =
∑

k∈Z
ake

i2πkt, b(t) =
∑

k∈Z
bke

i2πkt,

` ´�8
ak
Z
bk
Z
k ∈ Z

Z�d ¶�= &\PQP�µ�R�µ:8<H�7); �rG�I�}-8YPYG�H�¶�R�µ�K
a
µ
b
9N=)=L7�·-8<7-9<7�·-8<H�H:=�V

n y:8�¶�7)I�;
σ(Lbc)

=Ly:8<I�³J7-=LI:=?·
Lbc

Z
bc ∈ {per, ap} Z�y�I:8#´�9<7?³.·�µ:w�; · ·�µ�´�8)e

(a)
e
σ(Lper) = {(2πn)4, n ∈ Z+ = N∪{0}} V n = o 9<7�·-8<H�H:=)8Ay:=+´:y�I:=)9<7)I�³JH:9<7�·-= ´�²:_

n 6= 0
µ:w�8N8<7L·�µ�´

E0
n = Span{e1n, e2n}

Z ` ´�8
e1n(t) = e−i2πnt

Z
e2n(t) = ei2πnt

Z
t ∈ [0, 1]

V
��9#²�µ

n = 0
Z�7-=

E0
0 = {αe0, α ∈ C} Z ` ´�8 e0(t) = 1

Z
t ∈ [0, 1]

V
(b)

e
σ(Lap) = {π4(2n+ 1)4, n ∈ Z+ = N ∪ {0}} V n =)=L7�·-8<7-9<7�·)G�^ )a8N8Q9N= o 9<7�·-8<H�H:=)8y:=+´:y�I:=)9<7)I�³JH:9<7�·-=jµ:w�8N8<7|·�µ�´

E0
n = Span{e1n, e2n}

Z ` ´�8
e1n(t) = e−iπ(2n+1)t Z e2n(t) =

eiπ(2n+1)t Z t ∈ [0, 1]
V

� � :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � TW_G, L TR, V=^�V�J�T�E+7=9
�

:
�

<�. 5�P

��º



vAI:=)8�¶�7-=LI�;Mj µ:9N9	³
Pn
Z
n ∈ Z+

Z�=Ly�I:8#´�8#²:_0^'7-9B_u9#²�8#´:G�^ )�µ:w?= o I�³.¸\=)wXe
(a) Pnx = (x, e1n)e

1
n + (x, e2n)e

2
n

Z
n ∈ N

Z
P0x = (x, e0)e0

c
(b) Pnx = (x, e1n)e

1
n + (x, e2n)e

2
n

Z
n ∈ Z+

Z
´�²:_ ·-9N8c~

x ∈ L2[0, 1]
V

n y:8�¶�7)I�³&²:})H�;XK ³JH�³&²�µ�¸�´�µ:PQPQ8<I:8<H�R�µ�³&²:})H:= ` =|=Ly:8<I�³J7-=LI�³ O:8<7�·-8<I�7-= ` =qy:=LI%_�´�¶�³|9
·-8 )a8N9<7�·-8<H�H�;xw�µ�¶�= &\PQP�µ�R�µ:8<H�7?³Lw�µ

a, a′, b ∈ L1[0, 1]
H:8Nw�H:= ` = o =.²�8N8E= o )a8 ` =]·�µ�´�³

o ; ² y�I�µ�·-8#´�8<Hb·�f »%h V�± &N7-=LK	I�³ o =L7-8Qw�; I�³L9N9Nw«³J7)I�µ�·�³L8Nw?H:8N9�¶�=.²:}�¶�= o =.²�8N8AG�y�I:= )a8<H0s
H�;XK�=Ly:8<I�³J7-=LI5Z�H:= 9<H�µ:w«³L8Nw ¶�³.¶�µ:8cs ²�µ o = G-9#²�=?·�µ�_ H�³uy:=L7-8<H�R�µ�³&²:;QZ ¶�I:=)w�8Lµ0~+y�I�µ0s
H�³&´�²�8<F�H:=)9<7�µ

L2[0, 1]
VD�'9<H:=?·)H�;xw w�8<7-=+´�=)w µ:9N9#²�8#´�=?·�³JH�µ�_ o G&´�8<7*_�·?²:_07)}-9B_ w�8<7-=+´

y:=+´�= o H�;�~u=Ly:8<I�³J7-=LI:=?·:V
� &%��
�&�$'� d � z � �+� �2�\�W� 
�� ��{ x ���?� �H�g�2�r� w �%� Lbc |�}�{�|�� w�v | �H�g�2�r� w �%�\��� v ~+���E�

����~ w �g�H���\� � �H{ x }��W� w �H� � �W��� v �g�W~ w � �U�\�2� v!w ��} � � } } � �\� σ(Lbc) = σ̃m ∪ {λ̃n, n >

m+ 1} ��{�|6�g�W~+� w �%�\�H��� m ∈ N ���0�\� σ̃m � ~+�H�g� ���g����� �g�%��� v!w }�� v � �gv {g��� w � �$�W~��g�
�U�\�W}�� v ���;��|�� � � m y ! ��� v!w }��W������� � �����$�W� � | λ̃n �H�g�2�r� w �%�r� Lper �\�H� t+v ~���� w�v {g�2� t �
��� t � � vW� � � w � wH� ~ t �

λ̃n =
(
2πn

)4
+ (2πn)2a0 + βnn

2,

�0�\� (βn) � v0t �R� � � t �=�a��| v ~�}$�����r� w ��� �g� v {g�2�\�H}$� w �W{ x �g� v!wHx yCz"{�| �H�g�2�r� w �%�r� Lap

� t �\� w�v �U�r��}��2��{ � }$� ������{g�H� � ������|�� vW� � � w � wH� ~���y
� &%��
�&�$'� � ��� �g�2�r� w �%� −Lbc � bc ∈ {per, ap} �+���W�g�2� � � t � w ������{ �gwH� �$� v ~ t � �g�H{ t �

�=� t ��� t �H�g�2�r� w �%�\�H}	y
� 7-w�8<7�µ:wXZ�O�7-= · &N7-=LKu7-8N=LI:8Nw�8 o G&´�8<7 7?³.¶�F�8ry�I�µ�·-8#´�8<H:=L³L9�µ:w�y�7-=L7�µ�O:8N9�¶�=)8�y:=?·-8cs

´�8<H�µ:8�&N7-=LK y:=.²:G ` I�G�y�y�;QV
�AI:=)w�8q7-= ` =�Z o ; ²�µ*y:=.²:G�O:8<H�;T7-8N=LI:8Nw�; = o =LR:8<H�¶�³ ~ y�I:=)8�¶�7-=LI:=?·

Pn
µ*=LR:8<H�¶�³ ~

I�³.·)H:=)9 ~%=+´�µ:w�=)9<7�µ 9<y:8�¶�7)I�³&²:})H�;�~ I�³.¸�²�=\F�8<H�µ�K5V

�u��/0&%
���/4p5
��

T%P�8A���j� 
(6�
 ���#3:� �"���F

��� -���� ����.���$�*�.08�-�I�:W9('%G�4r.�7=M�.2G�8�1"5�9�] *�.0I�1�705�1�K�.0308H7=`;7 7-*�.0I�:=-�7%I�:K�.0-%<�.0I�-�7=`;7K*�7%IH]!5�8�:K��� 
 9�`;.F%%I�:a1 :WG�:W9�1�/%P .?V=^HT;^HP .�)�P�V%V!S � _!P .D$\P$T X5J�YHP

��»
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� v��'j:��� ��l'f �kh 
gvYj:� �����Xh�±�i�� 

± � n �"± � 
 vYj:� n �Xj
l'i n �E±#W��!��� 
 �A�AiY�YWYh�� �

��� � ���	����� �������
SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�G-Z�f �A� c�±@²�³&´�µ�¶�³.·�¶�³.¸-Z
fgCEhrb

vAG-9<7)}
HΦ(C) =

{
f ∈ H(C) : ‖f‖n = supz∈C

|f(z)|
expϕn(z)

< ∞, ∀n ∈ N
} d

y�I:=)8�¶�7�µ�·)H:=)8 y�I:=)9<7)I�³JH:9<7�·-= R:8#²:;�~#PYG�H�¶�R�µ�K5Z =Ly�I:8#´�8#²:_�8Nw�=)8h·-8N9N=?·-=LKMy:=)9#²�8#´�=?·�³ s
7-8#²:})H:=)9<7)})^

Φ = (ϕn)
∞
n=1

VX��³&²�8N8)Z y�G-9<7)}
p
d H:8�¶�=L7-=LI:=)8 H�³J7)G�I�³&²:})H:=)8 O�µ:9#²�=lµ

y�I�µl¶�³JF�´�=)w
i
=L7 » ´�=

p
¸&³&´�³JH�;n²�µ�H:8<K�H:=)8uy:=+´:y�I:=)9<7)I�³JH:9<7�·-=

HΦi(C)
y�I:=)9<7)I�³JH0s

9<7�·�³
HΦ(C)

µ R:8#²�³J_ PYG�H�¶�R�µ�_
ai(z)

Z�_�·?²:_0^ ) ³J_�9B_!w�G&²:} 7�µ�y�²�µ�¶�³J7-=LI:=)w µ�¸
HΦi(C)·

HΦ(C)
V"� = ` ´�³ ∑p

i=1 aiHΦi(C) ⊂ HΦ(C)
V ��=?·-=LI%_07JZ�O�7-=�PYG�H�¶�R�µ�µ

a1, . . . , ap
µ	y:=+´�s

w�H:=\F�8N9<7�·�³
HΦ1(C), . . . ,HΦp(C)

y:=LI:=\F�´�³J^'7
HΦ(C)

Z�8N9#²�µb·);Xy:=.²:H�_�8<7-9B_ I�³.·-8<H:9<7�·-=
∑p

i=1 aiHΦi(C) = HΦ(C)
V

±?I�³ o =L7-8"·); ´�8#²�8<HL·�³JF�H�;XK 9 7-=LO�¶�µJ¸NI:8<H�µ�_qy�I�µ�²�=\F�8<H�µ�Kb¶�²�³L9N9"·-8N9N=?·);�~qy:=)9#²�8cs
´�=?·�³J7-8#²:})H:=)9<7-8<K

Φ = (ϕn)
∞
n=1

Z
ϕn(z) = un(|z|) + v(z)

Z59N=)9<7-=\_�)�µ0~|µ�¸�I�³&´�µ�³&²:})H�;�~
µ|H:8<I�³&´�µ�³&²:})H:=LKb¶�=)w�y:=LH:8<H�7JV n PQ=LI:w�G&²�µ�I:=?·�³JH�;�²�8 ` ¶�=�y�I:=?·-8<I%_�8Nw�;x8YG-9#²�=?·�µ�_qH�³

Φ
Z

y�I�µ�¶�=L7-=LI�;�~�G-9<7?³JH:=?·?²�8<H:=Yy:=.²:H:=)8�=Ly�µ:9	³JH�µ:8�y:=LI:=\F�´�³J^ )�µ0~a9N=)=L7�·-8<7-9<7�·)G�^ )�µ0~�y�I:=Js
9<7)I�³JH:9<7�·

HΦ(C)
V

hYw�8<H�H:=�Z�y�I:8#´:y:=.²�³ ` ³L8<7-9B_�Z
O�7-= PYG�H�¶�R�µ�µ
un : [0,∞) → R

H:8<y�I:8<I�;E·)H�;QZ�H:8QG o ;�s
·�³J^'7Yµ3G&´�=?·?²�8<7�·-=LI%_0^'7?G-9#²�=?·�µ�_�wXe » b

un(e
x)
·);Xy�G�¶�²�³ H�³

[0,∞)
Z
n ∈ N

c ¹ bq9N8cs
w�8<K:9<7�·-=

(un)
∞
n=1

I�³.·)H:=)w�8<I�H:=
ρ
s G-9<7-=LK�O�µ�·-= H�³

[0,∞)
c��-b ∀n ∈ N ∃Dn > 0

e
un+1(t) + ln 1+t2

ρ(t) 6 un(t) + Dn
Z
t > 0

V �rG�H�¶�R�µ�_
v : C → R

d y�I:=?µ�¸+·-=.²:})H�³J_!9<G o s
` ³JI:w�=LH�µ�O:8N9�¶�³J_

ρ
s G-9<7-=LK�O�µ�·�³J_ PYG�H�¶�R�µ�_y·

C
V ��´�8N9<}

ρ = ρ(t)
d I:8 ` G&²:_0I�H�³J_ PYG�H�¶0s

R�µ�_�I�³L9N9<7-=\_0H�µ�_uSU=Ly�I:8#´�8#²�8<H�µ�_aI:8 ` G&²:_0I�H:=LKDPYG�H�¶�R�µ�µaI�³L9N9<7-=\_0H�µ�_ µ
ρ
s G-9<7-=LK�O�µ�·-=)9<7�µ

9NwXV�·�f »%h bcV
��³&²�8N8)Z�y�G-9<7)}

ri(z)
d.H:8N=L7)I�µ�R�³J7-8#²:})H�³J_?H:8<y�I:8<I�;E·)H�³J_z9<G o ` ³JI:w�=LH�µ�O:8N9�¶�³J_l·

CPYG�H�¶�R�µ�_]µ
Φi =

(
ϕn(z) − ri(z)

) Z
n ∈ N

Z
1 6 i 6 p

V �pG&´�8Nw#9<O�µ�7?³J7)}:Z�O�7-=uy:=)9#²�8cs
´�=?·�³J7-8#²:})H:=)9<7�µ

Φi Z 1 6 i 6 p
Z�µ:w�8<^'7E7?³.¶�=LK�F�8J·�µ�´ Z�O�7-=rµ

Φ
Z�µ G&´�=?·?²�8<7�·-=LI%_0^'7

y:8<I:8<O�µ:9#²�8<H�H�;xwl·);dva8A7)I:8 o =?·�³JH�µ�_�wXV
�'9<H:=?·)H�;xw?I:8�¸NG&²:} 7?³J7-=)wzI�³ o =L7);�_�·?²:_�8<7-9B_
� &%��
�&�$'� d � z"{�| w �H��� � w ���H� � t ��~ 
���� a1, . . . , ap

� �g�;�g� �g�%��� v!w }$�
HΦ1(C), . . . ,HΦp(C) �g�%�\�%� �r��{ � HΦ(C) �+�g�!���-���;� � �Z� � �\� v!w � w � ���g��� � w ���H� }��?�g�H{	�
��|�{g� vWx t+v {g�H} � �

∀m ∈ N ∃n ∈ N, ∃B > 0 :

p∑

i=1

|ai(z)|
eri(z)

> Be−um(z)+un(z), z ∈ C.

��=?¶�³.¸&³J7-8#²:}-9<7�·-=+=)9<H:=?·�³JH:= H�³ y:=.²:G�O:8<H�H:=)w H:8#´�³.·)H:= I:8�¸NG&²:} 7?³J7-8 =uI�³.¸NI:8Mv�µ:w�=Js
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7-8#²:})H:=)9<7-8<K5V
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�p� n �Xjs��CElD����i���� ��lX��l��Yh �MvYl'j�j
lD�����!����vYhYv�����l 
 �

���!o%�<�'��"-"-���0�%�����
SUj�=)9N9�µ�_�Z�j�G o R:=?·-9�¶rc�j�hYhklF²:7 � ���Qb

�@¶�9<7)I:8Nw«³&²:})H�;x8�¸&³&´�³NO�µyµ�H�7-8<I:8N9N=?·�³&²�µuO:8#²�=?·-8�¶�³D9"´:I:8�·)H�µ0~ ·)I:8Nw�8<H5V:h ·�H�³L9<7-=Js
_�)a8N8 ·)I:8Nw�_ µ�H�7-8<I:8N9b¶�I:8Mva8<H�µ�^ ¸&³&´�³NOz7?³.¶�= ` =+7�µ�y�³ H:8 =)9#²�³ o 8�·�³L8<7JVphAH�7-8<I:8N9<H:=LK
¸&³&´�³NO:8<Ku_�·?²:_�8<7-9B_	H�³ ~%=\F�´�8<H�µ:8 &+¶�9<7)I:8Nw«³&²:})H�;�~b¸NH�³NO:8<H�µ�Kyµ�H�7-8 ` I�³&²�=?· y:=Ly:8<I:8<O�H�;�~
w�8<IECyµ�H�¶�=?·-9�¶�= ` =�´�²:_	y�I%_�w�=LG ` =.²:})H:= ` =qy�³JI�³&²�²�8#²�8<y�µ�y:8#´�³

P = ABCDA′B′C ′D′
9

¸&³&´�³JH�H�;xw ` 8N=+´�8�¸+µ�O:8N9�¶�µ:w ´�µ�³Lw�8<7)I:=)w
D(P )

V
vY=+´ ` 8N=+´�8�¸+µ�O:8N9�¶�µ:wzS ·)H�G�7)I:8<H�H�µ:w b�´�µ�³Lw�8<7)I:=)w y�³JI�³&²�²�8#²�8<y�µ�y:8#´�³

P
S 7-=LO�H:8N8)Z-8 ` =

y:=?·-8<I-~0H:=)9<7�µ
b o G&´�8Nw+y:=LH�µ:w«³J7)}aw«³.¶�9�µ:w«³&²:})H:=)8 ` 8N=+´�8�¸+µ�O:8N9�¶�=)8DS ·)H�G�7)I:8<H�H:8N8 b�I�³L9N9<7-=Js
_0H�µ:8Xw�8<F�´:G�y�³JI:=LK�7-=LO:8�¶DH�³'y:=?·-8<I-~0H:=)9<7�µDy�³JI�³&²�²�8#²�8<y�µ�y:8#´�³0V)� o =?¸NH�³NO�µ:w |AB| = a

Z
|AD| = b

Z |AA′| = c
Z ` ´�8

0 6 a 6 b 6 c
V

n =Ly:=)9<7?³.·�µ:wuy�³JI�³&²�²�8#²�8<y�µ�y:8#´:G
P
9#²�8#´:G�^ )�µ:8 µ�H�7-8 ` I�³&²:; y:=Ly:8<I:8<O�H�;�~rw�8<I�Cyµ�H0s

¶�=?·-9�¶�= ` =
Wi

Z
i = 0, 1, 2, 3

f m�h e
W0(P ) = V (P )

Z
W1(P ) = F (P )/3

Z
W2(P ) =M(P )/3

Z
W3(P ) = const = 4π/3

Z ` ´�8
V (P ) = abc

d�= o e58NwXZ
F (P ) = 2(ab+ac+bc)

d y�²�= ) ³&´:}
y:=?·-8<I-~0H:=)9<7�µ5Z

M(P ) = π(a+ b+ c)
d µ�H�7-8 ` I�³&² 9<I:8#´:H:8<Kb¶�I�µ�·�µ�¸NH�;QV
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a = 0
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n ²:G�O�³JK
W3 = 4π/3
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Po ; ²�µzH�³JK�´�8<H�; f V �
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a : b : c = 1 : 1 :
√
2
V�±kO�³L9<7)H:=)9<7�µ5Z�´�²:_ y�I:=?µ�¸+·-=.²:}Ls

H�;�~ y�³JI�³&²�²�8#²�8<y�µ�y:8#´�=?·L·);Xy:=.²:H�_�8<7-9B_ 9N=)=L7)H:=Uva8<H�µ:8
ab+ ac+ bc 6 1+2

√
2

6 (D(P ))2
V

Cyµ�H�µ:w�G0wY·�´�³JH�H:=)wz9#²:G�O�³L8)Z�=LO:8�·�µ�´:H:=�Z:I�³.·-8<H
0
µL´�=)9<7�µ ` ³L8<7-9B_y·�7-=LO�H:=)9<7�µ H�³	S ·);�s

I:=\F�´�8<H�H�;�~�b�y�³JI�³&²�²�8#²�8<y�µ�y:8#´�³ ~E9N=D9�·-=LK:9<7�·-=)w
a = b = 0

V
��³&²�8N8�· f � h o ; ²�µEy:=.²:G�O:8<H�; &+¶�9<7)I:8Nw«³&²:})H�;x8�¸NH�³NO:8<H�µ�_y´�²:_ ��
�� � � � � ��� � � � 
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 M(P )
V«± O�³L9<7)H:=)9<7�µ5Z�H�³.µ o =.²:}�va8N8b¸NH�³NO:8<H�µ:8

M(P )
´�=)9<7�µ ` ³L8<7-9B_l· 7-=LO0s

H:=)9<7�µzH�³ y�³JI�³&²�²�8#²�8<y�µ�y:8#´�³ ~ 9 9N=)=L7)H:=Uva8<H�µ:8Nw ´�²�µ�H?I:8 o 8<I
a : b : c = 0 : 1 : 1

Z
³?H�³.µ:w�8<H�}�va8N8h¸NH�³NO:8<H�µ:8+d H�³�y�³JI�³&²�²�8#²�8<y�µ�y:8#´�³ ~k9+9N=)=L7)H:=Uva8<H�µ:8Nw ´�²�µ�HMI:8 o 8<I
a : b : c = 0 : 0 : 1

V���³.¶�µ:w = o I�³.¸\=)wXZ«´�²:_?y�I:=?µ�¸+·-=.²:})H:= ` = y�I%_�w�=LG ` =.²:})H:= ` = y�³ s
I�³&²�²�8#²�8<y�µ�y:8#´�³v·);Xy:=.²:H:8<H:=DH:8<I�³.·-8<H:9<7�·-=

πD(P ) 6M(P ) 6 π
√
2D(P )

V
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V (P )
y�³JI�³&²�s

²�8#²�8<y�µ�y:8#´�³0V0� O:8�·�µ�´:H:=�Z�O�7-=|w�µ�H�µ:w�G0w I�³.·-8<H
0
µy´�=)9<7�µ ` ³L8<7-9B_]·q7-=LO�H:=)9<7�µ H�³ S ·);�s

I:=\F�´�8<H�H�;�~�bQy�³JI�³&²�²�8#²�8<y�µ�y:8#´�³ ~ y�I�µ
a = 0

V i�³.µ o =.²:}�va8N8�¸NH�³NO:8<H�µ:8|= o e58Nw«³
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a : b : c = 1 : 1 :
√
2
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g���Ql nXn l 

l'iYlD�Qh��Xh���� n �Yh 
 ±3�Yj�� � � �A�AiY�YWYh�� �

���s~ �!�'�-�����������?SUj�=)9N9�µ�_�Z��pI%_0H:9�¶rc:� ���Qb�+
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vAG-9<7)}
C
d ¶�=)w�y�²�8�¶�9<H�³J_|y�²�=)9�¶�=)9<7)}:Z

D
dg8#´�µ�H�µ�O�H�;XKJ¶�I�G ` H�³

C
Z
H(D)

dkw�H:=Js
F�8N9<7�·-=y·-9N8c~!PYG�H�¶�R�µ�K5Z�³JH�³&²�µ�7�µ�O:8N9�¶�µ0~ ·

D
V
��²:_j²:^ o = ` = y:=.²�=\F µ�7-8#²:})H:= ` =

α > 0=Ly�I:8#´�8#²�µ:w ¶�²�³L9N9
S∞α

SU9NwXVrf »%h bce

S∞α :=

{
f ∈ H(D) : T (r, f) 6

Cf

(1− r)α

}
,

` ´�8
Cf > 0

d y:=.²�=\F µ�7-8#²:})H�³J_ ¶�=LH:9<7?³JH�7?³0Z«¸NH�³NO:8<H�µ�_ ¶�=L7-=LI:=LK ¸&³.·�µ:9B_07!I�³.¸+·-8qO�7-=
=L73PYG�H�¶�R�µ�µ

f
Z
r ∈ [0, 1)

Z
T (r, f) = 1

2π

∫ π
−π ln

+ |f(reiϕ)| dϕ d ~�³JI�³.¶�7-8<I�µ:9<7�µ�¶�³
j�V:iY8�·�³JH�²�µ�H�H�; PYG�H�¶�R�µ�µ

f
SU9NwXVrf ¹�h bcV


A=LI:=Uva= µ�¸+·-8N9<7)H:=�Z:8N9#²�µ
f ∈ S∞α

Z�7-=

M(r, f) = max
|z|6r

|f(z)| 6 exp

{
cf

(1− r)α+1

}

y�I�µb·-9N8c~
α > 0

Z
cf > 0

SU9NwXVrf »%h bcV
n PQ=LI:w�G&²�µ�I�G-8Nw ¸&³&´�³NO�Gj¶�I�³J7)H:=LKhµ�H�7-8<I�y:=.²:_0R�µ�µY·b¶�²�³L9N9N8

S∞α
e5y�G-9<7)} {αk}∞1

µ
{γk}∞1

d�y�I:=?µ�¸+·-=.²:})H�;x8�y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µv¶�=)w�y�²�8�¶�9<H�;�~aO�µ:9N8#² µ�¸
D
cJ= o =?¸NH�³NO�µ:w

O:8<I:8�¸
qj

d ¶�I�³J7)H:=)9<7)} y:=\_�·?²�8<H�µ�_*O�µ:9#²�³
αj
·-=y·-9N8<K*y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µ {αk}∞1

Z
sj > 1

d ¶�I�³J7)H:=)9<7)}?y:=\_�·?²�8<H�µ�_ O�µ:9#²�³
αj

H�³*=L7)I:8�¸+¶�8 {αk}jk=1

VD� O:8�·�µ�´:H:=�ZXO�7-=
1 6 sj 6 qj 6 +∞ V ��I:8 o G-8<7-9B_r·);X_�·�µ�7)}�¶�I�µ�7-8<I�µ�µr´�²:_ {αk}∞1

µ {γk}∞1
Z:= o 8N9<y:8<O�µ0s

·�³J^ )�µ:8Y9<G*)a8N9<7�·-=?·�³JH�µ:8rPYG�H�¶�R�µ�µ
f ∈ S∞α

7?³.¶�=LK5Z:O�7-=

f (sk−1)(αk) = γk, k = 1, 2, . . .

� 7-w�8<7�µ:wXZ�O�7-=�7-8N=LI�µ�_Lµ�H�7-8<I�y:=.²:_0R�µ�µE9<7?³&²�³�µ�H�7-8<H:9�µ�·)H:=DI�³.¸+·�µ�·�³J7)}-9B_ y:=)9#²�8Q=)9cs
H:=?·-=Ly:=.²�³ ` ³J^ )a8<K I�³ o =L7); �DV0��³JI�²�8N9N=LH�³6f � h = o µ�H�7-8<I�y:=.²:_0R�µ�µ ·�¶�²�³L9N9N8Y= ` I�³JH�µ�O:8<H0s
H�;�~Y³JH�³&²�µ�7�µ�O:8N9�¶�µ0~�PYG�H�¶�R�µ�K5V%��³&´�³NO�³r¶�I�³J7)H:=LKYµ�H�7-8<I�y:=.²:_0R�µ�µ ·r¶�²�³L9N9	³ ~ 
�³JI�´�µ
I:8Mv ³&²�³L9<}v·DI�³ o =L7-8QC V�C V%�rF�I o ³2v�_0H�³uSU9NwXVCf ��h bcV

��²:_uPQ=LI:w�G&²�µ�I:=?·�¶�µ =)9<H:=?·)H:= ` = I:8�¸NG&²:} 7?³J7?³J·�·-8#´�8Nw ´�=Ly:=.²:H�µ�7-8#²:})H�;x8�= o =?¸NH�³NO:8cs
H�µ�_Yµz=Ly�I:8#´�8#²�8<H�µ�_�V���²:_h²:^ o = ` =

p ∈ Z+
9�µ:w�·-=.²�=)w

πp(z, αj)
o G&´�8Nwk= o =?¸NH�³NO�³J7)}

o 8N9�¶�=LH:8<O�H:=)8Ay�I:=?µ�¸+·-8#´�8<H�µ:8YC V�C V)�rF�I o ³2v�_0H�³�9xH�G&²:_�w�µL·r7-=LO�¶�³ ~qy:=)9#²�8#´�=?·�³J7-8#²:}Ls
H:=)9<7�µ {αj}+∞j=1 ⊂ D

SU9NwXVrf ¼�h bce

πp(z, αj) =

+∞∏

j=1

αj − z

1− αjz
αj exp

{
p∑

s=1

1

s

(
1− |αj |2
1− αjz

)s
}
.

� � :-%%7%-%:�<%4A*�7=9�G�.2G�:m*�I�1 L\1�G�:WG�307=<�7=Jd*�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7 L�7=G�5�: L\FHG�5�:-E+.2G�-%:W9('%G�4A@1�30329�. 5�7=<!:WG�1�J$SD*�I�7%.08�- � T L , ^HTR,x2�1%_=^%YHS�1 Bu1�G�1�30-�.0I�30-%<!:�7I%%I�:=/07=<!:WG�1�] 1 G�:0F�8�1 � C SD*�I�7%.08�-
� T%P T�1=^-J�P V=^HTFJ ��P

�)m



� o =?¸NH�³NO�µ:w
πp,n(z, αj)

y�I:=?µ�¸+·-8#´�8<H�µ:8
πp(z, αj)

o 8�¸
n
s ` =�P�³.¶�7-=LI�³0V

��³.¶+G-9<7?³JH:=?·?²�8<H:=|· f ¼�h Z5y�I:=?µ�¸+·-8#´�8<H�µ:8
πp(z, αj)

9 ~%=+´�µ�7-9B_ ³ o 9N=.²:^'7)H:=yµ+I�³.·)H:=Js
w�8<I�H:= ·

D
7-= ` ´�³ µ	7-=.²:}�¶�=D7-= ` ´�³0Z�¶�= ` ´�³D9 ~%=+´�µ�7-9B_uI%_�´

+∞∑

j=1

(1− |αj |)p+1 < +∞.

� � ��� ��� � � �������
Γδ(θ)

96·-8<I)v�µ�H:=LK ·�7-=LO�¶�8
eiθ

H�³.¸N;E·�³L8<7-9B_ G ` =.²	I�³L9<7�·-=LI�³
πδ
Z

0 < δ < 1
Z o µ:9N9N8�¶�7)I�µ:9	³v¶�=L7-=LI:= ` = 9N=?·)y�³&´�³L8<7q9Y=L7)I:8�¸+¶�=)w

reiθ
Z
0 6 r < 1

V
vY=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7)}b¶�=)w�y�²�8�¶�9<H�;�~ O�µ:9N8#² {αj}+∞j=1

Z:G&´�=?·?²�8<7�·-=LI%_0^ )�µ0~EG-9#²�=?·�µ0s
_�w

n(r) = card {αk : |αk| < r} 6
c

(1− r)α+1
,

∣∣πp,n(αj , αn)
∣∣ > exp

−c0
(1− |αn|)α+1

, p > α, c0 > 0,

sup
k>1

{qk} = q,

=L7)H:8N9N8Nw ¶ ¶�²�³L9N9<G
∆̃
V

n y�I�³.·-8#´�²�µ�·-=q9#²�8#´:G�^ )a8N8AG�7�·-8<I%F�´�8<H�µ:8)V
� &%��
�&�$'�Z�\sut+v!wHx �g� v {g�2�\�H}$� w �W{ x �g� v!wHx ~+��� ��{g�W~ v ����� � �gv �W{ {αk} ⊂ ⋃n

s=1 Γδ(θs)

��{�|*�g�W~+� w �%�\�H��� 0 < δ < 1
α+1 y�� v { � {αk}∞1 ∈ ∆̃ � w �a��{�|*{�� ���H� �g� v {g�2�\�H}$� w �W{ x �g� v!wH�

{γk}∞1
w ��~+�H�g� � w �

|γk| 6 exp
δ

(1− |αk|)α+1
, k = 1, 2, . . . , (1)

�Z�%�"�g�6�g� v!w �\� �gwHx } |�}��g���&} � �\� � t ��~ 
�� � f ∈ S∞α ��|�}�{�|���� t � v | �\� � �W� � �=� � �	�w �2���g�H{�| 
�� �H���g�H� � ���r��� �

f (sk−1)(αk) = γk, k = 1, 2, . . . (2)

� �%�r� w �g����� v { � � ���r���U� (2) �r� � �\� � � �a� �U� � } v �G� sk > 1
� {γk}∞1 � t �\�H}�{g� w }��%��|���� �W�t+v {g�H} � � (1) � w � {αk}∞1 ∈ ∆̃ y

�u��/0&%
���/4p5
��

T%P��9� � � - 
 �K�j��� � � � �I� � ��� ��� ����=	<�. 5�.2G�1�.?< -�.07%I�1�[ <�.0307=<%4A@ Lp , 8�9�:=30307=<+E+.0I�7IE+7%I�L\G�4A@L\FHG�8�M�1�J$P . ��IH]HG�308
/!`;I�F?*(*�:E8H7IE4*�:WG�1�J 
�0a.03 ]�-�7=K�8�: �=S�V=^%^I2HP .uTW_%V��%PV!P������5� 
	�&6�
�
���14��5r5�G�7%/2G�:0K�G�4r. :WG�:W9�1�-%1�K�.0308�1�.�L\FHG�8�M�1�1 � �R.0IUP	3�G�.FECP .?B P X ��P / � � )�) ��STG2-J�T%P . L Y%Y �%PL P��#{	��~hP+*3��} M����W` V `5a�XR_�]�cI� b�a�V cI` ]&_�c
�(� XFfdghc-_���c
%(`#�&X"� b-`	b-� \?a�V ��g %(`!�Ra�V cI`(Y ���r�WfDXR_;P:8�P�vwb�a�eUP�.TG2�_=YHP .K��cI�OP�Y%^HP .�i�P�2�V!T X?2 L ^HP
J�P	� � 
 �I� � - 
 � ��� � �g:=/21�32G�7%30-I'6G�.08H7%-�7%I�4A@B%=1�7%I�-�7=`;7=G�:W9('%G�4A@ 321�30-�.FE 1�I�.��E.2G�1�."8�I�:=-I,G�7=J 1�G�-�.0I&*�7=9�]HM�1�7=G�G�7=J /;:;5�:0K�1 < 8�9�:=303;:�@ Hp < *�7=9�F?*�9�7%308H7%30-%1d��� �R/2<�P 
 0 $A$A$ � P

$�.0IUP�B�:=-�.FE	:=-%1�8�:HP .uTG2�1=YHP .�)�P	J L S � HHP .Dn\P$T L VI10X�T L Y-J�P_!P	� � 
 �I� � - 
 � � � � � *�I�7I%=9�.FE+.K*�I�. 5�30-%:W<%1	E+7%30-%1 :WG�:W9�1�-%1�K�.0308�1(@ L\FHG�8�M�1�J ��� $�7%7I% �E.2G�1�]
� G(, -%: E	:=-�.FE	:=-%1�8�1�1wE+.R@H:WG�1�8�1 
 0 
 I(ECP�$A$ � P .uTG2-J�YHP .�)�P�V!P .Dn\P L X5J�^HP
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���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�'� � ��i��'C �D� �Yi��'C i���j
l"± ��i n �E± �
��� � n �d��v���i���� �'v���j
l��D�'j
l �Ql'v��Ql n l

���:r	��tr�����������
SUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c�C ���Qb

vAG-9<7)}
F : L2(R

d) → L2(R
d)
d y�I:8N= o I�³.¸\=?·�³JH�µ:8'�rG�I�}-8�·

L2(R
d)
VO��9#²�µ

α > 0
µ

PYG�H�¶�R�µ�_
f(·) ∈ L2(R

d)
7?³.¶�=?·�³0Z�O�7-=|PYG�H�¶�R�µ�_

ψ : ξ → |ξ|α(Ff)(ξ) 7?³.¶�F�8ay�I�µ�H�³&´�s²�8<F µ�7
L2(R

d)
Z�7-=

(α/2)
s�9<7-8<y:8<H�})^ =Ly:8<I�³J7-=LI�³	��³Jy�²�³L9	³	PYG�H�¶�R�µ�µ

f(·) H�³.¸N;E·�³L8<7-9B_PYG�H�¶�R�µ�_�Z�y�I:8N= o I�³.¸\=?·�³JH�µ:8 �rG�I�}-86¶�=L7-=LI:=LKu8N9<7)}
ψ(·) Z�µ	= o =?¸NH�³NO�³L8<7-9B_ (−∆)α/2f(·) V�A9<H:=�Z-O�7-=

(−∆)0f(·) = f(·) Z�³Y8N9#²�µ α = 2
µqPYG�H�¶�R�µ�_

f(·) ´�=)9<7?³J7-=LO�H:= ` ²�³&´�¶�³J_�Z7-='&N7-=�= o ;XO�H�;XKE8N8"²�³Jy�²�³L9�µ�³JH5e

∂2f(x)

∂x21
+ · · ·+ ∂2f(x)

∂x2d
.

� �	�	� �
���	������� � � �	��� � ��
���� �	� � Wα
2 (R

d)
H�³.¸N;E·�³L8<7-9B_|9N=?·-=?¶�G�y�H:=)9<7)}a7?³.¶�µ0~ PYG�H�¶0s

R�µ�K
f(·) ∈ L2(R

d)
Z�O�7-= PYG�H�¶�R�µ�_

ξ 7→ (1 + |ξ|2)α/2(Ff)(ξ) 7?³.¶�F�8	y�I�µ�H�³&´�²�8<F µ�7
L2(R

d)
S W0

2 (R
d) = L2(R

d)
bcV � 7-= ` µ�²:} o 8<I�7-=?·-=�y�I:=)9<7)I�³JH:9<7�·-=D9N=a9�¶�³&²:_0I�H�;xw�y�I:=?µ�¸<s

·-8#´�8<H�µ:8Nw
(
f(·), g(·)

)
=

1

(2π)d

∫

Rd

(
1 + |ξ|2

)α
(Ff)(ξ)(Fg)(ξ) dξ

µ 9N=)=L7�·-8<7-9<7�·)G�^ )a8<KuH:=LI:w�=LK

∥∥f(·)
∥∥
Wα

2 (Rd)
=


 1

(2π)d

∫

Rd

(
1 + |ξ|2

)α ∣∣(Ff)(ξ)
∣∣2 dξ




1/2

.

± y�I:=)9<7)I�³JH:9<7�·-8 Wα
2 (R

d)
I�³L9N9Nw�=L7)I�µ:wzy:=+´:y�I:=)9<7)I�³JH:9<7�·-=

Wα
2,∞(R

d) =
{
f(·) ∈ Wα

2 (R
d)
∣∣ (Ff)(·) ∈ L∞(R

d)
}
.

��²:_ ¶�I�³J7�¶�=)9<7�µE= o =?¸NH�³NO�µ:w

γ(d) = 2d−1πd/2Γ(d/2),

` ´�8
Γ(·) d ` ³Lw�w«³ s�PYG�H�¶�R�µ�_ � K�²�8<I�³0V
� &%��
�&�$'�Z��sut+v!wHx

α > 0 � β > 0
�
α − β > d/2 y � �H�0�r����{�| } v �G� � t ��~ 
�� �

f(·) ∈ Wα
2,∞(Rd)

v �U�r��}��2��{ � }�� w � ���g���u�g�2�r��}��W� v!w }��
∥∥∥(−∆)β/2f(·)

∥∥∥
L∞(Rd)

6 K
∥∥∥(Ff)(·)

∥∥∥
2α−2β−d

d+2α

L∞(Rd)

∥∥∥(−∆)α/2f(·)
∥∥∥

2d+2β
d+2α

L2(Rd)
,

�0�\�
K =

(d/2 + α)
d+β
d+2α

d+ β

(
2α− β

γ(d)(2α − 2β − d)

) 2α−β
d+2α

.

�)]



� =LO�H:=)9<7)} H:8<I�³.·-8<H:9<7�·�³?=?¸NH�³NO�³L8<7JZ O�7-=?9<G*)a8N9<7�·)G-8<7zPYG�H�¶�R�µ�_�ZXH�³h¶�=L7-=LI:=LK &N7-=
H:8<I�³.·-8<H:9<7�·-=#= o I�³ ) ³L8<7-9B_z·3I�³.·-8<H:9<7�·-=�VA��³JH�H:=)8�H:8<I�³.·-8<H:9<7�·-=�8N9<7)} ³JH�³&²�= ` H:8<I�³ s
·-8<H:9<7�·�´�²:_ y�I:=?µ�¸+·-=+´:H�;�~%��³JH�´�³NGDd �Y=.²�w�= ` =LI:=?·�³0Z�¶�=L7-=LI�;x8"µ ` I�³J^'7�·�³JF�H�G�^�I:=.²:}
·�³JH�³&²�µ�¸\8)Z�·�´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~	G�I�³.·)H:8<H�µ�_�~ µ 7-8N=LI�µ�µ y�I�µ o ²�µ�F�8<H�µ�K5V

�u��/0&%
���/4p5
��

T%P � � �F�F
	6	��� � ��� -��������(��� � ��6(7 � �46&
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�'� �'v���j
l��D�'js� js� � ��iYh�� ��� �#��h �'����js��iYWYhYlD����i�� 
k�Aj
l"±�i���iYh��
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∑∞

n=0 anz
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G
Z
h(−θ) d =Ly:=LI�H�³J_
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G
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vAG-9<7)}
Ω
dn·);Xy�G�¶�²�³J_E= o ²�³L9<7)}L·
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C
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Ωr
Z

r ∈ (0, 1)
V�vY=.²�=\F µ:w
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h(−θ)− hr(−θ)
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ϕ
V

±�9N8 ` ´�³
dΩ(θ) ∈ (0,+∞]

V
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������l�����o�p�lrq � 7-=L7QI:8�¸NG&²:} 7?³J7 o ; ² y:=.²:G�O:8<H I�³JH:8N8 f V �qV-�Y=LI:= o 8<K�H�µ�¶�=)wh·r9#²:G%s
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G
S µa=Ly:8<I�³J7-=Js

I�;
a(D)
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�pG&´�8Nw = o =?¸NH�³NO�³J7)}YO:8<I:8�¸
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d
ZF¸&³&´�³J^ )a8 ` =Y´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ:8)V'Cu; y:=)9<7)I:=?µ:w ` =)w�=Js

w�=LI:P�µ�¸\wY¶�·�³JH�7-=?·-=LK*SU9<G�y:8<I
b ³&² ` 8 o I�;#7-=?¶�=?·
U~(Lg)

H�³�¶�·�³JH�7-=?·)G�^ SU9<G�y:8<I
b ³&² ` 8 o I�G
Y~(g)

Z�µ�¸v¶�=L7-=LI:=LK _0H ` µ�³JH
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y:=.²:G�O�³L8<7-9B_ 9<y:8<R�µ�³&²�µ�¸&³JR�µ:8<K*y�I�µ
~ = 1

V5vAI�µ+y:=Js
9<7)I:=)8<H�µ�µ w�;z= ` I�³JH�µ�O�µ:w�9B_DI�³L9N9Nw�=L7)I:8<H�µ:8Nw!O�³L9<7)H:= ` =r9#²:G�O�³J_ o ³.¸+µ:9<H:=LK 9<G�y:8<I�³&² ` 8 o s
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SU9NwXVrf »%h bcV

vAG-9<7)} {Ei,r, Fi,r,Hi,r}i∈I, r∈Z
d 7-=?¶�=?·);x8 = o I�³.¸NG�^ )�µ:8«¶�·�³JH�7-=?·-=LK�³LPQP�µ�H�H:=LK�³&²�s
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Z�³ {ei,k, fi,k, hi,k}i∈I, k∈Z+

dk= o I�³.¸NG�^ )�µ:8x_0H ` µ�³JH�³
Y~(g)

S0f »%h bcVk� y�I:8cs
´�8#²�µ:w?=L7-= o I�³JF�8<H�µ:8

Φ : U~((Lg) → Y~(g)
S » b

H�³�= o I�³.¸NG�^ )�µ0~	9#²�8#´:G�^ )�µ:w�µuPQ=LI:w�G&²�³Lw�µ5e

Φ(Hi,r) =
~

qi − q−1i

∑

k>0
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k!
,

Φ(Ei,r) = erσ
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i

∑

m>0
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Φ(Fi,r) = erσ
−
i

∑
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qi = qdi
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∑

r>0

ti,ru
−r−1 = log
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1 +

∑

r>0

hi,ru
−r−1

)
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∑

r>0

ti,r
r!

(
− d

dv

)r+1
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� = ` ´�³
∑
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¶�=L7-=LI�;x8@¸&³&´�³J^'7-9B_rH�³X= o I�³.¸NG�^ )�µ0~ {hi,r, ei,r, fi,r} 9#²�8#´:G�^ )�µ:wu= o I�³.¸\=)wXV�� H�µr=)9<7?³.·Ls²:_0^'7uH:8<y:=+´�·�µ�F�H�;xw�µ?= o I�³.¸NG�^ )�µ:8
hi,k

Z�³	H�³u=)9<7?³&²:})H�;x8|= o I�³.¸NG�^ )�µ:8 ´�8<K:9<7�·)G�^'7
9P´�·�µ ` ³Lw�µ

σ+i : ej,r → ej,r+δij

Z
σ−i : fj,r → fj,r+δij .n PQ=LI:w�G&²�µ�I�G-8Nw?=)9<H:=?·)H:=LKuI:8�¸NG&²:} 7?³J7JV

� &%��
�&�$'� d �
1.
� w ���%�r�����W� � �

Φ : U~((Lg) → Y~(g),

�;���g� � �������g���H�U�\�2�\�W{�|�� w�v | � �%�g� t {���� �#S » b � S ¹ b � |�}�{�|�� w�v |������Z���Z�%�W� �	� �Z��� � v!v ���
�� � wH� }���������{����!�%�Ry
2.
� w ���%�r�����W� � � Φ �2� � � v!w }��W����� �&���%�r� � ��� �Z�%��� w �H� wHx �U�\�;�\�H{����W�g�*�\� �����Z���

�Z�%�W� �	� �a� w �H�g�H{g�H� � �$� v ~ � ���g�H�g�H{��g�W� � �
�
Φ̂ : Û~(Lg) → Ŷ~(g),

S � b

�U� � �$�=� � w ���%�r�����W� � � Φ̂ |�}�{�|�� w�v | �	� ���Z�%�W� �	� �Z��� w �H�g�H{g�H� � �$� v ~ � ��� v!v � 
�� � wH� }������
(
v0t �g�2� ) ��{����!�%�Ry

�u��/0&%
���/4p5
��

T%Pw!��R� �����(6�
�3:�?��� 5�5�F&%=9�.\]HG�`01�:WG�:E32F?*�.0I�:W9�`;.F%%I�4 � 1u-%1(*�: A(m,n) ���KCEFHG�8�M�1�7=G$P!:WG�:W9�1�/\1.2`;7�*�I�1�9$P .?V=^%^IHHP .�)�P&J�^HS � V!P .D$\P�YIH;X?2%^HP
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���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

n v���WYhYlD����i����_± ����±:�����d� iYl � n i��"± �
v��D�QhYi��'C
�"± ����� � � �«±�l ± �D�'j:� �0�kj:� ��l

 "�! "�:t�p���/-�����k� $'&L�����
SUj�=)9N9�µ�_�Z�C|³ ~�³NO�¶�³&²�³�c0��iYWkj
l'irb

vAG-9<7)}
w(x) =

√
1− x2

Z�= o =?¸NH�³NO�µ:w 7-= ` ´�³uO:8<I:8�¸
L2,w([−1; 1])

8�·�¶�²�µ�´�=?·-=Ey�I:=Js
9<7)I�³JH:9<7�·-=zµ�H�7-8 ` I�µ�I�G-8Nw�;�~ PYG�H�¶�R�µ�K

f(x)
7?³.¶�µ0~�Z�O�7-= ∫ 1

−1 f
2(x)w(x) dx < ∞ V

n ¶�³&²:_0I�H:=)8gy�I:=?µ�¸+·-8#´�8<H�µ:8t· H:8Nw =Ly�I:8#´�8#²�µ:w 9 y:=)w�= )�})^ I�³.·-8<H:9<7�·�³ 〈f, g〉 =∫ 1
−1 f(x)g(x)w(x) dx

V

A=LI:=Uva= µ�¸+·-8N9<7)H:=�ZkO�7-= y:=.²�µ�H:=)w�; �Y8 o ;dva8�·�³ ·)7-=LI:= ` = I:=+´�³

Un(x) =
sin((n+1) arccos x)√

1−x2
(n = 0, 1, 2, . . .)

= o I�³.¸NG�^'7*=LI�7-= ` =LH�³&²:})H�;XK o ³.¸+µ:9y·
L2,w([−1; 1])

V
��²:_	H�G&²�8<K	y:=.²�µ�H:=)w«³

Un(x)
·�·-8#´�8Nw?= o =?¸NH�³NO:8<H�µ:8

ξ
(n)
k = cos θ

(n)
k = cos

π(k + 1)

n+ 1
, (k = 0, . . . , n− 1),

7JV:8)V
Un

(
ξ
(n)
k

)
= 0 (k = 0, . . . , n− 1)

V
��²:_�²:^ o ;�~

n = 1, 2, . . .
�2����� � ���	� ������� � 	 � � 
������
� 	�� ����
�� ���	� ��� � � ��� � � ��
	�

H�³.¸\=?·-8Nw?y:=.²�µ�H:=)w ·�µ�´�³

φn,k(x) =
n∑

j=0

Uj(x)Uj

(
ξ
(n+1)
k

)
(k = 0, 1, . . . , n),

µ ��� 	 ���
� � � � � 
������
� 	�� ����
�� ���	� ��� � � ��� � � ��
	�Dy:=.²�µ�H:=)w

ψn,k(x) =

2n∑

j=n+1

Uj(x)Uj

(
ξ
(n)
k

)
(k = 0, 1, . . . , n− 1).

j�³JH:8N8 o ; ²�=n´�=?¶�³.¸&³JH:=�ZEO�7-= {φn,k(x)}nk=0

µ {ψn,k(x)}n−1k=0

=LI�7-= ` =LH�³&²:})H�; ·
L2,w([−1; 1])

y�I�µv·-9N8c~
n = 1, 2, . . .

i�³"µ0~�=)9<H:=?·-8Xy:=)9<7)I:=)8<H =LI�7-=LH:=LI:w�µ�I:=?·�³JH�H�;XK o ³ s
¸+µ:9�·

L2,w([−1; 1])
e {φ̂0,0(x), φ̂0,1(x), ψ̂0,0(x), ψ̂1,0(x), . . . , ψ̂m,0(x), ψ̂m,1(x), . . .}

Z�7JV�8)V
´�²:_L¶�³JF�´�=LKuPYG�H�¶�R�µ�µ

f(x) ∈ L2,w([−1; 1])
9<G*)a8N9<7�·)G-8<7DI�³.¸�²�=\F�8<H�µ:8�· ·-8<K�·?²�8<7Ls I%_�´

f(x) = â0φ̂0,0(x) + â1φ̂0,1(x) +
∞∑

j=0

2j−1∑

k=0

b̂j,k ψ̂j,k(x). (1)

± H�³L9<7-=\_�)a8<K�I�³ o =L7-8�y:=?¶�³.¸&³JH�H:8#´�=)9<7?³J7-=?¶�· 9�·-=LK:9<7�·�³ ~r9 ~%=+´�µ:w�=)9<7�µaO�³L9<7�µ�O�H�;�~�9<G0w�w
I%_�´�³

(1)
¶rµ:9 ~%=+´:H:=LK+PYG�H�¶�R�µ�µ

f(x)
Z�9�·)_�¸&³JH�H�;XK!9N=q9�·-=LK:9<7�·�³Lw�µ!9	³Lw�µ0~Ey:=.²�µ�H:=)w�=?·

�Y8 o ;dva8�·�³J·)7-=LI:= ` =|I:=+´�³0V�vAI:8#´�²�³ ` ³L8<7-9B_+w�=+´�µ:P�µ�R�µ�I:=?·�³J7)}y·-8<K�·?²�8<7Ls I%_�´+y:= ³JH�³&²�=Js
` µ�µ	9N=a9<y:8<R�µ�³&²:})H�;xw�µ I%_�´�³Lw�µ y:=a=LI�7-= ` =LH�³&²:})H�;xw�y:=.²�µ�H:=)w«³Lw?9N=a9�·-=LK:9<7�·-=)w#t y�I�µ0s
²�µ�y�³JH�µ�_�{JZ�·�·-8#´�8<H�H�;xwh·�H:8#´�³.·)H�µ0~ I�³ o =L7?³ ~qh�V�h�V � ³JI�³Jy�G&´�µ�H:=?·�³�f » [�¹�h Z�µqI�³L9N9Nw�=L7Ls
I:8<7)}DI%_�´y·�µ�´�³

f(x) = c(f, x) +
(
1− x2

)[
ã0φ̂0,0(x) + ã1φ̂0,1(x) +

∞∑

j=0

2j−1∑

k=0

b̃j,k ψ̂j,k(x)

]
, (2)

»	ºJ�



` ´�8
c(f, x) = f(−1)+f(1)

2 − f(−1)−f(1)
2 x

V
hY9N9#²�8#´�=?·�³JH�; ³Jy�y�I:=?¶�9�µ:w«³J7�µ�·)H�;x8Q9�·-=LK:9<7�·�³�O�³L9<7�µ�O�H�;�~|9<G0w�w+7?³.¶�= ` =a9<y:8<R�µ�³&²:}Ls

H:= ` = ·-8<K�·?²�8<7Ls I%_�´�³v·�µ�´�³

Ṽ2m(f, x) = c(f, x) +
(
1− x2

)[
ã0φ̂0,0(x) + ã1φ̂0,1(x) +

m−1∑

j=0

2j−1∑

k=0

b̃j,kψ̂j,k(x)

]
.

��=?¶�³.¸&³JH:=�ZpO�7-=]´�²:_ ²:^ o =LK 7-=LO�¶�µ
x ∈ (−1, 1)

9<G*)a8N9<7�·)G-8<7*H:8�¶�=L7-=LI�³J__¶�=LH:9<7?³JH�7?³
c > 0

7?³.¶�³J_�Z:O�7-=D9<y�I�³.·-8#´�²�µ�·�³D=LR:8<H�¶�³
∣∣f(x)− Ṽ2m(f, x)

∣∣ 6 cE2m+2(f)
(
1 + ln

(
1 + (2m + 2)

√
1− x2

))
,

7-= ` ´�³E¶�³.¶QH�³ ¶�=LH�R�³ ~r=L7)I:8�¸+¶�³
[−1, 1]

¸NH�³NO:8<H�µ�_QO�³L9<7�µ�O�H�;�~r9<G0w�w	I%_�´�³
(2)

9N=?·)y�³&´�³J^'7
9N=�¸NH�³NO:8<H�µ�_�w�µrµ:9 ~%=+´:H:=LK PYG�H�¶�R�µ�µ ·'&N7�µ0~	7-=LO�¶�³ ~�e

Ṽ2m(f,±1) = f(±1).

�u��/0&%
���/4p5
��

T%P��9�F

���?����6�
 ��� ������� �RI�. 5�.29('%G�4r.	F=9('=-�I�:=3;L�.0I�1�K�.0308�1�.	IH]!5�4*1Z1(@E:�*(*�I�7%8H321	E	:=-%1�<%G�4r.�32<�7=J(,30-%<!:D���?B�:=-=P�/;:-E+.0-�8�1$P .?V=^HT L P .�)�P�2-J�S �&V!P .D$\P�V-2�_0X L ^I2HPV!P��9�F

���?����6�
 ������� ���(0R.08H7%-�7%I�4r.R3R*�.2M�1�:W9('%G�4r.RIH]!5�4^*�7ZF=9('=-�I�:=3;L�.0I�1�K�.0308�1	E *�7=9�1�G�7IE	:-E�11(@�:�*(*�I�7%8H321	E	:=-%1�<%G�4r. 32<�7=J�30-%<!:D�����R/2<�P ��
 0�P	$�.0IUP(E	:=-=P .?V=^HTFJ�P .�)�P�1=YHS �&_!P .Dn\P�V=^HT X�V%V�J�P
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���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� �A�AiY�YWYh�� 
k��l ��h����«±�h��Yl
CEi�� �5h 
 ���'CEv������ n i�� 
gv���js��CF��iYi�� 


 "� ���:t�p���/0��2)���
SUj�=)9N9�µ�_�Z�C|³ ` ³L9�c�hAH ` ���Qb

h6¸+·-8N9<7)H:=�Z:O�7-=�G�I�³.·)H:8<H�µ:8��Q8�·)H:8<I�³ad �AG0P�³JI:8�·�³

∂f

∂t
= zh(z, t)

∂f

∂z
, 0 6 t <∞, z ∈ E, (1)

` ´�8
E
d 8#´�µ�H�µ�O�H�;XK�¶�I�G ` Z\=L7�¶�I�;E·�³L8<7Dv�µ�I:=?¶�µ:8«·-=?¸\w�=\F�H:=)9<7�µ�´�²:_Yy:=.²:G�O:8<H�µ�_YH:=?·);�~

¶�²�³L9N9N=?· =+´:H:=.²�µ:9<7)H�;�~EPYG�H�¶�R�µ�K5V�±py:8<I�·);x8�&N7-=ay:=?¶�³.¸&³&² h�V\�xV:�E³.¸+µ�²�8�·�µ�O�³ ·�f »%h V
� &%��
�&�$'� d � �u����{ �gwH� �$� v ~���| � t ��~ 
�� |

f(z) =

[
α+ iβ

1 + iα

z∫

0

h(ζ)ζ iβ−1gα(ζ) dζ

] 1
α+iβ

(2)

|�}�{�|�� w�v | �;���g�H{ �gv!w �g�H� } E �?� v { � <h(z) > 0 � g(z) ∈ S∗, h(0) = 1 + iα � α > 0 �
β ∈ (−∞,∞) y��²:_	w�H:= ` =)w�8<I�H:= ` =q9#²:G�O�³J_b³JH�³&²�= ` =?· H:8<7JZ�H:=�·�I�³ o =L7?³ ~y³.·)7-=LI�³�f ¹\[�¼�h y:=.²:G�O:8<H�;
H:8�¶�=L7-=LI�;x8QO�³L9<7)H�;x8)Z�³�w�=\F�8<7 o ;X7)}vµ	H:8YO�³L9<7)H�;x8)Z:9#²:G�O�³.µ5V

� &%��
�&�$'� � f ¹�h � � t ��~ 
�� | f(z) �U� � ������{g�W� �gw ~�{�� v!v0t BD(α, β, σ) �U� � 0 6 σ <
α < ∞ � β ∈ R1 w �H�0�r� � w �H{ x ~+� w �H�0�r���r~+�H�0�r� v0t � � v!w } t � w�w ��~���| � t ��~ 
�� | F (z) ∈
MD [5] � � w � } D

f(z) =

{
(α+ iβ)

1∫

0

[F (εz)]α−σεα−1+iβdε

} 1
α+iβ

, (3)

�0�\����{�| v!w �W�g�W���g�H� � t ��~ 
���� } � | w � �={���}��g��� � �����$�W� � ��yh6¸Q7-8N=LI:8Nw�; ¹ ·);X7-8�¶�³J^'7q9#²�8#´:G�^ )�µ:8Y9�·-=LK:9<7�·�³0e
» V
BD(α, β, σ) ∼MD

c
¹ V
BD(α, β, σ) ⊆MSD

(
arctg β

α ,
σ
α

) c
�0V
BD(α, β, σ) ⊆ BD(α1, β1, σ1)

c
� V
MSD

(
arctg β

α , 0
)
⊆ BD(α, β, σ)

V
� &%��
�&�$'� � f � h � � �!���-���;� � � � � � �\� v!w � w � ����� � t+v {g�H} � �=� �U� � ������{g�W�"�g� v!wH� �����

{g���Z�%�W�u�g�H� � t ��~ 
���� f(z) ~�{�� v!v0t BD(λ, α, β) |�}�{�|�� w�v | �!� � � w �W�=�r��{ x �g���E�U�\�2� v!w ��}U�
{g�W� � �

f(z) =

{
eiλ

α
L
(−1)
eiλ

α

[F (z)]
eiλ

α

}αe−iλ

=

{
eiλ

α
[F (εz)]

eiλ

α ε
eiλ

α

}αe−iλ

,

»	º)m



�0�\� fk ≡ Ln−1 [Ln−2 . . . [Ln−k[f ]] . . .] � v0t �g�2���g� ����
�� | �H�g�2�r� w �%�\�H} ��y ��y � ��}�� � �
��� [6] �

Lp[f(z)] = pf(z) +

n∑

j=1

zj
∂f(z)

∂zj
, L

(0)
n,n−1[f ] ≡ f, L

(1)
n−1,n−1[f ] ≡ Ln−1[f ]

� � �����$�W� � � � t ��~ 
���� ν = ν(τ, t) }��a�r���"��� w�v | }�} � �\���H�U�\�2�\�W{ �gw �W{�| �a� w � ��
 � �g���
��|���~�� 2n �g� � t ��~ 
���� F (z) ∈ BD(λ, 0, β) y� o I�³J7)H�;xw ¶ =Ly:8<I�³J7-=LI�G

Lp[f(z)]
_�·?²:_�8<7-9B_u=Ly:8<I�³J7-=LI

L(−1)
p f(z) =

1∫

0

εp−1f(εz1, . . . , εzn) dε.

� 7-w�8<7�µ:w?I%_�´E9�·-=LK:9<7�· ` =.²�=)w�=LI:PYH�;�~ PYG�H�¶�R�µ�Ku�E³.¸+µ�²�8�·�µ�O�³ ·
Cn Z n > 2

V
» V
BD(λ, α, β) ∼ BD(λ, 0, β)

c
¹ V
BD(λ, α, β) ⊆ BD(λ, 0, β) ≡MSD(λ, β)

c
�0V
BD(λ, α, β) ⊂ BD(λ, α1, β)

Z
0 < α1α

c
� V
BD

(
eiλ

α , β
)
∼ BD(λ, α, β)

c
¼ V
BD

(
eiλ

α , β
)
∼ BD(λ, 0, β)

c
m V
MD(β) ∼ BD(λ, 0, β)

c
� V
BD(λ, 0, β) ∼ BD(λ, α, β)

V

�u��/0&%
���/4p5
��

T%P�8A�- �6	�����-6 
��������	5:%%7I% �E.2G�1�.R705�G�7=J�1�G�-�.2`;I�:W9('%G�7=J�L�7%I(E�F=9�465�9�]D*�705�8�9�:=303;:a705�G�7=9�1�30-%G�4A@L\FHG�8�M�1�J ���?B�:=-=P�3F%�P .uTG2IH-J�P .�[�P�H-J�S � T;^ L P .Dn\P�H�V=Y;X?H L ^HPV!Pw!��5��� & � ��� � � �w� � 9�:=303 `;7=9�7IE+7%I�L\G�4A@�L\FHG�8�M�1�J BD(α, β, σ) 1�32<�7=J�30-%<!: � -�7=`;7 8�9�:=303;:+���
 G�:W9$P�L\FHG�8�M$P�1�1(@r*�I�1�9$P .�5�I�5�DE7=G�1�8�1�5�/0.%S�TG2%Y-J�P .D$\P
1!T XHY%^HPL Pw!��5��� & � ��� � � �w� � G�-�.2`;I�:W9('%G�4r.�*�I�. 5�30-%:W<%9�.2G�1�] `;7=9�7IE+7%I�L\G�4A@�L\FHG�8�M�1�J < *�I�7%30-�I�:WG�30-%<�.
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������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

n ��� � n �E± ��iYi����3h#��h n �Yjs���Xi���� n v������Xjs� �'v���j
l��D�'j
l �pi���j �5hYh
�����d� js��
 ���������Xj:�'iYi�� 
 n h n �d��Cx±3C
� ���!�Qh 
Al'����l'j���l

te�< "��� �)� ,/p�����/0���
S �"¸ o 8�¶�µ:9<7?³JH5Z ��³2v�¶�8<H�7+c
h����Tl'i j��"¸Jb

± H�³L9<7-=\_�)a8N8E·)I:8Nw�_Dw�=+´�8#²:} 
�³ o)o ³JI�´�³Y_�·?²:_�8<7-9B_D=+´:H:=LKvµ�¸xH�³.µ o =.²�8N8Eµ�H�7-8<H:9�µ�·)H:=
µ�¸NG�O�³L8Nw�;�~Ew�H:= ` = &�²�8�¶�7)I:=LH�H�;�~ w�=+´�8#²�8<K w�8<7?³&²�²�³ f »%h V �F´:H�³.¶�=v´�= 9�µ0~ y:=LIyµ:w�8N8<7-9B_
w«³&²�=q7-=LO�H�;�~EI:8�¸NG&²:} 7?³J7-=?· ´�²:_E9<y:8�¶�7)I�³Jµr·-=.²:H:=?·);�~ PYG�H�¶�R�µ�Kr¶�I�µ:9<7?³&²�²�³0Z5=Ly�µ:9<;�s
·�³L8Nw�= ` = w�=+´�8#²:})^ 
�³ o)o ³JI�´�³0V

±zI�³ o =L7-8"f »%h µ�¸NG�O�³&²�9B_ 9<y:8�¶�7)I µL·-=.²:H:=?·);x8YPYG�H�¶�R�µ�µ	9�µ:9<7-8Nw�;�´�·)G%~ &�²�8�¶�7)I:=LH:=?·
· ¶�I�µ:9<7?³&²�²�8)Z�¶�=L7-=LI�;XKE=Ly�µ:9<;E·�³L8<7-9B_ ` ³Lw�µ�²:} 7-=LH�µ�³JH:=)w 
�³ o)o ³JI�´�³0V

±!I�³ o =L7-8 f ¹�h µ�¸NG�O�³&²�9B_a9<y:8�¶�7)I µa9�·)_�¸&³JH�H�;x8X9N=)9<7-=\_0H�µ�_ S nXn b�µ�²�µv³JH�7�µ:9�·)_�¸&³JH�H�;x8
9N=)9<7-=\_0H�µ�_MSUl nXn ba7)I:8c~�&�²�8�¶�7)I:=LH�H�;�~z9�µ:9<7-8Nw ·j¶�I�µ:9<7?³&²�²�8)Z@¶�=L7-=LI�;XK3=Ly�µ:9<;E·�³L8<7-9B_
` ³Lw�µ�²:} 7-=LH�µ�³JH:=)w 
�³ o)o ³JI�´�³0V

±!H�³L9<7-=\_�)a8<K�I�³ o =L7-8pI�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_ =Ly:8<I�³J7-=LI'&NH:8<I ` µ�µaO:8<7);XI:8c~�&�²�8�¶�7)I:=LH�H�;�~
9�µ:9<7-8Nw · w�=+´�8#²�µ 
�³ o)o ³JI�´�³yµ*=Ly�µ:9<;E·�³L8<7-9B_?9<7)I�G�¶�7)G�I�³u9<G*)a8N9<7�·-8<H�H:= ` = 9<y:8�¶�7)I�³yµ
´�µ:9�¶�I:8<7)H�;XKE9<y:8�¶�7)IE9�µ:9<7-8Nw�; ´�²:_ ¶�·�µ�H�7-8<7)H�;�~ µu9�µ�H ` ²�8<7)H�;�~u9N=)9<7-=\_0H�µ�_�~�V

��³Lw�µ�²:} 7-=LH�µ�³JH I�³L9N9Nw«³J7)I�µ�·�³L8Nw�=LK w�=+´�8#²�µyµ:w�8N8<7v·�µ�´

H = A
∑

m,γ

a+m,γam,γ +B
∑

m,τ,γ

a+m,γam+τ,γ + U
∑

m

a+m,↑am,↑a
+
m,↓am,↓,

` ´�8
A
d &NH:8<I ` µ�_ &�²�8�¶�7)I:=LH�³L·	G�¸�²�8�I:8Mva8<7�¶�8)Z

B
d µ�H�7-8 ` I�³&²+y:8<I:8<H:=)9	³	w�8<F�´:G 9N=Js

9N8#´:H�µ:w�µEG�¸�²�³Lw�µ�S
B > 0

c
τ = ±ej, j = 1, 2, . . . , ν,

` ´�8
ej
d 8#´�µ�H�µ�O�H�;x8a=LI�7); c

U
d

y�³JI�³Lw�8<7)I�¶�G&²�=LH:=?·-9�¶�= ` =6·�¸&³.µ:w�=+´�8<K:9<7�·�µ�_�´�·)G%~�&�²�8�¶�7)I:=LH:=?·AH�³ =+´:H:=)wEG�¸�²�8)Z
γ
d#9<y�µ0s

H:=?·);XKhµ�H�´�8�¶�9 S ↑ µ�²�µ ↓ bcZ�³ a+m,γ

µ
am,γ

9N=)=L7�·-8<7-9<7�·-8<H�H:=�Z�=Ly:8<I�³J7-=LI�; I:=\F�´�8<H�µ�_hµ
G�H�µ�O�7-=\F�8<H�µ�_ &�²�8�¶�7)I:=LH�³v·DG�¸�²�8

m ∈ Zν ,
O:8<I:8�¸ ↑ µ ↓ = o =?¸NH�³NO:8<H�; ¸NH�³NO:8<H�µ�_E9<y�µ�H�³

1
2

µ −1
2 .��³Lw�µ�²:} 7-=LH�µ�³JH

H
´�8<K:9<7�·)G-8<7b·y³JH�7�µ:9�µ:w�w�8<7)I�µ�O:8N9�¶�=)wMy�I:=)9<7)I�³JH:9<7�·-8+��=?¶�³ Has.vAG-9<7)}

ϕ0
dt·�³.¶�G�G0w�H�;XK ·-8�¶�7-=LIb·ay�I:=)9<7)I�³JH:9<7�·-8 Has.

�6·�µ�H�7-8<7)H:=)8Q9N=)9<7-=\_0H�µ:8Q9N=)=L7Ls
·-8<7-9<7�·)G-8<7A9�·-= o =+´:H:=)w�G�´�·�µ�F�8<H�µ�^?O:8<7);XI:8c~�&�²�8�¶�7)I:=LH:=?·'H�³�I:8Mva8<7�¶�8p9N=x9#²�8#´:G�^ )�µ:w�µ
o ³.¸+µ:9<H�;xw�µ*PYG�H�¶�R�µ�_�w�µ5e

k2p,q,r,t = a+p↑a
+
q↑a

+
r↑a

+
t↑ϕ0.

vY=+´:y�I:=)9<7)I�³JH:9<7�·-= Hk
4 ,
9N=)=L7�·-8<7Ls

9<7�·)G�^ )a8N8r¶�·�µ�H�7-8<7)H:=)w�G39N=)9<7-=\_0H�µ�^aZX9N=)9<7-=?µ�7 µ�¸ w�H:=\F�8N9<7�·�³Y·-9N8c~_·-8�¶�7-=LI:=?· ·�µ�´�³
ψ =

∑
p,q,r,t∈Zν f(p, q, r, t)k2p,q,r,t

Z
f ∈ las2

Z ` ´�8
las2

d y�I:=)9<7)I�³JH:9<7�·-= ³JH�7�µ:9�µ:w�w�8<7)I�µ�O0s
H�;�~	PYG�H�¶�R�µ�Kbµ�¸

l2((Z
ν)4)

V
� &%��
�&�$'� d �gs �\� v!w �r��� v!w }�� Hk

4

� ��}$��� � ��� w �g�*� w �g� vW�gw �W{ x �g� �H�g�2�r� w �%�r� H. � �g�%�
�r� w �%� Hk

4 = H/Hk
4
|�}�{�|�� w�v | �H�=�r��� � �$�W����� � v ���Z� v �H�U��|����W����� � �H�g�2�r� w �%�\��� y � �

�g�%�\�%� �r��� w �H�=�r��� � �$�W�����?� v ���Z� v �H�U��|����W�����?� �H�g�2�r� w �%� H k
4 .

� ~�}$� ����� � � t { x�v �g���
�U�\�2� v!w ��}�{g�W� ��� �H�g�2�r� w �%� H k

4 �\�W� v!w } t � w }"� � { x ���2� w �H}���� �U�\� v!w �r��� v!w }�� Las
2 ((T ν)4)

�g�B� �%�g� t {g� H̃k
4 f̃(λ;µ; γ; θ) = h(λ;µ; γ; θ)f̃(λ;µ; γ; θ), �0�\� f̃ ∈ Las

2 ((T ν)4) � Las
2 �

�g�;���U�\� v!w �r��� v!w }�� ��� wH�gvW� �R�Z� w � � ������� � t ��~ 
�� � �	�
L2((T

ν)4)
�
h(λ;µ; γ; θ) =

4A+ 2B
∑ν

i=1(cos λi + cosµi + cos γi + cos θi).

»	º)]



� O:8�·�µ�´:H:=�Z�O�7-=�9<y:8�¶�7)I	=Ly:8<I�³J7-=LI�³
H̃k

4

O�µ:9<7-=rH:8<y�I:8<I�;E·-8<H µq9N=?·)y�³&´�³L8<7�9'w�H:=\F�8cs
9<7�·-=)w ¸NH�³NO:8<H�µ�KEPYG�H�¶�R�µ�µ

h(λ;µ; γ; θ)
V

± 9�µ:9<7-8Nw�8|µ:w�8N8<7-9B__´�·�³+9�µ�H ` ²�8<7)H�;�~ 9N=)9<7-=\_0H�µ�K5Zx9N= 9#²�8#´:G�^ )�µ:w�µ o ³.¸+µ:9<H�;xw�µ
PYG�H�¶�R�µ�_�w�µ5e 1s0p,q,r,t = a+p↑a

+
q↑a

+
r↓a

+
t↓ϕ0

µ 2s0p,q,r,t = a+p↑a
+
q↓a

+
r↑a

+
t↓ϕ0.

vY=+´:y�I:=)9<7)I�³JH0s
9<7�·-= 1Hs

4,
9N=)=L7�·-8<7-9<7�·)G�^ )a8N8Yy:8<I�·-=)w�G	9�µ�H ` ²�8<7)H:=)w�G	9N=)9<7-=\_0H�µ�^aZ:9N=)9<7-=?µ�7vµ�¸Qw�H:=\F�8cs

9<7�·�³�·-9N8c~L·-8�¶�7-=LI:=?·�·�µ�´�³
ψ =

∑
p,q,r,t∈Zν f(p, q, r, t)1s0p,q,r,t

Z
f ∈ las2 .

� &%��
�&�$'� � ��s �\� v!w �r��� v!w }�� 1Hs
4

� ��}$��� � ��� w �g��� w �g� vW�gw �W{ x �g���H�g�2�r� w �%�r� H. � �g�%�
�r� w �%� 1Hs

4 = H/1Hs
4
|�}�{�|�� w�v | �H�=�r��� � �$�W����� � v ���Z� v �H�U��|����W����� � �H�g�2�r� w �%�\��� y� ~�}$� ����� � � t { x�v �g��� �U�\�2� v!w ��}�{g�W� ��� �H�g�2�r� w �%� 1Hs

4 �\�W� v!w } t � w }�� � { x ���2� w �H}���� �U�\���v!w �r��� v!w }�� Las
2 ((T ν)4) y

� &%��
�&�$'� � � � v { � ν = 1, 2, 3
�
U > 0,

w � v0t � � v!w }��W�����?� v �g�W~ w � �H�g�2�r� w �%�r�
�g�2��}��H��� vW� ���={g� w � 1̃H

s

4

v � v!w � �gw��	� �����C�2� � �g�W� � | �g�����H{g�!� w �\�G� � w �\� � ~+�H}��u��� �gv �
~U�\� w ���?� v �g�W~ w � �g�2��}��H��� vW� ���={g� w � v � v!w � �gw��	� �2� � � v!w }��W���g�H� w � ��~ � (

v0t � � v!w } t � w
�2� � � v!w }��W������| � !�! ) ��{g�W�"��� � ��� � ��� ���H{�� v!wH� v0t � � v!w }��W���g�H��� v �g�W~ w �r� vW�gv!w �=� � y

� &%��
�&�$'� � � � v { � ν = 1, 2, 3
�
U < 0,

w � v0t � � v!w }��W�����?� v �g�W~ w � �H�g�2�r� w �%�r�
} w �%�\�H��� vW� ���={g� w � 2̃H

s

4

v � v!w � �gw��	� �����C�2� � �g�W� � | �g�����H{g�!� w �\�G� � w �\� � ~+�H}��u��� �gv �
~U�\� w ���?� v �g�W~ w � } w �%�\�H��� vW� ���={g� w � v � v!w � �gw��	� �2� � � v!w }��W���g�H� w � ��~ � (

v0t � � v!w } t � w
�2� � � v!w }��W������| !�! ) �	{g�W�"��� � � � � ��� ���H{�� v!wH��v0t � � v!w }��W���g�H��� v �g�W~ w �r� vW�gv!w �=� � y

�u��/0&%
���/4p5
��

T%P�� �F
��
��
 ���A8:�-3:� � �%- �&6�
�3:�-3:� ��84����
	6�
��A��� .�� 0E<!: � 9�.08�-�I�7=G�:g< E+705�.29�1 � :-%I%�:=I�5�: ���:CE1�/21�8�:E+.0-%:W9�9�7=<�1wE+.0-%:W9�9�7=<�. 5�.2G�1�.%P .uTG2%YIHHP .�)�P�HHT%S � J�P .D$\P�1=^�V0X&1=^IHHPV!P ��� � �?�5����� ��� !"� � �,5 3R*�.08�-�I�:W9('%G�4A@ 32<�7=J�30-%<!:�@ -�I�.R@ � 9�.08�-�I�7=G�G�4A@�321�30-�.FE6< E+705�.29�1 � :-%-,
%�:=I�5�:D����)�.07%I�.0-=P!1wE	:=-=P�L\1�/21�8�:HP .?V=^HTFJ�P .�)�P$T�1-2HS � L P .D$\P L Y�10X5J�^�_!P
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�'v��XhYCElD����i�� �_±{� nXn � l'i��"±:����iYh�� �'v���j
l��D�'j
l
j
l �:���!����iYi�� �Tj
l ��i�� n �Xhgv�� i����D� �Yi�� ��lX��l'iYi�� C j
l ��i�� n � �AC

te� � � �q�/p51�&%�
SUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c:C ��� h��Xj��Xb

r�"-����������&u,����5� /0�5�
j�³L9N9Nw�=L7)I�µ:w y�I:=)9<7)I�³JH:9<7�·-=

l2,h(Z)
Z
h > 0

Z�·-9N8c~ y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7-8<K
x =

{xj}j∈Z
7?³.¶�µ0~�Z:O�7-= ‖x‖l2,h(Z) =

(
h
∑

j∈Z |xj|2
)1/2

<∞.vAG-9<7)}
n ∈ N

V%vAI:8#´:y:=.²�=\F µ:wXZ0O�7-=�´�²:_�¶�³JF�´�=LKqy:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µ
x ∈ l2,h(Z)H:8<7-=LO�H:=Lµ�¸+·-8N9<7)H�; I�³.¸�´�8#²�8<H�H�;x8�I�³.¸NH:=)9<7�µ

k1, k2, . . . , kn
y:=LI%_�´�¶�=?·

(0 6 k1 < k2 <

. . . < kn)
Z�7JV�8)V µ�¸+·-8N9<7)H�; y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µ

y1, y2, . . . , yn
7?³.¶�µ:8)Z�O�7-= ‖∆kj

h x −
yj‖l2,h(Z) 6 δj

Z
j = 1, . . . , n

V
j�³L9N9Nw�=L7)I�µ:wy¸&³&´�³NO�GQ=Ly�7�µ:w«³&²:})H:= ` =;·-=)9N9<7?³JH:=?·?²�8<H�µ�_a=Ly:8<I�³J7-=LI�³

k
s KQI�³.¸�´�8#²�8<H�H:=LK

I�³.¸NH:=)9<7�µ
∆k

hx (0 6 k 6 kn)
y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µ

x ∈ l2,h(Z)
V�± ¶�³NO:8N9<7�·-8�w�8<7-=+´�=?·

·-=)9N9<7?³JH:=?·?²�8<H�µ�_DI�³L9N9Nw�=L7)I�µ:wj·-9N8�·-=?¸\w�=\F�H�;x8 =L7-= o I�³JF�8<H�µ�_
m : (l2,h(Z))

n → l2,h(Z)
V

vY= ` I:8Mv�H:=)9<7)})^kw�8<7-=+´�³
m
H�³.¸N;E·�³L8<7-9B_b·-8#²�µ�O�µ�H�³

e
(
l2,h(Z),K, δ,m

)
= sup

x∈l2,h(Z),
Y ∈(l2,h(Z))n ,

‖∆kj
h x−yj‖l2,h(Z)6δj , j=1,...,n

∥∥∆k
hx−m(Y )

∥∥
l2,h(Z)

,

` ´�8
K = (k1, k2, . . . , kn)

Z
δ = (δ1, δ2, . . . , δn)

Z
Y = (y1, y2, . . . , yn)

V
vY= ` I:8Mv�H:=)9<7)})^k=Ly�7�µ:w«³&²:})H:= ` =v·-=)9N9<7?³JH:=?·?²�8<H�µ�_EH�³.¸N;E·�³L8<7-9B_b·-8#²�µ�O�µ�H�³

E
(
l2,h(Z),K, δ

)
= inf

m:(l2,h(Z))n→l2,h(Z)
e
(
l2,h(Z),K, δ,m

)
.

CE8<7-=+´
m̂
Z%H�³�¶�=L7-=LI:=)wh´�=)9<7�µ ` ³L8<7-9B_	H�µ�F�H�_0_ ` I�³JH�}:Z o G&´�8Nw H�³.¸N;E·�³J7)}D=Ly�7�µ:w«³&²:})H�;xw

w�8<7-=+´�=)wXV

r�"-����������&u
�&-�6p��!q0/-��/0�
vAG-9<7)}

k, k1, k2, . . . , kn ∈ Z+
Z
0 6 k1 < k2 < . . . 6 kn

Z
0 6 k 6 kn

µ
δ > 0.vY=.²�=\F µ:w

M = co {(kj , ln 1/δj), 1 6 j 6 n} + {(t, t ln h
2 ) : t > 0} Z ` ´�8 coA

= o =Js
¸NH�³NO�³L8<7 ·);Xy�G�¶�²:G�^ = o =.²�=LO�¶�G w�H:=\F�8N9<7�·�³

A
V�vAG-9<7)} PYG�H�¶�R�µ�_

θ(·) H�³ y�I:=)w�8<F�G�7�¶�8
[0,+∞)

¸&³&´�³JH�³ I�³.·-8<H:9<7�·-=)w
θ(k) = max{x : (k, x) ∈ M} Z�y�I�µ�O:8Nw θ(k) = −∞,

8N9cs
²�µ

(k, x) /∈ M
Z ∀x V
i�³Dy�I:=)w�8<F�G�7�¶�8 [k1,+∞)

PYG�H�¶�R�µ�_
θ(·) dn·-= ` H�G�7?³J_y²�=)w«³JH�³J_�V

vAG-9<7)}
ks1 , ks2 , . . . ksr

d 8N8Y7-=LO�¶�µrµ�¸�²�=)w«³0Z
ks1 = k1

Z�µ
ks1 , ks2 , . . . ksr

d y:=+´�w�H:=\F�8cs
9<7�·-=�7-=LO:8�¶

k1, k2, . . . kn
V

� &%��
�&�$'� d � z"{�|�{�� ���H��� k > 0 �g�H�=�\� �*�g� v!wHx �H� wH� �a��{ x �g�H���6}�� v!v!w ���g�H}�{g�W� � |
�r��}����

E
(
l2,h(Z),K, δ

)
= e−θ(k).

S » b
vY=)9<7)I:=)8<H:= 9N8Nw�8<K:9<7�·-= =Ly�7�µ:w«³&²:})H�;�~uw�8<7-=+´�=?·:V
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	rS�TG2IH�_!PV!P�������� � � �F
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��
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	6	��� � ��� -��������F��� � *���6��
��
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HHP � � �F�F
	6	��� � ��� -����|���-��� � *���6��
��
 ���W��� � � �E:=8aG�:W1�9�FHK �R1	E 7I%%I�:=/07IE <�7%3030-%:WG�7=<%1�-I'aL\FHG�8�M�1�[
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� js� � ��iYhYf � ��i�� � �5j
l'iYh��Yi�� � ��lX��l��Yh
��� � �Yl'���D�'j�h�� �"±�l'iYi�� �0� �5hYv���j��{�D�Qh���� n ��� �0�

�Aj
l"±�i���iYh�� �Xjs��� � � �0�kv��'j �x���Yl
��� � � �q/0�������

SUj�=)9N9�µ�_�Z���³.¸&³JH�}+c�� �A�Qb

±3= o ²�³L9<7�µ
D = {0 < x, y < 1} I�³L9N9Nw�=L7)I�µ:wzG�I�³.·)H:8<H�µ:8

(
∂

∂x
+

∂

∂y

)
(uxy + aux + buy + cu) = 0,

S » b

¶�= &\PQP�µ�R�µ:8<H�7);d¶�=L7-=LI:= ` =?G&´�=?·?²�8<7�·-=LI%_0^'7zG-9#²�=?·�µ�_�w
a ∈ C1,0(D)

Z
b ∈ C0,1(D)

Z
c ∈ C0,0(D)

V � 7-= G�I�³.·)H:8<H�µ:8a=L7)H:=)9�µ�7-9B_|¶ =+´:H:=)w�Gyµ�¸�¶�³JH:=LH�µ�O:8N9�¶�µ0~|·�µ�´�=?·:Z
y�I�µ�·-8cs
´�8<H�H�;�~ ·�f »%h V

���Cm �����Zq i�³JK�7�µL·
D
PYG�H�¶�R�µ�^

u ∈ C2,1(D)∩C1,2(D)∩C(D)∩C1,0(D ∪D1)∩
C0,1(D∪D2)

Z
D1 = {(0, y); y ∈ [0, 1]} Z D2 = {(x, 0);x ∈ [0, 1]} Z%_�·?²:_0^ )�G�^A9B_ I:8Mva8csH�µ:8Nw�G�I�³.·)H:8<H�µ�_+S » bcZ�µ	G&´�=?·?²�8<7�·-=LI%_0^ )�G�^ G-9#²�=?·�µ�_�w

u(0, y) = ϕ(y), u(x, 0) = ψ(x),
S ¹ b

ux(0, y) = ϕ1(y), uy(x, 0) = ψ1(x), ϕ(0) = ψ(0),
S��-b

ϕ1(0) = ψ′(0), ψ1(0) = ϕ′(0), ψ′1(0) = ϕ′1(0),

ϕ, ϕ1, ψ, ψ1 ∈ C2[0, 1].
��³Jy�µ)va8Nw 9<H�³NO�³&²�³ S » bv·h·�µ�´�8

uxy + aux + buy + cu = f
Z ` ´�8

f
d I:8Mva8<H�µ:8

G�I�³.·)H:8<H�µ�_
fx + fy = 0

V n ²�8#´�=?·�³J7-8#²:})H:=�Z

uxy + aux + buy + cu = ω(x− y),
S � b

uxy + aux + buy + cu = ω(ξ), −1 6 ξ 6 1,
S ¼ b

9AG-9#²�=?·�µ�_�w�µ*S ¹ bcZ S��-b µ	H:8�µ�¸+·-8N9<7)H:=LKuy�I�³.·-=LKuO�³L9<7)})^
ω(ξ)

V
��²:_	H�³ ~%=\F�´�8<H�µ�_

ω(ξ)
y:=.²�=\F µ:wl·uS��-b�9<H�³NO�³&²�³

y = 0
µ	y:=.²:G�O�µ:w?9N=)=L7)H:=Uva8<H�µ:8

ψ′1(x) + a(x, 0)ψ′(x) + b(x, 0)ψ1(x) + c(x, 0)ψ(x) = ω(x),
S m b

0 6 x 6 1.
l ¸&³J7-8Nw?9<O�µ�7?³L8Nw

x = 0
µ	y:=.²:G�O�µ:w

ϕ′1(y) + a(0, y)ϕ1(y) + b(0, y)ϕ′(y) + c(0, y)ϕ(y) = ω(−y), S � b

−1 6 −y 6 0.
vAI�µ�O:8Nw ²�8�·);x8*O�³L9<7�µ ·�¸&³Jy�µ:9	³JH�H�;�~k9N=)=L7)H:=Uva8<H�µ�_�~ y:=.²:H:=)9<7)})^ µ�¸+·-8N9<7)H�; µ

=Ly�I:8#´�8#²:_0^'7-9B_3O:8<I:8�¸j¶�= &\PQP�µ�R�µ:8<H�7); S » bvµ3G-9#²�=?·�µ�_ S ¹ bcZYS��-bcV�l
ω(+0)

µ
ω(−0)

Z

»�»	¹



=Ly�I:8#´�8#²�8<H�H�;x8vµ�¸ S ¼ b;µ?S � b'9N=?·)y�³&´�³J^'7JV � 7-=	=?¸NH�³NO�³L8<7JZ5O�7-=|y�I�³.·�³J_ O�³L9<7)}+S � b 7-=\F�8
y:=.²:H:=)9<7)})^ µ�¸+·-8N9<7)H�³0V\� 7-w�8<7�µ:wXZ�O�7-=�= o 9<G�F�´�³L8Nw«³J_J¸&³&´�³NO�³�9 G-9#²�=?·�µ�_�w�µ!S ¹ bcZ�S��-b�I�³ s
H:8N8�I�³L9N9Nw«³J7)I�µ�·�³&²�³L9<}y· f ¹�h Z
H:= ³.·)7-=LIj·|y�I:8#´�²�³ ` ³L8Nw�=LK ¸&³Lw�8<7�¶�8�´�= o ³.·�µ�²]¶?S��-b'8 )a8
7)I�µ G-9#²�=?·�µ�_ 9N= ` ²�³L9N=?·�³JH�µ�_bµu9<G*)a8N9<7�·-8<H�H:=�G�y�I:=)9<7�µ�²uI�³L9N9<G�F�´�8<H�µ�_bµ�¸�f ¹�h Z:=L7);x9�¶�µ0s
·�³J_|y�I:8#´�²�=\F�8<H�H�;xw39<y:=)9N= o =)wzPYG�H�¶�R�µ�^

ω
V

hA7?³.¶5Z�7-8<y:8<I�}�7)I:8 o G-8<7-9B_qI:8Mv�µ�7)}�¸&³&´�³NO�G ��G�I:9	³�´�²:_ES � b�9xG-9#²�=?·�µ�_�w�µ!S ¹ b µ G-9#²�=Js
·�µ:8Nwk9N= ` ²�³L9N=?·�³JH�µ�_

ϕ(0) = ψ(0)
VpvY=LH�_07)H:=�Z�O�7-=|´�³JH�H�³J_?y:=)9<7?³JH:=?·�¶�³]·�¶�²:^'O�³L8<7 ·

9N8 o _*~%=LI:=Uva=jµ�¸+·-8N9<7)H�G�^ f �0Z�9)V »g���Hh ¸&³&´�³NO�G ��G�I:9	³r´�²:_*G�I�³.·)H:8<H�µ�_#S��-ba9|G-9#²�=?·�µ�_�s
w�µ+S ¹ b µJ´�²:_ 8N8AI:8Mva8<H�µ�_	w�=\F�H:=Dy�I�µ:w�8<H�µ�7)} PQ=LI:w�G&²:G S �4� b@µ�¸�f � h V:vY=)9#²�8#´:H�^'^ w�;
¸�´�8N9<}DH:8Yy�I�µ�·-=+´�µ:wXZ:O�7-= o ;�O�I:8�¸\w�8<I�H:=DH:8YG�·-8#²�µ�O�µ�·�³J7)}q= o e58Nw ¸&³Lw�8<7�¶�µ5V
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��
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� R � �sR � �sR ��@ � V �+� z �d��� � B � VX[�� B V B��:� �d����� R��
� �
e
� � V ���dR 	�� �X@ � V � z � V � �
� � �
� � �

;%�s���!� �/&)x<7>x<30=,=,7,- S,R{W\bKbNPiE2C5Z 	{mjE�c � EUbNc ��	Yb�+
� �!;%�!� �/&)x<7>x<30=,=,7,- S,R{W\bKbNPiE2C5Z 	{mjE�c � EUbNc ��	Yb

�DC\J�S2m<lMGiEUbKbNP_l�E2G@mnSULNXebdS2m/HNc\J���E2c)C [�� E2COEUlKc � c\J}SULKJMXeb mnSUL h J}lMHKSUL{bN^OEUl}J}b X S h JMLDE
| JMG_[

R
S2m\LKJ�E2G4C8W)X�TZJMLKb<P_b0HNc\JsmnSUGIG_S��dPIC)Q�bNH�E2HKJMXeJMC8H\e9�  �*)2?&��	 K # � ������)F'<	5��=�� � 
�� f : X → R

� ���.8�	9��#��2
 ��
�
 � ��� ( � ��� 
�)��.= � ���F�O)������2�:����#�
 ( �*) K 
9	5��+&
�'���#$#�# � ������)F'<	5��=�� � 
���� ϕ ∈ X → R4D� �.
�) � � �.+ K ? f ��� y � y ϕ(x) 6 f(x)
'M
�) ��#$#

x ∈ X V 
'J�PIC h J}bNHNPIQ8E2HKJ�Q6JMC\JML�E2G/bNH�E2HKJMXeJMC8HKb\V
d ��� (2.018(218.���1 ��� ��� (2.018(�56�@$ �<=>1 �g7>�@- � � JMH

S
TZJ�E�bKJMH �dPIHNcFE	S # ������� � * b"
�)�+��*)

6S>LKJ �OJ 
kP h J)Z4HNL�E2C\bNPIHNP h J)Z\E2C8HNP_bN]4X�XeJMHNLNP_l b:SUC S Z4P V4J)V)E�^OE2PIL (S,6 )
V � c\J ^OE2PIL

(S,6 )
SULdbKJMH

S
P_b *,"�� %���S �/#!#&%��DLKJ}bN^5V b (2"�
�# * %�� %DP¡m!mnSUL�J h JMLN]�C\SUC0s JMX�^)H ]FbNW)T\bKJMH S0 ⊂ S

HNc\JMLKJ�J 
kP_bNHKb
���2%���� %$-�� *,"�� %���S�* %��.-�� �/#!#&%�� LKJ}bN^5V b&��"���' 0

inf S0
S
supS0

LKJ}bN^5V bcV
S
P_b (2"�
�# * %�� %<Z�P¡m

S
P_b G_S��:JML

E2C\[�W)^)^ZJMLsl}SUX�^)G_JMHKJ)V8B�bNW)T\bKJMH
S0 ⊂ S

P_b ��"���' 0 %�0 �2%�*,"�� S�����"�� %<LKJ}bN^5V b0P¡m@HNc\JMLKJdP_b
s0 ∈ SbNW\lKcaHNcOE2H

s0 6 s
S
s 6 s0

LKJ}bN^5V bsmnSUL{E2GIG
s ∈ S0

V � c\J�bKJMH
S
P_b *,"�� %��AS �/#!#&%�� LKJ}bN^5V b "���0 %�� �

(2"�
�# * %�� %�f » [�¹�h P¡mDmnSUL�J�EUlKcuC\SUC0s JMX�^)H ]�TZSUW)C\[)J}[�TZJMG_S�� SnE2TZS h J	LKJ}bN^5V b�bNW)T\bKJMH S0 ⊂ SHNc\JMLKJ�P_b
supS0 ∈ S

S
inf S0 ∈ S

LKJ}bN^5V bcV
S
P_b)"���0 %�� � (2"�
�# * %�� %�P¡m

S
P_b�G_S��:JML�E2C\['W)^)^ZJML

SULK[)JML s l}SUX�^)G_JMHKJ)V � JMH
S
TZJ E2C%SULK[)JML s l}SUX�^)G_JMHKJ�bKJMH\V-@jm [)S4J}bsC\SUH J 
kP_bNH

inf S
E2C\[�12SUL

supS
Z

HNc\JMCePIHsP_b�S2m,HKJMC�l}SUC h JMC)P_JMC8HdE2C\[ePIH!P_bsW\bKJ m,W)G\HKS�X�E.�6J{SU^ZJML�E2HNP_SUC%S2m�S,bKJMX�P s b!l}SUX�^)G_JMHNP_SUC%S2m
SULK[)JML s l}SUX�^)G_JMHKJ{bKJMH

S
HKS�E l}SUX�^)G_JMHKJ{bKJMH0T8]�EU[)[kPIC)Q�S2m@bN]4X�TZSUG_b

inf S
E2C\[�12SUL

supS
�dc\JMC

HNc\S�bKJdJMG_JMXeJMC8HKb:[)S�C\SUH�J 
kP_bNH!PIC)PIHNPiE2GIGI]�PIC
S
V�z\SULs^OE2PILsJ 
kP_bNHNPIC)Q�JMG_JMXeJMC8HKb

inf S ∈ S
E2C\[�12SUL

supS ∈ S
SUL EU[)[)J}[�bN]4X�TZSUG_b

inf S /∈ S
E2C\[�12SUL

supS /∈ S
�:J�W\bKJ�^OE2PILDS2m![)J}bNPIQ�COE2HNP_SUC\b

−∞ E2C\[�12SUL
+∞ T8] E2COE2G_SUQ�]uHKS'J 
k^OE2C\bNP_SUC\b�S2m�HNc\JaLKJ�E2G E 
kP_b

R
[)S��dC � E2LK[)b S>HKS'HNc\J

G_J m,HcbDE2C\[�12SUL�W)^ � E2LK[)b S>HKS%HNc\J�LNPIQ�c8HcbcV �FSULKJ�^OE2LNHNP_lMW)GiE2LNGI]-ZZW)C\[)JML�[)J}bNPIQ�COE2HNP_SUC\b m,LKSUX f »%h Z
S• := {−∞}∪S P_b�-/%�
 � � (2"�
�# * %���� " '�S2m S 0!"���'�� ����0.-aS>HKS�HNc\J{G_J m,HcbcZ

S• := S∪{+∞} P_b-/%�
 � � (2"�
�# * %���� " '�S2m
S
�/#�� ����0.-�S>HKS�HNc\J{LNPIQ�c8HcbcZ

S•• := S•∪S•
P_b�(2"�
�# * %���� " '�S2m

S
Z �dc\JMLKJ

SULK[)JML
6
P_bdJ 
kHKJMC\[)J}[aT8]aE�COE2HNW)L�E2G � E}]aSUCaHNc\J}bKJ�l}SUX�^)G_JMHNP_SUC\b\Z)P V)J)V −∞ 6 s 6 +∞ 'M
�)

����? �*#��*4 �*���%�
s ∈ S••

V�� h P_[)JMC8HNGI]-ZOHNc\J�l}SUX�^)G_JMHNP_SUC\b S•• , S•, S• �dPIHNcFbNW\lKcFSULK[)JML LKJMGiE2HNP_SUCE2LKJ�l}SUX�^)G_JMHKJ)Z)G_S��:JMLDl}SUX�^)G_JMHKJ�E2C\[	W)^)^ZJMLdl}SUX�^)G_JMHKJ�SULK[)JMLKJ}[abKJMH\V0@ C	HNc\J C\SUH�E2HNP_SUC
∅
mnSUL

HNc\J�JMX�^)H ]abNW)T\bKJMH

sup∅ := −∞ mnSUL
∅ ⊂ S•, S

•
• , inf ∅ := +∞ mnSUL

∅ ⊂ S•• , S
•.

� ��� � �s18(�&\-/.�=>�	��18(�14-@?@14=>� �s18� �&� JMH
X,Y

E2LKJDbKJMHKb\V6B b!W\bNWOE2G Z �:JD[)JMC\SUHKJ{T8]
Y X

HNc\J�bKJMH S2m:E2GIG ����' (���� " ' -rS>X�E2^)^)PIC)Q6b\ZZSU^ZJML�E2HKSULKb\Z\m,W)C\lMHNP_SUCOE2G_b\Z\mnSULNXeb JMHKl)V b
f : X → Y

SUL

f : x 7→ f(x)
Z
x ∈ X

V
� JMH

f, ϕ ∈ Y X V�@jm ϕ(x) = f(x)
� "���� * *

x ∈ X
HNc\JMC �:J �dLNPIHKJ

ϕ = f
SUL
f = ϕ" '

X
E2C\[ �:JYb�E}]�HNcOE2H

ϕ
� -�%�[�� � *�� "

f
" '

X
V � JMH

Y = S••
TZJaHNc\J�l}SUX�^)G_JMHNP_SUC S2m

SULK[)JML s l}SUX�^)G_JMHKJ�bKJMH
(S,6 )

V
@jm
ϕ(x) 6 f(x)

� "�� � * *
x ∈ X

HNc\JMC(�:J �dLNPIHKJ
ϕ 6 f

" '
XE2C\[ �:J b�E}]�HNcOE2H

f
� - 
 � ' "�������%�0���


ϕ
" '
X
SUL
ϕ
� - 
���� "���� -/%�0���


f
" '
X
V � c\JDLKJMGiE2HNP_SUC

� 6 %(](]�c-_�a�X"�rg _�cIf U %(Y�Y�V b-` #(c
%(`#�(b�a�V cI`<ghc-_ ("b-Y�V ��UWXFY�XGb�_+��eUS(]&_�c � X$�Ra � T L XH^HT XH^%^%^ L ^%:HP
»�»<�



�
f 6 ϕ

" '
X
� [)J | C\J}b � ] % �2%�* ����� " ' "�� � # "�� ' � � � -/%�"���0 %���" '

(S••)
X [)JMC\SUHKJ}[�T8]�HNc\Jdb�E2XeJ

bN]4X�TZSUG
6
m,W)LNHNc\JML\V � h P_[)JMC8HNGI]-Z HNc\JebKJMH (S••)X �dPIHNc'bNW\lKc'^ZSUPIC8H �dP_bKJeSULK[)JML�P_b)(2"�
�# * %�� %

�
� JMH

(S,6 )
TZJ�EeSULK[)JML s l}SUX�^)G_JMHKJ�SULK[)JML bKJMH\Z

f ∈ (S••)
X Z Φ ⊂ (S••)

X V�� ] % *,"�� %��rS �/#!#&%��
LKJ}bN^5V b

Φ
��%�' � %�*,"$#&% " '

X
� "��

f
P_bdHNc\J�m,W)C\lMHNP_SUC

G_J f
Φ : x 7→ sup

{
ϕ(x) : Φ 3 ϕ 6 f

SUC
X
}
∈ S•• , x ∈ X

( W\J Φ
f : s 7→ inf

{
ϕ(s) : f 6 ϕ ∈ Φ

SUC
X
}
∈ S•• , x ∈ X

LKJ}bN^5V )
.

� c\J�l�EUbKJ
S = R

P_bdXeS�bNHDS2m,HKJMCaW\bKJ}[	PICFE2^)^)GIP_l�E2HNP_SUC\b\V
� ��� ��&���14$'14- ����� �P�0(2�Ox<=>14$'� S,bKJ}J h E2LNP_SUW\bDE2GIQ6JMT)L�E2P_l h JMLKbNP_SUC\bDE2G_bKS�PIC f � h b��
@cV T 
D+��:��=*) �MK � ( ���*���  �*)J
�
��*� �MK #��C� # ��)<���:���J=*# � �*�C
�'�'<	5��=�� � 
���� f ∈ (S••)

X �.8�	9��# �2


����C
�'

Φ � �*�  �*#�
;
��:� 
�� X � � �2�*)�4 � 
�' Φ � S � ����+ X y@B@cV T 
"� �! ���2
 ��
�4 �P��W0�2�*������WO
�# � = � ��=.
�������)�	�=�� � 
��H
�' Φ � �*�  �*#�
;
��:�{G_J fΦ ����+�W\J Φ
f


��
X

� � �2�*)�4 � 
�' f � Φ � S � ����+ X y�4J}J�bKSUXeJYE2^)^)GIP_l�E2HNP_SUC\b%S2m�HNc\J}bKJa^)LKSUT)G_JMXeb�HKS h E2LNP_SUW\b 	8W\J}bNHNP_SUC\b�S2m�HNc\JaHNc\J}SULN]uS2m
m,W)C\lMHNP_SUC\bDS2m!l}SUX�^)G_J 
 h E2LNPiE2T)G_J}bDE2C\[a^ZSUHKJMC8HNPiE2G/HNc\J}SULN]	PIC f ��h V

y 1�� 18(214-/5618�

T%P����	��

������������� �����
�������������� ���!"�#!"��$	F&%05�1�L L�.0I�.2G�M�1�:W9('%G�7%.a1�32K�1�329�.2G�1�.%P�)�.07%I�1�]�1+*�I�1�9�7-,DE.2G�1�]�P .?B P /	0E:0F�8�:HS�V=^%^�1!P .?_-H%^ 3%PV!P��?N ,-��}!* ��� #&_�cIf � b-e(`HX ("b-`	b���e�a�c v�cI`(c-a�cI`(V �FV ax\!P .�(oXR_�� V `
/'6?]&_�V `(pIXR_;SaV=^%^%YHP .?V-H-JB]UP .�N�'
X$�Ra;P
�:c-a�XFY�V `+vwb�a�eUP �(��cI�OPUTG2IH L b PL P��|� �G6 �R�5�(�&6�
 8:� ��� 
 G�:W9�7=`01R-�.07%I�.FE�4 � :WG�:o. �g:WG�:�@H:�5�9�]ZNh*�7=9�F�b `;I�F?*(*�/�*�7%30-�I�7%.2G�1�.�G�1�DaG�.2J7=`01	%�:=[
�E.2J���� 
 9�`;.F%%I�:?1 E	:=-�.FE	:=-%1�K�.0308�:=]�9�7=`01�8�:?/�-�.07%I�1�]�1+*�I�1�9�7WDE.2G�1�]�/�$o%�PU-�.0/%P�5�7%8�9$P
E+.0DE5�FHG�:=IUP�8H7=G�LaP .��E:=/;:WG('(/ �|C 	rS�V=^HTFJ�P .D$\P
1%_0X&1-HHP

J�P��|� �G6 �R�5�(�&6�
�8:� ��� 0E<�7=J�30-%<�.2G�G�7%.#*�I�. 5�30-%:W<%9�.2G�1�.�32F?*�.0I�9�1�G�.2J�G�4A@ L\FHG�8�M�1�7=G�:W9�7=<r1a.2`;7�*�I�1(,
E+.2G�.2G�1�] <?-�.07%I�1�1�L\FHG�8�M�1�J$P�@A�����R/2<�P ��
 0�P	$�.0IUP(E	:=-=P .?V=^%^HT%P .�)�P	H�_!P . � J-.D$\P�V=^�_0X�V%V�J�P
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���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�Mj
l �@����� ��iYhYh � ��i�� �0� ���Ql nXn l �5j��AvYv��'v���j
l��D�'j:�"±
�a� ��&%� � �s~ �

SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEhrb

vAG-9<7)}
X

dn¶�=)w�y�²�8�¶�9<H:=)8 o ³JH�³ ~%=?·-=qy�I:=)9<7)I�³JH:9<7�·-=�Z
EndX

d o ³JH�³ ~%=?·�³L³&² ` 8 o I�³
²�µ�H:8<K�H�;�~q= ` I�³JH�µ�O:8<H�H�;XK	=Ly:8<I�³J7-=LI:=?·:Z�´�8<K:9<7�·)G�^ )�µ0~�·

X.
�Y8<I:8�¸

L1(R)
= o =?¸NH�³NO�µ:w

o ³JH�³ ~%=?·)G ³&² ` 8 o I�GY·-9N8c~*9<G0w�w�µ�I�G-8Nw�;�~�H�³
R
¶�=)w�y�²�8�¶�9<H�;�~zPYG�H�¶�R�µ�K�9N= 9�·-8<I�7�¶�=LK

PYG�H�¶�R�µ�K ·v¶�³NO:8N9<7�·-8QG0w�H:=\F�8<H�µ�_yµ	H:=LI:w�=LK

‖f‖1 =
∫

R

|f(t)| dt, f ∈ L1(R).

�Y8<I:8�¸
f̂
= o =?¸NH�³NO�µ:w?y�I:8N= o I�³.¸\=?·�³JH�µ:8'�rG�I�}-8QPYG�H�¶�R�µ�µ

f ∈ L1(R),

f̂ (λ) =

∫

R

f(t)e−iλt dt, λ ∈ R.

i"j�k+l$mEl$nEl+o�p�lrq	n y:8�¶�7)I:=)w.��8<I�²�µ�H ` ³ ·-8�¶�7-=LI�³
x ∈ X

H�³.¸N;E·�³L8<7-9B_ w�H:=\F�8cs
9<7�·-= A(x)

µ�¸
R,

_�·?²:_0^ )a8N8N9B_J´�=Ly:=.²:H:8<H�µ:8Nwl·
R
¶ w�H:=\F�8N9<7�·)G {λ ∈ R :

9<G*)a8N9<7�·)G-8<7
PYG�H�¶�R�µ�_

f ∈ L1(R)
7?³.¶�³J_�Z�O�7-=

f̂(λ) 6= 0
µ
fx = 0} Z µ�²�µ5Z O�7-=$&+¶�·�µ�·�³&²�8<H�7)H:=�Z

w�H:=\F�8N9<7�·-= {λ ∈ R : fx 6= 0
´�²:_L²:^ o =LK

f ∈ L1(R)
9
f̂(λ) 6= 0} VvAG-9<7)}

X = Cbu(R)
dt¶�=)w�y�²�8�¶�9<H:=)8 o ³JH�³ ~%=?·-=ay�I:=)9<7)I�³JH:9<7�·-=DH:8<y�I:8<I�;E·)H�;�~	I�³.·Ls

H:=)w�8<I�H:=?= ` I�³JH�µ�O:8<H�H�;�~#PYG�H�¶�R�µ�K H�³
R, EndX

d o ³JH�³ ~%=?·�³ ³&² ` 8 o I�³Y²�µ�H:8<K�H�;�~
= ` I�³JH�µ�O:8<H�H�;XKM=Ly:8<I�³J7-=LI:=?·:ZE´�8<K:9<7�·)G�^ )�µ0~�·

X.
j�³L9N9Nw�=L7)I�µ:wn·�y�I:=)9<7)I�³JH:9<7�·-8

X=Ly:8<I�³J7-=LIr´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ�_
D = d

dt .
vAG-9<7)}

A = i−1D.
��³.¶r¶�³.¶

σ(D) = iR,
7-=

σ(A) = R.
h6¸+·-8N9<7)H:=�ZJO�7-='=Ly:8<I�³J7-=LI

iA : D(A) ⊂ X → X
8N9<7)}"µ�H:P�µ�H�µ�7-8�¸+µ:w«³&²:})H�;XK

=Ly:8<I�³J7-=LIE9�µ�²:})H:=�H:8<y�I:8<I�;E·)H:=LKrµ�¸\=)w�8<7)I�µ�O:8}l�¶�=LK ` I�G�y�y�;#9P´�·�µ ` =?·

S : R → EndX, (S(t)x)(τ) = x(τ + t), τ, t ∈ R.

� &%��
�&�$'�Z� z"{�| {�� ���H��� a > 0
� �"� � � �gw � ��� �a��{ x ���?� �H�g�2�r� w �%� iA : D(A) ⊂

X → X
vW� { x �g�"�g�W�U�\�2���?}��g�H���=� t ����� v ��} � ���H} S �r� � {g�%� � � ( �g� � �%| � t ) }���{����!���

�r� � �$� v ~ t � v0t �R� t
iA = iA− + iA0 + iA+,

�0�\� iA− � iA0 � iA+ � v0t ���W� � | �H�g�2�r� w �%�r� iA ��� � ��}$��� � ��� w ����� �g�;���U�\� v!w �r��� v!w }$�
X− � X0 � X+ � v ��� w }�� w�v!w }��W���g�$y � �\���Z� w �H�����

1) �H�g�2�r� w �%� A− |�}�{�|�� w�v | � �"� � � �gw � ��� �a��{ x ��� � �H�g�2�r� w �%�\��� vW� { x �g� �g�W�U�\�%�
���?}��g�H� v � � �a����� �W� �g�H{ t �=� t ����� �H�g�2�r� w �%�\�H} T− : [0;∞) → EndX−, �U� � �$�=�
σ(A−) ⊂ (−∞; a];

2) �H�g�2�r� w �%� A0 |�}�{�|�� w�v | � �"� � � �gw � ��� �a��{ x ��� � �H�g�2�r� w �%�\��� �H�=�r��� � �$�W���g�H�vW� { x �g� �g�W�U�\�2���?}��g�H� �=� t ����� �H�g�2�r� w �%�\�H} T0 : R → EndX0, �U� � �$�=� σ(A0) ⊂
[−a; a];

»�»\m



3) �H�g�2�r� w �%� −A+ |�}�{�|�� w�v | � �"� � � �gw � ��� �a��{ x ��� � �H�g�2�r� w �%�\��� vW� { x �g�6�g�W�U�\�%�
���?}��g�H� v � � �a����� �W� �g�H{ t �=� t ����� �H�g�2�r� w �%�\�H} T+ : [0;∞) → EndX+, �U� � �$�=�
σ(−A−) ⊂ (−∞; a] y

������l�����o�p�lrq n µ�7)G�³JR�µ�_uy�I�µ�H�R�µ�y�µ�³&²:})H:=qH:8rw�8<H�_�8<7-9B_�Z
8N9#²�µy·-w�8N9<7-= =Ly:8<I�³J7-=LI�³
´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ�_

iA = D = d
dt

·�¸N_07)} ` 8<H:8<I�³J7-=LI 9�µ�²:})H:=+H:8<y�I:8<I�;E·)H:=LK�µ�¸\=Js
w�8<7)I�µ�O:8N9�¶�=LK ` I�G�y�y�; =Ly:8<I�³J7-=LI:=?· · y�I:=)9<7)I�³JH:9<7�·-8

X = Cbu(R).
±�&N7-=)wT9#²:G�O�³L8

σ(iA) = iR,
y:= &N7-=)w�G

σ(A) = R.
vY=?·)7-=LI%_0_�·);dva8<y�I�µ�·-8#´�8<H�H�;x8'I�³L9N9<G�F�´�8<H�µ�_�Z�y:=.²:G%s

O�µ:w ³JH�³&²�= ` 7-8N=LI:8Nw�;QZ�·b¶�=L7-=LI:=LK =Ly:8<I�³J7-=LI
iA

d ` 8<H:8<I�³J7-=LI 9�µ�²:})H:= H:8<y�I:8<I�;E·)H:=LK
µ�¸\=)w�8<7)I�µ�O:8N9�¶�=LK ` I�G�y�y�;#=Ly:8<I�³J7-=LI:=?·:V

�u��/0&%
���/4p5
��

T%P�8A�I� �(� ����� ���
����)�.07%I�1�] *�I�. 5�30-%:W<%9�.2G�1�J+%�:WG�:�@!7=<%4A@ :W9�`;.F%%IUS�:-%%.29�.2<%4A@ `;I�F?*(* 1 *�7=9�FH`;I�F?*(*< 3R*�.08�-�I�:W9('%G�7IE :WG�:W9�1�/0.u9�1�G�.2J�G�4A@"7-*�.0I�:=-�7%I�7=<���� CEFHG�8�M�1�7=G$P+:WG�:W9�1�/%S"$CB C�0�P .?V=^%^-J�P .
� 2HP .D$\P L X�TW_!T%P
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

n v���WYhYlD����i���� j �x��� n � n ������h�±�l'f �khYCEh n �giYlM���'iYWYl 

�Yl n �Xh��Yi�� CEh n �ACECEl'CEh hkh 
 l'vYvYj:�'� n hYCEl��Xh�±�i���� n ±{� � n �E±�l

�{�s���!� ��
���,/p%���������
SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEhrb

j�³L9N9Nw�=L7)I:8<H�³ ¸&³&´�³NO�³ = ¶�=LH:9<7)I�G�µ�I:=?·�³JH�µ�µ y:=.²�µ�H:=)w�µ�³&²:})H:= ` = =Ly:8<I�³J7-=LI�³
Xm,N (f) = Xm,N (f, x)

Z�´�8<K:9<7�·)G�^ )a8 ` =j· y�I:=)9<7)I�³JH:9<7�·-8
C[−1, 1]

Z�=)9<H:=?·�³JH�H:= ` =!H�³
µ:9<y:=.²:}�¸\=?·�³JH�µ�µ�²�µ)v�}"´�µ:9�¶�I:8<7)H�;�~�¸NH�³NO:8<H�µ�KDPYG�H�¶�R�µ�µ

f(x)
Z&¸&³&´�³JH�H�;�~�·'G�¸�²�³ ~QI�³.·Ls

H:=)w�8<I�H:=LKE9N8<7�¶�µ
HA = {−1 + jh}A−1j=0 ⊂ [−1, 1]

Z A = n+ 2r
Z�¶�=L7-=LI�;XK w�=\F�8<7 o ;X7)}

µ:9<y:=.²:}�¸\=?·�³JH�·E¸&³&´�³NO:8p= o =+´:H:=?·)I:8Nw�8<H�H:=)wEy�I�µ o ²�µ�F�8<H�µ�µ�´�µ:PQPQ8<I:8<H�R�µ�I�G-8Nw�=LKrPYG�H�¶0s
R�µ�µ

f(x)
µ 8N8XH:8N9�¶�=.²:}�¶�µ0~ y�I:=?µ�¸+·-=+´:H�;�~

f ′(x), . . . , f (p)(x)
V-vY=)9<7)I:=)8<H�µ:8'=Ly:8<I�³J7-=LI:=?·

Xm,N (f)
=)9<H:=?·�³JH:= H�³�y:=.²�µ�H:=)w«³ ~ �Y8 o ;dva8�·�³

Tα,β
n (x,N) (0 6 n 6 N − 1)

Z�= o I�³.¸NG%s
^ )�µ0~	=LI�7-= ` =LH�³&²:})H�G�^ 9�µ:9<7-8Nw�G	H�³aw�H:=\F�8N9<7�·-8

ΩN = {0, 1, . . . , N − 1} 96·-8N9N=)w

µ(x) = µ(x;α, β,N) = c
Γ(x+ β + 1)Γ(N − x+ α)

Γ(x+ 1)Γ(N − x)
,

7JV:8)V
∑

x∈ΩN

µ(x)Tα,β
n (x,N)T α,β

m (x,N) = hα,βn,Nδnm.

± ·-8#´�8Nw?9#²�8#´:G�^ )�µ:8Q= o =?¸NH�³NO:8<H�µ�_�e

h =
2

A− 1
, ψ(x) = ∆ν

hf(x− νh).

�Y8<I:8�¸ Pr,ν
m

= o =?¸NH�³NO�µ:wEy�I:=)9<7)I�³JH:9<7�·-=�³&² ` 8 o I�³.µ�O:8N9�¶�µ0~�y:=.²�µ�H:=)w�=?·
pm(x)

9<7-8<y:8<H�µ
m
Z

G&´�=?·?²�8<7�·-=LI%_0^ )�µ0~ G-9#²�=?·�µ�^

ψ(xj) = pm(xj), j ∈ {ν, . . . , r − 1} ∪ {N + r + ν, . . . , N + 2r − 1},

Er,ν
m (ψ,N) = inf

pm∈Pr,ν
m

max
j∈ΩA

|ψ(xj)− pm(xj)|(√
1− x2j +

1
m

)r−ν .

� &%��
�&�$'�Z��sut+v!wHx
r > 1 � 0 6 ν 6 r − 1 � a > 0 � 1 6 n 6 a

√
N � m = n+ 2r − ν y� �H�0�r� � �Z�!� w �Z� v!w ��� 
 �W��~��

|∆ν
hf(xj−ν)−∆ν

hXn+2r,N (f, xj−ν)|
(√

1− x2j−ν +
1
n

)r−ν− 1
2

6

6 c(r, a)Er,ν
m (ψ,N)

(
1 +

(√
1− x2j−ν +

1

n

)1/2

ln
(
n
√
1− x2j−ν + 1

))
.

�u��/0&%
���/4p5
��
T%P��9�F

���?����6�
 ��� ��� ����BuG�7=`;7=K�9�.2G�4RS�7%I�-�7=`;7=G�:W9('%G�4r.uG�:u5�1�308�I�.0-%G�4A@ 30.0-�8�:�@�P .?B�:�@H:0K�8�:W9�:?/
�R/ 5	, <�7 0Z:W`;.030-=PH`;7%3%P(*�. 5�PHFHG(, -%:HS�TG2I2�1!PV!P��9�F

���?����6�
 ��� ��� ��� 
 *(*�I�7%8H321	E	:=-%1�<%G�4r.E32<�7=J�30-%<!:u3FE+.��a:WG�G�4A@ IH]!5�7=<<*�7r*�7=9�1�G�7IE	:-E �R.R,
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���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� n 
 � ��hYC
� n �Xh v�� n �������"±�l��d�!����i�� n �Xh �'v���j
l��D�'j:�"±
� ��j�i � �d���YiYl d �Yl'i��D�'j:�"±�h��Ylz±3vYj:� n �Xj
l'i n �E±�l 


Lp(x)(E)

�{�s���!� �k��4}��$'��
����
SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEhrb

vAG-9<7)}
p = p(x) > 1

d µ�¸\w�8<I�µ:w«³J__µ 9<G*)a8N9<7�·-8<H�H:= = ` I�³JH�µ�O:8<H�H�³J_3PYG�H�¶�R�µ�_�Z
E = [0, 1]

V �Y8<I:8�¸
Lp(x)(E)

= o =?¸NH�³NO�µ:w y�I:=)9<7)I�³JH:9<7�·-=6µ�¸\w�8<I�µ:w�;�~aPYG�H�¶�R�µ�K
f = f(x)7?³.¶�µ0~�Z�O�7-=

∫

E

∣∣f(x)
∣∣p(x)dx <∞.

h6¸�f »%h µ�¸+·-8N9<7)H:=�Z�O�7-= y�I:=)9<7)I�³JH:9<7�·-=
Lp(x)(E)

H:=LI:w�µ�I�G-8Nw�=qy�I�µ
p(x) > 1

µE=+´:H�³
µ�¸�&+¶�·�µ�·�³&²�8<H�7)H�;�~ H:=LI:w ·�·-=+´�µ�7-9B_u9#²�8#´:G�^ )�µ:w?= o I�³.¸\=)wXe

‖f‖p(·) = ‖f‖p(·)(E) = ‖f‖p(·)(E) = inf

{
α > 0 :

∫

E

∣∣∣∣
f(x)

α

∣∣∣∣
p(x)

dx 6 1

}
.

vAG-9<7)}
f(x)

d 9<G0w�w�µ�I�G-8Nw«³J_ H�³ f º Z »%h PYG�H�¶�R�µ�_�Z'=Ly�I:8#´�8#²�µ:w 7-= ` ´�³ =Ly:8<I�³J7-=LI
��8<I�H)v�7-8<K�H�³adT��³JH�7-=LI:=?·�µ�O�³ 9#²�8#´:G�^ )�µ:w?= o I�³.¸\=)wXe

Kn(f, x) =

n∑

k=0

pnk(x)(n+ 1)

∫

∆nk

f(t) dt,

` ´�8
∆nk = [ k

n+1 ,
k+1
n+1 ]

Z
n ∈ N

V
± H�³L9<7-=\_�)a8<K I�³ o =L7-8Eµ:9N9#²�8#´:G-8<7-9B_v·-=Ly�I:=)9x9 ~%=+´�µ:w�=)9<7�µqy:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µ|=Ly:8cs

I�³J7-=LI:=?·q��8<I�H)v�7-8<K�H�³�d ��³JH�7-=LI:=?·�µ�O�³ {Kn(f, x)}∞n=1

¶uPYG�H�¶�R�µ�µ
f ∈ Lp(x)([0, 1])

V

�u��/0&%
���/4p5
��

T%P��9�F

���?����6�
 ���
��� ����5"-�7-*�7=9�7=`01�1|*�I�7%30-�I�:WG�30-%<!: Lp(t)([0, 1]) ���rB�:=-=P0/;:-E+.0-�8�1$P .uTG2�1-2HP .�)�P=V-HHS
� J�P .D$\P�HHT L X?H L V!P
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���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

i������'CECu� � l��Xh�±�iYl � ± ��j n h�� �d�:�'js��CF� j
lX���'iYl#d iYhY��� ��hYCEl �

���!o%���Y�!q�"-��&%�
SUj�=)9N9�µ�_�Z ��I:=?¸NH�;XKrc � ���Qb

oa��&L��&%����&
� 8N=LI�µ�_�w�=+´:G&²�8<K�H�³&´ µ�H�·-=.²:^'7�µ�·)H�;xw�µ#7-=Ly:=.²�= ` µ�O:8N9�¶�µ:w�µz³&² ` 8 o I�³Lw�µ�_�·?²:_�8<7Ls

9B_b³.¶�7�µ�·)H:=aI�³.¸+·�µ�·�³J^ )a8<K:9B_ = o ²�³L9<7)})^ 9N=?·)I:8Nw�8<H�H:=LKuw«³J7-8Nw«³J7�µ�¶�µ5Z�H�³ ~%=+´:_�)a8<K:9B_ H�³
9<7);E¶�8�w�H:= ` µ0~y·);x9N=?¶�=LI�³.¸+·�µ�7);�~r´�µ:9<R�µ�y�²�µ�H5V�± y:=)9#²�8#´:H�µ:8 ` =+´:; · y:=.²�8�¸NI:8<H�µ�_yµ:9cs
9#²�8#´�=?·�³J7-8#²�8<KM=?¶�³.¸&³&²�µ:9<} ·)y:=.²:H:8 y:=.²�=\F µ�7-8#²:})H�;x8 =L7-= o I�³JF�8<H�µ�_�ZE´�8<K:9<7�·)G�^ )�µ:8|·
7?³.¶�µ0~#w�=+´:G&²:_�~�f » [ � h V;± ´�³JH�H:=LK ¸&³Lw�8<7�¶�8 w�; 9NPQ=LI:w�G&²�µ�I�G-8Nw H:8�¶�=)w�w�G�7?³J7�µ�·)H�G�^
·-8<I:9�µ�^ 7-8N=LI:8Nw�; j�³&´�=LH�³'d i6µ�¶�=+´�µ:w«³6´�²:_�¶�=?·�³JI�µ�³JH�7)H�;�~�Z�=L7)H:=)9�µ�7-8#²:})H:=�´�8<K:9<7�·�µ�_
²�=?¶�³&²:})H:=b¶�=)w�y�³.¶�7)H:=LK ` I�G�y�y�;QZ�·)y:=.²:H:8Dy:=.²�=\F µ�7-8#²:})H�;�~ =L7-= o I�³JF�8<H�µ�K5Z�¸&³&´�³JH�H�;�~
H�³ ` µ�²:} o 8<I�7-=?·-=)w

C? s�w�=+´:G&²�8)V

�	
�&L������
���/0&)�!q�����&u"-��&L��&%���5�
��´�8N9<}Dw�; y�I�µ�·-8#´�8Nw*H:8�¶�=L7-=LI�;x8Qy�I:8#´�·�³JI�µ�7-8#²:})H�;x8r9�·-8#´�8<H�µ�_�Z0H:8N= o ~%=+´�µ:w�;x8�´�²:_

´�³&²:})H:8<K)va8 ` =�VLWY8#²:}'H�³L9<7-=\_�)a8 ` ='y�³JI�³ ` I�³LP�³Xd ¸&³LP�µ�¶�9�µ�I:=?·�³J7)}A7-8<I:w�µ�H:=.²�= ` µ�^aZL= o =Js
¸NH�³NO:8<H�µ�_vµv·�·-8N9<7�µ 7)I:8 o G-8Nw�;x8xy:=LH�_07�µ�_�V�±�9N8XH:8N= o ~%=+´�µ:w�;x8'9�·-8#´�8<H�µ�_ =

C? s ³&² ` 8 o I�³ ~
µ ` µ�²:} o 8<I�7-=?·);�~

C? s�w�=+´:G&²:_�~+w�=\F�H:=uH�³JK�7�µ · f ��h V�±�9N8J³&² ` 8 o I�;gI�³L9N9Nw«³J7)I�µ�·�³J^'7-9B_
H�³&´*y:=.²�8Nw ¶�=)w�y�²�8�¶�9<H�;�~*O�µ:9N8#² V�vAG-9<7)}

A
&N7-=

C∗
s ³&² ` 8 o I�³0V%�Y8<I:8�¸

Mn(A)
= o =?¸NH�³ s

O�µ:w
?
s ³&² ` 8 o I�GL·-9N8c~	w«³J7)I�µ�R H�³&´|³&² ` 8 o I:=LK

A
Z ` ´�8Y9#²�=\F�8<H�µ:8�µ	G0w�H:=\F�8<H�µ:8rw«³J7)I�µ�R5Z

³u7?³.¶�F�8 G0w�H:=\F�8<H�µ:8	H�³ &�²�8Nw�8<H�7!=)9<H:=?·)H:= ` = y:=.²:_Y¸&³&´�³J^'7-9B_*7?³.¶�F�8)Z«¶�³.¶ µY·!9#²:G%s
O�³L8r9�¶�³&²:_0I�H�;�~uw«³J7)I�µ�R5VO��µ�H:8<K�H:=)8�=L7 o I�³JF�8<H�µ:8

ϕ : A → B C? s ³&² ` 8 o IEH�³.¸N;E·�³L8<7-9B_
����� ��

� ��� ��� � ��� � ����
�
 �QZp8N9#²�µ_²�µ�H:8<K�H:=)8 =L7-= o I�³JF�8<H�µ:8

ϕn : Mn(A) → Mn(B)
Z

¸&³&´�³JH�H:=)8rPQ=LI:w�G&²�=LK
ϕn
(
[aij ]

n
i,j=1

)
=
[
ϕ(aij)

]n
i,j=1_�·?²:_�8<7-9B_	y:=.²�=\F µ�7-8#²:})H�;xwl´�²:_L·-9N8c~

n ∈ N
V

� � � 
�� ��������� � � � ��
 � A � �2��
 � �
� � H�³.¸N;E·�³L8<7-9B_�¶�=)w�y�²�8�¶�9<H:=)8E·-8�¶�7-=LI�H:=)8�y�I:=)9<7)I�³JH0s9<7�·-=
V
¶�=L7-=LI:=)8 7?³.¶�F�8'_�·?²:_�8<7-9B_Dy�I�³.·);xw

A
s�w�=+´:G&²�8NwXZ09<H�³ o F�8<H�H:=)8'y:=.²:G�7-=LI�³&²�µ�H:8<K0s

H:=LKuPQ=LI:w�=LK 〈·, ·〉 : V × V → A
Z0G&´�=?·?²�8<7�·-=LI%_0^ )a8N8r9�·-=LK:9<7�·�³Lw

〈x, x〉 > 0
´�²:_J²:^ o = ` =

x ∈ V ;
S » b

〈x, x〉 = 0 ⇔ x = 0
´�²:_J²:^ o = ` =

x ∈ V ;
S ¹ b

〈x, y〉? = 〈y, x〉 ´�²:_L²:^ o ;�~
x, y ∈ V ;

S��-b

〈x, ya〉 = 〈y, x〉a ´�²:_L²:^ o ;�~
x, y ∈ V ; a ∈ A.

S � b
� � :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � TFJ-, L TR, _=^-J�TGHHP
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�pG&´�8Nw ` =?·-=LI�µ�7)}:Z�O�7-=
V

&N7-= � ��������� � � � � A s�w�=+´:G&²:}:Z«µ�²�µ ` µ�²:} o 8<I�7-=?·
C∗
s�w�=+´:G&²:}:Z

8N9#²�µ
V
y:=.²�=LH5Z�¶�³.¶|H:=LI:w�µ�I:=?·�³JH�H:=)8Qy�I:=)9<7)I�³JH:9<7�·-=�Z:=L7)H:=)9�µ�7-8#²:})H:=�7-=Ly:=.²�= ` µ�µ5Z�¸&³&´�³ s

·�³L8Nw�=LK H:=LI:w�=LK
‖x‖V =

√
‖〈x, x〉‖A, x ∈ V.

�'&-�6p��!q0/-��/
n ²�8#´:G�^ ) ³J_u7-8N=LI:8Nw«³ _�·?²:_�8<7-9B_ H:8�¶�=)w�w�G�7?³J7�µ�·)H:=LK]·-8<I:9�µ:8<K 7-8N=LI:8Nw�; j�³&´�=LH�³ d

i6µ�¶�=+´�µ:w«³0V
� &%��
�&�$'� d �	sut+v!wHx

Φ,Ψ � }��g�H{��g�a�g�H{g�%� �gw �W{ x �����u� w ���%�r�����W� � |�� � ���r���������a���
� � { x ���2� w �H}���� C? � �Z�;� t {g� E v � � �����$�W� � |�� � } L(H,K)

�
Ψ � Φ y � �H�0�r� v0t � � v!w } t � w

�;���g� � �������g� �H�U�\�2�\�W{g�W�����?�"�g�H{g�%� �gw �W{ x ���?�"{ � �g�W�����?���H�g�2�r� w �%� ∆Φ
Ψ }u~+���R� tgw ��� w �

(πΦ(E)′)G
w ��~+�H�g� � w � Ψ ∼ Φ√

∆Ψ
Φ
y
�u��/0&%
���/4p5
��

T%P � ���&6
��� ��� ��� � $ �&6
��� � �����45 *�I�. 5�30-%:W<%9�.2G�1�1�-%1(*�:�$�-%:WJ�G�3R*�I�1�G�`0: 5�9�]67-*�.0I�:=-�7%I�7=< <`01�9('�%%.0I�-�7=<%4A@ E+705�F=9�]?@\G�:;5a9�7%8�:W9('%G�4�E�1 C? , :W9�`;.F%%I�:-E�1D��� �R/2<�P;<%F�/07=<�P%B�:=-�.FE	:=-%1�8�:HP .?V=^HTWV!S
� TWV!P .D$\P�_!T X�_=YHPV!P%$ �&6
����� �5��� ��
������ 
 ������� �w� 5 *�I�. 5�30-%:W<%9�.2G�1�1�-%1(*�:|$�-%:WJ�G�3R*�I�1�G�`0:r5�9�] n , G�:-%%7%I�7=<E<I*�7=9�G�.*�7=9�7WDa1�-�.29('%G�4A@?7%-�7I%%I�:=DE.2G�1�Ju<E`01�9('�%%.0I�-�7=<%4A@ C? , E+705�F=9�]?@D��� �R/2<�P!<%F�/07=<�P�B�:=-�.FE	:=-%1�8�:HP .V=^HTFJ�P . � T%T%P .D$\P$T XHYHPL P�� *�{ �5N	� ��zK� 65a�V `(Y�]&_�V `(p � YDa�e(XFc-_�XFf ghc-_ �:V � ��XR_�a C? , fDc � %(� XFYr��� 8�P"l:]�XR_�b�a�c-_<["e(XFc-_�\!P .?V=^%^I2HP .
��cI�OP	H�V!S � V!P .�i�P�V L _0X�V L YHP

J�P � � 
?�	'	�����D3:� � � � �


�G6�� �&6	' ���(3:� C? , `01�9('�%%.0I�-�7=<%4^E+705�F=9�1$P .?B P /�CZ:=8�-�7%I�1�:W9$S�V=^%^HT%P
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C\SULNX�E2GIPIf�J}[ R{P_l}lMP �OS��{b'SUC Q6JMC\JML�E2GIPIf�J}[ 
�E2GIGiEUlKc bN^OEUl}J}b?S,bKJ}J f » Z ¹�h E2C\[�LKJ mnJMLKJMC\l}J}b
HNc\JMLKJMPIC�mnSUL [)JMH�E2PIG_bcbcV�� c\J�PIX�^ZSULNH�E2C\l}J�S2m�bNW\lKcY^)LKSUT)G_JMXebDP_bD[kW\J�HKS�HNc\J�C\J}J}[�HKS�[)J h JMG_SU^
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(0, 1/2)3 ∩Ω
E2C\[

(0, 1/2)3 \Ω Z �dc\JMLKJ
Ω = {(a1, a2, a3) ∈ R3|Q(a1, a2, a3) = 0} P_b�E2C
E2GIQ6JMT)L�E2P_l�bNW)L mjEUl}J�PIC R3 [)J | C\J}[FT8]FE
bN]4X�XeJMHNLNP_l�^ZSUGI]4C\SUX�PiE2G

Q(a1, a2, a3)
PIC
a1, a2, a3

S2m![)JMQ�LKJ}J
12
e

Q(a1, a2, a3) = (2s1 + 4s3 − 1)
(
64s51 − 64s41 + 8s31 + 12s21 − 6s1 + 1+

+240s3s
2
1 − 240s3s1 − 1536s23s1 − 4096s33 + 60s3 + 768s23

)
−

− 8(2s1 + 4s3 − 1)(2s1 − 32s3 − 1)(10s1 + 32s3 − 5)s1s2−
− 16

(
13− 52s1 + 640s3s1 + 1024s23 − 320s3 + 52s21

)
s21s

2
2+

+64(2s1 − 1)(2s1 − 32s3 − 1)s32 + 2048(2s1 − 1)s1s
4
2,

s1 = a1 + a2 + a3, s2 = a1a2 + a1a3 + a2a3, s3 = a1a2a3.
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i��!�QhYi����Yi����3hYi��d� �5j
lD����i���� �Aj
l"±�i���iYh��
n �x��j
l'CEh �XhYvYlMv�� �d��iYWYhYlD�Ql iYl � �Xjs������� �

te�!��� � "g�
� � ���
SUj�=)9N9�µ�_�Z ��I:=?¸NH�;XKrc � ���Qb

d �;± f »%h ´�=?¶�³.¸&³JH�; 7-8N=LI:8Nw�; 9<G*)a8N9<7�·-=?·�³JH�µ�__µ 8#´�µ�H:9<7�·-8<H�H:=)9<7�µ I:8Mva8<H�µ�_ ´�²:_
I�³.¸�²�µ�O�H�;�~ ¶�²�³L9N9N=?· H:8#²�µ�H:8<K�H�;�~+G�I�³.·)H:8<H�µ�K5Z�9N=+´�8<I%F�³ )�µ0~�=Ly:8<I�³J7-=LI 7�µ�y�³ y:=L7-8<H0s
R�µ�³&²�³

(Iαu)(x) =

b∫

a

u(s)ds

|x− s|1−α , 0 < α < 1.

j�³L9N9Nw�=L7)I�µ:wh·-=Ly�I:=)9'=Qy�I�µ o ²�µ�F�8<H�H:=)w*I:8Mva8<H�µ�µ 7?³.¶�µ0~ G�I�³.·)H:8<H�µ�KJ·
L2(a, b)

V)�'9N= o =
=L7-w�8<7�µ:wXZ�O�7-=�¸�´�8N9<}:Z�·D=L7	²�µ�O�µ:8Q=L7�f ¹�h Z�9<G*)a8N9<7�·-8<H�H:= µ:9<y:=.²:}�¸NG-8<7-9B_u9�·-=LK:9<7�·-=�y:=L7-8<H0s
R�µ�³&²:})H:=)9<7�µ I�³L9N9Nw«³J7)I�µ�·�³L8Nw�;�~ =Ly:8<I�³J7-=LI:=?·:Z)O�7-=Ay:=?¸+·-=.²:_�8<7rG&²:G�O)v�µ�7)}Y9N=)=L7�·-8<7-9<7�·)G%s
^ )�µ:8Y=LR:8<H�¶�µu9�¶�=LI:=)9<7�µ 9 ~%=+´�µ:w�=)9<7�µEy:=)9#²�8#´�=?·�³J7-8#²:})H�;�~uy�I�µ o ²�µ�F�8<H�µ�K5V

±�9<^ ´:G]· &N7-=)wMy�G�H�¶�7-8 y�I:8#´:y:=.²�³ ` ³L8<7-9B_�Z�O�7-=
λ > 0

Z
f(x) ∈ L2(a, b)

Z
n ∈ N

Z�³
H:8#²�µ�H:8<K�H:=)9<7)}

F (x, u)
y:=LO�7�µuy�I�µy¶�³JF�´�=)wzP�µ�¶�9�µ�I:=?·�³JH�H:=)w

x ∈ [a, b]
µ y�I�µb²:^ o ;�~

u1, u2 ∈ R
G&´�=?·?²�8<7�·-=LI%_�8<7qG-9#²�=?·�µ�_�wXe

» b |F (x, u1)− F (x, u2)| 6M · |u1 − u2|
Z ` ´�8

M > 0
c

¹ b
(F (x, u1)− F (x, u2)) · (u1 − u2) > m · |u1 − u2|2

Z ` ´�8
m > 0

V
� &%��
�&�$'� d � � v { � }��?�g�H{��g�W��� t+v {g�H} � | 1)

�
2) � w � t �r��}��g�W� � �

F [x, u(x)] + λ

b∫

a

u(s) ds

|x− s|1−α = f(x) (1)

� �Z�!� w �2� � � v!w }��W���g���\�\� � �W� � �r�\� � �W� � � u∗(x) ∈ L2(a, b) y�� w �E�\� � �W� � � �Z�%�"�g������� wH�
�Z� w �;�\��� �gw �2�r� 
�� � �g� v ���=�Z�

un = un−1 − µ1 ·
(
λ · Fun−1 + Iαun−1 − f

)
,

v � 
 �W��~+�H� �g�H�=�\� �*�g� v!wH�

‖un − u∗‖2 6 µ1 ·
αn
1

1− α1
·
∥∥λ · Fu0 + Iαu0 − f

∥∥
2
,

�0�\� µ1 = 2/(M +m+2(b− a)αα−1) � α1 = (M −m+2(b− a)αα−1)/(M +m+2(b−
a)αα−1) � u0(x) ∈ L2(a, b) � �����U��{ x �g�����U� � �H{ � ���W� � ��y
� � :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � T L , ^HTR, ^%^-J!V%V!P
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�&�$'� � � � v { � }��?�g�H{��g�W��� t+v {g�H} � | 1)
�
2) � w � t �r��}��g�W� � �

u(x) + λ

b∫

a

F [s, u(s)] ds

|x− s|1−α = f(x) (2)

� �Z�!� w �2� � � v!w }��W���g���Z�\� � �W� � � u∗(a, b) ∈ L2(a, b) y � w � �\� � �W� � � �Z�%�"�g� ����� wH� �Z� w ����\��� �gw �2�r� 
�� � �g� v ���=�Z�
un = F−1vn, vn = vn−1 − µ2 ·

(
F−1vn−1 + λ · Iαvn−1 − f

)
,

v � 
 �W��~+�H� �g�H�=�\� �*�g� v!wH�
∥∥un − u∗

∥∥
2
6
µ2
m

· αn
2

1− α2
·
∥∥u0 + λ · IαFu0 − f

∥∥
2
,

�0�\� µ2 = 2/(m−1 +mM−2 + 2λ · (b − a)αα−1) � α2 = (m−1 −mM−2 + 2λ · (b −
a)αα−1)/(m−1 + mM−2 + 2λ · (b − a)αα−1) � F−1 � �H�g�2�r� w �%� ���%�r� w ���?� ~ F �
v0 = Fu0 � u0(x) ∈ L2(a, b) � �����U��{ x �g�����U� � �H{ � ���W� � ��y

� � � 8N=LI:8Nw�; » µ ¹ H:8Q=N~�·�³J7);E·�³J^'7q9<7-8<y:8<H�H�;x8QH:8#²�µ�H:8<K�H:=)9<7�µrµ µ:9<y:=.²:}�¸\=?·�³JH�H�;x8
·QH:8Nw+w�8<7-=+´:; H:8Xy�I�µ ` =+´:H�;�·r9#²:G�O�³L8xy�I:=)9<7)I�³JH:9<7�·

Lp(a, b)
y�I�µ

p 6= 2
V�±*y:=)9#²�8#´:H:8Nw

9#²:G�O�³L8Yy�I�µ:w�8<H�µ:w ` I�³&´�µ:8<H�7)H�;XKEw�8<7-=+´�S µ�²�µuw�8<7-=+´uH�³.µ:9�¶�=LI:8<K)va8 ` =q9<y�G-9�¶�³-bcV
� &%��
�&�$'� � �Esut+v!wHx

p > 4 � �$� w �g��� � �gv {g� � p′ = p/(p− 1) y � �H�0�r���U� � {�� �����
f(x) ∈ Lp′(a, b)

t �r��}��g�W� � �

up−1(x) +

b∫

a

u(s)

|s− x|1−α ds = f(x)

� �Z�!� w �2� � � v!w }��W���g���\�\� � �W� � � u∗(x) ∈ Lp(a, b) y � w �R�\� � �W� � �R�Z�%�"�g������� wH� �Z� w �;�\����g� v {g�2�\�H}$� w �W{ x ����� �U� � �H{ � ���W� � � �g� � �%�g� t {g�
un+1 = un − δn

∥∥Aun − f
∥∥2−p′
p′

∣∣Aun − f
∣∣p′−2[Aun − f

]
,

�0�\� u0(x) ∈ Lp(a, b) � {�� ����|m� t ��~ 
�� |�� Au = up−1 + Iαu �

δn = min

{
1,

2

ε+ (p− 1)
(
‖un‖p + ‖Aun − f‖p′

)p
+ γ

}
,

n = 0, 1, 2, . . . , γ = (b− a)[p(1+α)−2]/p ‖Iα‖2/(1+α)→1/(2−α) � ε > 0 y
�u��/0&%
���/4p5
��

T%P�� �y7&� � ��� !"� ���?0R.29�1�G�.2J�G�4r.�F�I�:W<%G�.2G�1�] -%1(*�:a32<�.0I�-�8�1$P .?B P /�CE1�/FE	:=-W9�1�-=S�V=^%^I2HP . L ^-Ju3%PV!P�� �y7&� � ��� !"������0R.29�1�G�.2J�G�4r.�321�G�`0F=9�]�I�G�4r.�1�I�-�.2`;I�:W9('%G�4r.�F�I�:W<%G�.2G�1�]�<B*�I�7%30-�I�:WG�30-%<!:�@
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l n hYCEv��D� �Xh���� n �Yh���vYj �ACEl � h"�'��j
l��XiYl � ��lX��l��Yh
��� �M�Aj
l"±�i���iYh�� �d��v����'vYj:�"±{� ��i�� n �Xh n �{�D��� �khYC vYl'j
l'CF���Xj:�'C

���<o%�!�a� � ��1
SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

1◦
���	

��$'���z�%�%���%1��Z�

i�³ y�I%_�w�=LG ` =.²:})H�µ�¶�8	I�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_�y�³JI�³ o =.²�µ�O:8N9�¶�³J_*H�³NO�³&²:})H:=Js ¶�I�³L8�·�³J_ ¸&³ s
´�³NO�³�9 o =.²:}�v�µ:w�y�³JI�³Lw�8<7)I:=)wXe

∂u

∂t
=
∂2u

∂x2
+ f(x)r(t, ωt), ω � 1,

S » b

u
∣∣
Γ
= 0.

S ¹ b
�rG�H�¶�R�µ�µ

f(x)
µ
r(t, τ)

Z�=Ly�I:8#´�8#²�8<H�H�;x8DH�³qw�H:=\F�8N9<7�·�³ ~
x ∈ [0, π]

Z
(t, τ) ∈ T =

[0, 1] × [0,∞)
Z�G&´�=?·?²�8<7�·-=LI%_0^'7q9#²�8#´:G�^ )�µ:w�G-9#²�=?·�µ�_�wXe

f
Z
r
dt´�=)9<7?³J7-=LO�H:= ` ²�³&´�¶�µ:8�c

f(0) = f(π) = f (2n)(0) = f (2n)(π) = 0
Z
n = 0, 1, 2

c
r(t, τ) = r0(t) + r1(t, τ)

Z ` ´�8
r1(t, τ)

µ:w�8N8<7DH�G&²�8�·-=)8Q9<I:8#´:H:8N8Yy:= ·)7-=LI:=LK y:8<I:8Nw�8<H�H:=LK5V
� o I�³J7)H�³J_ ¸&³&´�³NO�³�9N=)9<7-=?µ�7 ·#=Ly�I:8#´�8#²�8<H�µ�µ PYG�H�¶�R�µ�µ

r(t, τ)
Z�¶�= ` ´�³ µ�¸+·-8N9<7)H�³

PYG�H�¶�R�µ�_
f(x)

µ|¸NH�³NO:8<H�µ:8aI:8Mva8<H�µ�_
uω(x, t)

·|H:8�¶�=L7-=LI:=LK 7-=LO�¶�8
x0 ∈ [0, π]

V�vAI:8#´�s
·�³JI�µ�7-8#²:})H:=�µ:9N9#²�8#´:G-8Nw y�I%_�w�G�^ ¸&³&´�³NO�G-V�� =LO�H:8N8)ZAI�³L9N9Nw�=L7)I�µ:w ·-=Ly�I:=)9*=zy:=)9<7)I:=Js
8<H�µ�µky:=.²:H:=LKt³L9�µ:w�y�7-=L7�µ�¶�µgI:8Mva8<H�µ�_ ¸&³&´�³NO�µ S » b [ S ¹ bEy�I�µzµ�¸+·-8N9<7)H:=)wdµ:9<7-=LO�H�µ�¶�8
f(x) · r(t, τ) Vl'9�µ:w�y�7-=L7�µ�O:8N9�¶�=)8rI�³.¸�²�=\F�8<H�µ:8�I:8Mva8<H�µ�_L¸&³&´�³NO�µ*S » b [ S ¹ b o G&´�8NwYµ:9�¶�³J7)}�·v·�µ�´�8

u(x, t, ω) = u0(x, t)+
1

ω

[
u1(x, t)+v1(x, t, τ)

]
+

1

ω2
v2(x, t, τ)+Wω(x, t), ω � 1,

S��-b

` ´�8
τ = ωt.��³L9<7�µ�O�H:=)8QI�³.¸�²�=\F�8<H�µ:8�= o =?¸NH�³NO�µ:wl¶�³.¶

Uω(x, t)
e

Uω(x, t) = u0(x, t) +
1

ω

[
u1(x, t) + v1(x, t, τ)

]
.

S � b

� &%��
�&�$'� d ��� � v!wH� ������| v0t �R�a� Uω(x, t) �&�+� �W~ wH� }��g�����?���;� �gw�v |�� w yZ��ya�!�������
���%� �\�W� � � v }��;� �gw�v | ~ �\� � �W� � � ~+�H�g� ���g�H��� � �gv {�� � ���r���+y � w ��~ ��� }��?�g�H{���|�� w�v |v {g�2� t ��� � ���r��}��W� v!w }$� � ∥∥Wω(x, t)

∥∥
C
= O

(
ω−2

)
,

S ¼ b
∥∥∥∥
∂Wω(x, t)

∂t

∥∥∥∥
C

= O
(
ω−1

)
.

S m b

»	¹)]



2◦
��r � 
���/0�����?�%�%���%1��Z�

n PQ=LI:w�G&²�µ�I�G-8Nw?= o I�³J7)H�G�^ ¸&³&´�³NO�GL´�²:_	9�µ:9<7-8Nw�;TS » b [ S ¹ bcV
vAG-9<7)}�·YH�³NO�³&²:})H:=Js ¶�I�³L8�·-=LKL¸&³&´�³NO:8�S » b [ S ¹ b�PYG�H�¶�R�µ�_

f(x)
¸&³&´�³JH�³0Z�³

r(t, τ)
H:8�µ�¸<s

·-8N9<7)H�³0Z ` ´�8
f
µ
r
G&´�=?·?²�8<7�·-=LI%_0^'7 G-9#²�=?·�µ�_�w y�G�H�¶�7?³

1◦
V ��I:8 o G-8<7-9B_#=Ly�I:8#´�8#²�µ�7)}

r(t, τ)
7?³.¶�G�^aZ0O�7-= ·D7-=LO�¶�8

x = x0
I:8Mva8<H�µ:8

uω(x, t, r)
y�I�µ�H�µ:w«³L8<7�·�µ�´

uω(x0, t, r) = φ0(t) + ω−1φ1(t, ωt) + νω(t),
S � b

` ´�8
φ0(t)

Z
φ1(t, τ)

G&´�=?·?²�8<7�·-=LI%_0^'7J´�=)9<7?³J7-=LO�H�;xw G-9#²�=?·�µ�_�w ` ²�³&´�¶�=)9<7�µ y:=
t ∈ [0, 1]

Z
τ ∈ [0,∞)

Z
φ0|t=0 = 0

Z
φ1|t=0 = 0

Z�³ ‖νω‖ = O(ω−2)
Z
ν ′ω = O(ω−1)

V
��³Lw�8<7�µ:wXZ:O�7-=aG-9#²�=?·�µ�_�Z�H�³&²�=\F�8<H�H�;x8rH�³

φ1
Z
φ2
µ
νω
Z�·);Xy:=.²:H�_0^'7-9B_b·D9�µ�²:Gq7-8N=Js

I:8Nw�; » V
� &%��
�&�$'� � ��s � � t ~�� � ��������� }�� � � t+v {g�H} � |�� ���%�r� w ����| � ���r���U� �;���g� � �������g�Z�r� � �

�\� � � �a��y
�u��/0&%
���/4p5
��

T%P � ���-6�
 ����� � ��� ����� � 
(6 �����D���
!"� �)*"��� '�
(6 � * �&��� � 1�G�.2J�G�4r.\F�I�:W<%G�.2G�1�]?<�-�7%I�7=`;7K*�7%IH]!5�8�:
*�:=I�:-%%7=9�1�K�.0308H7=`;7�-%1(*�:���� 		3R*�.R@H1<E	:=-=P�G�:0F�8UP .uTG2IH�V!P .�)�PUT�1!S � L P .D$\P L X�TFJ�HHPV!P	�<��
(6������K���
� � 
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���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�'W���iY�Yhgjs� � ��iYh��"�QhYi����Yi�� 
kj
l ��i�� n �Xi�� 
 �Aj
l"±�i���iYh��
n ��l'vYl �:���h±�l'f �khYC.l'j ���ACF��i��D�'C �

���!� �!�a��� ���������
SUj�=)9N9�µ�_�Z�iY=?·-=)9�µ o µ�I:9�¶rc
i ���Qb

±�H�³L9<7-=\_�)a8<KqI�³ o =L7-8 I�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_L·-=Ly�I:=)9'= o ³L9�µ:w�y�7-=L7�µ�O:8N9�¶�=LK	G-9<7-=LK�O�µ�·-=Js
9<7�µ H�G&²�8�·-= ` =�I:8Mva8<H�µ�_ 9�µ:9<7-8Nw�;�I�³.¸NH:=)9<7)H�;�~ G�I�³.·)H:8<H�µ�K

xn+1 = Axn +Bxn−l, n = 0, 1, . . . (1)
�pG&´�8Nw*I�³L9N9Nw«³J7)I�µ�·�³J7)} 9�µ:9<7-8Nw�G S » b@¶�³.¶ 9�µ:9<7-8Nw�G|G�I�³.·)H:8<H�µ�K 9"¸&³Jy�³.¸�´:;E·�³J^ )�µ:w_³JI0s
` G0w�8<H�7-=)w#S

l ∈ N
dTy�³JI�³Lw�8<7)Iy¸&³Jy�³.¸�´:;E·�³JH�µ�_�bcV

hYw�8N8<7 w�8N9<7-=D9#²�8#´:G�^ )�µ�K I:8�¸NG&²:} 7?³J7JV
� &%��
�&�$'�Z�Es �\�2���g�H{g�%� � �Z� � w � v0t � � v!w } t � w �;�g� �gw �H}�� �a� w � ��
 �

H > 0, Kj > 0, j = 0, . . . , l + 1,w ��~ � �!� � w �
Ki+1 − (1− k)Ki 6 0, i = 0, . . . , l, k ∈ (0, 1),��v � v!w ��}�����| �a� w � ��
 �

C = −
(
A∗HA−H +A∗K0A A∗HB +A∗K0B
B∗HA+B∗K0A B∗HB +B∗K0B −Kl+1

)

�g�H{g�%� �gw �W{ x �g�6�H�U�\�2�\�W{g�W����y � �H�0�r�"� t {g�W}������\� � �W� � � vW�gv!w �=� � (1) � vW� � � w � wH� �$� v ~ �t+v!w �H� � � }�� ��� �Z�!� w �Z� v!w � � 
 �W��~��
〈Hxn, xn〉 6 (1− ε)n · v0(x),

�0�\� ε = min
{
k, 1
‖C−1‖ ‖H‖

} y��=?¶�³.¸&³J7-8#²:}-9<7�·-=?7-8N=LI:8Nw�; y�I:=?·-=+´�µ�7-9B_#9yµ:9<y:=.²:}�¸\=?·�³JH�µ:8Nw PYG�H�¶�R�µ:=LH�³&²�³+7�µ�y�³
�Y_0y�G�H:=?·�³�d �AI�³L9N=?·-9�¶�= ` =

vn(x) = 〈Hxn, xn〉+
n∑

j=n−l
〈Kn−jxj , xj〉.

� 7-=L7zPYG�H�¶�R�µ:=LH�³&²#_�·?²:_�8<7-9B_ ´�µ:9�¶�I:8<7)H�;xw ³JH�³&²�= ` =)w PYG�H�¶�R�µ:=LH�³&²�³��Y_0y�G�H:=?·�³ d
�AI�³L9N=?·-9�¶�= ` =�Z«·�·-8#´�8<H�H:= ` =j· I�³ o =L7-8�f »%h y�I�µ µ�¸NG�O:8<H�µ�µl³L9�µ:w�y�7-=L7�µ�O:8N9�¶�=LK G-9<7-=LK�O�µ0s
·-=)9<7�µ*I:8Mva8<H�µ�K*9�µ:9<7-8Nw ´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~ G�I�³.·)H:8<H�µ�K�9�¸&³Jy�³.¸�´:;E·�³J^ )�µ:w ³JI ` G%s
w�8<H�7-=)w

d

dt
y(t) = Ay(t) +By(t− τ).

�u��/0&%
���/4p5
��
T%P	�<���465�4��
 �������(3:� � � �����?�F���5� ��� ��� 
 321	E4*�-�7%-%1�K�.0308�1�.\32<�7=J�30-%<!:�I�.��E.2G�1�Ju5�1�L L�.0I�.2G�M�1�:W9('I,G�4A@ F�I�:W<%G�.2G�1�J 3Z/;:�*�:=/ 5�4C<!:=[
�R1	E :=I�`0F&E+.2G�-�7IE ���<=�.030-%G$P
0��
	rP
$�.0IUP�B�:=-�.FE	:=-%1�8�:HS�E+.R@H:�,G�1�8�:HSH1�G�L�7%I(E	:=-%1�8�:HP .?V=^%^�_!P .�)�P�_!S � L P .D$\P�V=^;X�V=YHP
� � :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � T L , ^HTR, ^%^ L V-2HP
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���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�Yj
l �«±�l � ��lX��l��Yl���� � �Aj
l"±�i���iYh�� ± �Yl n �Xi�� 
 vYj:�'h���±{� ��i�� 

n �'v���j
l��D�'j:�'C ��j:�'��i�� �0�M��h �'����js��iYWYhYj:�"±�l'iYh��

� � j���l � �AiYlMd i���j n � n �AiYl
�����{�!�a��2 ��/0��
�&%���

SUj�=)9N9�µ�_�Z�i�³&²:} O�µ�¶rc�hYvYCElYb

± = o ²�³L9<7�µ
Ω = ]0, l[× ]0, T [

Z
l 6 ∞ Z

T 6 ∞ Z0I�³L9N9Nw�=L7)I�µ:w�G�I�³.·)H:8<H�µ:8Y9'y:8<I:8Nw�8<H0s
H�;xw�µb¶�= &\PQP�µ�R�µ:8<H�7?³Lw�µ

ux(x, y) + a(x)D
{γ0,γ1,...,γn}
0y u(x, y) + b(x)u(x, y) = f(x, y), (1)

` ´�8
D
{γ0,γ1,...,γn}
0y

d =Ly:8<I�³J7-=LI�´:I:= o H:= ` =F´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ�_A�rF�I o ³2v�_0H�³�d�iY8<I:9N8cs
9B_0H�³ry:=LI%_�´�¶�³

α =
∑n

k=0 γk − 1 > 0
Z
γk ∈ ]0, 1]

Z
k = 0, 1, . . . , n

Z
a(x)

Z
b(x)

Z
f(x, y)

d
¸&³&´�³JH�H�;x8�´�8<K:9<7�·�µ�7-8#²:})H�;x8�PYG�H�¶�R�µ�µ5V

� y:8<I�³J7-=LI ´:I:= o H:= ` =Y´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ�_ �rF�I o ³2v�_0H�³ d iY8<I:9N8N9B_0H�³�y:=LI%_�´�s
¶�³

α
Z�³L9N9N=LR�µ�µ�I:=?·�³JH�H�;XKu9 y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7)})^ {γ0, γ1, . . . , γn},

=Ly�I:8#´�8#²:_�8<7-9B_	9N=Js
=L7)H:=Uva8<H�µ:8Nw f »%h

D
{γ0,γ1,...,γn}
0y u(x, y) = Dγn−1

0y D
γn−1

0y . . . Dγ1
0yD

γ0
0yu(x, y), (2)

` ´�8
Dγ

0y

d =Ly:8<I�³J7-=LIb´:I:= o H:= ` =vµ�H�7-8 ` I:=Js ´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ�_y· 9Nw�;x9#²�8rj µ:w«³JH�³ad
��µ�G�·�µ�²�²:_ f ¹�h V

���Cm �����Zq ±�= o ²�³L9<7�µ
Ω
H�³JK�7�µEI:8 ` G&²:_0I�H:=)8�I:8Mva8<H�µ:8rG�I�³.·)H:8<H�µ�_�S » bcZ�G&´�=?·?²�8<7�·-=Js

I%_0^ )a8N8�¶�I�³L8�·);xw�G-9#²�=?·�µ�_�w

lim
y→0

D
{γ0,γ1,...,γj}
0y u(x, y) = ψj(x), j = 0, n− 1, (3)

u(0, y) = ϕ(y), (4)
` ´�8

ψj(x), ϕ(y)
d ¸&³&´�³JH�H�;x8rPYG�H�¶�R�µ�µ5V

� y:8<I�³J7-=LI ´:I:= o H:= ` =Y´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ�_3�rF�I o ³2v�_0H�³ d iY8<I:9N8N9B_0H�³ ·�·-8#´�8<H
· I�³ o =L7-8�f »%h Z ` ´�8 o ; ²�³XI:8Mva8<H�³F¸&³&´�³NO�³ �Y=Uv�µ�´�²:_QG�I�³.·)H:8<H�µ�_r9N=+´�8<I%F�³ )a8 ` =Y=Ly:8<I�³J7-=LI
·�µ�´�³ S ¹ bcV

vAI�µ
γ1 = γ2 = . . . = γn = 1

G�I�³.·)H:8<H�µ:8ES » b"µ:9N9#²�8#´�=?·�³&²�=)9<}r· I�³ o =L7?³ ~ f �0Z ��h ·
9#²:G�O�³L8ay:8<I:8Nw�8<H�H�;�~]¶�= &\PQP�µ�R�µ:8<H�7-=?·:Z�³J· f ¼ Z m�h · 9#²:G�O�³L8�y:=)9<7-=\_0H�H�;�~]¶�= &\PQP�µ�R�µ0s
8<H�7-=?·:V

�u��/0&%
���/4p5
��
T%P	� � 
 �I� � - 
 � � � � � ���y

�G�R� - 
^���o8:�#0aI�7I%=G�4r. *�I�7=1�/2<�705�G�4r.�1�/;:;5�:0K�: �R7 �R165�9�]"5�1�LW,L�.0I�.2G�M�1�:W9('%G�4A@"F�I�:W<%G�.2G�1�J 5�I�7I%=G�7=`;7+*�7%IH]!5�8�: ��� �R/2<�P 
 0 
 I(Eo$A$ � P�B�:=-=P .uTG2IH%YHP .�)�P L S
� T%P .Dn\P L X�V=YHPV!P�� �G7�� ����� ��� � ��0aI�7I%=G�7%. 1�32K�1�329�.2G�1�. 1�.2`;7�*�I�1	E+.2G�.2G�1�.%P .?B�7%308�<!:?/WCE1�/FE	:=-W9�1�-=SCV=^%^ L P .VI1%VZ3%P
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L P � � � 
������ � ��* � �RI�:=.2<!:=]u/;:;5�:0K�:R5�9�]?F�I�:W<%G�.2G�1�]�*�.0I�<�7=`;7K*�7%IH]!5�8�:R3�K�:=30-%G�7=J<*�I�7=1�/2<�705�G�7=J5�I�7I%=G�7=`;7 *�7%IH]!5�8�: 3 *�.0I�.FE+.2G�G�4�E�1�8H7 � L L\1�M�1�.2G�-%:-E�1 ���"0a7%8�9$P 
 5�4C`;308H7=J�N �R.0I�8H.030308H7=J�bB�.0DE5�FHG�:=IUP�:=8�:;5�PHG�:0F�8UP .?V=^%^I2HP .�)�PUT%T%S � T%P .Dn\P L V0X L _!P
J�P � � � 
������ � �,* �
�RI�:=.2<%4r.E/;:;5�:0K�1�5�9�] F�I�:W<%G�.2G�1�J�1 321�30-�.FE�F�I�:W<%G�.2G�1�J�3 K�:=30-%G�4�E�1w*�I�7=1�/R,<�705�G�4�E�1�5�I�7I%=G�7=`;7K*�7%IH]!5�8�:HP .K0E:W9(' K�1�8
/��R/ 5	, <�7�� �o0RQ ��
 0�S�V=^HT L P .?V=^%^ 3%P_!P%$ �y7��r����3:� � .��E.2G�1�.\8�I�:=.2<�7=J /;:;5�:0K�1�5�9�]aF�I�:W<%G�.2G�1�]Z3CK�:=30-%G�4�E�1D*�I�7=1�/2<�705�G�4�E�1Z5�I�7I%=G�7=`;7
*�7%IH]!5�8�:����70E1�LaP�F�I�:W<%G�.2G�1�]�P .?V=^%^ L P .�)�P L 2HS � YHP .Dn\P$T;^I2�VG, T;^I2I2HP
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��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

l n hYCEv��D� �Xh���� n �Yl �k� n �D� ���Yh�±{� n � �#iA�:���«±{� �0� js� � ��iYh��
±{� ��Cu��� ��iYi�� � n h n �d��CF���QhYi����Yi�� 
 j
l ��i�� n �Xi�� 
 �Aj
l"±�i���iYh��

n v���j�h�� ��h���� n �YhYCEhT����� �'��hYWYh���i�� l'CEh �

� � � �!�a��������
0q
SUj�=)9N9�µ�_�Z�iY=?·-=)9�µ o µ�I:9�¶rc
i ���Qb

j�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_+9�µ:9<7-8Nw«³�²�µ�H:8<K�H�;�~EI�³.¸NH:=)9<7)H�;�~EG�I�³.·)H:8<H�µ�K!9ry:8<I�µ:=+´�µ�O:8N9�¶�µ0s
w�µb¶�= &\PQP�µ�R�µ:8<H�7?³Lw�µ

xm+1 = (A(m) +B(m))xm, m = 0, 1, . . . , (1)

` ´�8 {A(m)} d M
s y:8<I�µ:=+´�µ�O:8N9�¶�³J_aw«³J7)I�µ�O�H�³J_Yy:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7)}:ZJ7JV\8)V

A(m+M) =
A(m)

Z {B(m)} d M
s y:8<I�µ:=+´�µ�O:8N9�¶�³J_|w«³J7)I�µ�O�H�³J_�y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7)}�·-=?¸\w�G*)a8<H�µ�K5V

vAI:8#´:y:=.²�³ ` ³L8<7-9B_�Z
O�7-=�H�G&²�8�·-=)8YI:8Mva8<H�µ:8Q9�µ:9<7-8Nw�;

ym+1 = A(m)ym, m = 0, 1, . . . ,

³L9�µ:w�y�7-=L7�µ�O:8N9�¶�µ*G-9<7-=LK�O�µ�·-=�V���³.¶+y:=?¶�³.¸&³JH:=r· I�³ o =L7-8 f »%h Z &N7-=+&+¶�·�µ�·�³&²�8<H�7)H:=E7-=)w�G-Z
O�7-= ¶�I�³L8�·�³J_ ¸&³&´�³NO�³

{
H(l)−A(l)∗H(l + 1)A(l) = C, C = C∗ > 0,

H(0) = H(M) > 0, l = 0, 1, . . . ,M − 1,

µ:w�8N8<7 8#´�µ�H:9<7�·-8<H�H:=)8rI:8Mva8<H�µ:8
H(l) = H∗(l)

Z
l = 0, 1, . . . ,M

V
WY8#²:} ´�³JH�H:=LK I�³ o =L7); 9N=)9<7-=?µ�7h·+7-=)wXZ O�7-= o ; y:=.²:G�O�µ�7)} G-9#²�=?·�µ�_zH�³+w«³J7)I�µ�R�;

·-=?¸\w�G*)a8<H�µ�_ {B(m)} Z y�I�µ_¶�=L7-=LI�;�~ H�G&²�8�·-=)8uI:8Mva8<H�µ:8E9�µ:9<7-8Nw�; S » b o G&´�8<7 7?³.¶�F�8
³L9�µ:w�y�7-=L7�µ�O:8N9�¶�µ*G-9<7-=LK�O�µ�·-=�V���²:_ &N7-= ` = I�³L9N9Nw�=L7)I�µ:w ¶�I�³L8�·)G�^ ¸&³&´�³NO�G|´�²:_j·-=?¸\w�G%s
)a8<H�H:= ` =�I�³.¸NH:=)9<7)H:= ` = w«³J7)I�µ�O�H:= ` = G�I�³.·)H:8<H�µ�_a�Y_0y�G�H:=?·�³

{
H̃(l)− (A(l) +B(l))∗H̃(l + 1)(A(l) +B(l)) = C,

H̃(0) = H̃(M) > 0, l = 0, 1, . . . ,M − 1, C = C∗ > 0.
(2)

� &%��
�&�$'�Z�6s �\�2���g�H{g�%� � �Z� � w � �a� w � � ������| �g� v {g�2�\�H}$� w �W{ x �g� v!wHx }�� � � t � �W� � �
{B(l)} t �\�H}�{g� w }��%��|�� w t+v {g�H} � �

‖B(l)‖ 6

√
‖A(l)‖2 + 1

‖C−1/2H(l + 1)C−1/2‖ − ‖A(l)‖,

l = 0, 1, . . . ,M − 1.

(3)

� � :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � T L , ^HTR, ^%^ L V-2HP
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� �H�0�r� v0t � � v!w } t � w �2� � � v!w }��W���g�����\� � �W� � � H̃(l) = H̃∗(l) � l = 0 � 1, . . . ,M �C~U�r���W}��H�� ���r��� � (2) y
tY��&L��"-/0����&\� � v { � }��?�g�H{��g�W�g� t+v {g�H} � � (3) � w ��� t {g�W}���� �\� � �W� � � vW�gv!w �=� � (1)

� vW� � � w � wH� �$� v ~ ��t+v!w �H� � � }��$y
������l�����o�p�lrq l H�³&²�= ` µ�O�H�;x8QI:8�¸NG&²:} 7?³J7); ·D9#²:G�O�³L8)Z�¶�= ` ´�³

C = I
Z o ; ²�µ y:=.²:G�O:8cs

H�; ·�I�³ o =L7-8�f ¹�h V

�u��/0&%
���/4p5
��

T%P��4'5�/& 
D��� �584�5���F� ����� ��� �K� � �<���465�4��
 �������I3:� � 1�329�7=<%4r."@H:=I�:=8�-�.0I�1�30-%1�8�1Z:=321	E4*�-�7%-%1�K�.0308H7=JF!30-�7=J�K�1�<�7%30-%1 I�.��E.2G�1�J 9�1�G�.2J�G�4A@ I�:=/2G�7%30-%G�4A@�F�I�:W<%G�.2G�1�J 3�*�.0I�1�705�1�K�.0308�1	E�1 8H7 � L L\1�M�1(,.2G�-%:-E�1+���D$	1	%�P(E	:=-=P�DaF�I�G$P .?V=^%^%^HP .�)�P(J�T%S � HHP .D$\P$TWV%VI10X�TWV L 1!PV!P��4'5�/& 
 ��� ��84�5���F� �����+��� �K� � �<���465�4��
 ���w���j3:� 
 321	E4*�-�7%-%1�K�.0308�:=] F!30-�7=J�K�1�<�7%30-I' I�.��E.2G�1�J<�7%/FE�F��E.2G�G�4A@ 9�1�G�.2J�G�4A@ I�:=/2G�7%30-%G�4A@ F�I�:W<%G�.2G�1�J 3K*�.0I�1�705�1�K�.0308�1	E�1 8H7 � L L\1�M�1�.2G�-%:-E�1 ���$	1	%�P	E	:=-=P�DaF�I�G$P .?V=^%^�V!P .�)�P	J L S � L P .D$\P	J�2 L X�_=^�1!P
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

lD� � ����j
l'h���� n �Yh��3� n ���"±�h��kv��D�Qi�� �d� hk��l ��h n i�� n �Xh
n �'� n �E± ��iYi�� 
 ������CF��i��D�"±#vA� �Y�Yl �'� � �Yi��"± ��iYi�� 


��h �'����js��iYWYhYlD����i�� 
��'v���j
l��D�'j:�"±
� �s���!oa��2 � � ���

SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEhrb

d ��j�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_r¸&³&´�³NO�³
∑

06k0+k16n

λk0ak0k1 (x)
dk1y

dxk1
, 0 < x < 1, (1)

96¶�=)w�y�²�8�¶�9<H�;xw y�³JI�³Lw�8<7)I:=)w
λ
µb¶�I�³L8�·);xw�µ G-9#²�=?·�µ�_�w�µ

∑

06k0+k16n

λk0
{
αk0k1

dk1y

dxk1

∣∣∣∣
x=0

+ βk0k1
dk1y

dxk

∣∣∣∣
x=1

}
= 0. (2)

��´�8N9<}
ak0k1(x)

d 9<G0w�w�µ�I�G-8Nw�;x8)Z�= ` I�³JH�µ�O:8<H�H�;x8�PYG�H�¶�R�µ�µ5Z�³v·|9#²:G�O�³L8
k0 + k1 = n9<G0w�w�µ�I�G-8Nw�; 7?³.¶�F�8 dak0k1 (x)

dx

Z
an0 ≡ −1

V�vY=.²�³ ` ³L8NwXZ�O�7-=h¶�=LI�H�µ
ϕi(x)

Z
i = 1, n

Z
~�³JI�³.¶�7-8<I�µ:9<7�µ�O:8N9�¶�= ` =qG�I�³.·)H:8<H�µ�_

an0 (x)ϕn + a1 n−1 (x)ϕn−1 + · · ·+ a n−1,1 (x)ϕ− 1 = 0 (3)

I�³.¸�²�µ�O�H�;zy�I�µ�·-9N8c~
x
Z-=L7	²�µ�O�H�; =L7QH�G&²:_�Z�µ0~�³JI ` G0w�8<H�7);lµJ³JI ` G0w�8<H�7);lµ�¸xI�³.¸NH:=)9<7-8<K

H:8�¸&³.·�µ:9B_07 =L7
x
Z
αk0k1

Z
βk0k1

d
n
s�w�8<I�H�;x8Q9<7-=.² o R�; ¶�=LH:9<7?³JH�7JV

� o ;XO�H:=LK	H:=LI:w�µ�I:=?·�¶�=LK G-9#²�=?·�µ�K+S ¹ b�y:=)9<7)I:=?µ:w
n× 2n

s ��� � � � ��� �2� � � ��� � � � ���

�����
�
�� � ����� �	��	 (α, β)

f » Z:9)V m)m c ¹�h V
± ·-8#´�8Nwt· I�³L9N9Nw�=L7)I:8<H�µ:8 O�µ:9#²�³

wj = e
√
−1 argϕj(x)

µ y�G-9<7)}
τ
d H�³.µ o =.²:}�va8N8

¶�=.²�µ�O:8N9<7�·-=+O�µ:9N8#²
wj
Z�y:=Ly�³&´�³J^ )�µ0~ ·)H�G�7)I�}+=+´:H:=LKl¶�=)w�y�²�8�¶�9<H:=LK y:=.²:G�y�²�=)9�¶�=)9<7�µ5Z

= ` I�³JH�µ�O:8<H�H�;XKEy�I%_�w�=LK5Z�y�I:=N~%=+´:_�)a8<KEO:8<I:8�¸QH�³NO�³&²�=�V n y�I�³.·-8#´�²�µ�·�³
� &%��
�&�$'� d � s � � ��� � � � t+v {g�H} � |����g�2�r��}��W� v!w }��

min (rankα, rankβ) > τ (4)

�g�!���-���;� � �Z� ��{�| �\�W� t {�|����g� v!wH� � ���r��� � (1) � (2) y±g7-8N=LI:8Nw�8 » y�I:=)9<7-=L7?³ 9N=LO:8<7?³L8<7-9B_?9|9<G*)a8N9<7�·-8<H�H:=)9<7)})^aV�� ` I�³JH�µ�O�µ:w�9B_ µ�¸+·-8N9<7Ls
H�;xwMy�I�µ:w�8<I:=)w ¸&³&´�³NO�µ

y′′ − λ2y = 0
Z
0 < x < 1

Z
y(0) = y(1) = 0

Z�9�·)_�¸&³JH�H:=LK?9
7)I�µ ` =LH:=)w�8<7)I�µ�O:8N9�¶�µ:w�µ�I%_�´�³Lw�µ �rG�I�}-8)V ��´�8N9<}

ϕ1,2 = ±1
Z
rankα = 1

Z
rankβ = 1

Z
τ = 1

µ�H:8<I�³.·-8<H:9<7�·-=DS � b5=LO:8�·�µ�´:H:=�V�±!9#²:G�O�³L8 ·);Xy:=.²:H:8<H�µ�_�G-9#²�=?·�µ�_	S � b�´�²:_rI:8Mva8<H�µ�_
·-=Ly�I:=)9	³uI:8 ` G&²:_0I�H:=)9<7�µY¸&³&´�³NO�µh´�=)9<7?³J7-=LO�H:=EG o 8#´�µ�7)}-9B_h· =L7	²�µ�O�µ:8|=L7uH�G&²:_ µ�¸+·-8N9<7Ls
H�;�~!=Ly�I:8#´�8#²�µ�7-8#²�8<K f » Z ¹�h

n
s ` =|y:=LI%_�´�¶�³ S ·b¶�=.²�µ�O:8N9<7�·-8

6 n(n + 3)
bcZ59�·)_�¸&³JH�H�;�~+9

w«³J7)I�µ�R:8<K
(α, β)

µ	O�µ:9#²�³Lw�µ
ϕi
V
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� ��j�³L9N9Nw�=L7)I�µ:w+y�G�O:=?¶
(⊥)

9�y:=)9<7-=\_0H�H�;xw�µJ¶�= &\PQP�µ�R�µ:8<H�7?³Lw�µ
ak0k1

µ ` I�³JH�µ�O�H�;�s
w�µ G-9#²�=?·�µ�_�w�µ S ¹ bcZ�´�²:_ ¶�=L7-=LI�;�~ =Ly�I:8#´�8#²:_0^ ) ³J_uw«³J7)I�µ�R�³

(α, β)
µ:w�8N8<7v·�µ�´

(α, β) =

(
α′ 0
α′′ β′′

)
,

` ´�8
α′ − l×n

Z
α′′ − n− l×n

Z
β′′ −n− l× n

dTw«³J7)I�µ�R�;QZ0y�I�µ�O:8Nw
0 < n− l 6 l < nµ

rank(α, β) = n
V

��³.¶�µ�·xy5V » 9<O�µ�7?³L8NwXZJO�7-=F¶�=LI�H�µr~�³JI�³.¶�7-8<I�µ:9<7�µ�O:8N9�¶�= ` =AG�I�³.·)H:8<H�µ�_|S��-b
I�³.¸�²�µ�O�H�;
µu=L7	²�µ�O�H�;M=L7DH�G&²:_�V�vAG-9<7)}

τ
dTH�³.µ o =.²:}�va8N8�µ�¸�¶�=.²�µ�O:8N9<7�·

ϕ
s ¶�=LI�H:8<K5Z�²�8<F�³ )�µ0~ H�³

²:G�O�³ ~�Z�µ:9 ~%=+´:_�)�µ0~ µ�¸	H�³NO�³&²�³
λ
s y:=.²:G�y�²�=)9�¶�=)9<7�µ SU9<I�³.·)H�µ�7-8 9N= 9Nw�;x9#²�=)w &N7-= ` = F�8

= o =?¸NH�³NO:8<H�µ�_J·ry5V » bcV�± ·-8#´�8Nw ·rI�³L9N9Nw�=L7)I:8<H�µ:8Dt	´�8NPQ8�¶�7)H:=)8L{�·r=L7)H:=Uva8<H�µ�µqy:=.²:H:=L7);QZ
O�µ:9#²�=

d =

{
τ − (n− l)

y�I�µ
τ > n− l,

0
y�I�µ

τ 6 n− l.

� &%��
�&�$'� � ��s � � t ~�� � ��������� t+v {g�H} � |����$� v { � min (rankα, rankβ) > τ � w � vW�gv!w �%�
�a���U�\� �	� }��;������� 
 �W�g� �$�W~ � w�v ��� v!w }��W������� � �U� �gv ���2� � �g�W������� � t ��~ 
�� � t ~�� � �����g�H���
� t ��~�� n � ~U�r� w �g� �g�H{���� } Ln

2 (0, 1) y � v { � ��� min (rankα, rankβ) < τ � w � t ~�� � ��������|vW�gv!w �=�a� n − d ~U�r� w �g�6�g�H{�����} Ln−d
2 (0, 1)

� � t �\� w6� �Z� wHx ��� v ~+�H�g� �����?� �\�5� �W~ w }v � � v {g� n− d+ 1 ~U�r� w �g�H� �g�H{��g� w � y
�u��/0&%
���/4p5
��

T%P�� ��'��o�F
 � � �	��� � 1�G�.2J�G�4r.\5�1�L L�.0I�.2G�M�1�:W9('%G�4r.R7-*�.0I�:=-�7%I�4RP .?B P /	0E:0F�8�:HS�TG2IHI2HP .?_%V-H 3%PV!P�3A� �F� � ��� ��� ��� =	<�. 5�.2G�1�.�< 3R*�.08�-�I�:W9('%G�F�[ -�.07%I�1�[ 5�1�L L�.0I�.2G�M�1�:W9('%G�4A@ 7-*�.0I�:=-�7%I�7=<�P .
� 7%30-�7=<?G�� 0 P SUTG2I2-J�P .uTGH%^?3%P
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�Yj
l �«± ��� ��lX��l��Yh ��� �"�'� � �Yi��"± ��iYi�� �0�
��h �'����js��iYWYhYlD����i�� �0�g�Aj
l"±�i���iYh��M��j:�'��i�� �0�
v��'j �x���Yl n v�� n �D� �AiYi�� CEh ����� �'��hYWYh���i�� l'CEh

�'��#Y�s~��%���%�����
SUj�=)9N9�µ�_�Z�i�³&²:} O�µ�¶rc�hYvYCElYb

j�³L9N9Nw�=L7)I�µ:wzG�I�³.·)H:8<H�µ:8

m∑

i=1

βi∂
αi
0xu(x) + λu(x) = f(x), x ∈ ]0, 1[ , (1)

` ´�8
αi ∈ ]1, 2[

Z
β1 > 0

Z
λ, βi ∈ R

Z
α1 > α2 > . . . > αm

Z S
i = 1,m

bcZ
∂β0x

d I:8 ` G&²:_0I�µ0s
¸\=?·�³JH�H�³J_L´:I:= o H�³J_ y�I:=?µ�¸+·-=+´:H�³J_ S y�I:=?µ�¸+·-=+´:H�³J_E��³Jy�G�7-=%b�f » Z\l)V »�»%h V

± w�=LH:= ` I�³LP�µ�µ&f »%h ´�³JH�; y:=)9<7?³JH:=?·�¶�µl·�µ�´�=?µ�¸\w�8<H�H�;�~ ¸&³&´�³NO?�Y=Uv�µYµ?iY8<K:w«³JH�³
´�²:_EG�I�³.·)H:8<H�µ�_j·)7-=LI:= ` =|y:=LI%_�´�¶�³	9�´:I:= o H:=LK!y�I:=?µ�¸+·-=+´:H:=LK+y:=LI%_�´�¶�³

α ∈ [1, 2].
��µ0s

H:8<K�H�;x8 = o ;E¶�H:=?·-8<H�H�;x8r´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;x8EG�I�³.·)H:8<H�µ�_l´:I:= o H:= ` =*y:=LI%_�´�¶�³*9uy:=Js
9<7-=\_0H�H�;xw�µ�¶�= &\PQP�µ�R�µ:8<H�7?³Lw�µJµ:9N9#²�8#´�=?·�³&²�µ:9<}�·YI�³ o =L7?³ ~ f ¹\[%��h V4� 7)H:=)9�µ�7-8#²:})H:=�µ�¸�²�=Js
F�8<H�µ�_ I:8�¸NG&²:} 7?³J7-=?·yµ o µ o ²�µ:= ` I�³LP�µ�µ I�³ o =L7JZ59�·)_�¸&³JH�H�;�~ 9�²�µ�H:8<K�H�;xw�µj´�µ:PQPQ8<I:8<H0s
R�µ�³&²:})H�;xw�µEG�I�³.·)H:8<H�µ�_�w�µb´:I:= o H:= ` =Dy:=LI%_�´�¶�³0Z�G�¶�³JF�8Nw?I�³ o =L7); f ¼�h µ f m�h V���²:_	G�I�³.·Ls
H:8<H�µ�_+S » bpI:8Mva8<H�³�¸&³&´�³NO�³���µ�I�µ0~�²�8Qw�8<7-=+´�=)w PYG�H�¶�R�µ�µ ��I�µ�H�³�·DI�³ o =L7-8�f �Hh V

± ´�³JH�H:=LK	I�³ o =L7-8'H�³JK�´�8<H:=�= o )a8N8'y�I:8#´�9<7?³.·?²�8<H�µ:8YI:8Mva8<H�µ�_qG�I�³.·)H:8<H�µ�_ S » bcZ09'y:=Js
w�= )�})^ ¶�=L7-=LI:= ` = y:=)9<7)I:=)8<H�;#I:8Mva8<H�µ�_L¸&³&´�³NO�µ	��µ�I�µ0~�²�8�µb¸&³&´�³NO�µEiY8<K:w«³JH�³0V

�u��/0&%
���/4p5
��

T%P�� �G7�� �����D��� � ��0aI�7I%=G�7%. 1�32K�1�329�.2G�1�.\1�.2`;7�*�I�1	E+.2G�.2G�1�.%P .?B /	CE1�/FE	:=-W9�1�-=S�V=^%^ L P .?VI1%V?3%PV!P � �
.+�
��S��R�?l:`�a�e(XAa�e(XFc-_�\�c-g�g _�b��Ra�V cI`	b-���&V ��XR_�XF`5a�V b-�	X���%	b�a�V cI`<��� 0a7%8�9$P 
 5�4C`;308H7=J N �R.0I�8H.030308H7=J�bB�.0DE5�FHG�:=IUP�:=8�:;5�PHG�:0F�8UP .uTG2I2%YHP .�)�P L S � V!P .D$\P L _0X L 2HPL P%$ �y7��w���&3:�&0E:0K�:W9('%G�:=]u/;:;5�:0K�:E5�9�]?9�1�G�.2J�G�7=`;7Z7I%=4r8�G�7=<�.2G�G�7=`;7Z5�1�L L�.0I�.2G�M�1�:W9('%G�7=`;7ZF�I�:W<I,G�.2G�1�]?5�I�7I%=G�7=`;7K*�7%IH]!5�8�:K���?B�:=-=P�3F%�P .?V=^HT%T%P .�)�PUV=^%^HS � J�P .D$\P$T%T%T X�TWV%V!P
J�P%$ �y7�� ����3:� � -�.07%I�1�1 /;:;5�:0K�1 �R7 �R1 5�9�]�9�1�G�.2J�G�7=`;7 7I%=4r8�G�7=<�.2G�G�7=`;7 5�1�L L�.0I�.2G�M�1�:W9('%G�7=`;7F�I�:W<%G�.2G�1�]Z5�I�7I%=G�7=`;7�*�7%IH]!5�8�:���� 0a7%8�9$P 
 5�4C`;308H7=J*N �R.0I�8H.030308H7=J�b	B�.0DE5�FHG�:=IUP�:=8�:;5�PHG�:0F�8UP .V=^%^I2HP .�)�P$T%T%S � T%P .Dn\P�HHTR,xH�_!P_!P��(���� ���5�2.�� �K�)5:%%7I% �E.2G�G�:=]"/;:;5�:0K�: 0E1�I�1(@H9�.a5�9�] 9�1�G�.2J�G�7=`;7u5�1�L L�.0I�.2G�M�1�:W9('%G�7=`;7 F�I�:W<I,G�.2G�1�]�5�I�7I%=G�7=`;7<*�7%IH]!5�8�: 3K*�7%30-�7W]HG�G�4�E�1*8H7 � L L\1�M�1�.2G�-%:-E�1 ����0E1�LaPUF�I�:W<%G�.2G�1�]�P .?V=^HTFJ�P .)�P�_=^HS � T%P .D$\P$TWV!T X�TWV%_!P
HHP�� N ~ !�{	* ������� ��� ��N �G{	*$.x{
�G{ ���
� � ��� �"� ��N ~ ~ �|�&���&�I["e(XFc-_�\Kb-`#�Kb-](](� V �Gb�a�V cI`(Y�c-g(g _�b��Ra�V cI`	b-�:�&V ��XR_�XF`5a�V b-�
X���%	b�a�V cI`(Y:�����:c-_�a�e&,��:cI� � b-`#�wvwb�a�eUP:65a+%#��P S %#� Y�XFk?V XR_;P .��WfDYya�XR_3�(b-f�S�V=^%^IHHP .K��cI�OP�V=^-J�P

1!P��(���� ���5� .�� �K� � :;5�:0K�:40E1�I�1(@H9�.�5�9�]E7I%=4r8�G�7=<�.2G�G�7=`;7\5�1�L L�.0I�.2G�M�1�:W9('%G�7=`;7�F�I�:W<%G�.2G�1�]�5�I�7I%-,G�7=`;7 *�7%IH]!5�8�:�����0a7%8�9$P 
 5�4C`;308H7=J N �R.0I�8H.030308H7=J�b B�.0DE5�FHG�:=IUPr:=8�:;5�PgG�:0F�8UP .?V=^HT L P .�)�P TW_!S
�&V!P .D$\P L H;X L 2HP
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��lX��l��Yl �Xj�hY���'CEh ��� �
q
s�j
l ��i�� n �Xi�� �0�kl'iYlD��� ��l

�'v���js� � l'f � � �0�k�Aj
l"±�i���iYh�� n CF� �kl'iYi�� �0� �XhYvYl
� �s��� � ��
/p � ���

SUj�=)9N9�µ�_�ZZ� I:8#²\c@� ���Qb

�'I�³.·)H:8<H�µ:8

LU(x, y) ≡ Uxx(x, y) + sgn y Uyy(x, y) = H
(
ln
q

x

)
U(qx, y), (1)

1 < q ≡ const
Z
H(ξ)

d PYG�H�¶�R�µ�_ 
A8�·�µ:9	³JK�´�³0Z I�³L9N9Nw�=L7)I�µ:w ·E= o ²�³L9<7�µ
D = D+ ∪

D− ∪ I Z ` ´�8 D+ = {(x, y) : 1 < x < q2, 0 < y < h} = D+
0 ∪D+

1

S
0 < h ≡ const

b
µ
D− = D−0 ∪D−1

d &�²�²�µ�y�7�µ�O:8N9�¶�³J_ µ ` µ�y:8<I o =.²�µ�O:8N9�¶�³J_	O�³L9<7�µ	= o ²�³L9<7�µ
D
Z%y�I�µ�O:8Nw

D+
k =

{
(x, y) : qk < x < qk+1, 0 < y < h

}
(k = 0, 1),

D−k =
{
(x, y) : qk − y < x < qk+1 + y,

qk(1− q)

2
< y < 0

}
(k = 0, 1),

I =
{
(x, y) : 1 < x < q2, y = 0

}
, Y =

{
(x, y) : x = q, 0 < y < h

}
.

vAG-9<7)}
Dk = D+

k ∪D−k ∪ Ik
Z ` ´�8

Ik =
{
(x, y) : qk < x < qk+1, y = 0

}
(k = 0, 1).

���Cm ������� q i�³JK�7�µ ·�= o ²�³L9<7�µ
D

PYG�H�¶�R�µ�^
U(x, y) ∈ C(D̄) ∩ C1(D\Y ) ∩

C2(D\(I ∪ Y ))
Z�G&´�=?·?²�8<7�·-=LI%_0^ )�G�^ G�I�³.·)H:8<H�µ�^ S » bcZ�¶�I�³L8�·);xw?G-9#²�=?·�µ�_�w

U(1, y) = U(q2, y) = 0, 0 6 y 6 h,

U(x, h) = ϕ(x), 1 6 x 6 q2,

U(x, qk − x) = ψk(x), qk 6 x 6
qk(1 + q)

2
(k = 0, 1),

G-9#²�=?·�µ�_�wz9N=Ly�I%_0F�8<H�µ�_

U(x,−0) = U(x,+0) = ω(x), 1 6 x 6 q2,

Uy(x,−0) = Uy(x,+0) = ν(y), 1 < x < q2, x 6= q,
G-9#²�=?·�µ�_�wz9N= ` ²�³L9N=?·�³JH�µ�_

ϕ(1) = ϕ(q2) = 0, ψ0(1) = 0,

` ´�8
ϕ(x)

Z
ψk(x)

S
k = 0, 1

b
d ¸&³&´�³JH�H�;x8 H:8<y�I:8<I�;E·)H�;x8«´�=)9<7?³J7-=LO�H:= ` ²�³&´�¶�µ:8pPYG�H�¶�R�µ�µ5V
� &%��
�&�$'�Z� � v { � ϕ(x) ∈ C[1, q2] ∩ C2(1, q2) � ψk(x) ∈ C[qk, qk(1 + q)/2] ∩

C2(qk, qk(1 + q)/2) (k = 0, 1) ��� v �H{�� w �g� � � w �W�=� � � t �=� � ��� v }�� � � �U�\���Z�W� tgw ~��?� �
» � ]



ϕ(0) = ϕ(q2) = 0 � ψ0(1) = 0
�
ψ′k(x) �U� � x→ qk (k = 0, 1) �\�H� t+v ~���� w � � w �W�=� � � t �%�

� t � � v �����W���g� v!wHx � w � v0t � � v!w } t � w �2� � � v!w }��W���g���?�\� � �W� � � U(x, y)
� ���r��� � T y

� 
	��
���� ����
�
��	��� �DI:8Mva8<H�µ�_]¸&³&´�³NO�µ �k9#²�8#´:G-8<7rµ�¸Dy:=.²:G�O:8<H�H�;�~ ·
D−

µ
D+ H�³

y = 0
Z
1 < x < q2

Z0H:8<I�³.·-8<H:9<7�·q9N=)=L7�·-8<7-9<7�·-8<H�H:=

β =

q2∫

1

ω(x)ν(x)dx > 0
µ

β 6 0,

β +

∫∫

D+

[
U2
x(x, y) + U 2

y (x, y) + γ2(x, y)
]
dxdy = 0,

` ´�8

γ2(x, y) = H
(
ln
q

x

)
U(x, y)U(qx, y) >

>
1

2
H
(
ln
q

x

)

U2(x, y) +

( qx∫

1

|Uξ(ξ, y)| dξ
)2

−
( qx∫

x

|Uξ(ξ, y)| dξ
)2

 > 0.

�"�	��� � ����
��
� � � � ��
����J¸&³&´�³NO�µ � 9�·-8#´�8<H:=L¶ I:8Mva8<H�µ�^ 9�µ:9<7-8Nw�; G�I�³.·)H:8<H�µ�K 9Nw�8cs
v ³JH�H:= ` =�7�µ�y�³

LU(x, y) = AU(x, y), (x, y) ∈ D0,
` ´�8

A =

(
0 1
0 0

)
, U(x, y) =

(
U0(x, y), U1(qx, y)

)T
,

³
Uk(x, y) = U(x, y), (x, y) ∈ Dk (k = 0, 1).

» � �
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l n hYCEv��D� �Xh���� n �Yh�� l'iYlD�Qh����QhYi����Yi�� �t± � n �'��� �Yl n �D� �Xi�� �
��lX��l��Yh n �'v���j
l��D�'j:�'C n �D�'� n lz± �O�Ql"±�i�� � �Yl n �Xh

hz± � j:��� ����iYh���C
 "�!�{�s�a�!$'&%&%�

SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

��=?¶�²�³&´�y:=)9�·)_�)a8<HQI�³L9N9Nw�=L7)I:8<H�µ�^?9#²�8#´:G�^ )a8<K�¸&³&´�³NO�µ5V vAG-9<7)}
Ω
d = ` I�³JH�µ�O:8<H�H�³J_

= o ²�³L9<7)}�·
R3 9N= 9�¶�=.²:} G ` =+´:H:= ` ²�³&´�¶�=LK ` I�³JH�µ�R:8<K ∂Ω Z m ∈ N

Z
ω � 1

V�± o 8N9�¶�=LH:8<O0s
H:=)wzR�µ�²�µ�H�´:I:8

Q = Ω × R
I�³L9N9Nw�=L7)I�µ:w�¸&³&´�³NO�GE= 2π

ω

s y:8<I�µ:=+´�µ�O:8N9�¶�µ0~ y:=�·)I:8Nw�8<H�µ
tI:8Mva8<H�µ�_�~ 9�µ:9<7-8Nw�;�G�I�³.·)H:8<H�µ�K

∂u

∂t
+∇p = ∆u+B0(x)u+

1

ω
C0(x)u+

+
∑

16|k|6m

(
Mk(x)u+ dk(x)

)
eikωt + d0(x),

S » b

div u = 0,
S ¹ b

u
∣∣
∂Ω

= 0.
S��-b

��´�8N9<}
x = (x1, x2, x3) ∈ Ω

Z
t ∈ R

Z
B0(x)

Z
C0(x)

Z
Mk(x)

µ
d0(x)

Z
dk(x)

d µ�¸+·-8N9<7)H�;x8
o 8N9�¶�=LH:8<O�H:= ` ²�³&´�¶�µ:8 w«³J7)I�µ�R�;�s�PYG�H�¶�R�µ�µ]µj·-8�¶�7-=LI0s�PYG�H�¶�R�µ�µ 9N=)=L7�·-8<7-9<7�·-8<H�H:=�Z5y�I�µ0s
O:8Nw

B0(x)
Z
C0(x)

µ
d0(x)

d ·-8 )a8N9<7�·-8<H�H�;x8)Z�³
Mk(x)

Z
dk(x)

¶�=)w�y�²�8�¶�9<H:=r9N=Ly�I%_0F�8<H�;
9
M−k(x)

Z
d−k(x)

V
n µ:w�·-=.²�=)w

Π
= o =?¸NH�³NO�µ:w|µ�¸+·-8N9<7)H�;XKD=LI�7-= ` =LH�³&²:})H�;XK�y�I:=)8�¶�7-=LI ·

L2(Ω)
H�³
S2(Ω)SU9NwXVCf » Z ¹�h bcV�± ·-8#´�8NwY·

S2(Ω)
=Ly:8<I�³J7-=LI

A = Π∆+ΠB0(x)
9Y= o ²�³L9<7)})^ =Ly�I:8#´�8#²�8<H�µ�_

D(A) = {u ∈ S2(Ω) ∩W 2
2 (Ω), u|∂Ω = 0} µ ·);XI�³JF�8<H�µ�_

B = ΠC0(x) +
∑

16|k|6m

ΠMk(x)ΠM−k(x)
ik

,

C =
∑

16|k|,|l|,|s|6m,
k+l+s=0

ΠMkΠMlΠMs

(is)s(s+ l)
+

∑

16|k|6m

ΠMk(x)Π(∆ +D)ΠM−k(x)
(ik)2

.

vAI:8#´:y:=.²�=\F µ:wXZpO�7-=
λ = 0

d y�I:=)9<7-=)8u9N= o 9<7�·-8<H�H:=)8r¸NH�³NO:8<H�µ:8E=Ly:8<I�³J7-=LI�³
A
µ 9N=Js

=L7�·-8<7-9<7�·)G�^ )�µ�K 8Nw�G 9N= o 9<7�·-8<H�H�;XK|·-8�¶�7-=LI
a0(x)

µ:w�8N8<7qy�I�µ:9N=)8#´�µ�H:8<H�H�;XKj·q9Nw�;x9#²�8
± µ)v�µ�¶�³|d �Y^A9<7-8<I�H�µ�¶�³ ·-8�¶�7-=LI

a1(x)
y:8<I�·-= ` =uy:=LI%_�´�¶�³u=L7)H:=)9�µ�7-8#²:})H:=u7)I:=LK�¶�µ

A
Z

B
Z
C
f � h V

��²:_j¸&³&´�³NO�µ S » b [ S��-b o ; ²�µ+G-9<7?³JH:=?·?²�8<H�; 9<G*)a8N9<7�·-=?·�³JH�µ:8vµ+8#´�µ�H:9<7�·-8<H�H:=)9<7)} 2π
ω

s
y:8<I�µ:=.´�µ�O:8N9�¶�= ` = I:8Mva8<H�µ�_Ey�I�µr´�=)9<7?³J7-=LO�H:= o =.²:}�v�µ0~
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l'�{�D�Qh���� n ��� �0�g�Aj
l"±�i���iYh��
± � n �'��� �0�kv��'j �x���Yl n ��j:�'��i�� �gvYj:�'h���±{� ��i�� �
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j�³L9N9Nw�=L7)I�µ:wzG�I�³.·)H:8<H�µ:8

Dα
0tu(x, t)− (−1)n+1 ∂

2nu

∂x2n
= f(x, t),

S » b

` ´�8
n ∈ N
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Dα
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±{� nXn � l'i��"±:����iYh�� i��:� ��i��'j:� ��i�� �0� n �Ql ��l ��C
� �0�
± � ±{�D�QfgWYh��'iYi��'C.�Aj
l"±�i���iYhYhgv�� n js��� n �E±{�'C

i��!���'�YlD����i�� �0� � n ���"±�h�� n js����i�� �0�kv�� ±�js��CF��iYh
� �<o%�s�	��
�&%� SUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c:C ���Qb�+
���!o%���Q�/�
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± ¶�=)w�y�²�8�¶�9<H:=)w o ³JH�³ ~%=?·-=)w3y�I:=)9<7)I�³JH:9<7�·-8
E
I�³L9N9Nw�=L7)I�µ:wl²�µ�H:8<K�H�G�^g= o I�³J7)H�G�^

¸&³&´�³NO�G�e
du(t)

dt
= Au(t) + g, 0 6 t 6 1, (1)

u(0) = u0,

1∫

0

u(t) dt = u1, (2)

9�H:8�µ�¸+·-8N9<7)H:=LK�PYG�H�¶�R�µ:8<K
u : [0, T ] → E

µ�H:8�µ�¸+·-8N9<7)H�;xw &�²�8Nw�8<H�7-=)w
g ∈ E V i�³xPYG�H�¶0sR�µ�^

u(t)
H�³.¶�²�³&´:;E·�³L8Nw�9<7?³JH�´�³JI�7)H�;x8'7)I:8 o =?·�³JH�µ�_ ` ²�³&´�¶�=)9<7�µ5VO� y:8<I�³J7-=LI

A
9<O�µ�7?³L8Nw

²�µ�H:8<K�H�;xwtµl¸&³Lw�¶�H�G�7);xw ·
E
V � o ²�³L9<7)}�=Ly�I:8#´�8#²�8<H�µ�_

D(A) ⊂ E
H:8E= o _�¸&³J7-8#²:})H:=

y�²�=L7)H�³�·
E
V"�«²�8Nw�8<H�7);

u0
Z
u1
¸&³&´�³JH�;_·

D(A)
V%vAI�µ|9<7-=.²:}a= o )�µ0~Dy�I:8#´:y:=.²�=\F�8<H�µ�_�~

´�=?¶�³.¸&³JH 9#²�8#´:G�^ )�µ�K ¶�I�µ�7-8<I�µ�K 8#´�µ�H:9<7�·-8<H�H:=)9<7�µ I:8Mva8<H�µ�_�= o I�³J7)H:=LKv¸&³&´�³NO�µES » bcZ:S ¹ bcV
� &%��
�&�$'� d � z"{�| w �H��� � w ���H� ���%�r� w ����| � ���r���U� S » bcZAS ¹ b �U� � {�� ����� }������%�\�

�%{g�=�Z�W� w �H} u0, u1 ∈ D(A)
� �Z�W{��6�g�"���H{g�!� �;���g�H���"�\� � �W� � | (u(t), g) �g�!���-���;� � �Z� �

�\� v!w � w � ���g��� � w ���H�&� � �;� � ��� t { x �����r��~ w �2� �gv!wH� �$� v ~+�H� � t ��~ 
����

L(λ) ≡
1∫

0

dt

t∫

0

eλ(t−s) ds =
eλ − 1− λ

λ2
, λ ∈ C, (3)

�g�u|�}�{�|�{ v | v ��� v!w }��W����� � � �����$�W� � �=�&�H�g�2�r� w �%�r� A yn G�O:8<7-=)w*I�³L9<y:=.²�=\F�8<H�µ�_ H�G&²�8<Kq~�³JI�³.¶�7-8<I�µ:9<7�µ�O:8N9�¶�=LK PYG�H�¶�R�µ�µ!S��-bASU9NwXVgf »%h b y:=Js
²:G�O�³L8Nw!G&´�= o H�;x8F´�=)9<7?³J7-=LO�H�;x8'y�I�µ�¸NH�³.¶�µ|8#´�µ�H:9<7�·-8<H�H:=)9<7�µ|I:8Mva8<H�µ�_ = o I�³J7)H:=LKJ¸&³&´�³ s
O�µ S » bcZ5S ¹ bcV

� &%��
�&�$'� � � sut+v!wHx }��?�g�H{��g�W�g��{�� ����� �	� �U�\�2���g�H{g�%���W� � �
� » b �H�g�2�r� w �%� A }����
���H� � �g� � �Z�!� w"v ��� v!w }��W������� � �����$�W� � � � ¹ b } v � v ��� v!w }��W������� � �����$�W� � |��H�g�2�r� w �%�r� A
}��W� � v!w }��W������� � �-b } v � v ��� v!w }��W������� � �����$�W� � | �H�g�2�r� w �%�r� A �r� v �g�H{g�%���W��� }��g�H{ t �
��{g� v ~+� v!wH� Re λ 6 2 �

� b } v � v ��� v!w }��W������� � �����$�W� � | �H�g�2�r� w �%�r� A �r� v �g�H{g�%���W��� }
�g�H{g� v � |Imλ | 6 9π/4 y � �H�0�r�����%�r� w ����| � ���r���U� S » bcZ�S ¹ b �U� � {�� ����� }������%�\� �%{g�=�Z�W�	�w �H} u0, u1 ∈ D(A)

� �Z�!� w �g� ���H{g�!� �;���g�H��� �\� � �W� � | (u(t), g) y
�rI�³.¸&³+t&µ:w�8N8<7 H:8 o =.²�8N8D=+´:H:= ` =	I:8Mva8<H�µ�_�{ ´�=Ly�G-9�¶�³L8<7JZ�¶�=LH:8<O�H:=�Z5O�7-=	y�I�µ!H:8�¶�=Js

7-=LI�;�~
u0, u1 ∈ D(A)

I:8Mva8<H�µ:8q= o I�³J7)H:=LKY¸&³&´�³NO�µ*w�=\F�8<7!=L7-9<G�7-9<7�·-=?·�³J7)}:V�±�=Ly�I:=)9q=
I�³.¸NI:8Mv�µ:w�=)9<7�µ�y:=+´�= o H�;�~�¸&³&´�³NOaH�³&´�="µ�¸NG�O�³J7)}A=L7	´�8#²:})H:=�V n =)=L7�·-8<7-9<7�·)G�^ ) ³J_�7-8N=LI�µ�_
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u′(t) = Au(t)
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� &%��
�&�$'� � �Csut+v!wHx �H�g�2�r� w �%� A �g�%�\�%� �r��� w C0 � �g�H{ t �=� t ��� t U(t) � t �\�H}�{g� w }��%��|+�
��� t � � 
 �W��~+� ‖U(t)‖ 6Me2t �U� � t > 0

v �g�W~+� w �%�\�H��~+�H� v!w ��� w �H� M > 1 y � �H�0�r�u�U� �
{�� ����� }������%�\� �%{g�=�Z�W� w �H} u0, u1 ∈ D(A) ���%�r� w ����| � ���r���U� S » bcZ�S ¹ bE� �Z�!� w � �U� �gw ���
�2� � � v!w }��W���g���?�\� � �W� � � (u(t), g) y�p; ²�= o ;�y:=.²�8�¸NH:=YI�³L9<y�I:=)9<7)I�³JH�µ�7)}�H�³Y9#²:G�O�³JK�7-8N=LI:8Nw�;3�A9 ~%8Nw�G�´�=?¶�³.¸&³J7-8#²:}-9<7�·�³
7-8N=LI:8Nw�; � µ�¸ I�³ o =L7); f � h V�� 7-= y:=?¸+·-=.²�µ�7 = o =)9<H:=?·�³J7)} ¶�=LH:9<7)I�G�¶�7�µ�·)H�;XK�³&² ` =LI�µ�7-w
I:8Mva8<H�µ�_q= o I�³J7)H:=LKJ¸&³&´�³NO�µ!S » bcZ�S ¹ b�´�²:_ y:=.²:G ` I�G�y�y|9N=)=L7�·-8<7-9<7�·)G�^ )a8 ` = &+¶�9<y:=LH:8<H�R�µ0s
³&²:})H:= ` =DI:=)9<7?³0V

�u��/0&%
���/4p5
��

T%P�� �F
���� ���G3:� � ��6(7 � 
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v��D�Y� n h�����i�� �3js� � ��iYh�� �Yj
l �«±{� � ��lX��l��Yh
��� �#��h �'����js��iYWYhYlD����i�� �0�g�Aj
l"±�i���iYh�� ± �D�'j:� �0�kv��'j �x���Yl

n ��j:�'��i�� �gvYj:�'h���±{� ��i�� � ±3CY�QlX� �kh 
 ������iYl 

 "�<o%�s�	p5�/p � �����

SUj�=)9N9�µ�_�Z�i�³&²:} O�µ�¶rc�hYvYCElYb

j�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_]¶�I�³L8�·�³J_r¸&³&´�³NO�³�´�²:_uG�I�³.·)H:8<H�µ�_r·)7-=LI:= ` =qy:=LI%_�´�¶�³	9�´:I:= o H:=LK
y�I:=?µ�¸+·-=+´:H:=LKb·�w�²�³&´\v�µ0~qO�²�8<H�³ ~�Z�´�³JH�H�³J_J¸&³&´�³NO�³�´�²:_�²�µ�H:8<K�H:= ` =�´�µ:PQPQ8<I:8<H�R�µ�³&²:}Ls
H:= ` =+G�I�³.·)H:8<H�µ�_ y:=+´:I:= o H:=hµ�¸NG�O:8<H�³]· y�I:8#´:y:=.²�=\F�8<H�µ�_�~ ` ²�³&´�¶�=)9<7�µ�=L7)H:=)9�µ�7-8#²:})H:=
¶�= &\PQP�µ�R�µ:8<H�7-=?· f »%h V ± ´�³JH�H:=LK?I�³ o =L7-8|y:=.²:G�O:8<H�; G-9#²�=?·�µ�_�9<G*)a8N9<7�·-=?·�³JH�µ�_�I�³.¸NI:8cs
v�µ:w�= ` =aI�³L9Mv�µ�I:8<H�µ�_L´�µ:PQPQ8<I:8<H�R�µ�³&²:})H:= ` =D=Ly:8<I�³J7-=LI�³�·)7-=LI:= ` =�y:=LI%_�´�¶�³D9"´:I:= o H:=LK
y�I:=?µ�¸+·-=+´:H:=LKj·|w�²�³&´\v�µ0~uO�²�8<H�³ ~�Z�´�8<K:9<7�·)G�^ )a8 ` =�µ�¸�y�I:=)9<7)I�³JH:9<7�·�³ n = o =.²�8�·�³q9�¸&³ s
´�³JH�H:=LK ` ²�³&´�¶�=)9<7)})^ &�²�8Nw�8<H�7-=?·|y�I:=)9<7)I�³JH:9<7�·�³0Z &N7�µEG-9#²�=?·�µ�_y·�¶�²:^'O�³J^'7|9#²:G�O�³.µr¶�=Js
` ´�³|¶�= &\PQP�µ�R�µ:8<H�7!y�I�µ ´:I:= o H:=LKzy�I:=?µ�¸+·-=+´:H:=LK_µ:w�8N8<7!I�³.¸NI�;E· ¶�³.¶?y:8<I�·-= ` =�Z�7?³.¶ µ
·)7-=LI:= ` =+I:=+´�³0V ± I�³ o =L7-8 f ¹�h ´�=?¶�³.¸N;E·�³L8<7-9B_ 9<G*)a8N9<7�·-=?·�³JH�µ:8yµ 8#´�µ�H:9<7�·-8<H�H:=)9<7)}�I:8cs
va8<H�µ�_j¸&³&´�³NO�µ ��µ�I�µ0~�²�8 ´�²:_ I�³L9N9Nw«³J7)I�µ�·�³L8Nw�= ` =EG�I�³.·)H:8<H�µ�_]·b¶�²�³L9N9N8�I:8 ` G&²:_0I�H�;�~
I:8Mva8<H�µ�K

C[a, b] ∩ C2(a, b)
·qy�I:8#´:y:=.²�=\F�8<H�µ�µ!H:8<y�I:8<I�;E·)H:=)9<7�µ!=L7)H:=)9�µ�7-8#²:})H:=L¶�= &\PAs

P�µ�R�µ:8<H�7?³qy�I�µr´:I:= o H:=LK y�I:=?µ�¸+·-=+´:H:=LK5V<�F´:H�µ:w�µ�¸aI:8�¸NG&²:} 7?³J7-=?· ´�³JH�H:=LK I�³ o =L7); _�·Ls
²:_�8<7-9B_aO�³L9<7�µ�O�H:=)8�y:=?·)7-=LI:8<H�µ:8XI:8�¸NG&²:} 7?³J7-=?· f ¹�h y�I�µ�9<H�_07�µ�µ�G-9#²�=?·�µ�_�H:8<y�I:8<I�;E·)H:=)9<7�µ
¶�= &\PQP�µ�R�µ:8<H�7?³ry�I�µv´:I:= o H:=LK|y�I:=?µ�¸+·-=+´:H:=LK5V�j�³L9N9Nw�=L7)I:8<H�H�;XK w�8<7-=+´L´�=?¶�³.¸&³J7-8#²:}-9<7�·�³
8#´�µ�H:9<7�·-8<H�H:=)9<7�µ I:8Mva8<H�µ�_ ¸&³&´�³NO�µ3_�·?²:_�8<7-9B_zy�I�µ�H�R�µ�y�µ�³&²:})H:=hµ�H�;xwgH:8<F�8#²�µ�· f ¹�h V
��9#²�µ$&N7-= H:8D= ` =?·-=LI:8<H:=b´�=Ly:=.²:H�µ�7-8#²:})H:=�Z�·-8�¸�´�8 o G&´�8Nw�y:=.²�³ ` ³J7)}

α ∈ (0, 1)
Z
x ∈ Ω.hAH�7-8 ` I�µ�I:=?·�³JH�µ:8 o G&´�8Nwzy:=LH�µ:w«³J7)}J·q9Nw�;x9#²�8��Q8 o 8 ` ³0V��pG&´�8Nw µ:9<y:=.²:}�¸\=?·�³J7)}	= o =?¸NH�³ s

O:8<H�µ�_�e
Ω =

{
x = (x1, x2, . . . , xn) ∈ En, a < xi < b, i = 1, 2, . . . , n

}
.

〈f, g〉0 ≡ 〈f, g〉L2(Ω) =

∫

Ω

f(x)g(x) dx, ‖ · ‖0 = ‖ · ‖L2(Ω),

Iαb−(L1) =
{
f(x) : f(x) = D−αbx ϕ(t), ϕ(x) ∈ L1(a, b)

}
,

W l
2(
` I
) =

{
u(x) : u(x) ∈W l

2(Ω), u(Γ) = 0
}
.

��=Ly�G-9<7�µ:w µ:w�8N8<7 w�8N9<7-=D=+´:H:=)w�8<I�H�;XK 9#²:G�O�³JK5Z�I�³L9N9Nw�=L7)I�µ:w ¶�I�³L8�·)G�^ ¸&³&´�³NO�G

Lu ≡ D2u(x)− c(x)Dα
axu(t) = f(x) ∈ L2(a, b),

S » b

u(x) ∈W 2
2 (
` I
).

±p;Xy:=.²:H:8<H�µ:8�&NH:8<I ` 8<7�µ�O:8N9�¶�µ0~ H:8<I�³.·-8<H:9<7�·

‖Lu‖0 > C‖u‖0,
S ¹ b

‖L+u‖0 > C‖u‖0
S��-b

´�³L8<7Y9<G*)a8N9<7�·-=?·�³JH�µ:8 µ�8#´�µ�H:9<7�·-8<H�H:=)9<7)}Qy:=.²:G-9�µ�²:})H:= ` =YI:8Mva8<H�µ�_�f » ZJ9)V �)]�h y�I�µ�²:^ o =LK
y�I�³.·-=LK O�³L9<7�µbµ�¸

L2
V

»<��¼



� &%��
�&�$'� d �Esut+v!wHx
c(x) ∈ Iαb−(L1) � ϕ(x) > 0.

� �H�0�r� � �Z�W� w �Z� v!w � �%�g�2����� wH� �$�%�v ~ � �u�g�2�r��}��W� v!w }$� (2) � (3) yvAG-9<7)}:e
Ω ∈ En Z αi ∈ (0, 1)

Z
i = 1, 2, . . . , n.

j�³L9N9Nw�=L7)I�µ:wl¶�I�³L8�·)G�^ ¸&³&´�³NO�G

Lu ≡
n∑

i=1

(
D2

xi
u(x)− ci(xi)D

αi
axi
u
)
= f(x) ∈ L2(Ω),

S � b

u(x) ∈W l
2 (
` I
).

hYw�8N8<7 w�8N9<7-=D9#²�8#´:G�^ ) ³J_	7-8N=LI:8Nw«³0Z�_�·?²:_0^ ) ³J_�9B_ = o = o )a8<H�µ:8Nw?7-8N=LI:8Nw�; » V
� &%��
�&�$'� � ��sut+v!wHx

ci(xi) ∈ Iαb−(L1) � ϕi(xi) > 0 (i = 1, 2, . . . , n) � l > [
n
2

]
+ 2 y� �H�0�r�a��{�| �H�g�2�r� w �%�r� � ���r��� � (4) � �Z�W� w �Z� v!w ���%�g�2����� wH� �$� v ~ � �R�g�2�r��}��W� v!w }$� (2) � (3) y

�u��/0&%
���/4p5
��

T%P�8��y
��� G� 
�� �&6	' � ��� � � :=/29�7WDE.2G�1�.:*�7a307I%%30-%<�.2G�G�4�E L\FHG�8�M�1�]&E 3;:-E+7%307-*�IH]�DE.2G�G�4A@ 7-*�.0I�:=-�7-,I�7=<�P . � 1�.2<(/(0E:0F�8H7=<!:E5�F&E+8�:HS�TG2IH�_!P .D1-2%Y 3%PV!P�� �G7�� ����� ��� � � � :;5�:0K�: ��-%F�I(E	:D. � 1�FH<%1�9�9�]�5�9�] 7I%=4r8�G�7=<�.2G�G�7=`;7u5�1�L L�.0I�.2G�M�1�:W9('%G�7=`;7F�I�:W<%G�.2G�1�]?<�-�7%I�7=`;7K*�7%IH]!5�8�:a3\5�I�7I%=G�4�E�1w*�I�7=1�/2<�705�G�4�E�1�<�E�9�:;5��R1(@uK�9�.2G�:�@���� 0a7%8�9$P 
 0
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� ��±p� 
 CF���D� ��l 
 h nXn �������"±�l'iYh��k� n �D� ���Yh�±{� n �Xh
�0����j�hYj:�"±�l'iYi�� 
 �'�{�D��� ����� ±�j
l � ��iYh�� �

te�:te�< M������
����3SUj�=)9N9�µ�_�Z�f �A� c:j�=)9<7-=?·Ls H�³ sU��=LH�G:b�+
��� � � �A"-/0������� SUj�=)9N9�µ�_�Z�f �A� c:j�=)9<7-=?·Ls H�³ sU��=LH�G:b

vAI�µ?y�I:=)8�¶�7�µ�I:=?·�³JH�µ�µ = o =.²�=LO:8<O�H�;�~ ¶�=LH:9<7)I�G�¶�R�µ�K3=+´:H�µ:w µ�¸u=)9<H:=?·)H�;�~uv ³ ` =?·
_�·?²:_�8<7-9B_ I�³L9<O:8<7 H�³aG-9<7-=LK�O�µ�·-=)9<7)}:V�±3H�³L9<7-=\_�)�µ�KEw�=)w�8<H�7 I:8Mva8<H�µ:8�´�³JH�H:=LKy¸&³&´�³NO�µ
y�I�µ y:=)w�= )�µ =+´:H:= ` =vµ�¸Qw�H:=\F�8N9<7�·�³DO�µ:9#²�8<H�H�;�~ w�8<7-=+´�=?·�µ�²�µu9Ay:=)w�= )�})^My�I�µ�¶�²�³&´�s
H�;�~|y�I:= ` I�³Lw�wXZ�¶�=L7-=LI�;x8�µ0~|I:8	³&²�µ�¸NG�^'7JZ:H:8Y_�·?²:_�8<7-9B_	H:8<I�³.¸NI:8Mv�µ:w�=LKy¸&³&´�³NO:8<K5V

��=)PYI�µ�I:=?·�¶�³|_�·?²:_�8<7-9B_ =+´:H�µ:w µ�¸�9<y:=)9N= o =?· ¶�=LH�7)I:=.²:_ F�8N9<7�¶�=)9<7�µ+= o =.²�=LO:8�¶ y�I�µ
y�I:=)8�¶�7�µ�I:=?·�³JH�µ�µu7-=LH�¶�=)9<7-8<H�H�;�~b¶�=LH:9<7)I�G�¶�R�µ�K5Z�y:=+´�·-8<I%F�8<H�H�;�~uI�³.¸�²�µ�O�H�;xw�H�³ ` I�G�¸<s
¶�³LwXV ��=)PYI�µ�I:=?·�³JH�H�;x8qy:=u=?¶�I�G�F�H:=)9<7�µ = o =.²�=LO�¶�µ SU9�µ�²:}JPQ=LH
b�µ:9<y:=.²:}�¸NG�^'7-9B_]·y¶�=LH0s
9<7)I�G�¶�R�µ�_�~q9 H�µ�¸+¶�=LK µ�¸ ` µ o H:=LK|F�8N9<7�¶�=)9<7)})^ ·�y�I:=+´�=.²:})H:=)w*H�³Jy�I�³.·?²�8<H�µ:86µJ·);x9N=?¶�=LK
µ�¸ ` µ o H:=LKqF�8N9<7�¶�=)9<7)})^ ·�=?¶�I�G�F�H:=)w+H�³Jy�I�³.·?²�8<H�µ�µ5V\�'9N8N9�µ:w�w�8<7)I�µ�O�H�³J_ ` =)PYI�µ�I:=?·�³JH0s
H�³J_E= o =.²�=LO�¶�³0Z�I�³L9N9Nw«³J7)I�µ�·�³L8Nw«³J_j·�´�³JH�H:=LK I�³ o =L7-8)Z
y:=q9<G�7�µE_�·?²:_�8<7-9B_ 9�µ�²:}JPQ=LH:=)wXZ
¶�=L7-=LI�;XK+H�³ ~%=+´�µ�7Ey�I�µ:w�8<H:8<H�µ:8v·b¶�³NO:8N9<7�·-8 G�y�I�G ` = ` =	O�G�·-9<7�·�µ�7-8#²:})H:= ` =(&�²�8Nw�8<H�7?³b·
I�³.¸�²�µ�O�H�;�~L³.·)7-=)w«³J7�µ�O:8N9�¶�µ0~Jµ�¸\w�8<I�µ�7-8#²:})H�;�~qy�I�µ o =LI�³ ~�V�±?9�µ�²:GD9�·-=)8<K ` 8N=)w�8<7)I�µ�O:8cs
9�¶�=LKD9<7)I�G�¶�7)G�I�;QZ)9�µ�²:}JPQ=LH�;?9<y:=)9N= o H�;z9N=?·-8<I)v ³J7)}�¸NH�³NO�µ�7-8#²:})H�;x8xy:8<I:8Nw�8 )a8<H�µ�_ay�I�µ
I�³L9<7 _0F�8<H�µ�µ0s�9BF�³J7�µ�µ5Z ` µ�´:I:=)9<7?³J7�µ�O:8N9�¶�=)w ´�³.·?²�8<H�µ�µ]µjµ�¸ ` µ o ³J^ )a8Nw#w�=)w�8<H�7-8)V
��³JH0s
H�³J_u9<y:=)9N= o H:=)9<7)} 9<7?³&²�³Dy�I�µ�O�µ�H:=LK�v�µ�I:=?¶�= ` =qI�³L9<y�I:=)9<7)I�³JH:8<H�µ�_ 9�µ�²:}JPQ=LH:=?·L·�¶�³NO:8cs
9<7�·-8QO�G�·-9<7�·�µ�7-8#²:})H�;�~ &�²�8Nw�8<H�7-=?·:V�±�f » Z ¹�h o ; ²�=DG-9<7?³JH:=?·?²�8<H:=�Z
O�7-= 9�µ�²:}JPQ=LH w�=\F�8<7
y:=L7-8<I%_07)} G-9<7-=LK�O�µ�·-=)9<7)} y:=+´Y´�8<K:9<7�·�µ:8Nw ·)H�G�7)I:8<H�H:8 ` =y´�³.·?²�8<H�µ�_�V���²�³.·)H�;XK?=)9N= o 8<H0s
H:=)9<7)})^ ` =)PYI�µ�I:=?·�³JH�H�;�~	= o =.²�=LO:8�¶uw�=\F�H:=�H�³.¸+·�³J7)} ·);x9N=?¶�µ:8AF�8N9<7�¶�=)9<7�µuH�³�µ�¸ ` µ o µ
9BF�³J7�µ:8�·DH�³Jy�I�³.·?²�8<H�µ�µ ` =)PYI�µ�I:=?·�¶�µ5V�±3=)9<H:=?·)H:=)w?y�I�µyµ:9N9#²�8#´�=?·�³JH�µ�µ ` =)PYI�µ�I:=?·�³JH0s
H�;�~�= o =.²�=LO:8�¶5ZL8N9#²�µ�´�²�µ�H�³ ` =)PYI�³XH:8p9�µ�²:})H:=A=L7	²�µ�O�³L8<7-9B_�=L7'7-=.² )�µ�H�;QZJy�I�µ:w�8<H�_�8<7-9B_
w�=+´�8#²�µ�I:=?·�³JH�µ:8E9#²�=\F�H:=LKzPQ=LI:w�; w�8<I�µ�´�µ�³JH�³ =LI�7-=L7)I:=Ly�H:=LKzR�µ�²�µ�H�´:I�µ�O:8N9�¶�=LK = o =Js
²�=LO�¶�=LK5V � 8NwuH:8 w�8<H:8N8)Z?³JH�³&²�µ�¸pG-9<7-=LK�O�µ�·-=)9<7�µa7?³.¶�µ0~�= o =.²�=LO:8�¶ay:=?¶�³.¸&³&² ZJO�7-=F·);E·-=+´:;QZ
9P´�8#²�³JH�H�;x8QH�³�=)9<H:=?·�³JH�µ�µE=LI�7-=L7)I:=Ly�H:=LKu7-8N=LI�µ�_ w�= ` G�7 =?¶�³.¸&³J7)}-9B_uH:8#´�=)9<7-=?·-8<I�H�;xw�µ5V

��³JH�H�³J_ I�³ o =L7?³ y:=)9�·)_�)a8<H�H�³*w�8<7-=+´�³Lw µ:9N9#²�8#´�=?·�³JH�µ�_ G-9<7-=LK�O�µ�·-=)9<7�µ ` =)PYI�µ�I:=Js
·�³JH�H�;�~ = o =.²�=LO:8�¶5V)��²:_Dy:=)9<7?³JH:=?·�¶�µL¶�I�³L8�·-=LK�¸&³&´�³NO�µJµ:9<y:=.²:}�¸NG�^'7-9B_ H:=?·);x8)Z%y:=QPQ=LI0s
w�8)ZxG�I�³.·)H:8<H�µ�_�I�³.·)H:=?·-8N9�µ�_M= o =.²�=LO�¶�µ ·)I�³ )a8<H�µ�_�Z y:=.²:G�O:8<H�H�;x8 ·?I�³Lw�¶�³ ~#7-8N=LI�µ�µ
�6µ0~0I ` =)P�³ d`�Y_�·�³0V�± ¶�³NO:8N9<7�·-8 ` I�³JH�µ�O�H�;�~ G-9#²�=?·�µ�K!H�³q7-=LI�R�³ ~!= o =.²�=LO�¶�µ]·); o I�³ s
H�; G-9#²�=?·�µ�_ v ³JI�H�µ�I�H:= ` =z=Ly�µ�I�³JH�µ�_�V �AI�µ�7�µ�O:8N9�¶�µ:8]¸NH�³NO:8<H�µ�_ ` µ�´:I:=)9<7?³J7�µ�O:8N9�¶�= ` =
´�³.·?²�8<H�µ�_�Z�·)H:8Mv�H:8 ` =�µL·)H�G�7)I:8<H�H:8 ` =�Z�y�I�µL¶�=L7-=LI�;�~	=)9N8N9�µ:w�w�8<7)I�µ�O�H:=)8QH�³Jy�I%_0F�8<H�H:=Js
´�8NPQ=LI:w�µ�I:=?·�³JH�H:=)8a9N=)9<7-=\_0H�µ:8�7-8<I%_�8<7qG-9<7-=LK�O�µ�·-=)9<7)} =Ly�I:8#´�8#²:_0^'7-9B_EH�³D=)9<H:=?·-8�´�·)G%~
I�³.¸NI�³ o =L7?³JH�;�~j³&² ` =LI�µ�7-w�=?·:Z
=+´�µ�Hrµ�¸�¶�=L7-=LI�;�~E=Ly�µ�I�³L8<7-9B_uH�³Dw�8<7-=+´ H�³NO�³&²:})H�;�~Ey�³ s
I�³Lw�8<7)I�³ ~�Z�³"·)7-=LI:=LK5Z)H:=?·);XK ·6´�³JH�H:=)wj¶�²�³L9N9N8E¸&³&´�³NO w�8<7-=+´Dd w�8<7-=+´+��²�=?¶�8�d��Y_0y�G%s
H:=?·�³0VL��²:_�H�³JK�´�8<H�H�;�~v¸NH�³NO:8<H�µ�K�¶�I�µ�7�µ�O:8N9�¶�=LK|H�³ ` I�G�¸+¶�µ y:=)9<7)I:=)8<H�; PQ=LI:w�;?y:=L7-8<I�µ
G-9<7-=LK�O�µ�·-=)9<7�µ5V
� � :-%%7%-%:*<%4A*�7=9�G�.2G�: <"I�:-E+8�:�@�*�I�7%.08�-%G�7=J K�:=30-%1�`;7%32FW5�:=I�30-%<�.2G�G�7=`;7*/;:;5�:WG�1�] � 2HP HIH�_!P V=^HTFJ�P �<?3;L�.0I�. G�:0FHK�G�7=Ju5�.0]�-�.29('%G�7%30-%1$P
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

i������ �D�'js���3CEl��Xj�h��Yi���� ���'i n �Xj��A�YWYhYh
� �!o%�< M������
������

SUj�=)9N9�µ�_�Z�±�=LI:=LH:8<F�c�± ���Qb

± y�G o ²�µ�¶�³JR�µ�_�~ f »%h µ f ¹�h y�I�µ ´�=?¶�³.¸&³J7-8#²:}-9<7�·-8 7-8N=LI:8Nw!=YI�³.¸NI:8Mv�µ:w�=)9<7�µq9<7-=N~�³L9<7�µ0s
O:8N9�¶�µ0~L´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~ ·�¶�²:^'O:8<H�µ�KE9Y7-8�¶�G*)�µ:w�µu9�¶�=LI:=)9<7 _�w�µ o ; ²�µbµ:9<y:=.²:}�¸\=Js
·�³JH�;�H:8�¶�=L7-=LI�;x8Q7-8c~0H�µ�O:8N9�¶�µ:8�¶�=LH:9<7)I�G�¶�R�µ�µ5V

±Y´�³JH�H:=LK|y�G o ²�µ�¶�³JR�µ�µ	=)9<7?³JH:=?·?²:^A9<}�H�³QH�µ0~DO�G�7)}�y:=+´:I:= o H:8N8)V�± ·-8#´�8Nw = o =?¸NH�³NO:8cs
H�µ:8AO:8<I:8�¸

S+(n)
w�H:=\F�8N9<7�·-= 9�µ:w�w�8<7)I�µ�O:8N9�¶�µ0~ y:=.²�=\F µ�7-8#²:})H:= =Ly�I:8#´�8#²�8<H�H�;�~

n× nw«³J7)I�µ�R5V�± f � h H�³ =)9<H:=?·-8zI�³.¸�²�=\F�8<H�µ�_���³NG-9N9	³�y:=?¶�³.¸&³JH:=�Z�O�7-= ¶�³JF�´�³J_ w«³J7)I�µ�R�³
α ∈ S+(n)

y�I:8#´�9<7?³.·�µ:w«³|·r·�µ�´�8
α = ζδζ∗

Z ` ´�8
ζ
d H�µ�F�H:8<7)I:8<G ` =.²:})H�³J_?w«³J7)I�µ�R�³

9A8#´�µ�H�µ�R�³Lw�µuH�³�´�µ�³ ` =LH�³&²�µ5Z
ζ∗

dT8N8A7)I�³JH:9<y:=LH�µ�I:=?·�³JH�H�³J_�Z�7JV�8)V�·-8<I-~0H:8<7)I:8<G ` =.²:})H�³J_
w«³J7)I�µ�R�³E9q8#´�µ�H�µ�R�³Lw�µ�H�³b´�µ�³ ` =LH�³&²�µ5Z�µ

δ
´�µ�³ ` =LH�³&²:})H�³J_?w«³J7)I�µ�R�³0Z�O�}�µ*G ` ²�=?·);x8

w�µ�H:=LI�; SU=L7-w�8<7�µ:wXZ%O�7-=�·-9N8x=LH�µ y:=.²�=\F µ�7-8#²:})H�;'b 9N=?·)y�³&´�³J^'7�9xG ` ²�=?·);xw�µqw�µ�H:=LI�³Lw�µ
w«³J7)I�µ�R�;

α
V\� o =?¸NH�³NO�µ:wY´�µ�³ ` =LH�³&²:})H�;x8�&�²�8Nw�8<H�7);#w«³JI�µ�R�;

δ
O:8<I:8�¸

δ1, . . . δn
V�� = ` ´�³

A = ζ
√
δ
Z ` ´�8 √

δ
dt´�µ�³ ` =LH�³&²:})H�³J_ w«³J7)I�µ�R�³D9 √

δ1, . . . ,
√
δn

H�³�´�µ�³ ` =LH�³&²�µE7?³.¶�=?·�³0Z
O�7-=

α = AA∗
V

��9#²�µ w�; µ:w�8N8Nw ´�8#²�=u9�H:8<y�I:8<I�;E·)H�;xwTS µ�¸\w�8<I�µ:w�;xwXZ ` ²�³&´�¶�µ:w bYy:=.²�8Nw
α(t,m)

Z
t ∈ R

µ
m ∈ T n Z ` ´�8 T n d y�²�=)9�¶�µ�K

n
s�w�8<I�H�;XK	7-=LI5Z07-=�9N=)=L7�·-8<7-9<7�·)G�^ )�µ:8Qw«³J7)I�µ�R�;

A(t,m)
7?³.¶�F�8QH:8<y�I:8<I�;E·)H�; S µ�¸\w�8<I�µ:w�;QZ ` ²�³&´�¶�µ
bcV

� o =?¸NH�³NO�µ:w
T−(n)

d w�H:=\F�8N9<7�·-=qH�µ�F�H:8<7)I:8<G ` =.²:})H�;�~ w«³J7)I�µ�Ruy:=LI%_�´�¶�³
n
Z:9YH�G%s

²:_�w�µ�H�³h´�µ�³ ` =LH�³&²�µ5ZF¶�=L7-=LI:=)8+=LO:8�·�µ�´:H:=?_�·?²:_�8<7-9B_�²�µ�H:8<K�H�;xw y:=+´:y�I:=)9<7)I�³JH:9<7�·-=)w
·
Rn2 dt²�µ�H:8<K�H:=)w�y�I:=)9<7)I�³JH:9<7�·-8�·-9N8c~

n× n
w«³J7)I�µ�R5V

vAG-9<7)}
L0(n)

d ²�µ�H:8<K�H:=)8!y�I:=)9<7)I�³JH:9<7�·-=l·
Rn 9N=)9<7-=\_�)a8N8]µ�¸]·-8�¶�7-=LI:=?·

X =
(X1, . . . , Xn)

7?³.¶�µ0~�Z�O�7-=
X1 + · · · + Xn = 0

V�� o =?¸NH�³NO�µ:wkO:8<I:8�¸
SLC

w�H:=\F�8N9<7�·-=
9�µ:w�w�8<7)I�µ�O:8N9�¶�µ0~�y:=.²�=\F µ�7-8#²:})H:=z=Ly�I:8#´�8#²�8<H�H�;�~�w«³J7)I�µ�R#9Ey:=)9<7-=\_0H�H�;xw

(C > 0)=Ly�I:8#´�8#²�µ�7-8#²�8NwXV ± ·-8#´�8Nw ` ²�³&´�¶�=)8	=L7-= o I�³JF�8<H�µ:8
LC : SLC → L0

Z�¶�=L7-=LI:=)8|y:8<I:8�·-=Js
´�µ�7D9�µ:w�w�8<7)I�µ�O:8N9�¶�G�^ w«³J7)I�µ�R�G

α ∈ SLC
·
LC(α) =

(
log

√
δ1√
C
, . . . , log

√
δn√
C

)
∈ L0(n)

V
��³Lw�8<7�µ:wXZ�O�7-=

T−(n)
µ
L0(n)

²�µ�H:8<K�H�;x8	y�I:=)9<7)I�³JH:9<7�·�³0Z 7JV�8)V�y:=LH�_07�µ:8 ·);Xy�G�¶�²�= ` =
w�H:=\F�8N9<7�·�³v¶�=LI�I:8�¶�7)H:=v·DH�µ0~�V

��³JH�H�;x8y¶�=LH:9<7)I�G�¶�R�µ�µ�9u9�µ:w�w�8<7)I�µ�O:8N9�¶�µ:w�µ�w«³J7)I�µ�R�³Lw�µ3y:=?¸+·-=.²�µ�²�µ3H�³Lw ` =?·-=Js
I�µ�7)}a=rI�³.¸NI:8Mv�µ:w�=)9<7�µ	9<7-=N~�³L9<7�µ�O:8N9�¶�µ0~J´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~�·�¶�²:^'O:8<H�µ�K	9 7-8�¶�G*)�µ0s
w�µu9�¶�=LI:=)9<7 _�w�µy´�²:_|y:=.²:G�H:8<y�I:8<I�;E·)H:=LK 9�·-8<I-~0G!SU9<H�µ�¸NG:bpy�I�³.·-=LK O�³L9<7�µ5V

�u��/0&%
���/4p5
��

T%P�0"~ N S?~ N S	� 
��(�2��� �5� {�S�{	�3�
�G{���� �A��l:` Y�cI� kIb��(V � V ax\ c-gKYya�c���e	b-Yya�V � �&V ��XR_�XF`5a�V b-� V `!�F� %(Y�V cI`(Y���V a�e
�$%&_�_�XF`5a�k�XF� c��FV a�V XFY �����W](](� V �Gb��(� X �W`	b-�OP .�N�V `�]&_�V `5a2b PV!P7� {�S�{	�3�
�G{ ��� �A�-l:` Y�cI� kIb��(V � V ax\ c-g	Yya�c���e	b-Yya�V �;�&V ��XR_�XF`5a�V b-�5V `!�F� %(Y�V cI`(Y ��V a�e)�$%&_�_�XF`5ajk�XF� c
�FV a�V XFY0P%@A@����
*:� c
�	b-�jb-`#��65a�c���e	b-Yya�V ���W`	b-�OP .?V=^HTWV!P .K��cI�OP�V!S � T%P .�i�P$T;^HT X�T%TWV!PL P�� ��{	��N }�{ ��� �A� � 0"~ N S?~ N S	� 
��(�$��� q V ghXR_�XF`5a�V b-�5V `!�F� %(Y�V cI`(Y1��V a�e fDXGb-` �&XR_�V kIb�a�V k�XFYj��� q \&`	b-f�P"65\&Yya�XFfDY
�W](](�OP .?V=^%^�1!P .K��cI�OP$TGHHS � T%P .�i�P	J�2;X&1!T%P
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������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�'v���j
l��D�'j 
AhYj:� �d� ��� � i��!�QhYi����Yi�� �0�
���'CEv������ n i�� �0�k�Aj
l"±�i���iYh��

r	�!o%�!�	�������������
SUj�=)9N9�µ�_�Z n 7?³.·)I:=Ly:=.²:}+c n � �A�Qb

n = ` ²�³L9<H:= ³&² ` =LI�µ�7-w�G 
"µ�I:=L7); f »%h 9 y:=)w�= )�})^ H:8�¶�=L7-=LI:=LK ¸&³Lw�8<H�; H:8N= o ~%=+´�µ0s
w�= y�I�µ�·-8N9<7�µjµ:9 ~%=+´:H:=)8aG�I�³.·)H:8<H�µ:8�¶ o µ�²�µ�H:8<K�H:=LK!PQ=LI:w�8)V
j�³L9N9Nw�=L7)I�µ:w H:8#²�µ�H:8<K�H:=)8
G�I�³.·)H:8<H�µ:8Y7�µ�y�³ � I:8#´�µ�H ` 8<I�³

pt − ipxx + 2ip
(
p2 + p 2

)
= 0, (1)

µ:9N9#²�8#´:G-8Nw�=)8�· f ¹�h Z�´�²:_]¶�=L7-=LI:= ` =E9�y:=)w�= )�})^ w�8<7-=+´�³ 
"µ�I:=L7); y:=)9<7)I:=)8<H�; 7-=LO�H�;x8
I:8Mva8<H�µ�_�·�·�µ�´�8 o 8 ` G*)�µ0~v·-=.²:H�µ » s�9N=.²�µ�7-=LH�H�;x8AI:8Mva8<H�µ�_v·�·�µ�´�8;¶�µ�H�¶�=?·6f � h V�±h´�³JH0s
H�;�~|I�³ o =L7?³ ~ o ; ²�³ay�I:=?·-8#´�8<H�³ ¸&³Lw�8<H�³�´�8<K:9<7�·�µ�7-8#²:})H�;�~uPYG�¶�R�µ�K

u(x, t)
µ
v(x, t)

µ�¸
9�µ:9<7-8Nw�;#G�I�³.·)H:8<H�µ�K5Z"&+¶�·�µ�·�³&²�8<H�7)H:=LKrµ0~%9N=+´:H:=)w�G ¶�=)w�y�²�8�¶�9<H:=)w�G G�I�³.·)H:8<H�µ�^ S » bce

{
ut + vxx − 4v

(
u2 − v2

)
= 0,

vt + uxx − 4u
(
u2 − v2

)
= 0,

H�³ O�³L9<7)H:=)8 ´�·)G%~�´�8<K:9<7�·�µ�7-8#²:})H�;�~DPYG�H�¶�R�µ�K5V?±]¶�H�µ ` 8XC VJl o ²�=?·�µ�R�³ f »%h I�³L9N9Nw�=L7)I:8<H:=
y�I�µ:w�8<H:8<H�µ:8�³&² ` =LI�µ�7-w«³ 
"µ�I:=L7); ´�²:_|H:8#²�µ�H:8<K�H:= ` =DG�I�³.·)H:8<H�µ�_ � I:8#´�µ�H ` 8<I�³0Z�¶�= ` ´�³
·);Xy:=.²:H�_�8<7-9B_b¸&³Lw�8<H�³�¶�=)w�y�²�8�¶�9<H:=?¸NH�³NO�H:=LK PYG�H�¶�R�µ�µ5V�vAI�µ:w�8<H�µ:w�7?³.¶�=LK y:=+´�~%=+´y´�²:_
I�³L9N9Nw«³J7)I�µ�·�³L8Nw�= ` = G�I�³.·)H:8<H�µ�_ S » bcV

�u&�$A$'�Z� � �W{ � �g�W���g��� ~+��� ��{g�W~ v �g��� � � �+� �2�\�W� 
�� ��{ x �g��� t �r��}��g�W� � � } �U� v!w �����
�U�\� �	� }��;������� (1)

v �g���Z�H� x � � ���Z�W���

p(x, t) =
F (x, t)

G(x, t)
, p(x, t) =

F (x, t)

G(x, t)
, (2)

�0�\� F (x, t) � ~+��� ��{g�W~ v �g� � ����������| � t ��~ 
�� |�� G(x, t) � �\�W� v!w } �gw �W{ x ����| � t ��~ 
�� |��
�U� � }��;� �gw�v | ~ vW�gv!w �=�Z�?��} t � � � { � �g�W������� t �r��}��g�W� � �

{
DtF ◦G− iD2

xF ◦G = 0,

D2
xG ◦G+ 2

(
F 2 + F 2

)
= 0.

(3)

C
vAI:8#´�9<7?³.·�µ:wh¶�=)w�y�²�8�¶�9<H:=?¸NH�³NO�H�G�^ PYG�H�¶�R�µ�^

p(x, t)
·�·�µ�´�8�S ¹ bcV*��³L9<7)H�;x8 y�I:=Js

µ�¸+·-=+´:H�;x8Qy�I�µ:w�G�7v·�µ�´

pt =
F tG− FGt

G2
, pxx =

G(FxxG− FGxx)− 2Gx(FxG− FGx)

G3
.

vY=+´�9<7?³.·�µ�·�´�³JH�H�;x8�¸NH�³NO:8<H�µ�_b·DG�I�³.·)H:8<H�µ:8 S » bcZ�µ:w�8N8Nw

G
(
F tG− FGt

)
− i
(
FxxG

2 − FGGxx − 2GFxGx + 2FG2
x

)
+ 2iF

(
F 2 + F 2

)
= 0.
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vAI:8N= o I�³.¸NG-8Nw+I�³.·-8<H:9<7�·-=r7?³.¶5Z-O�7-= o ; ·-=)9<y:=.²:}�¸\=?·�³J7)}-9B_|=Ly:8<I�³J7-=LI:=)w]´�µ:PQPQ8<I:8<H�R�µ�I:=Js
·�³JH�µ�_ 
"µ�I:=L7); f »%h e

DtF ◦G = FtG−GtF.
��²:_ &N7-= ` =h´�= o ³.·�µ:w µ�·);XO�7-8Nw ·h²�8�·-=LK O�³L9<7�µ y:=.²:G�O:8<H�H:= ` =�I�³.·-8<H:9<7�·�³

iFGGxx
Z

µ:w�8N8Nw
G
(
F tG− FGt

)
+ 2iF

(
F 2 + F 2

)
−

− i
(
G(FxxG− 2FxGx + FGxx)− F

(
2GGxx − 2G2

x

))
= 0.

±�=)9<y:=.²:}�¸\=?·�³.·�v�µ:9<}*=Ly:8<I�³J7-=LI:=)wz´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ�_ 
"µ�I:=L7);QZ�y�I�µ�´�8Nwz¶?I�³.·-8<H0s
9<7�·)G

G
(
DtF ◦G− iD2

xF ◦G
)
+ iF

(
D2

xG ◦G+ 2F
(
F 2 + F 2

))
= 0,

¶�=L7-=LI:=)8|I�³L9<y�³&´�³L8<7-9B_�H�³E9�µ:9<7-8Nw�G]´�·)G%~+G�I�³.·)H:8<H�µ�K#S��-bcV%�A7-=rµ 7)I:8 o =?·�³&²�=)9<}j´�=?¶�³ s
¸&³J7)}:V

B

�u��/0&%
���/4p5
��

T%P�� �������-6�� � �	$�7=9�1�-�7=G�4�1 E+.0-�705 7I%%I�:=-%G�7=J�/;:;5�:0K�1$P .?B P /�Bu1�IUSUTG2%Y�1!P .KJ51-2?3%PV!P������-6 �����5� * �43:� �R30329�. 5�7=<!:WG�1�.u8H7IE4*�9�.08H32G�7%/2G�:0K�G�7=`;7�G�.29�1�G�.2J�G�7=`;7�F�I�:W<%G�.2G�1�]*< K�:=30-%G�4A@
*�I�7=1�/2<�705�G�4A@ ���K=�.030-%G$P��g:W9�-=P�L�. 5�.0IUP�FHG(, -%:R1	ECP ��P��E:WG�-%:HP .?V=^HTWV!P .�)�P(J�P .D$\P$TGH%^;X�TGHIHHPL P������-6 �����5� * ��3:�G0R.29�1�G�.2J�G�7%.�5�1�L L�.0I�.2G�M�1�:W9('%G�7%.+F�I�:W<%G�.2G�1�.+G�:C8H7IE4*�9�.08H32G�7%/2G�:0K�G�F�["L\FHG�8&,M�1�[ 3g307=9�1�-�7=G�G�4�E�1�32<�7=J�30-%<!:-E�1r��� 
 8�-%FH:W9('%G�4r.	G�:�*�I�:W<%9�.2G�1�]RG�:0FHK�G�4A@R1�30329�. 5�7=<!:WG�1�JZ>�>�@<�.08�:?/g-�.07%I�1�]�1 *�I�:=8�-%1�8�:?/"$o%�P�G�:0FHK$P�-�IUP#*�7 E	:=-�.0I�1�:W9�:-E E+.0DE5�FHG�:=IUP�/;:=7=K$P�G�:0FHK$P , *�I�:=8�-=P8H7=G�LaP 
�$�7=<�I�.FE+.2G�G�4r.K*�I�7I%=9�.FE�4 :WG�:W9�1�/;:�5�1�G�:-E�1�K�.0308�1(@�321�30-�.FECP��RI�1�9�7WDE.2G�1�]�<�-�.R@HG�1�8H.1�-�.R@HG�7=9�7=`01�]?@��=P .?V=^HTFJ�P . ��P�VgN�J!b .D$\P$T%TGH;X�T%TG2HP
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��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

n v������Xj
lD����i�� � n ��� �Xi�� � ��iYh��z��� � �5hYv���j n hYi ���:� �Aj�i�� �0�
hYi��d� �5j
lD�Ql iYl � �Xjs������� hYi��d� �5j�hYj:�"±�l'iYh��

�'�!�����q����&%���
SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEh�Z n � ���Qb

± I�³ o =L7-8QI�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_ ` µ�y:8<I:9�µ�H ` G&²:_0I�H�;XKrµ�H�7-8 ` I�³&²y·�µ�´�³

1

π

1∫

−1

1√
1− t2

Tn(t)

(t− x)2
dt, x ∈ (−1, 1), (1)

` ´�8
Tn(t) = cos(n arccos t).hAH�7-8 ` I�³&²�S » b H�³&´�=�y:=LH�µ:w«³J7)}v·D9Nw�;x9#²�8�¶�=LH:8<O�H:= ` =�¸NH�³NO:8<H�µ�_	y:=DlF´�³Lw«³JI�G-V���²:_

H:8 ` =�y:=.²:G�O:8<H:= µ ´�=?¶�³.¸&³JH:= 9<y:8�¶�7)I�³&²:})H:=)8r9N=)=L7)H:=Uva8<H�µ:8)Z�¶�=L7-=LI:=)8�w�=\F�H:= µ:9<y:=.²:}�¸\=Js
·�³J7)} y�I�µuy:=)9<7)I:=)8<H�µ�µr¶�·�³&´:I�³J7)G�I�H�;�~EPQ=LI:w�G&²b´�²:_ ` µ�y:8<I:9�µ�H ` G&²:_0I�H�;�~yµ�H�7-8 ` I�³&²�=?·
H�³�=L7)I:8�¸+¶�8�µ�H�7-8 ` I�µ�I:=?·�³JH�µ�_�V

n y�I�³.·-8#´�²�µ�·�³D7-8N=LI:8Nw«³0V
� &%��
�&�$'�Z� z"{�| � � w �W�=�r��{��

1

π

1∫

−1

1√
1− t2

Tn(t)

(t− x)2
dt, x ∈ (−1, 1),

�0�\� Tn(t) = cos(n arccos t) � � �g�H��� ��{g�W� � �!�H� � �W}$���g�2��}��H�����\�;�r��� v �U�r��}��2��{ � }$�
� �%�g� t {��

1

π

1∫

−1

1√
1− t2

Tn(t)

(t− x)2
dt =

xUn−1(x)− nTn(x)

1− x2
, x ∈ (−1, 1). (2)

C
i�³&´yµ�H�7-8 ` I�³&²�=)wMS » bpy�I:=?µ�¸+·-8#´�8Nwz9#²�8#´:G�^ )�µ:8Ay�I:8N= o I�³.¸\=?·�³JH�µ�_�e

1

π

1∫

−1

1√
1− t2

Tn(t)

(t− x)2
dt =

1

π

1∫

−1

√
1− t2

Tn(t)

(1− t2)(t− x)2
dt =

=
2x

(1− x2)2
1

π

1∫

−1

√
1− t2

Tn(t)

t− x
dt+

1

1− x2
1

π

1∫

−1

√
1− t2

Tn(t)

(t− x)2
dt+

+
1

2(1− x)2
1

π

1∫

−1

√
1− t2

Tn(t)

1− t
dt+

1

2(1 + x)2
1

π

1∫

−1

√
1− t2

Tn(t)

1 + t
dt.

»	¼�¹



±_µ�H�7-8 ` I�³&²�³ ~

1

π

1∫

−1

√
1− t2

Tn(t)

t− x
dt,

1

π

1∫

−1

√
1− t2

Tn(t)

(t− x)2
dt

¸&³Lw�8<H�µ:wzw�H:= ` =LO�²�8<H
Tn(t)

O:8<I:8�¸�w�H:= ` =LO�²�8<H�; �Y8 o ;dva8�·�³ ·)7-=LI:= ` = I:=+´�³�y:=DPQ=LI:w�G%s
²�8�f »%h

Tn(t) =
1

2

(
Un(t)− Un−2(t)

)
, Un(x) =

sin((n+ 1) arccos x)√
1− x2

.

��³&²�8N8)Z�µ:9<y:=.²:}�¸NG)_uPQ=LI:w�G&²:;�= o I�³ )a8<H�µ�_ f ¹�h

1

π

1∫

−1

√
1− t2

Un(t)

t− x
dt = −Tn+1(x),

1

π

1∫

−1

√
1− t2

Un(t)

(t− x)2
dt = −(n+ 1)Un(x),

´�²:_ µ�H�7-8 ` I�³&²�³ S » bpy:=)9#²�8YH:8N9#²�=\F�H�;�~ y�I:8N= o I�³.¸\=?·�³JH�µ�KEy:=.²:G�O�µ:w

1

π

1∫

−1

1√
1− t2

Tn(t)

(t− x)2
dt =

2x

1− x2
Un−1(x)−

nTn(x) + xUn−1(x)
1− x2

=

=
xUn−1(x)− nTn(x)

1− x2
. B

�u��/0&%
���/4p5
��

T%P%$ � � �����5� �&6	'�!"�G=	4CK�1�329�1�-�.29('%G�4r.4*�I�1	E+.2G�.2G�1�]:E�G�7=`;7=K�9�.2G�7=<r1EIH]!5�7=< �R.F%=4 �E.2<!:HP .?B P /I0E:0F?,8�:HSUTG2%Y L P . L Y-Ju3%PV!P�3A��'�
(6 � ������� � � ��.:6��:� 
 ��� ���j��� ��$����������5� �&6	' .�� ��� � 1�329�.2G�G�4r.�E+.0-�705�4 < `01(*�.0I�321�G�`0F?,9�]�I�G�4A@?1�G�-�.2`;I�:W9('%G�4A@ F�I�:W<%G�.2G�1�]?@�1�1(@D*�I�1�9�7WDE.2G�1�]�P .?B P / ��G�F!3R, ��S�V=^%^HT%P .?_=^�17�%P
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

hYi ��hYiYh��d���Z��CElD����i���� l �'��hYiYi���� vYjs�:�'��j
l � �"±�l'iYh��
h h 
 l'iYlD�Qh��Xh���� n ��� �3vYj:� ���D� � ��iYh��

o%� � ���	��,����
SUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c ��µ�H�³JH:9N=?·);XKuG�H�µ�·-8<I:9�µ�7-8<7�b

j�³L9N9Nw�=L7)I�µ:wY²�=?¶�³&²:})H:=�¸&³&´�³JH�H�G�^ ³JH�³&²�µ�7�µ�O:8N9�¶�G�^z³LPQP�µ�H�H�G�^�9�·)_�¸NH:=)9<7)}
Γk
ij

H�³
³JH�³&²�µ�7�µ�O:8N9�¶�=)w w�H:= ` =)= o I�³.¸+µ�µ

M
V�hAH:P�µ�H�µ�7-8�¸+µ:w«³&²:})H�;x8�³LPQP�µ�H�H�;x8Ay�I:8N= o I�³.¸\=?·�³ s

H�µ�_|d &N7-= ·-8�¶�7-=LI�H�;x8Qy:=.²:_
ξk(x)

7?³.¶�µ:8)Z:O�7-=
n∑

l=1

(
∂Γk

ij

∂xl
ξl − Γl

ij

∂ξk

∂xl
+ Γk

lj

∂ξl

∂xi
+ Γk

il

∂ξl

∂xj

)
= 0.

j�³L9N9Nw�=L7)I�µ:wz³JH�³&²�µ�7�µ�O:8N9�¶�=)8qy�I:=)9<7)I�³JH:9<7�·-=|³LPQP�µ�H�H:=LK+9�·)_�¸NH:=)9<7�µ
M
µh³LPQP�µ�H�H:=)8

y�I:8N= o I�³.¸\=?·�³JH�µ:8
ϕ : U → V

w�8<F�´:GE8 ` =q=L7�¶�I�;X7);xw�µ y:=+´�w�H:=\F�8N9<7�·�³Lw�µ5V�±�=?¸NH�µ�¶�³L8<7
·-=Ly�I:=)9)Z�y�I�µ ¶�³ ~�G-9#²�=?·�µ�_�~z=L7-= o I�³JF�8<H�µ:8

ϕ
³JH�³&²�µ�7�µ�O:8N9�¶�µ y�I:=+´�=.²:F�³L8<7-9B_l´�= ³LPAs

P�µ�H�H:= ` = y�I:8N=LI�³.¸\=?·�³JH�µ�_
ϕ : M → M

·-9N8 ` = w�H:= ` =)= o I�³.¸+µ�_�V���³.¶�=)8	y�I:=+´�=.²:F�8<H�µ:8
·-=?¸\w�=\F�H:=v·-9N8 ` ´�³�´�²:_ µ�H:P�µ�H�µ�7-8�¸\8Nw«³&²:})H�;�~r³LPQP�µ�H�H�;�~qy�I:8N= o I�³.¸\=?·�³JH�µ�K5V

� &%��
�&�$'� d �D� �W~ w �%���g���*�g�H{g�!� � ���r����� �!� � �"� � � �gw � � �=�a��{ x � t � �	� ���Z� w � � � ���
�g�W~+� w �%�\�H� �H~U�\� v!w �g� v!wH� U �U�\� �	� }��H{ x �g�H� w � ��~ � x ������{ �gwH� �$� v ~+�H�����U�\� v!w �r��� v!w }$�
���+� � ���g�H� v }�| � �g� v!wH� M ������{ �gwH� �$� v ~ � �U�\�;�\�H{��"��� w�v | }��g�W~+� w �%� t � �H~U�\� v!w �g� v!wHx
{�� ���H����� t ���H� w � ��~ � y ∈M yvAI�µ�H�R�µ�y�µ�³&²:})H�³J_DH:8�·-=?¸\w�=\F�H:=)9<7)}�y�I:=+´�=.²:F�8<H�µ�_�µ�H:P�µ�H�µ�7-8�¸\8Nw«³&²:})H:= ` =�³LPQP�µ�H0s
H:= ` =ay�I:8N= o I�³.¸\=?·�³JH�µ�_L´�= ³LPQP�µ�H�H:= ` =�y�I:8N= o I�³.¸\=?·�³JH�µ�_

M
·aR:8#²�=)wY·�= o )a8Nw*9#²:G�O�³L8

¸&³.¶�²:^'O�³L8<7-9B_y·D7-=)wXZ:O�7-= ´�²:_y³&² ` 8 o I�; ��µ
ζ
µ�H:P�µ�H:8<7-8�¸\8Nw«³&²:})H�;�~|³LPQP�µ�H�H�;�~|y�I:8cs

= o I�³.¸\=?·�³JH�µ�K 8N8r9<7?³JR�µ:=LH�³JI�H�³J_uy:=+´�³&² ` 8 o I�³
η ⊂ ζ

w�=\F�8<7qy:=LI:=\F�´�³J7)}qH:8�¸&³Lw�¶�H�G�7)G�^
y:=+´ ` I�G�y�y�G

H
·a=+´:H:=)9�·)_�¸NH:=LK ` I�G�y�y:8D��µ

G
96³&² ` 8 o I:=LKa��µ

ζ
V�vAI�µ�´�=?·-=.²:})H:=�= o )�µ0~

G-9#²�=?·�µ�_�~
H
¸&³Lw�¶�H�G�7?³�·

G
Z�µv·-9N8Eµ�H:P�µ�H:8<7-8�¸\8Nw«³&²:})H�;x8 y�I:8N= o I�³.¸\=?·�³JH�µ�_ y�I:=+´�=.²:F�³ s

^'7-9B_ ´�= ` ²�= o ³&²:})H�;�~L³LPQP�µ�H�H�;�~�y�I:8N= o I�³.¸\=?·�³JH�µ�_�~qH�³AH:8�¶�=L7-=LI:=)w*w�H:= ` = o I�³.¸+µ�µ
M
V

� &%��
�&�$'� � � sut+v!wHx
ζ � ��{����!�%�r� ��� } v �G� � �"� � � �gw � � �=�a��{ x ����� ���+� � �������

�U�\�!�%�r� � �H}$��� � � �U�\� v!w �r��� v!w }$� ���+� � ���g�H� v }�| � �g� v!wH� M � η ⊂ ζ � v!w � 
�� �H����������|
�g�;�r��{����!�%�r��� G � �;���g� v }�| � ����| �=� t ����� ����v ��{����!�%�\�H� ��� ζ � H ⊂ G � �g�;���=� t �������
�g�%�\�%� �\�W������| �g�;�r��{����!�%�\�H� η ⊂ ζ y � �H�0�r��� v { � ζ �g� � �Z�!� w 
 �W� w �r��� w � H � ��� ~�� tgw �
} G y��³JH�H�G�^TI�³ o =L7)G!w�=\F�H:= I�³L9N9Nw«³J7)I�µ�·�³J7)}|¶�³.¶ 8N9<7-8N9<7�·-8<H�H:=)8 y�I:=+´�=.²:F�8<H�µ:8qI�³ o =Js
7); f » Z ¹�h V

�u��/0&%
���/4p5
��
T%P�� �FO �
� �A� ���4l:` b-`	b-� \?a�V �<X �?a�XF`(Y�V cI`(Y�c-g�UWV XFfrb-`(`(V b-` frb-`(V ghcI� �&YD���+nocI`5a�XFfD]�c-_�b�_�\ i4_�c
�(� XFfDY
c-g�vwb�a�e(XFfrb�a�V �FY0S:v�X$��e	b-`(V �FYwb-`#�^nocIfD]!%&a�V `(p 6 �FV XF`!�FXFY0PWnocI� � X$�Ra�V k�X k�cI� %(fDX ]&_�XF]	b�_�X"� cI` a�e(X
frb�a�XR_�V b-� YW]&_�XFY�XF`5a�X"��b�aAa�e(XR@x`5a�XR_�`	b�a�V cI`	b-���FcI`&ghXR_�XF`!�FX��y[jb�_�b-]�c�k � YA_�XGb
�&V `(p�� P .Kt|e	b�_�s�c�k�S�V=^HT%T%PV!P%$���� ��� 3:� ��� �RI�705�7=9�Da:=.FE+7%30-I' 9�7%8�:W9('%G�4A@�`;I�F?*(* 1�/07IE+.0-�I�1�J ��� B�:=-=P�3F%�P .uTG2%Y%YHP .
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��lX��l��YlM� n �D� ���Yh�±{� n �Xh �d������iYh��t± ������� � � h ����� n �Xh
�XhYvYl �d������iYh��k���D�QC
� �0�'j:�"±�l

te�<o%�!�'&%�������
SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�G-Z�f �A� c�±@²�³&´�µ�¶�³.·�¶�³.¸-Z
fgCEhrb

vAG-9<7)}6·)_�¸+¶�³J_�H:8N9BF µ:w«³L8Nw«³J_�F µ�´�¶�=)9<7)}6´�·�µ�F�8<7-9B_�y:=+´�´�8<K:9<7�·�µ:8Nw y:=.²:_�·)H:8Mv�H�µ0~
9�µ�²

F (x, t)
Z�¶�=L7-=LI:=)8Ay�I:8#´:y:=.²�³ ` ³L8<7-9B_ y:8<I�µ:=+´�µ�O:8N9�¶�µ:w?y:=�y�I:=)9<7)I�³JH:9<7�·-8<H�H�;xw?y:8<I:8cs

w�8<H�H�;xw
x1
Z
x2

9�y:8<I�µ:=+´�³Lw�µ
L1
µ
L2

9N=)=L7�·-8<7-9<7�·-8<H�H:=�V5vY=.²�8a9�¶�=LI:=)9<7�µ]µy´�³.·?²�8<H�µ:8
G&´�=?·?²�8<7�·-=LI%_0^'7q9�µ:9<7-8Nw�8QG�I�³.·)H:8<H�µ�Kui�³.·)}-8Ad n 7-=?¶�9	³0e

∂v

∂t
+ (v,∇)v − ν∆v = −∇p+ F (x, t), div v = 0.

n I:8#´:H�_0_	y:=�y�I%_�w�=LG ` =.²:})H�µ�¶�G	y:8<I�µ:=+´�=?·q9�¶�=LI:=)9<7)}|9<O�µ�7?³L8<7-9B_b¸&³&´�³JH�H:=LK5V�vAI:8#´:y:=.²�³ s
` ³L8<7-9B_�Z�O�7-=	=+´�µ�H]µ�¸�y�I:=)9<7)I�³JH:9<7�·-8<H�H�;�~!y:8<I�µ:=+´�=?·

L2 = 2π/α
9<7)I:8Nw�µ�7-9B_]¶ o 8N9�¶�=Js

H:8<O�H:=)9<7�µ5Z�¶�= ` ´�³ ·-=.²:H:=?·-=)8QO�µ:9#²�=
α→ 0

V
j�8Mva8<H�µ:8Nwl´�³JH�H:=LK|¸&³&´�³NO�µ5Z�·qO�³L9<7)H:=)9<7�µ5Z
_�·?²:_�8<7-9B_y¶�²�³L9N9�µ�O:8N9�¶�=)8�7-8<O:8<H�µ:8��Y=.²�s

w�= ` =LI:=?·�³ 9r9�µ�H�G-9N=?µ�´�³&²:})H�;xw y�I:=)P�µ�²�8Nw 9�¶�=LI:=)9<7�µ5Z�¶�=L7-=LI:=)8�µ:9<y:=.²:}�¸NG-8<7-9B_Ey�I�µEw�=Js
´�8#²�µ�I:=?·�³JH�µ�µ#I�³.¸�²�µ�O�H�;�~3y�I:=LR:8N9N9N=?· 8N9<7-8N9<7�·-=?¸NH�³JH�µ�_�V WY8#²:})^ H�³L9<7-=\_�)a8<K�I�³ o =L7);
_�·?²:_�8<7-9B_	y:=)9<7)I:=)8<H�µ:86´�²�µ�H�H:=?·-=.²:H:=?·-=LKj³L9�µ:w�y�7-=L7�µ�¶�µy¸&³&´�³NO�µ G-9<7-=LK�O�µ�·-=)9<7�µy¶�²�³L9N9	³
9<7?³JR�µ:=LH�³JI�H�;�~E9P´�·�µ ` =?·);�~ 7-8<O:8<H�µ�K

V = (0, V (x1)).

± f »%h ·);E·-8#´�8<H�;#I:8�¶�G�I�I:8<H�7)H�;x8rPQ=LI:w�G&²:; µL´�³JHr³&² ` =LI�µ�7-w�H�³ ~%=\F�´�8<H�µ�_
k
s ` =�O�²�8<H�³

³L9�µ:w�y�7-=L7�µ�¶�µy·Dy�I:8#´:y:=.²�=\F�8<H�µ�µ5Z
O�7-=D9<I:8#´:H:8N8Q9�¶�=LI:=)9<7�µE=L7	²�µ�O�H:= =L7DH�G&²:_�V
±�H�³L9<7-=\_�)a8<K I�³ o =L7-8�·);E·-8#´�8<H�; I:8�¶�G�I�I:8<H�7)H�;x8�PQ=LI:w�G&²:; ´�²:_EH�³ ~%=\F�´�8<H�µ�_j·-8cs

´:G*)�µ0~rO�²�8<H:=?·"´�²�µ�H�H:=?·-=.²:H:=?·-=LKJ³L9�µ:w�y�7-=L7�µ�¶�µ ¸&³&´�³NO�µ�G-9<7-=LK�O�µ�·-=)9<7�µ 9<7?³JR�µ:=LH�³JI�H�;�~
´�·)G0w�8<I�H�;�~z9P´�·�µ ` =?·);�~ 7-8<O:8<H�µ�Kl·)_�¸+¶�=LK F µ�´�¶�=)9<7�µ 9	H�G&²�8�·);xw 9<I:8#´:H�µ:w 〈V 〉 6= 0·qy�I:8#´:y:=.²�=\F�8<H�µ�µ5Z�O�7-=�·);Xy:=.²:H�_0^'7-9B_ H:8�¶�=L7-=LI�;x8�G-9#²�=?·�µ�_EH:8�·);XI:=\F�´�8<H�H:=)9<7�µ5Z�y�I�µ
¶�=L7-=LI�;�~ y�I:=?µ:9 ~%=+´�µ�7J¶�=.²�8 o ³J7-8#²:})H�³J_uy:=L7-8<I%_	G-9<7-=LK�O�µ�·-=)9<7�µ5V

�u��/0&%
���/4p5
��

T%P%1����-6�
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-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

��lX��l���B j
l nXn ���AiYh��aZ n ± ����l'iYiYl � n �'v���j
l��D�'j:�'C.��hYj
l'�Yl
� �<o%�!�'&L�sq��������

SUj�=)9N9�µ�_�Z n 7?³.·)I:=Ly:=.²:}+c n � �A�Qb

j�³L9N9Nw�=L7)I�µ:w 9�µ:9<7-8Nw�G|G�I�³.·)H:8<H�µ�K

ϕx = Lϕ, ϕt = Aϕ (1)

9Y=Ly:8<I�³J7-=LI�³Lw�µ

L =

(
0 p
p 0

)
+ λ

(
0 −1
1 0

)
, A =

1

4λ



−2pt

pxt
p

−pxt
p

2pt


 (2)

µ|·-8�¶�7-=LI!9<7-=.² o R:=)w
ϕ = (ϕ1(x, t, λ), ϕ2(x, t, λ))

T Z p(x, t) d H:8�µ�¸+·-8N9<7)H�³J_ PYG�H�¶�R�µ�_�Z
=Ly�I:8#´�8#²�8<H�H�³J_�H�³y¶�=LH:8<O�H:=)wk=L7)I:8�¸+¶�8

[−c, c] S ¸�´�8N9<} H:8Lµ:9�¶�²:^'O�³L8<7-9B_Y·-=?¸\w�=\F�H:=)9<7)}I�³L9N9Nw�=L7)I:8<H�µ�_|µ o 8N9�¶�=LH:8<O�H:= ` =	y�I:=)w�8<F�G�7�¶�³
(−∞,∞)

Z�¶�= ` ´�³
c → ∞ bcZ

λ
d y�I:=?µ�¸<s

·-=.²:})H�;XK y�³JI�³Lw�8<7)I5V ��³.¶�³J_ ¸&³&´�³NO�³�¸&³.·�µ:9�µ�7 =L7�¸&³&´�³JH�µ�_ ` I�³JH�µ�O�H�;�~	G-9#²�=?·�µ�K PYG�H�¶0s
R�µ�µ

p(x, t)
Z�y:= &N7-=)w�GL·); o 8<I:8Nw?= o )�µ�Ku9#²:G�O�³JK5Z�¶�= ` ´�³ µ�¸+·-8N9<7)H:=Dy:=?·-8#´�8<H�µ:8rPYG�H�¶�R�µ�µ

p(x, t)
∣∣
x→±c = f(t), (3)

` ´�8
f(t)

d H:8<y�I:8<I�;E·)H�³J_�Z�= ` I�³JH�µ�O:8<H�H�³J_ |f(t)| 6 F − const
Z�´�µ:PQPQ8<I:8<H�R�µ�I�G-8Nw«³J_

PYG�H�¶�R�µ�_�V
�u&�$A$'� d �Es �2��}���� t �r��}��g�W� � � vW�gv!w �=� � (1) ��� �=�r��� ��
 � ���H{�� v!wH� x → ±c � �U� �

}��?�g�H{��g�W� ����t+v {g�H} � | (3) ��~+�H�0�r� |f(t)| < λ � � �Z�!� w v {g�2� t ��� t � vW�gv!w �=� t � t �U�r���Z�W�	�w ��{ x �������\� � �W� � �
�
φ1 =

(
i
q(t)

)
eikx, φ2 =

(
q−1(t)
i

)
e−ikx, x→ c, (4)

ψ1 =

(
q−1(t)
i

)
e−ikx, ψ2 =

(
i
q(t)

)
eikx, x→ −c, (5)

�0�\� q(t) =
√

f(t)+λ
λ−f(t) � k =

√
λ2 − f2(t) �����r���Z� w � � �$� v ~ � � ��} �gvW�gw � w t y

�u&�$A$'� � ��� � w � ��
 ���g�2�\�G���;�r� � w ��� ���gv � (4) ���U� � x → c ~ ��� ���gv0t (5) �Z�U� �
x→ −c � �Z�!� w } � � 


a(t, λ) b(t, λ)

f(t) + λ

f(t)− λ
b(t, λ) a(t, λ)


 ,

�0�\�u~+�	�&�+� ��
�� �W� w � a(t, λ) � b(t, λ) t �\�H}�{g� w }��%��|�� w �r��}��W� v!w } t

a2(t, λ)− f(t) + λ

f(t)− λ
b2(t, λ) = 1.
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�u&�$A$'� � � z���������� �r� v!v �W|�� � | a(t, λ) � b(t, λ) v }�| � ����� v � t �U�r���Z�W� w ��{ x �g�H� vW� �v!w �=�Z�H���\� � �W� � � (4)
�
(5) �r��}��W� v!w }$��� �

a(t, λ) = −1

2
W (φ1, ψ1), b(t, λ) =

1

2
W (φ1, ψ2),

�0�\� W (φ1, ψ1) � W (φ1, ψ2) � }��\�H� v ~ � ����� �\� � �W� � �\y
��³.·�µ:9�µ:w�=)9<7)}

a(t, λ)
µ
b(t, λ)

=L7y·)I:8Nw�8<H�µ
t
=Ly�I:8#´�8#²:_�8<7-9B_ 9Dy:=)w�= )�})^ ·)7-=LI:= ` =

I�³.·-8<H:9<7�·�³D9�µ:9<7-8Nw�; S » bcV
� &%��
�&�$'� d � � v { � p(x, t) �Z�W��|�� w�v | } v ��� w }�� w�v!w } ��� v t+v {g�H} � �=� v �H}��Z� v!w �g� v!wH�

pxxtp− pxpxt = 4p3pt
vW�gv!w �=� � t �r��}��g�W� � � (1)

��t �\�H}�{g� w }��%��|�� w �=�r��� � ���g��� t t+v {g���
} � � (3) �U� � x → ±c � w �6�r��������� �r� v!v �W|�� � | ��{�| �g�W�U�\�2���?}��g�H��� v �g�W~ w �r� � �Z�W� w
} � �

a(t, λ) =
√

1 + b20(0, λ), b(t, λ) = b0(0, λ)

√
f(t)− λ

λ+ f(t)
,

�0�\� b0(0, λ) � �����U��{ x �g��� t+v {g�H} � � � ���r��� � �*��� � ��{�| vW�gv!w �=� � t �r��}��g�W� � � (1) y
�u��/0&%
���/4p5
��

T%P������-6 ����� !"��$��&)�.07%I�1�] 307=9�1�-�7=G�7=<�P�B�.0-�705 7I%%I�:=-%G�7=J�/;:;5�:0K�1$P .?B P /	0E:0F�8�:HS�TG2%Y%^HPV!P%1�� � � �&6�
�� ����3:�-0R.29�1�G�.2J�G�4r.+F�I�:W<%G�.2G�1�]�S;1�G�-�.2`;I�1�I�F!.FE�4r.�E+.0-�705�:-E�1�307=9�1�-�7=G�G�7=JKE	:=-�.FE	:=-%1(,8�1$P �E:=I�4 �E:=8H3;:R3\3;:-E+7%307-*�IH]�DE.2G�G�4�E�7-*�.0I�:=-�7%I�7IE�0E1�I�:=8�: 1u3rG�.03;:-E+7%307-*�IH]�DE.2G�G�4�E�1�7-*�.R,I�:=-�7%I�:-E�1�I�:=3030.0]HG�1�]�P . '��:i '�� v�( %#U�[ �;�Gb
�&XFfDV �"i %!�(� V Y�e(V `(p�P���� �WsIb
�&XFfDV s�XR_�k�XR_�� b-p *:f'� �
� noc�P(t *aP q X$%&a�Y���e&, � b-`#��S�V=^HT L P .uTW_ L 3%P
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�Mi������ �D�'js� 
g�Yj
l �«± � 
 ��lX��l��Yl 
���� � n hYi ���:� �Aj�i�� 

��h �'����js��iYWYhYlD����i�� 
k�Aj
l"±�i���iYh�� �Xjs��� � � �0�kv��'j �x���Yl

� � � �:tr��2)��/0���
SUj�=)9N9�µ�_�Z ��I:=?¸NH�;XKrc � ���Qb

��²:_L´�µ:PQPQ8<I:8<H�R�µ�³&²:})H:= ` =�G�I�³.·)H:8<H�µ�_
�

:
{
|y(i)| 6 di, i = 0, 1, 2, x ∈ (a, b)

} S » b
·�y�I:8#´:y:=.²�=\F�8<H�µ�µ5Z�O�7-=�PYG�H�¶�R�µ�µ

f(x, y, y′, y′′)
H:8<y�I:8<I�;E·)H�³ay:=�9N=?·-=?¶�G�y�H:=)9<7�µr³JI ` G%s

w�8<H�7-=?·y·E= o ²�³L9<7�µ �
: {|y(i)| 6 di, i = 0, 1, 2, x ∈ (a, b)} Z�³|y�I�µ x = a, b

Z57JV 8)V5H�³
¶�=LH�R�³ ~ µ�H�7-8<I�·�³&²�³

(a, b)
µ:w�8N8<7r9�µ�H ` G&²:_0I�H:=)9<7�µ�·r9Nw�;x9#²�8XI�³ o =L7�f » Z ¹�h Z-9<7?³.·)_07-9B_DI�³.¸<s

²�µ�O�H�;x8v¶�I�³L8�·);�~ ¸&³&´�³NO�µ µ]´�=?¶�³.¸N;E·�³J^'7-9B_ 7-8N=LI:8Nw�; 9<G*)a8N9<7�·-=?·�³JH�µ�_ µ+8#´�µ�H:9<7�·-8<H0s
H:=)9<7�µ I:8Mva8<H�µ�_�V

i�³Jy�I�µ:w�8<I5Z�´�=Ly�G-9�¶�³L8<7-9B_y´�µ:PQPQ8<I:8<H�R�µ�I�G-8Nw�=)9<7)}	PYG�H�¶�R�µ�µ
f(x, y, y′, y′′)

y:=
y′′
µ

9<G*)a8N9<7�·-=?·�³JH�µ:8rO�³L9<7)H:=LKuy�I:=?µ�¸+·-=+´:H:=LK
f ′y′′(x, y, y

′, y′′)
Z�H:8<y�I:8<I�;E·)H:=LK y:= ·-9N8Nw_³JI ` G%s

w�8<H�7?³Lw ·D= o ²�³L9<7�µ	� µu9AH:8N= ` I�³JH�µ�O:8<H�H�;xw�µEI�³.¸NI�;E·�³Lw�µuH�³�¶�=LH�R�³ ~
(a, b)

V
vAI�µu9#²�8#´:G�^ )�µ0~	= ` I�³JH�µ�O:8<H�µ�_�~ H�³

f
µ
f ′y′′

e
∣∣f(x, y, y′, ϕ(x)) − ϕ′(x)

∣∣ 6 ψ(x),
S ¹ b

f ′y′′(x, y, y
′, y′′) sign(x− x0) 6 −ψ̄(x), x0 ∈ (a, b),

S��-b
` ´�8

ϕ(x)
H:8<y�I:8<I�;E·)H:=Js ´�µ:PQPQ8<I:8<H�R�µ�I�G-8Nw«³�´�²:_

x ∈ (a, b)
µ
ϕ(a) = ϕ(b) = 0

Z�PYG�H�¶0s
R�µ�_

ψ(x)
µ�H�7-8 ` I�µ�I�G-8Nw«³b·u9Nw�;x9#²�8 j µ:w«³JH�³ H�³	9N8 ` w�8<H�7-8

[a, b]
Z PYG�H�¶�R�µ�_

ψ̄(x)
´�²:_

²:^ o = ` =
δ > 0

µ�H�7-8 ` I�µ�I�G-8Nw«³�H�³�9N8 ` w�8<H�7-8
[a+ δ, b− δ]

Z�H:=

a+δ∫

a

ψ̄(x) dx =

b∫

b−δ

ψ̄(x) dx = +∞.
S � b

��=?¶�³.¸N;E·�³L8<7-9B_ 9<G*)a8N9<7�·-=?·�³JH�µ:8AI:8Mva8<H�µ�_qG�I�³.·)H:8<H�µ�_ S » bcZ%G&´�=?·?²�8<7�·-=LI%_0^ )a8 ` =�y:8cs
I:8N=Ly�I:8#´�8#²�8<H�H�;xw ` I�³JH�µ�O�H�;xw?G-9#²�=?·�µ�_�w

y(x0) = 0, y′(x0) = 0, y′′(x0) = 0, y′′(a) = 0, y′′(b) = 0.
S ¼ b

��²:_+&N7-= ` =D9<7)I:=?µ�7-9B_bµ�H�7-8 ` I�³&²:})H:=)8QG�I�³.·)H:8<H�µ:8

y(x) =

x∫

x0

(x− s)Ay(s) ds,
S m b

` ´�8

Ay(x) =

x∫

x0

e

x∫
x0

ϕ(s,y(s),y′(s),y′′(s))ds[
f, y(t), y′(t), ϕ(t)− ϕ′(t)

]
dt+ ϕ(x),

ϕ(x0) = 0,

S � b

»	¼)]



PYG�H�¶�R�µ�µ
f(x, y(x), y′(x), y′′(x))

9<7)I:=\_07-9B_ y:=�f ¹�h V
��=Ly:=.²:H�µ�7-8#²:})H:= y�I�µ�²�³ ` ³L8<7-9B_y·);Xy:=.²:H:8<H�µ:8QH:8<I�³.·-8<H:9<7�·

M = max
a6x6b

|ϕ(x)| +max





x0∫

a

ψ(t) dt,

b∫

x0

ψ(t) dt



 6 d2,

λM 6 d1,
λ2M

2
6 d0, λ = max{a− x0, b− x0}.

��³Lw�8<H�_0_uG-9#²�=?·�µ�_�S��-b ´:I�G ` µ:w�µEG-9#²�=?·�µ�_�w�µ5Z
y:=.²:G�O�³L8NwzI�³.¸NH:=?·�µ�´:H:=)9<7�µj¶�I�³L8�·);�~
¸&³&´�³NOb´�²:_|G�I�³.·)H:8<H�µ�_+S » bcV

�u��/0&%
���/4p5
��

T%P��:6����&

���� �� ��� ����0R.08H7%-�7%I�4r.C321�G�`0F=9�]�I�G�4r.	8�I�:=.2<%4r.r/;:;5�:0K�1a5�9�]a7I%=4r8�G�7=<�.2G�G�4A@E5�1�L L�.0I�.2G(,M�1�:W9('%G�4A@ F�I�:W<%G�.2G�1�J$P .�)A%=1�9�1�321�/��R/ 5	, <�7�)A%=1�9�1�3%PHFHG(, -%:HS�TG2�1%_!P . L _%V?3%PV!P � ��

�G6	����� !"�+3:� � �
�K����� !"� !"� BuG�7=`;7%-�7=K�.2K�G�4r. L\FHG�8�M�1�7=G�:W9('%G�4r. 8�I�:=.2<%4r. /;:;5�:0K�15�9�] 7I%=4r8�G�7=<�.2G�G�4A@ 5�1�L L�.0I�.2G�M�1�:W9('%G�4A@ F�I�:W<%G�.2G�1�J$P .K0E:W9(' K�1�8
/ �R/ 5�:=-=P�M�.2G�-�I 
��	9('I, L : �=SV=^%^-J�P .KJ!_%_?3%P
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���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� n �D� ���Yh�±{� n � ��js� � ��iYh�� � ��i�� �
n h n �d��CF� ��h �'����js��iYWYhYlD����i�� 
g�Aj
l"±�i���iYh��

n ��l'vYl �:���h±�l'f �khYC.l'j ���ACF��i��D�'C �

 "� � �:tr������
 � �����
SUj�=)9N9�µ�_�Z�iY=?·-=)9�µ o µ�I:9�¶rc�hYC n �Mj
l'irb

±gI�³ o =L7-8|I�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_ 9�µ:9<7-8Nw«³y´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~*G�I�³.·)H:8<H�µ�Kz9J¸&³Jy�³.¸<s
´:;E·�³J^ )�µ:w ³JI ` G0w�8<H�7-=)wXZ =Ly�µ:9<;E·�³J^ ) ³J_!I�³L9<y�I:=)9<7)I�³JH:8<H�µ:8qy�7�µ�O�}-8 ` = ` I�µ�y�y�³	G y:8cs
I:8#²�8<7)H�;�~	y�7�µ�R5Z:w�µ ` I�µ�I�G�^ )�µ0~ w�8<F�´:GJ´�·)G0w�_|7-8<I�I�µ�7-=LI�µ�_�w�µ f »%h e




d

dt
Sw(t) = −[µsw +mwb(t)]Sw(t) + αs

bwmbw(t− τbw)Sb(t− τbw)−
βwSw(t)Iw(t)

Sw(t) + Iw(t)
,

d

dt
Sb(t) = −[µsb +mbw(t)]Sb(t) + b(t)Sb(t)

(
1− Sb(t)

K

)

+ αs
wbmwb(t− τwb)Sw(t− τwb)−

βbSb(t)Ib(t)

Sb(t) + Ib(t)
,

d

dt
Iw(t) = −[µiw +mwb(t)]Iw(t) + αi

bwmbw(t− τbw)Ib(t− τbw) +
βwSw(t)Iw(t)

Sw(t) + Iw(t)
,

d

dt
Ib(t) = −[µib +mbw(t)]Ib(t) + αi

wbmwb(t− τwb)Iw(t− τwb) +
βbSb(t)Ib(t)

Sb(t) + Ib(t)
.

��´�8N9<}
Sw(t)

µ
Sb(t)

d O�µ:9#²�8<H�H:=)9<7�µ|¸�´�=LI:=?·);�~uy�7�µ�RuH�³ ¸+µ:w�H:8<Kyµb²�8<7)H:8<KE7-8<I�I�µ�7-=Js
I�µ�_�~�Z

Iw(t)
µ
Ib(t)

d O�µ:9#²�8<H�H:=)9<7�µj¸&³JI�³JF�8<H�H�;�~ y�7�µ�REH�³v¸+µ:w�H:8<K|µb²�8<7)H:8<K 7-8<I�I�µ0s
7-=LI�µ�_�~*9N=)=L7�·-8<7-9<7�·-8<H�H:=�Z�y�³JI�³Lw�8<7)I�; ¸&³Jy�³.¸�´:;E·�³JH�µ�_

τwb > 0
µ
τbw > 0

=L7�·-8<O�³J^'7
¸&³ ·)I:8Nw�_uy:8<I:8#²�8<7?³q9r=+´:H:=LK 7-8<I�I�µ�7-=LI�µ�µ H�³ ´:I�G ` G�^aV:vAI:8#´:y:=.²�³ ` ³L8<7-9B_�Z�O�7-=

mwb(t)
Z

mbw(t)
µ
b(t)

dn¶�G-9N=LO�H:=Js y:=)9<7-=\_0H�H�;x8�H:8N=L7)I�µ�R�³J7-8#²:})H�;x8ay:8<I�µ:=+´�µ�O:8N9�¶�µ:8�PYG�H�¶�R�µ�µ5Z
·-9N8Yy�³JI�³Lw�8<7)I�;M9�µ:9<7-8Nw�;�7?³.¶�F�8rH:8N=L7)I�µ�R�³J7-8#²:})H�;QV

± f »%h o ; ²�µ y:=.²:G�O:8<H�; G-9#²�=?·�µ�_ H�³ ¶�= &\PQP�µ�R�µ:8<H�7); 9�µ:9<7-8Nw�;QZ y�I�µ ¶�=Js
7-=LI�;�~ 9<G*)a8N9<7�·)G-8<7 ³L9�µ:w�y�7-=L7�µ�O:8N9�¶�µ G-9<7-=LK�O�µ�·-=)8 y:8<I�µ:=+´�µ�O:8N9�¶�=)8 I:8Mva8<H�µ:8
(Sw(t), Sb(t), Iw(t), Ib(t)) = (S∗w(t), S

∗
b (t), 0, 0)

Zp9N=)=L7�·-8<7-9<7�·)G�^ )a8N8 ¸�´�=LI:=?·-=LKz=)9N= o µ5V
Cu;Ty:=.²:G�O�³L8Nwk=LR:8<H�¶�µ?9�¶�=LI:=)9<7�µ 9 ~%=+´�µ:w�=)9<7�µzI:8Mva8<H�µ�K ¶�G�¶�³.¸&³JH�H:=)w�G*y:8<I�µ:=+´�µ�O:8cs
9�¶�=)w�G?I:8Mva8<H�µ�^ 9bµ:9<y:=.²:}�¸\=?·�³JH�µ:8NwTI:8Mva8<H�µ�_

H(t)
9<y:8<R�µ�³&²:})H:=LK�¶�I�³L8�·-=LK_¸&³&´�³NO�µ

´�²:_L´�µ:PQPQ8<I:8<H�R�µ�³&²:})H:= ` =�G�I�³.·)H:8<H�µ�_��Y_0y�G�H:=?·�³�f ¹�h e



l
d

dt
H +HA(t) +A∗(t)H = −I, t ∈ [0, T ],

H(0) = H(T ) > 0.
±E³JF�H:=�=L7-w�8<7�µ�7)}:Z0O�7-=aH�³ ~%=\F�´�8<H�µ:8QI:8Mva8<H�µ�_�´�³JH�H:=LK ¶�I�³L8�·-=LKb¸&³&´�³NO�µ	_�·?²:_�8<7-9B_|~%=Js
I:=Uva=	= o G-9#²�=?·?²�8<H�H:=LK ¸&³&´�³NO:8<K]µ H:8a7)I:8 o G-8<7b·);XO�µ:9#²�8<H�µ�_!9<y:8�¶�7)I�³	w«³J7)I�µ�R�;gw�=LH:=Js
´:I:=)w�µ�µ f ¹�h V
� � :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � TFJ-, ^HTR, L TW_%V=YHP
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��:��� � � � �&34��� ��� �R.0I�1�705�1�K�.0308�1�.g321�30-�.FE�4 5�1�L L�.0I�.2G�M�1�:W9('%G�4A@ZF�I�:W<%G�.2G�1�J?3\/;:�*�:=/ 5�4A,<!:=[
�R1	E�:=I�`0F&E+.2G�-�7IE�1 5�1�G�:-E�1�8�:K*�-%1�K('�.2`;7?`;I�1(*(*�:r����$�7=<�I�.FECP�E	:=-�.FE	:=-%1�8�:HP�CEFHG�5�:-E+.2G�-=PG�:�*�I�:W<%9�.2G�1�]�P .?V=^HTWV!P .�)�P(J!_!P .D$\P L V0X5J!V!PV!P	�<���465�4��
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���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�D� �Yi����zjs� � ��iYh�� �Xjs��
ACF��j�i�� �0�gi��!�QhYi����Yi�� �0� �Aj
l"±�i���iYh��
r	�<�%��t�p5
���&%���

SUj�=)9N9�µ�_�Z n 7?³.·)I:=Ly:=.²:}+c n � �A�Qb

±]²�µ�7-8<I�³J7)G�I:8)Z)9�·)_�¸&³JH�H:=LKD9py�I:8N= o I�³.¸\=?·�³JH�µ�_�w�µq=+´:H:= ` =AG�I�³.·)H:8<H�µ�_�·"´:I�G ` =)8�=)9N=Js
o =)8 w�8N9<7-=Y¸&³JH�µ:w«³J^'7 ´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;x8!9�·)_�¸+µ5VXvAI�µ:w�8<I�³Lw�µ�7?³.¶�µ0~�=L7)H:=Uva8<H�µ�K
w�= ` G�7q9#²:G�F µ�7)} y�I:8N= o I�³.¸\=?·�³JH�µ�_ �Y=Uv�µ d j µ:w«³JH�³0Z
Cyµ�G�I�;QZ��Y=LG&²�³�µ 
A=Ly:P�³�f » Z ¹�h
µ�´:I5V Z-= o e58#´�µ�H:8<H�H�;x8 y:=+´ o =.²�8N8x= o )�µ:w y:=LH�_07�µ:8Nw d y�I:8N= o I�³.¸\=?·�³JH�µ�_q��&+¶�²:G�H�´�³"f � h V

� &%��
�&�$'� d � � �W{ � �g�W���g��� t �r��}��g�W� � ��} �U� v!w �������U�\� �	� }��;�������
vηξ +

c

γ2
ev(3γvη + vζ + γvξ) = 0 (1)

v }�| � ���g� v �g�W{ � �g�W����� � t �r��}��g�W� � �=�
ϕη(γϕξ + ϕζ + 3γϕη) = 0 (2)

�U�\�!���%�r� � �H}$��� � |�� � � �%~�{ t �U�r�*} � �r�




γϕξ + ϕζ + 3γϕη = γvξ,

γ
(
ϕηη + ϕ2

η

)
+ cev

(
c

γ
ev + vη

)
= −2cevϕη ,

γ(ϕξη + ϕηϕξ) + ϕζη + ϕζϕη = γvξϕη +
c

γ
ev
(
3cev − γvξ − vζ

)
+ 6cevϕζ ,

(3)

�0�\� ϕ(ξ, η, ζ) � v(ξ, η, ζ) �>� t ��~ 
���� w �\�G���g�2�\�=�Z�W������� ξ � η � ζ � c � γ � �U�\� �	� }��H{ x �����
�g� v!w �%|���������y

� &%��
�&�$'� � � � �W{ � �g�W���g��� t �r��}��g�W� � ��} �U� v!w ����� �U�\� �	� }��;������� (1)
v }�| � ���g� v

~�{�� v!v ��� �g�W{ � �g�W������� t �r��}��g�W� � �

γϕηξ +
γf ′

(η + f + 3γζ)2
=

(
ϕη −

1

η + f + 3γζ

)
[γϕξ + ϕζ + 3γϕη ] (4)

�U�\�!���%�r� � �H}$��� � |�� � � �%~�{ t �U�r� (3) �$�0�\� f � �U�\� �	� }��H{ x ����| � t ��~ 
�� | ~+���Z� � � � �\�H}$���	�
�g�H���g�2�\�=�Z�W���g�H� ξ − γζ yn y:=)w�= )�})^My�I:8N= o I�³.¸\=?·�³JH�µ�K ��&+¶�²:G�H�´�³�´�=?¶�³.¸&³JH�;M7-8N=LI:8Nw�;QV

� &%��
�&�$'� � � � t ��~ 
����

ϕ = ln[η + f(ξ − γζ)− 3γζ] + q(ξ, ζ),

�0�\� f(ξ − γζ)
�
q(ξ, ζ) � �U�\� �	� }��H{ x �����B� t ��~ 
���� �a|�}�{�|�� w�v | �\� � �W� � �=� t �r��}��g�%�

� � | (4) y
� &%��
�&�$'� � � � t ��~ 
�� | } � �r� F1(3γζ−η)+F2(ξ−γζ) ���0�\� F1 � F2 � �U�\� �	� }��H{ x �����

� t ��~ 
���� �+|�}�{�|�� w�v |��;���g�H}��\�=�Z�W���g� �\� � �W� � �=� t �r��}��g�W� � � (1)
�
(2) y

»\m�¹



� &%��
�&�$'���Z� ! �=�Z�W� v!w }����g�W{ � �g�W������� t �r��}��g�W� � � } �U� v!w ����� �U�\� �	� }��;������� (4)� �Z�!� w �\� � �W� � �
ϕ(ξ, η, ζ) = ln[3γζ − η + f(ξ − γζ)] +

ac

γ
(3γζ − η) + f1(ξ − γζ),

�0�\� f1(ξ−γζ) � �U�\� �	� }��H{ x ����|^� t ��~ 
�� |"~+���Z� � � � �\�H}$�����g�H�6�g�2�\�=�Z�W���g�H�g� a = eC �
�U�\� �	� }��H{ x ����|��g� v!w �%|�������|ry

� &%��
�&�$'��� � � v { � �g�W{ � �g�W���g��� t �r��}��g�W� � � } �U� v!w ����� �U�\� �	� }��;������� (1)
� �Z�!� w

�\� � �W� � �
v(ξ, η, ζ) =

c

γ
η + f2(ξ − γζ)− 3cζ,

�0�\� f2(ξ− γζ) � �U�\� �	� }��H{ x ����|B� t ��~ 
�� |�~+���Z� � � � �\�H}$�����g�H� �g�2�\�=�Z�W���g�H�g� w � t �r��}U�
�g�W� � � (2) � �Z�!� w �\� � �W� � �u}"} � �\�

ϕ(ξ, η, ζ) =
aξ + γbζ

a+ b
f ′2(ξ − γζ)− e

c
γ
η+f2(ξ−γζ)−3cζ + r(ξ − γζ),

�0�\� r(ξ − γζ) � �U�\� �	� }��H{ x ����| � t ��~ 
�� |�� a � b � c � �U�\� �	� }��H{ x �������g� v!w �%|���������y
�u��/0&%
���/4p5
��

T%P7��N �
��{�4 �1� �jnocI`(Y�XR_�kIb�a�V cI` � b$��Y|ghc-_ a�e(XKg %(� � \ `(cI`(� V `(XGb�_ � cI`(p-, �AbGk�XDX���%	b�a�V cI`(Y�����65a+%#��P��W](](�OP
vwb�a�eUP X�TG2�1�J�P .K��cI�OP$_ L P .�i�P(J!_0X�_-HHPV!P7��N �
��{;4 � � � � 0�{	� �5}�P+�"!"� ��� � �5�"�
*�S�{�~�� �GzK�Ft:c-_�a�X �"XFp-,/�&X#�#_�V XFY�X���%	b�a�V cI` b-`#� pIXF`(XR_�b-� V ZGb�a�V cI`(Y�@A@ P
% �&V Yya�XF`!�FXKc-g �FcI`(Y�XR_�kIb�a�V cI` � b$��Y|b-`#���FcI`(Yya�b-`5a�Y c-gofDc-a�V cI` ���-8�P�vwb�a�eUP
i#e5\&Y0P .uTG2IH%YHP .K��cI�OP
2HP .
i�PUTWV=^-JWX�TWV=^I2HPL P%1�& � 
(6 ����� ���j��� �:!����"��
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-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

j
l ��js� �khYC
� n � �Mjs� ���:� �Aj�h�� �"±�l'iYi�� �0���'�{�'� � ��iYi�� �0�
�Aj
l"±�i���iYh��k�A�Aj
l'C
� �D�Md n h�±�l �khYi n ��� �0� �

#Y�s~ � �|$'��
����
SUj�=)9N9�µ�_�Z ��I:=?¸NH�;XKrc � ���Qb

± ´�=?¶�²�³&´�8�µ:9N9#²�8#´:G-8<7-9B_j¸&³&´�³NO�³|�Y=Uv�µy´�²:_uy:9N8�·?´�=Ly�³JI�³ o =.²�µ�O:8N9�¶�= ` =uG�I�³.·)H:8<H�µ�_
9N= o =.²�8�·-9�¶�= ` =a7�µ�y�³qS I:8 ` G&²:_0I�µ�¸\=?·�³JH�H:= ` =�= o = o )a8<H�H:= ` =�G�I�³.·)H:8<H�µ�_|�AG�I�³Lw�=L7-=Qd n µ0s
·�³2v�µ�H:9�¶�= ` =%b

ut + umux − µuxxt + ν (uxx + uxxxx) = 0, x ∈ R1, t > 0,
S » b

·J¶�=L7-=LI:=)w
m

d H�³J7)G�I�³&²:})H:=)8)Z�³
µ
Z
ν
d y:=.²�=\F µ�7-8#²:})H�;x8�O�µ:9#²�³0Z�y�I:8#´:y:=.²�³ ` ³J_�Z�O�7-=

H�³NO�³&²:})H�³J_uPYG�H�¶�R�µ�_
u
∣∣
t=0

= ϕ(x), x ∈ R1,
S ¹ b

µ µ:9�¶�=)w�=)8 ¶�²�³L9N9�µ�O:8N9�¶�=)8 I:8Mva8<H�µ:8
u = u (x, t)

Z
x ∈ R1 Z t > 0

ZE´�²:_ ·-9N8c~ ¸NH�³ s
O:8<H�µ�K

t
y:=Ey:8<I:8Nw�8<H�H:=LK

x
y�I�µ�H�³&´�²�8<F�³J7 o ³JH�³ ~%=?·)G+y�I:=)9<7)I�³JH:9<7�·)G

Cub(R
1)

I�³.·)H:=Js
w�8<I�H:= H:8<y�I:8<I�;E·)H�;�~ µ�= ` I�³JH�µ�O:8<H�H�;�~?PYG�H�¶�R�µ�K

ψ(x)
Z
x ∈ R1 Z�H:=LI:w«³r¶�=L7-=LI:= ` =

‖ψ(x)‖Cub
= supx∈R1 |ψ(x)| V��=?¶�³.¸&³JH:=�Z O�7-= 8N9#²�µrH�³NO�³&²:})H�³J_�PYG�H�¶�R�µ�_

ϕ (x)
·-w�8N9<7-8 9N= 9�·-=?µ:w�µry�I:=?µ�¸+·-=+´:H�;xw�µ

y:8<I�·-= ` =6µ�·)7-=LI:= ` =Ay:=LI%_�´�¶�=?·Qy�I�µ�H�³&´�²�8<F µ�7Qy�I:=)9<7)I�³JH:9<7�·)G
Cub(R

1)
µ�=+´:H:=?·)I:8Nw�8<H�H:=

_�·?²:_�8<7-9B_�&�²�8Nw�8<H�7-=)w y�I:=)9<7)I�³JH:9<7�·�³ n = o =.²�8�·�³
W 1

2 (R
1)
Z-7-= ` ´�³�¸&³&´�³NO�³��Y=Uv�µ S » b<Z
S ¹ b

µ:w�8N8<7Dy�I�µ
t > 0

8#´�µ�H:9<7�·-8<H�H:=)8QI:8Mva8<H�µ:8)Z�´�²:_ ¶�=L7-=LI:= ` = 9<y�I�³.·-8#´�²�µ�·�³D=LR:8<H�¶�³

sup
x∈R1

|u(x, t)| 6 1 + µ√
µ

exp

(
ν

2µ
t

)
√√√√√

+∞∫

−∞

{
[ϕ(x)]2 + [ϕ′(x)]2

}
dx.
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-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

h nXn �������"±�l'iYh�� n hYi��d����l n �'� n �E± ��iYi�� 
 n ±{� � n �E± n h n �d��CF�
±3vYj:� n �Xj
l'i n �E±�l 
��'jO�Qh��Yl

� &%/0��"-���'o%�s~ �xSUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEhrb�+
�	���������'���s���xSUj�=)9N9�µ�_�Z � ³ ~07); c:h n �;µ:v SUP�µ�²�µ�³&²�b�� � ���Qb

±�=Ly�I:=)9X= o µ:9N9#²�8#´�=?·�³JH�µ�µ =)9<H:=?·)H�;�~�~�³JI�³.¶�7-8<I�µ:9<7�µ�¶ S 7?³.¶�H�³.¸N;E·�³L8Nw�;�~�9N= o 9<7�·-8<H0s
H�;�~	9�·-=LK:9<7�· f »%h b ³&´�³Jy�7�µ�·)H:=LKuw�H:= ` =)w�8<I�H:=LKb´�µ�H�³Lw�µ�O:8N9�¶�=LK 9�µ:9<7-8Nw�;QZ�¶�³.¶	y�I�³.·�µ�²�=�Z
9�·-=+´�µ�7-9B_�¶D=Ly�I:8#´�8#²�8<H�µ�^#w«³J7)I�µ�R�;l·-8N9N=?·);�~DPYG�H�¶�R�µ�K5Z-9�·)_�¸N;E·�³J^ )�µ0~Dw�8<F�´:G�9N= o =LK
·L~%=+´yµb·);�~%=+´E9�µ:9<7-8Nw�; ·�_�·)H:=)w ·�µ�´�8)V

±39N=?·)I:8Nw�8<H�H:=LKu7-8N=LI�µ�µu9�µ:9<7-8Nw µ	7-8N=LI�µ�µ G�y�I�³.·?²�8<H�µ�_b·�³JF�H�G�^MI:=.²:} µ ` I�³L8<7 y:=Js
H�_07�µ:8q9N=)9<7-=\_0H�µ�_�V n =)9<7-=\_0H�µ:8	9�µ:9<7-8Nw�; =Ly�I:8#´�8#²:_�8<7-9B_Y¶�³.¶*y:8<I:8Nw�8<H�H�³J_�Z�¶�=L7-=LI�³J_h·
²:^ o =LK w�=)w�8<H�7v·)I:8Nw�8<H�µb·-w�8N9<7-8Q9Ay:=)9#²�8#´:G�^ )�µ:wY·L~%=+´:H�;xwz9�µ ` H�³&²�=)w?9�µ:9<7-8Nw�;�y:=.²�s
H:=)9<7)})^#=Ly�I:8#´�8#²:_�8<7�8N8 y:=?·-8#´�8<H�µ:8)V�± ¶�³.¶�=LK0s 7-=�w�8<I:8'9N=)9<7-=\_0H�µ:8A9�µ:9<7-8Nw�;3G�O�µ�7);E·�³L8<7
y�I:=Uv�²:;x8�·?²�µ�_0H�µ�_�Z�·�³JF�H�;x8�´�²:_ o G&´:G*)a8 ` =�V�±�9N8)Z�O�7-=D=L7)H:=)9�µ�7-9B_y¶ ´�µ�H�³Lw�µ�O:8N9�¶�=)w�G
I:8<F µ:w�Gq9�µ:9<7-8Nw�;QZ�w�=\F�H:=ay:=.²:G�O�µ�7)}:Z�µ�¸NG�O�³J_q7)I�³L8�¶�7-=LI�µ�^ 9�µ:9<7-8Nw�; ·ay�I:=)9<7)I�³JH:9<7�·-8
9N=)9<7-=\_0H�µ�K5V

±kI:8	³&²:})H:=LK?9�µ:9<7-8Nw�8qH:8<y:=)9<I:8#´�9<7�·-8<H�H:=)w�GYµ�¸\w�8<I:8<H�µ�^ y:=+´�´�³J^'7-9B_*H:8J·-9N8 y:8<I:8cs
w�8<H�H�;x8 9N=)9<7-=\_0H�µ�_Cc«¶�I:=)w�8	7-= ` =�Z�7-8|y:8<I:8Nw�8<H�H�;x8)Z«¶�=L7-=LI�;x8uw�=\F�H:=]µ�¸\w�8<I�µ�7)} S &N7-=
·-9N8 ` ´�³QPYG�H�¶�R�µ�µDy:8<I:8Nw�8<H�H�;�~q9N=)9<7-=\_0H�µ�_�b µ�¸\w�8<I%_0^'7-9B_ H:8X7-=LO�H:=�V�±Y¶�³.¶�=LK0s 7-=�9<7-8<y:8cs
H�µ|¸&³&´�³NO�³q=LR:8<H�¶�µ!9N=)9<7-=\_0H�µ�_ 9�·)_�¸&³JH�³q9�¸&³&´�³NO:8<K!=LR:8<H�¶�µ y�³JI�³Lw�8<7)I:=?·:V���²:_y²�µ�H:8<K0s
H�;�~q9�µ:9<7-8Nw ¸&³&´�³NO�³�=LR:8<H�¶�µ	9N=)9<7-=\_0H�µ�K|I:8Mva8<H�³�·ry:=.²:H:=LK	w�8<I:8)V�iY8#²�µ�H:8<K�H�³J_J¸&³&´�³NO�³
` =LI�³.¸�´�=r7)I�G&´:H:8N8)Z%y:= &N7-=)w�G ¶�I�G�y�H�;�~ I:8�¸NG&²:} 7?³J7-=?·aH�³Q9N8 ` =+´:H�_kv�H�µ�KJ´�8<H�}rH:8xy:=.²:G�O:8cs
H:=�V

�A7-= o ;39NPQ=LI:w�G&²�µ�I:=?·�³J7)}�¸&³&´�³NO�GD7-8N=LI�µ�µqH�³.µ:w�8<H�}�v�µ0~�¶�·�³&´:I�³J7-=?·�´�²:_DI:8 ` I:8N9N9�µ0s
=LH�H�;�~Ew�=+´�8#²�8<K5Z�=Ly�µ:9	³JH�H�;�~|·qy�I:8#´:; ´:G*)a8Nw I�³.¸�´�8#²�8)Z
H:8N= o ~%=+´�µ:w�= ·�·-8N9<7�µ y:=LH�_07�µ:8
I�³L9N9<7-=\_0H�µ�_ w�8<F�´:G|PYG�H�¶�R�µ�_�w�µ =L7Dw«³J7)I�µ�R5V � 7-=ay:=LH�_07�µ:8YG&´�= o H:=�·�·-8N9<7�µ5Z�I�³L9N9Nw«³J7Ls
I�µ�·�³J_]¶�³JF�´:G�^TI:8 ` I:8N9N9�µ:=LH�H�G�^ w�=+´�8#²:}y¶�³.¶]²�µ�H:8<K�H�;XK =Ly:8<I�³J7-=LI5Z�=L7-= o I�³JF�³J^ )�µ�K
&�²�8Nw�8<H�7); ²�=?¶�³&²:})H:=r= ` I�³JH�µ�O:8<H�H:= ` =ry�I:=)9<7)I�³JH:9<7�·�³Qw«³J7)I�µ�O�H�;�~ ·-8N9N=?·);�~DPYG�H�¶�R�µ�K ·
²�=?¶�³&²:})H:= = ` I�³JH�µ�O:8<H�H:=)8Dy�I:=)9<7)I�³JH:9<7�·-=uw«³J7)I�µ�O�H�;�~!PYG�H�¶�R�µ�K|·);�~%=+´:H�;�~!9�µ ` H�³&²�=?·
9�µ:9<7-8Nw�;QV � = ` ´�³QI:8 ` I:8N9N9�µ:=LH�H�;x8'w�=+´�8#²�µ|w�=\F�H:=QI�³L9N9Nw«³J7)I�µ�·�³J7)}�¶�³.¶ y�I:8#´�9<7?³.·?²�8<H�µ�_
= o )a8 ` = ·�µ�´�³

Y = L{U}, U, Y ∈ L∗Φ,
` ´�8

L
d ²�µ�H:8<K�H�;XKE=Ly:8<I�³J7-=LI5Z�´�8<K:9<7�·)G�^ )�µ�Kb·�²�=?¶�³&²:})H:=q= ` I�³JH�µ�O:8<H�H:=)w?y�I:=)9<7)I�³JH0s

9<7�·-8�� I�²�µ�O�³
L∗Φ

V
±39#²:G�O�³L8Q9<7?³JR�µ:=LH�³JI�H�;�~E9�µ:9<7-8NwY²�µ�H:8<K�H�;XKE=Ly:8<I�³J7-=LI

L
¸&³&´�³L8<7-9B_b·);XI�³JF�8<H�µ:8Nw

L(K) =

T∫

0

K(τ)U(t− τ) dτ, K ∈ L∗Φ1 , 0 6 t 6 T,

³�²�=?¶�³&²:})H:=D= ` I�³JH�µ�O:8<H�H:=)8Yy�I:=)9<7)I�³JH:9<7�·-=�� I�²�µ�O�³aw«³J7)I�µ�R�; ·-8N9N=?·);�~|PYG�H�¶�R�µ�KqI�³.¸<s
w�8<I�H:=)9<7�µ

q × p
Z
K = (t,K(t))|0 6 t 6 T

d µ�H�7-8 ` I�³&²:})H�;xwzw�=+´:G&²:_0I:=)w ·�µ�´�³�f ¹�h

ΓΦ(u) =

∫

Ω

ϕ[u(t)] dt < +∞.

»\m)]



��²:_�µ�´�8	³&²�µ�¸+µ�I:=?·�³JH�H:=LK I:8 ` I:8N9N9�µ:=LH�H:=LK w�=+´�8#²�µ	9�µ:9<7-8Nw�; 9xy:8<I:8Nw�8<H�H�;xw�µ	y�³JI�³ s
w�8<7)I�³Lw�µb²�µ�H:8<K�H�;XKE=Ly:8<I�³J7-=LI

L
=Ly�I:8#´�8#²:_�8<7-9B_E9N=)=L7)H:=Uva8<H�µ:8Nw

L(K) =

T∫

0

K(t, τ)U(τ, η) dτ, K ∈ L∗Φ2 , 0 6 t, τ 6 T,

³�²�=?¶�³&²:})H:=|= ` I�³JH�µ�O:8<H�H:=)8ay�I:=)9<7)I�³JH:9<7�·-=
L∗Φ2

¸&³&´�³L8<7-9B_rµ�H�7-8 ` I�³&²:})H�;xw3w�=+´:G&²:_0I:=)w
·�µ�´�³

ΓΦ(u) =

∫

Ω

ϕ[u(t, τ)] dtdτ < +∞.

± 9#²:G�O�³L8Dy�I�³.¶�7�µ�O:8N9�¶�=LK�w�=+´�8#²�µ+I:8 ` I:8N9N9�µ�µ ´�²:_!9�µ:9<7-8NwM9�y:8<I:8Nw�8<H�H�;xw�µ y�³JI�³ s
w�8<7)I�³Lw�µ�²�µ�H:8<K�H�;XK�=Ly:8<I�³J7-=LI�µ�²�=?¶�³&²:})H:='= ` I�³JH�µ�O:8<H�H:=)8�PYG�H�¶�R�µ:=LH�³&²:})H:=)8«¸&³&´�³L8<7-9B_
´�µ:9�¶�I:8<7)H�;xw_³JH�³&²�= ` =)w f � h V

�u��/0&%
���/4p5
��

T%P�8A����� ���|6�
 * ��8:�4$	1�G�-�.0/?321�30-�.FECP .?B P / ��
 0 1�G�30-%1�-%F�-<E	: �R1�G�7=<�. 5�.2G�1�] 1	ECP 
 P 
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��
 ����3:� ��� �����- � �F
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-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

vYj�hY�:�Qh�� ��iYi�� ��js� � ��iYh�� n hYi ���:� �Aj�i�� �0�ghYi��d� �5j
lD����i�� �0�
�Aj
l"±�i���iYh�� n vYj�hYCF��i���iYh���C j �x���"± ����� � � �«±�l
� �:te�%#�p � &)(*/0� SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c
fgCEh�Z n � ���Qb�+

� �!o%�<�a&%"-��&%��� SUfkF�H�³J_Y�'9N8<7�µ�_�Z�W'~�µ�H�·�³&²\c:f�� ���Qb

± I�³ o =L7-8pI�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_D9�µ�H ` G&²:_0I�H:=)8 µ�H�7-8 ` I�³&²:})H:=)8pG�I�³.·)H:8<H�µ:8py:8<I�·-= ` ='I:=+´�³
9#²�8#´:G�^ )a8 ` = ·�µ�´�³0e

1

π

1∫

−1

1√
1− t2

ϕ(t)

t− x
dt+

1

π

1∫

−1

1√
1− t2

K(x, t)ϕ(t) dt = f(x), (1)

` ´�8 −1 < x < 1
Z
K(x, t)

Z
f(x)

d ´�=)9<7?³J7-=LO�H:= ` ²�³&´�¶�µ:8XPYG�H�¶�R�µ�µ5Z
ϕ(t)

d#H:8�µ�¸+·-8N9<7)H�³J_
PYG�H�¶�R�µ�_�V

��²:_�I:8Mva8<H�µ�_*G�I�³.·)H:8<H�µ�_#S » b�y�I:8#´�²�³ ` ³L8<7-9B_ w�8<7-=+´39|y�I�µ:w�8<H:8<H�µ:8NwkI%_�´�=?·$�Y8cs
o ;dva8�·�³ f »%h V n G�7)}|w�8<7-=+´�³�¸&³.¶�²:^'O�³L8<7-9B_r· 7-=)wXZ�O�7-=�¸&³&´�³NO�³ I:8Mva8<H�µ�_E9�µ�H ` G&²:_0I�H:= ` =
µ�H�7-8 ` I�³&²:})H:= ` = G�I�³.·)H:8<H�µ�_zy:=)9#²�8b¸&³Lw�8<H�; y�²�=L7)H:=)9<7�µ

ϕ(t)
I%_�´�=)w �Y8 o ;dva8�·�³!9�·-=Js

´�µ�7-9B_ ¶?I:8Mva8<H�µ�^ 9�µ:9<7-8Nw�;n²�µ�H:8<K�H�;�~l³&² ` 8 o I�³.µ�O:8N9�¶�µ0~?G�I�³.·)H:8<H�µ�K =L7)H:=)9�µ�7-8#²:})H:=
H:8�µ�¸+·-8N9<7)H�;�~_¶�= &\PQP�µ�R�µ:8<H�7-=?·h´�³JH�H:= ` =+I:8Mva8<H�µ�_�V�vY=)9#²�8uH�³ ~%=\F�´�8<H�µ�_3G�¶�³.¸&³JH�H�;�~
¶�= &\PQP�µ�R�µ:8<H�7-=?·ay�I�µ o ²�µ�F�8<H�H:=)8QI:8Mva8<H�µ:8'y:=.²:G�O�³L8<7-9B_L· ³JH�³&²�µ�7�µ�O:8N9�¶�=)w ·�µ�´�8"µ &N7-=
y:=?¸+·-=.²:_�8<7 H�³JK�7�µb¸NH�³NO:8<H�µ�_ H:8�µ�¸+·-8N9<7)H:=LKEPYG�H�¶�R�µ�µ ·-= ·-9N8c~|7-=LO�¶�³ ~u=L7)I:8�¸+¶�³

[−1, 1]
V

hA7?³.¶5Z:I�³.¸�²�=\F µ:w?H:8�µ�¸+·-8N9<7)H�G�^kPYG�H�¶�R�µ�^
ϕ(t)

·DI%_�´ �Y8 o ;dva8�·�³0V:hYw�8N8Nw

ϕ(t) =
∞∑

k=1

CkTk−1(t), (2)

` ´�8
Tk−1(t)

d w�H:= ` =LO�²�8<H �Y8 o ;dva8�·�³ » s ` =�I:=+´�³0Z

Tk−1(t) = cos((k − 1) arccos t),

Ck
Z
k = 1, 2, 3, . . .

Z�dTH:8N=Ly�I:8#´�8#²�8<H�H�;x8�¶�= &\PQP�µ�R�µ:8<H�7);QV
vY=+´�9<7?³.·?²:_0_�y:=.²:G�O:8<H�H:=)8 I�³.¸�²�=\F�8<H�µ:8YS ¹ b�· G�I�³.·)H:8<H�µ:8'S » bcZ\y:=.²:G�O�³L8NwE9#²�8#´:G�^ )a8N8

G�I�³.·)H:8<H�µ:8)e

1

π

1∫

−1

1√
1− t2

1

t− x

( ∞∑

k=1

CkTk−1(t)

)
dt+

1

π

1∫

−1

K(x, t)√
1− t2

( ∞∑

k=1

CkTk−1(t)

)
dt = f(x).

hY9<y:=.²:}�¸NG)_uPQ=LI:w�G&²:;�= o I�³ )a8<H�µ�_

1

π

1∫

−1

1√
1− t2

Tk−1(t)
t− x

dt =

{
0, k = 1,

Uk−2(x), k > 1,

»g�?º



µ µ�¸+·-8N9<7)H�G�^ ¶�·�³&´:I�³J7)G�I�H�G�^kPQ=LI:w�G&²:G

1

π

1∫

−1

1√
1− t2

f(t) dt ≈ 1

m

m∑

k=1

f

(
cos

2k − 1

2m
π

)
,

y:=.²:G�O�µ:w
∞∑

k=2

CkUk−2(x) +
∞∑

k=1

Ck
1

m

m∑

j=1

K(x, xj)Tk−1(xj) = f(x), (3)

` ´�8
xj = cos 2j−1

2m π
Z
j = 1, 2, . . . ,m

V
�'I�³.·)H:8<H�µ:8AS��-b�H:8 µ:w�8N8<7A8#´�µ�H:9<7�·-8<H�H:=)8 I:8Mva8<H�µ:8)VN��²:_r8#´�µ�H:9<7�·-8<H�H:=)9<7�µ�w�; o G&´�8Nw

I:8Mv ³J7)} 9#²�8#´:G�^ )�G�^z³&² ` 8 o I�³.µ�O:8N9�¶�G�^k9�µ:9<7-8Nw�G�f ¹�h e




∞∑

k=2

CkUk−2(x) +
∞∑

k=1

Ck
1

m

m∑

j=1

K(x, xj)Tk−1(xj) = f(xi),

∞∑

k=1

Ck
1

m

m−1∑

j=1

Tk−1(xj) = C.

(4)

n µ:9<7-8Nw«³|S � b�d o 8N9�¶�=LH:8<O�H�³J_ 9�µ:9<7-8Nw«³0V�± ´�³&²:})H:8<K)va8Nw
ϕ(t)

o G&´�8Nwhµ:9�¶�³J7)}�·�·�µ�´�8
ϕ(t) ≈ ϕn(t) =

∑n
k=1CkTk−1(t)

V � = ` ´�³ µ�9�µ:9<7-8Nw«³�S � bq9<7?³JH:=?·�µ�7-9B_ ³&² ` 8 o I�³.µ�O:8cs
9�¶�=LK 9�µ:9<7-8Nw�=LK y:=LI%_�´�¶�³

n × n
Z�y:=)9#²�8DI:8Mva8<H�µ�_j¶�=L7-=LI:=LK H�³ ~%=+´�µ:w ¶�= &\PQP�µ�R�µ:8<H�7);

C1, C2, . . . , Cn
V

��²:_ =LR:8<H�¶�µ y:= ` I:8Mv�H:=)9<7�µE9<y�I�³.·-8#´�²�µ�·�³
� &%��
�&�$'�Z� � v { � � t ��~ 
���� K(x, t) � f(x) ~�{�� v!v � Hr(α) � ( w y���y � �Z�W��� � � �g�W�U�\�%�

���?}������ �U� v!w ����� �U�\� �	� }��;�������*�g�%��|���~�� r − 1 � � �U�\� �	� }��;������| �g�%��|���~�� r t �\�H}�{g�%�w }��%��|�� w6t+v {g�H} � � ����W{ x �\�2�r� v �g�H~�� � � w �W{g�=� α (0 < α 6 1)) � w �H�0�r� v �U�r��}��2��{ � }$�
� 
 �W��~��

|ϕ(t)− ϕn(t)| = O

(
lnn

nr+α

)
.

� � ��~�{�� �$�W� � �!� � ���Z� wH� �Z� � w ���U�\�H}��2�\�W� � ����� �gw �W{ x ���?�������C�=� }�� � �gv { �gw �W{ x �����
�%~ v �g�2� � �Z�W� w �H}��g�g�;� w }��2��� �r����� � � �&�+� �W~ wH� }��g� v!wHx t ~�� � �����g�H��� �Z� w �;�r��y

�u��/0&%
���/4p5
��

T%P%$ � � �����5� �&6	'�!"�G=	4CK�1�329�1�-�.29('%G�4r.4*�I�1	E+.2G�.2G�1�]:E�G�7=`;7=K�9�.2G�7=<r1EIH]!5�7=< �R.F%=4 �E.2<!:HP .?B P /I0E:0F?,8�:HSUTG2%Y L P . L Y-J?3%PV!P%.:6��:� 
 ��� �������rB�.0-�705 321�G�`0F=9�]�I�G�4A@ 1�G�-�.2`;I�:W9('%G�4A@�F�I�:W<%G�.2G�1�J�1�K�1�329�.2G�G�4CJ � 8H3R*�.0I�1(,E+.2G�-=P .?B P / ��G�F!3%S�TG2I2�_!P .?_%V=^?3%P
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-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� n v������Xjs�3j
lX��hYlD����i�� �0�kv�� �D�'�Yl n ��±{� � � n ����j�h���� n �Yh�� ��l � �'j
� �:te�s�	&%
������

SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

hY9N9#²�8#´:G-8<7-9B_ 9<y:8�¶�7)Il¸&³&´�³NO�µ = o =L7�¶�I�;X7-=)wk7-8<O:8<H�µ�µl·+9NPQ8<I�µ�O:8N9�¶�=)wg9#²�=)8
D

9
` I�³JH�µ�O�H�;xw�µuG-9#²�=?·�µ�_�w�µE��³JF µ0~%=?·�³0e

vt + rotv × v = −∇H,
divv = 0,

v · n
∣∣
S
= γ,

n× (v − v+)
∣∣
S+

= 0,

²�µ�H:8	³JI�µ�¸\=?·�³JH�H:=LK =L7)H:=)9�µ�7-8#²:})H:= 7-8<O:8<H�µ�_
V = Cr−2er

V
��´�8N9<}

∂D = S
Z
S = S+ ∪ S0 ∪ S−

Z
S+

dx·L~%=+´3y:=L7-=?¶�³0Z
S−

dx·);�~%=+´ Z
S0

d
H:8<y�I:=LH�µ�R�³L8Nw«³J_	9<7-8<H�¶�³0Z

v+ d ¸&³&´�³JH�H:=)8 ` ²�³&´�¶�=)8Ay:=.²�8 H�³
S+

Z�³
γ 6= 0

dg9�¶�³&²:_0I�H�³J_
PYG�H�¶�R�µ�_�Z0G&´�=?·?²�8<7�·-=LI%_0^ ) ³J_ G-9#²�=?·�µ�^

∫

S

γ dS = 0.

±p;E·-=+´�µ�7-9B_uG�I�³.·)H:8<H�µ:86´�²:_ 9N= o 9<7�·-8<H�H�;�~b¸NH�³NO:8<H�µ�K5e
c∫

0

ρl(τ)e
λτdτ = 0,

` ´�8
ρl(τ) = al(1− τ)−

l
3 − a−l−1(1− τ)

l+1
3 , l ∈ N, a > 1, c > 0.

h6¸QI:8�¸NG&²:} 7?³J7-=?·q=�H�G&²:_�~|R:8#²:;�~	PYG�H�¶�R�µ�Ku9#²�8#´:G-8<7JZ:O�7-=�9<y�I�³.·-8#´�²�µ�·�³
� &%��
�&�$'�Z� sut+v!wHx

D � v {g�H���Z�W� � t ��} t � | ~+�H� 
 �W� w � � �$� v ~ � � � v � �2�r��� �6� V =
Cr−2er y � � v!v �Z� w � � � } D � ���r��� t � ��� � ���H}$�E��{�| t �r��}��g�W� � | � ��{g�2�r��y sut+v!wHx A(V) �v �g�W~ w � � w �H� � ���r��� � ��{ � �g����� �	� �H}$�����g�H� �H~+�H{g� V y � �H�0�r� ∀λ ∈ A(V) Re (λ) < 0.

�u��/0&%
���/4p5
��
T%P%.���'���- 
�� �&6	' .��&����B�.R@H:WG�1�8�:aDa1�5�8H7%30-%1�1�`0:=/;:HP .?B P /	0aI�7�L :HS�V=^%^ L P .�Y-J�^ 3%PV!P�3o������6��46&

���D3:��!"��	�I�:W<%G�.2G�1�]rE	:=-�.FE	:=-%1�K�.0308H7=J L\1�/21�8�1$P .?B P /(0E:0F�8�:HS�TG2%YHT%P .?_!TWV?3%PL P � ���-6�
K��� ��� � � �F
	���5�&6��4����8:� 5 3R*�.08�-�I�:�@ 7%-�8�I�4r-%4A@ -�.2K�.2G�1�JR1�5�.;:W9('%G�7=JZDa1�5�8H7%30-%1R< 8H7=9('I,M�.2<%4A@?7I%=9�7%30-=]?@r���aB�:=-=PHL�7%I�F&ECP?)�PHYHS�K$P�V!P �R30329�. 5�7=<!:WG�1�]�*�7�5�1�LaP!F�I�:W<%G�.2G�1�]&ECS�E	:=-=P�E+705�.R,9�1�I�7=<!:WG�1�[ 1 *�I�7I%=9�.FE	:-E E	:=-=PU7I%%I�:=/07=<!:WG�1�]�P .�=	9�:;5�1�8�:W<�8�:=/I/ � B � =o0RQ ��
 0 1 � $ 5W, 
 SV=^HTFJ�P .D$\P�T%TWV0X�TWV L P .�N �R-�7=`01 G�:0F�8�1$P���` � 7%30321�1�b P
J�P��x~ N }���� � ���	� �#�I~ N * ���W@x`(Yya�b��(V � V ax\Kc-g�b-`�V `?k?V Y��FV � �	c"� ��XRa/�"XFXF`�]�c-_�c
%(Y �R\&� V `#�&XR_�Y ��V a�eK_�b
�&V b-� �	c"� ���

8�P�#j� %(V �wv�X$��eUP .?V=^HT L P . � 1 L ^HP .�i�P L H-JWX L 1=YHP_!Pw!�� �
����� �&6	' ��� � � � 9�:=30324 :WG�:W9�1�-%1�K�.0308�1(@ *�I�.07I%%I�:=/07=<!:WG�1�J CEF�I&'�.u1 � 8H3R*�7=G�.2G�M�1�:W9('%G�4r.:�*(*�I�7%8H321	E	:WM�1�1$P .?B P /�C�� � B 
 ) � � )�SHV=^%^�_!P .?_=^-Ju3%P
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� �5j
l'iYh�����iYi�� n � � �'�{�'� � ��iYi�� 

B
s �5hYv���j��{�D�Qh���� n �Yh 
 v�� �d��iYWYhYlD���"±

�e�0�'�!� �0� �������
SUj�=)9N9�µ�_�Z�±�=LI:=LH:8<F�c�± ���Qb

vAG-9<7)}
R+
N = {x = (x1, . . . , xN ) ∈ RN , x1 > 0, . . . , xN > 0} Z γ = (γ1, . . . , γN )

d
w�G&²:} 7�µ�µ�H�´�8�¶�9)ZD9N=)9<7-=\_�)�µ�K µ�¸ P�µ�¶�9�µ�I:=?·�³JH�H�;�~Ty:=.²�=\F µ�7-8#²:})H�;�~ O�µ:9N8#²

γi
Z
i =

1, . . . , N
Z |γ| = γ1 + · · ·+ γN

V
± y�I:=)9<7)I�³JH:9<7�·-8

R+
N

y�I�µ:w�8<H�_�8<7-9B_ w�H:= ` =)w�8<I�H�;XK = o = o )a8<H�H�;XK 9P´�·�µ ` Z�=L7�·-8<O�³J^ s
)�µ�K+w�G&²:} 7�µ�µ�H�´�8�¶�9<G

γ
·�µ�´�³

(T tf)(x) = T t1
x1
. . . T tN

xN
f(x)

Z ` ´�8
T ti
xi

Z
i = 1, . . . , N

Z�d
=+´:H:=)w�8<I�H�;XK = o = o )a8<H�H�;XKE9P´�·�µ ` Z�=Ly�I:8#´�8#²�8<H�H�;XKy· f »%h e

(T ti
xi
f)(x) =

= C(γi)

π∫

0

f
(
x1, . . . , xi−1,

√
x2i + t2i − 2xiti cosϕi, xi+1, . . . , xn

)
sinγi−1 ϕi dϕi,

C(γi) =
Γ
(γi+1

2

)

Γ
(γi
2

)
Γ
(
1
2

) , i = 1, . . . , N.

�Y8<I:8�¸
Lγ
p(R+

n ) = Lγ
p
Z
p > 1

Z o G&´�8Nw?= o =?¸NH�³NO�³J7)}J¸&³Lw�;E¶�³JH�µ:8Qy:=�H:=LI:w�8

‖f‖p,γ =



∫

R
+
N

|f(x)|pxγ dx




1/p

, xγ =

N∏

i=1

xγii ,

w�H:=\F�8N9<7�·�³|µ�¸\w�8<I�µ:w�;�~*H�³
R+
N

PYG�H�¶�R�µ�K
f(x)

Z�´�²:_h¶�=L7-=LI�;�~Y·);Xy:=.²:H:8<H:= G-9#²�=?·�µ:8
SU9NwXVrf ¹ Z�9)V ¹�»%h b ·�µ�´�³

f ′xi
(x1, . . . , xi−1, 0, xi+1, . . . , xN ) = 0, i = 1, . . . , N. (1)

�Y8<I:8�¸
Sev

o G&´�8Nw+= o =?¸NH�³NO�³J7)}�O�³L9<7)}�¶�²�³L9N9	³�v�·�³JI�R:8�·);�~qPYG�H�¶�R�µ�K5Z%9N=)9<7-=\_�)a8N8"µ�¸
PYG�H�¶�R�µ�K =Ly�I:8#´�8#²�8<H�H�;�~ H�³

R+
N

Z0G&´�=?·?²�8<7�·-=LI%_0^ )�µ0~ S » bcV
± ·-8#´�8Nw?= o =?¸NH�³NO:8<H�µ�_*SU9NwXVrf �0Z�9)V��)� �Hh bce

(P ± i0)λ = lim
ε→+0

(P ± iε)λ =

{
(P (x))λ, P (x) > 0,

e±λπi|P (x)|λ, P (x) < 0,

` ´�8
P (x)=x21 + · · ·+ x2n − x2n+1 − · · · − x2N

Z
1 6 n < N

Z
x ∈ R+

N

Z
λ ∈ R

V
n ²�8#´:G)_ I�³ o =L7-8�f ��h SU9NwXV
7?³.¶�F�8�f ¼�h µ f m Z�9)V ��º)m�h bcZ�·�·-8#´�8Nw = o = o )a8<H�H�;XK

B
s ` µ�y:8<I0s

o =.²�µ�O:8N9�¶�µ�Kuy:=L7-8<H�R�µ�³&²r·�µ�´�³

(IαB,P±i0f)(x) = CN,n,γ(α)

∫

R
+
N

(P±i0)
α−N−|γ|

2 (T yf)(x)yγ dy,

»g� �



` ´�8
CN,n,γ(α)

d ¶�=LH:9<7?³JH�7?³0Z
H:86¸&³.·�µ:9B_�) ³J_u=L7
f
Z
N + |γ| − 2 < α < N + |γ| V

� &%��
�&�$'� d � sut+v!wHx
f(x)∈Sev � N + |γ| − 2 < α < N + |γ| � 1 < p < N+|γ|

α �
q = (N+|γ|)p

N+|γ|−αp y � �H�0�r�
‖IαB,P±i0f‖q,γ 6 CN,n,γ,p‖f‖p,γ ,

�0�\� CN,n,γ,p � ~+�H� v!w ��� w ���C�g� � ��} �gv |�����|�� w f y� 8N=LI:8Nw«³0Z ³JH�³&²�= ` µ�O�H�³J_�7-8N=LI:8Nw�8 » Z�H:= y:=.²:G�O:8<H�H�³J_Y´�²:_�9#²:G�O�³J_�Z�¶�= ` ´�³j·-w�8N9<7-=
= o = o )a8<H�H:= ` = 9P´�·�µ ` ³�y�I�µ:w�8<H�_�²�9B_u= o ;XO�H�;XK5Z:I�³L9N9Nw�=L7)I:8<H�³v·�f ��h V

�u��/0&%
���/4p5
��

T%P%.����-6
��� 
w8:� � � � :=/29�7WDE.2G�1�. *�7�L\FHG�8�M�1�]&E ��.03030.29�] <�IH]!5�461�1�G�-�.2`;I�:W9�4 CEF�I&'�.|��� 		3R*�.R@H1
E	:=-=P�G�:0F�8UP .uTG2�_!T%P .�)�P(��@ SH<%4A*$P�VgN�J!V%b P .D$\P�T;^�V0X�TFJ L PV!P��:6��&
	6�- 
 ��� �������I$	1�G�`0F=9�]�I�G�4r. � 9�9�1(*�-%1�K�.0308�1�.	8�I�:=.2<%4r.g/;:;5�:0K�1$P .?B P /I0E:0F�8�:HSHTG2I2�1!P .?V=^%^R3%PL P��	����� �:� 
5� ��� � � � �m6	�����r��������5:%%7I% �E.2G�G�4r.ZL\FHG�8�M�1�1u1u5�.2J�30-%<%1�] G�:;5�G�1	E�1$P .?B P / �R/ 5	, <�7L\1�/%P , E	:=-=P�9�1�-I, I�4RS�TG2�_=YHP .KJIJ�^ 3%P

J�P���� �R6�
 3:�A��� � !��(7?6�
(6�
 ���A3:�45:%%I�: �E.2G�1�. 1�7-*�1�3;:WG�1�. `01(*�.0I(%%7=9�1�K�.0308�1(@�*�7%-�.2G�M�1�:W9�7=<�3
Lp
, *�9�7%-%G�7%30-=]&E�1$P .uTG2I2�V!P . 0a.R*$PH<D= �|0 � ) ��S �&V%_!TWVG,/("2�V!P_!P���� �R6�
 3:�A��� � !��(7?6�
(6�
 ���A3:�45:%%I�: �E.2G�1�. 1�7-*�1�3;:WG�1�. `01(*�.0I(%%7=9�1�K�.0308�1(@�*�7%-�.2G�M�1�:W9�7=<�3

Lp
, *�9�7%-%G�7%30-=]&E�1w���70a7%8�9$P ��
 0�P .uTG2I2 L P .�)�P L V-2HS � _!P .D$\P�_%_=^;X�_%_%V!P

HHPw!#� � ���<!"�?��� �(�:6	� �I�I�W���5��� � � �F
	6 
&��� * ����� � G�-�.2`;I�:W9�4�1r*�I�7=1�/2<�705�G�4r.r5�I�7I%=G�7=`;7 *�7%IH]!5�8�:1�G�.08H7%-�7%I�4r. 1(@r*�I�1�9�7WDE.2G�1�]�P .?Bu1�G�308
/?0E:0F�8�:E1�-�.R@HG�1�8�:HS�TG2%Y�1!P .�H%Y�1?3%P
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��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�'� �p� n v��'i���iYWYhYlD����i�� � � n �D� ���Yh�±{� n �XhTjs� � ��iYh��
� ��i�� � n h n �d��CF� ��h �'����js��iYWYhYlD����i�� 
k�Aj
l"±�i���iYh��

n ��l'vYl �:���h±�l'f �khYC.l'j ���ACF��i��D�'C �

�{�s��� � "-�����
SUj�=)9N9�µ�_�Z�iY=?·-=)9�µ o µ�I:9�¶rc
i ���Qb

j�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_ 9#²�8#´:G�^ ) ³J_�9�µ:9<7-8Nw«³F´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~�G�I�³.·)H:8<H�µ�K�9@¸&³Jy�³.¸<s
´:;E·�³J^ )�µ:wl³JI ` G0w�8<H�7-=)wz9Ay�³JI�³Lw�8<7)I:=)wXe

d

dt
y(t) = µA(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0,

` ´�8
µ > 0

d y�³JI�³Lw�8<7)I5Z
τ > 0

d ¸&³Jy�³.¸�´:;E·�³JH�µ:8)Z
A(t)

Z
B(t)

d H:8<y�I:8<I�;E·)H�;x8
T
s

y:8<I�µ:=.´�µ�O:8N9�¶�µ:8�w«³J7)I�µ�R�;QZ
F (t, u, v)

dn·-8 )a8N9<7�·-8<H�H:=?¸NH�³NO�H�³J_ H:8<y�I:8<I�;E·)H�³J_|·-8�¶�7-=LI0s
PYG�H�¶�R�µ�_�Z5G&´�=?·?²�8<7�·-=LI%_0^ ) ³J_ G-9#²�=?·�µ�^ ��µ�y)v�µ�R�³ y:=|³JI ` G0w�8<H�7)G

u
µ*9#²�8#´:G�^ )a8Nw�G

H:8<I�³.·-8<H:9<7�·)G�e

‖F (t, u, v)‖ 6 q1‖u‖1+ω1 + q2‖v‖1+ω2 , q1, q2 > 0, ω1, ω2 > 0.
vAI:8#´:y:=.²�³ ` ³L8<7-9B_�Z�O�7-= 9<y:8�¶�7)I w«³J7)I�µ�R�;

A(t)
²�8<F µ�7h·]²�8�·-=LKzy:=.²:G�y�²�=)9�¶�=)9<7�µ3y�I�µ

·-9N8c~
t ∈ [0, T ]

V
WY8#²:})^#I�³ o =L7);3_�·?²:_�8<7-9B_Jµ:9N9#²�8#´�=?·�³JH�µ:8 &+¶�9<y:=LH:8<H�R�µ�³&²:})H:=LK G-9<7-=LK�O�µ�·-=)9<7�µ H�G&²�8cs

·-= ` =uI:8Mva8<H�µ�_ µ+H�³ ~%=\F�´�8<H�µ:8	=LR:8<H:=?¶5Z ~�³JI�³.¶�7-8<I�µ�¸NG�^ )�µ0~+y:=?·-8#´�8<H�µ:8qI:8Mva8<H�µ�K�9�µ0s
9<7-8Nw�; H�³ o 8N9�¶�=LH:8<O�H:=)9<7�µ5V ��µ�H:8<K�H�;XK!9#²:G�O�³JK?S

q1 = q2 = 0
b o ; ² I�³L9N9Nw�=L7)I:8<H]·�f »%h Z

y:=LO�7�µ ²�µ�H:8<K�H�;XK*S
ω1 = ω2 = 0

b�d · f ¹�h Z�9#²:G�O�³JK
ω1 = 0, ω2 > 0

d · f � h V
± I�³ o =L7-8YG�¶�³.¸&³JH:=�G-9#²�=?·�µ:8YH�³�y�³JI�³Lw�8<7)I

µ� 1
Z�y�I�µ ¶�=L7-=LI:=)w?H�G&²�8�·-=)8AI:8Mva8<H�µ:8

&+¶�9<y:=LH:8<H�R�µ�³&²:})H:=AG-9<7-=LK�O�µ�·-=�Z y:=.²:G�O:8<H:= w�H:=\F�8N9<7�·-='y�I�µ�7 _0F�8<H�µ�_�H�G&²�8�·-= ` =xI:8Mva8<H�µ�_
µ	G-9<7?³JH:=?·?²�8<H�³ =LR:8<H�¶�³0Z�~�³JI�³.¶�7-8<I�µ�¸NG�^ ) ³J_�&+¶�9<y:=LH:8<H�R�µ�³&²:})H�G�^g9�¶�=LI:=)9<7)} G o ;E·�³JH�µ�_
I:8Mva8<H�µ�K	H�³ o 8N9�¶�=LH:8<O�H:=)9<7�µ5V�vAI�µ	y:=.²:G�O:8<H�µ�µ	I:8�¸NG&²:} 7?³J7-=?· o ; ² µ:9<y:=.²:}�¸\=?·�³JHuPYG�H�¶0s
R�µ:=LH�³&²Y�Y_0y�G�H:=?·�³�d �AI�³L9N=?·-9�¶�= ` =�Z�·�·-8#´�8<H�H�;XKy· f ��h V

�u��/0&%
���/4p5
��
T%P	�<���465�4��
 ���w���#3:� � � �����?�F���5� ��� ��� 		30-�7=J�K�1�<�7%30-I' I�.��E.2G�1�J"5�1�L L�.0I�.2G�M�1�:W9('%G�4A@ F�I�:W<%G�.R,G�1�JZ3C/;:�*�:=/ 5�4C<!:=[
�R1	E :=I�`0F&E+.2G�-�7IE�1K*�.0I�1�705�1�K�.0308�1	E�1a8H7 � L L\1�M�1�.2G�-%:-E�1Z<�9�1�G�.2J�G�4A@RK�9�.R,G�:�@w���D$	1	%�P(E	:=-=P�DaF�I�G$P .?V=^%^�1!P .�)�P	J�YHS �&_!P .D$\P$T;^�V%_0X�T;^-J�^HPV!P � �����?�F���5� ��� ��� ��� ���������5�w���
����5\M�.2G�8�1*I�.��E.2G�1�J 5�1�L L�.0I�.2G�M�1�:W9('%G�4A@ F�I�:W<%G�.2G�1�J*3?/;:�,
*�:=/ 5�4C<!:=[
�R1	E :=I�`0F&E+.2G�-�7IE 3w*�:=I�:-E+.0-�I�:-E�1 ��� $	1	%�PgDaF�I�G$P	1�G�5�F!30-�IUP#E	:=-=P .?V=^HT%T%P .�)�P�TFJ�S
� T%P .D$\P�Y L X?2�V!PL P � �����?�F���5� ��� ��� ��� ���������5� ���#����5\M�.2G�8�1�I�.��E.2G�1�J6705�G�7=`;7*8�9�:=303;: G�.29�1�G�.2J�G�4A@ 5�1�L L�.R,I�.2G�M�1�:W9('%G�4A@?F�I�:W<%G�.2G�1�J�3 /;:�*�:=/ 5�4C<!:=[
�R1	E6:=I�`0F&E+.2G�-�7IE�3 *�:=I�:-E+.0-�I�:-E�1+����B�:=-=P�/;:-E+.0-�8�1
� �
	rP .?V=^HTWV!P .�)�PUTG2HS � T%P .D$\P�H%^;X?HI2HP

J�P	�<���465�4��
 �������(3:� � � �����?�F���5� ��� ��� 
 321	E4*�-�7%-%1�K�.0308�1�.\32<�7=J�30-%<!:�I�.��E.2G�1�Ju5�1�L L�.0I�.2G�M�1�:W9('I,G�4A@ F�I�:W<%G�.2G�1�J 3Z/;:�*�:=/ 5�4C<!:=[
�R1	E :=I�`0F&E+.2G�-�7IE ���<=�.030-%G$P
0��
	rP
$�.0IUP�B�:=-�.FE	:=-%1�8�:HS�E+.R@H:�,G�1�8�:HSH1�G�L�7%I(E	:=-%1�8�:HP .?V=^%^�_!P .�)�P�_!S � L P .D$\P�V=^;X�V=YHP
� � :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � TFJ-, ^HTR, L TW_%V=YHP
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��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

± � �Yh n �Qh��d�!����i�� � �p� n v���j�hYCF��i�� v�� hYi�±�l ��hYh
���'iY�A�Aj�hYj��Af �kh 
 ��l �'� �kh��gjs� n �Aj n v��'vA�:� �AWYh��

iYlMi��:� ��i��'j:� ��i��'C l'js��lD���
�'�<��� � ��,�&%&%���

SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

j�³L9N9Nw«³J7)I�µ�·�³J^'7-9B_D9<R:8<H�³JI�µ�µ�I�³.¸+·�µ�7�µ�_�´�·)G%~�¶�=LH�¶�G�I�µ�I�G�^ )�µ0~�¸&³ 8#´�µ�H�;XKaI:8N9<G�I:9
y:=Ly�G&²:_0R�µ�Ku9AG�O:8<7-=)w µ0~	w�µ ` I�³JR�µ�µuH�³�H:8N=+´:H:=LI:=+´:H:=)w3=+´:H:=)w�8<I�H:=)w_³JI:8	³&²�8)V�CE=+´�8#²:}
PQ=LI:w�G&²�µ�I�G-8<7-9B_�·;·�µ�´�8 9�µ:9<7-8Nw�; H:8#²�µ�H:8<K�H�;�~rG�I�³.·)H:8<H�µ�K�y�³JI�³ o =.²�µ�O:8N9�¶�= ` =A7�µ�y�³ f »%h V
vAI:8#´�9<7?³.·?²�8<H�;kI:8�¸NG&²:} 7?³J7); &+¶�9<y:8<I�µ:w�8<H�7-=?· y:=�µ�H�·�³.¸+µ�µjµEy�I:=�³JH�³&²�µ�¸+µ�I:=?·�³JH�; ·-=?¸<s
w�=\F�H�;x8!9<R:8<H�³JI�µ�µ I�³.¸+·�µ�7�µ�_3y:=Ly�G&²:_0R�µ�K5Z ·�¶�²:^'O�³J_�·)H:8#´:I:8<H�µ:8!=+´:H:=LK y:=Ly�G&²:_0R�µ�µ
H�³v³JI:8	³&² Z�G�F�8�¸&³JH�_07);XK ´:I�G ` =LK y:=Ly�G&²:_0R�µ:8<K5V

��µ�H�³Lw�µ�¶�³*y�²�=L7)H:=)9<7�µ y:=Ly�G&²:_0R�µ�µ0s I:8�¸+µ�´�8<H�7?³
u(x, t)

µ3y�²�=L7)H:=)9<7�µ y:=Ly�G&²:_0R�µ�µ0s
` =)9<7 _

v(x, t)
=Ly�µ:9<;E·�³L8<7-9B_u9�µ:9<7-8Nw�=LKuG�I�³.·)H:8<H�µ�K5e

u̇ = −q1′ + η1(x)u

(
1− u+ v

p(x)

)
,

S » b

v̇ = −q2′ + η2(x)v

(
1− u+ v

p(x)

)
,

S ¹ b

q1 = −k1(x)u′ + αup′,
S��-b

q2 = −k2(x)v′ + αvp′.
S � b

��´�8N9<}
q1
Z
q2

d y:=L7-=?¶�µ!y:=Ly�G&²:_0R�µ�K5Z
k1
Z
k2

d ¶�= &\PQP�µ�R�µ:8<H�7); ´�µ:PQPYG�¸+µ�µ5Z
α
d y�³ s

I�³Lw�8<7)I	w�µ ` I�³JR�µ�µ5Z
η1
Z
η2

dky:=?¶�³.¸&³J7-8#²�µ I:=)9<7?³0Z
p(x)

d PYG�H�¶�R�µ�_DI:8N9<G�I:9	³0V0l I:8	³&²�=)w
= o µ�7?³JH�µ�_ _�·?²:_�8<7-9B_ =L7)I:8�¸\=?¶

[0, a]
V

�AI�³L8�·);x8�µ	H�³NO�³&²:})H�;x8rG-9#²�=?·�µ�_ µ:w�8<^'7v·�µ�´

u(0, t) = u(a, t) = 0, v(0, t) = v(a, t) = 0,
S ¼ b

u(x, 0) = u0(x), v(x, 0) = v0(x).
S m b

��²:_ I:8	³&²�µ�¸&³JR�µ�µ	O�µ:9#²�8<H�H:= ` =aI:8Mva8<H�µ�_q9�µ:9<7-8Nw�; µ:9<y:=.²:}�¸NG-8<7-9B_	w�8<7-=+´ ¶�=LH:8<O�H�;�~
I�³.¸NH:=)9<7-8<K5V ± ·-=+´�µ�7-9B_39N8<7�¶�³0e

xj = jh
Z
j = 0, . . . , n + 1

Z
h = a

n+1

V v"²�=L7)H:=)9<7�µ
uµ

v
·);XO�µ:9#²:_0^'7-9B_h·uG�¸�²�³ ~

xj
Z
j = 1, . . . , n

Z5y:=L7-=?¶�µ+dd·E9Nw�8 )a8<H�H�;�~+H�³ y:=.²\v ³ ` ³
G�¸�²�³ ~

xj+ 1
2

Z
j = 0, . . . , n

VJvY=.²:G�O�³L8<7-9B_�9�µ:9<7-8Nw«³'= o ;E¶�H:=?·-8<H�H�;�~�´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~
G�I�³.·)H:8<H�µ�K5e

u̇j = −1

h

(
q1
j+ 1

2
− q1

j− 1
2

)
+ η1juj

(
1− uj + vj

pj

)
,

S � b

v̇j = −1

h

(
q2
j+ 1

2
− q2

j− 1
2

)
+ η2j vj

(
1− uj + vj

pj

)
,

S ] b

q1
j+ 1

2
= −k1

j+ 1
2

uj+1 − uj
h

+ α
uj+1 − uj

2h

(
p(xj+1)− p(xj)

)
,

S � b

»g�L]



q2
j+ 1

2
= −k2

j+ 1
2

vj+1 − vj
h

+ α
vj+1 − vj

2h

(
p(xj+1)− p(xj)

)
.

S »	º b
n µ:9<7-8Nw«³�´�=Ly:=.²:H�_�8<7-9B_ ´�µ:9�¶�I:8<7)H�;xw�µ|³JH�³&²�= ` ³Lw�µr¶�I�³L8�·);�~	G-9#²�=?·�µ�K5e

u0 = un+1 = 0, v0 = vn+1 = 0.
S »�» b

n y:=)w�= )�})^�y�³.¶�8<7?³ �FB���� B � o ; ²�µqy�I:=?·-8#´�8<H�; &+¶�9<y:8<I�µ:w�8<H�7); y:=�µ�H�·�³.¸+µ�µJ´�²:_
PYG�H�¶�R�µ�µzI:8N9<G�I:9	³

p(x) = 1 + 0,9 sin πx
a

Z y�³JI�³Lw�8<7)I�³ w�µ ` I�³JR�µ�µ
α = 0,1

µ 9N8<7�¶�µ
µ�¸ »\m µ	� ¹ G�¸�²�=?·:V�j�8�¸NG&²:} 7?³J7); y:=?¶�³.¸&³&²�µ5Z0O�7-=�·�¸&³.·�µ:9�µ:w�=)9<7�µ =L7�¸NH�³NO:8<H�µ�K|y�³JI�³Lw�8<7Ls
I:=?·

k1
Z
k2
·-=?¸\w�=\F�H�; 7)I�µ�9<R:8<H�³JI�µ�_*I�³.¸+·�µ�7�µ�_ y:=Ly�G&²:_0R�µ�K5e�·);XF µ�·�³JH�µ:8	=+´:H:=LK µ�¸

´�·)G%~|y:=Ly�G&²:_0R�µ�Kbµ�²�µ µ0~	9N=)9<G*)a8N9<7�·-=?·�³JH�µ:8)V�vAI�µ 9N=)=L7)H:=Uva8<H�µ�µ
k1 < k2

y:=Ly�G&²:_0R�µ�_�s
~%=?¸N_�µ�H?H:8	y:=?¸+·-=.²:_�8<7 µ�H�·�³JK�´�8<I�G�=)9<7?³J7)}-9B_zH�³]³JI:8	³&²�8�c�y�I�µ

k1 > k2
·);X7-8N9<H�_�8<7-9B_

I:8�¸+µ�´�8<H�7JV�j�³.·-8<H:9<7�·-=
k1 = k2

=L7�·-8<O�³L8<7 9N=)9<G*)a8N9<7�·-=?·�³JH�µ�^ y:=Ly�G&²:_0R�µ�K5V
�p; ²�= y�I:=?·-8#´�8<H:=|¶�³NO:8N9<7�·-8<H�H:=)8u9<I�³.·)H:8<H�µ:8	I:8�¸NG&²:} 7?³J7-=?·+9�´�³JH�H�;xw�µ?9<7?³J7)}�µ f ¹�h

y�I�µ
η1 = η2 = p(x)

V0iY8<y�I:8<I�;E·)H:=)w�G	9N8Nw�8<K:9<7�·)G|9N=)9<G*)a8N9<7�·)G�^ )�µ0~qy:=Ly�G&²:_0R�µ�K =L7�·-8cs
O�³L8<7 H�³ o =LI y�³JI�³Lw�8<7)I:=?·:Z�´�²:_ ¶�=L7-=LI�;�~y·);Xy:=.²:H:8<H:=DI�³.·-8<H:9<7�·-=

k1 = k2
V:vAI�µuw«³&²:;�~

¸NH�³NO:8<H�µ�_�~ ´�µ:PQPYG�¸+µ:=LH�H�;�~�y�³JI�³Lw�8<7)I:=?·�µ
k1 > k2 (k1 < k2)

I:8	³&²�µ�¸NG-8<7-9B_q9<R:8<H�³JI�µ�K
·);X7-8N9<H:8<H�µ�_Jµ�H�·�³JK�´�8<I�³qS ~%=?¸N_�µ�H�³-bcZ�³Yy�I�µ�´�=)9<7?³J7-=LO�H:= o =.²:}�v�µ0~

k1
µ
k2

dg9�µ�7)G�³JR�µ�_
= o I�³J7)H�³J_�e5y�I�µ

k1 < k2 (k1 > k2)
·);XF µ�·�³L8<7 ~%=?¸N_�µ�H3S µ�H�·�³JK�´�8<I
bcV n G�·-8#²�µ�O:8<H�µ:8Nw

y�³JI�³Lw�8<7)I�³
α
I�³L9<7-8<7 7?³.¶�F�8J·-8#²�µ�O�µ�H�³

k1 = k2
Z y�I�µY¶�=L7-=LI:=LK�w�8<H�_�8<7-9B_*9<R:8<H�³JI�µ�K

·);XF µ�·�³JH�µ�_ S ·);X7-8N9<H:8<H�µ�_�bcV

�u��/0&%
���/4p5
��

T%P�84���/- 
�� �&6	' ���"3:� � 
:6 �R�5�&6�
 3:�"���"=	9�1�]HG�1�.�G�:�*�I�:W<%9�.2G�G�7=J E�1�`;I�:WM�1�16G�: L�7%I(E�1�I�7=<!:WG�1�.
*�I�7%30-�I�:WG�30-%<�.2G�G�4A@D*�7-*�F=9�]HM�1�7=G�G�4A@?30-�I�F�8�-%F�I<��� �	1�7�L\1�/21�8�:HP .?V=^HTW_!P .�N <r*�.2K�:=-%1�b PV!P�Mj{	, ��� � 
�� �jM � �wM � ��
���%#k�cI� %&a�V cI`	b�_�V � \ Yya�b��(� Xrb-`#� �FcI`?k�XR_�pIXF`5a Yya�b��(� X�Yya�_�b�a�XFpIV XFY�V ` _�XGb��Ra�V cI`&,
�&V ��%(Y�V cI`wfDc �&XF� Y"ghc-_ �FcI`#�&V a�V cI`	b-� �&V Y�]�XR_�Y�b-�j����( %(� �OP�vwb�a�eUP#(oV c�P .?V=^%^I2HP . � 1-HHP .�i�P�V-HHT X�V-2HT%P

»g�	�



���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�Yh n ����iYi���� CF���D� ��� js� � ��iYh��
��h �'����js��iYWYhYlD����i�� 
k�Aj
l"±�i���iYh�� ��j:�'��i�� �0� v��'j �x���Yl

� �s���<�a�0�-�%��&%�3SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c�±�hA�xZ n � ���Qb�+
 "�! "�<�u� � �0� &%���?SUj�=)9N9�µ�_�Z
i�³&²:} O�µ�¶rc��Y� ���Qb�+

 "��#Y�!���
���/p5������4K�u� � �0� &%� SUj�=)9N9�µ�_�Z�i�³&²:} O�µ�¶rc��Y� ���Qb

�	��"-/-����������� �%�%���%1��
± R�µ�²�µ�H�´:I:8

QT = {(x, t) : 0 < x < `, 0 < t 6 T} I�³L9N9Nw�=L7)I�µ:w 9#²�8#´:G�^ )�G�^
H�³NO�³&²:})H:=Js ¶�I�³L8�·)G�^ ¸&³&´�³NO�G�e

∂α0tu = ∂β0xu+ f(x, t), (x, t) ∈ QT ,
S » b





∂u

∂x
= β1(t)u− µ1(t), x = 0,

−∂u
∂x

= β2(t)u− µ2(t), x = `,

S ¹ b

u(x, 0) = u0(x),
S��-b

` ´�8
∂α0tu = 1

Γ(1−α)
∫ t
0

uτ (x,τ)dτ
(t−τ)α

Z
∂β0xu = 1

Γ(2−β)
∫ x
0

uηη(η,t)dη
(x−η)β−1

d 9N=)=L7�·-8<7-9<7�·-8<H�H:= I:8 ` G%s
²:_0I�µ�¸\=?·�³JH�H�;x8y´:I:= o H�;x8Ey�I:=?µ�¸+·-=+´:H�;x8 y:= ·)I:8Nw�8<H�µ3y:=LI%_�´�¶�³

α
Z
0 < α < 1

µ y:=
y�I:=)9<7)I�³JH:9<7�·-8<H�H:=LKr¶�=)=LI�´�µ�H�³J7-8

x
y:=LI%_�´�¶�³

β
Z
1 < β 6 2

c
β1
Z
β2 > β∗ > 0

V
��µ:PQPQ8<I:8<H�R�µ�³&²:})H:=LKb¸&³&´�³NO:8 S » b [ S��-bpy:=)9<7?³.·�µ:w ·D9N=)=L7�·-8<7-9<7�·�µ:8YI�³.¸NH:=)9<7)H�G�^ 9 ~%8cs

w�G
1

Γ(2− α)

j∑

s=0

(
t1−αj−s+1 − t1−αj−s

)
yst =

=
1

Γ(3− β)

i∑

s=1

(
x2−βi−s+1 − x2−βi−s

) (
σŷxx,s + (1− σ)yxx,s

)
+ ϕi,

S � b

{
(yx,0 − β1y0)

(σ) = −µ1,
− (yx,N + β2yN )(σ) = −µ2,

S ¼ b

y(σ) = σŷ + (1− σ)y,

y(x, 0) = u0(x),
S m b

` ´�8
ŷ = yj+1 Z y = yj

Z
yx,0 = (y1 − y0)/h

Z
yx,N = (yN − yN−1)/h

Z
β1
Z
β2 > β∗ > 0

V
j�³.¸NH:=)9<7)H�³J_E9 ~%8Nw«³ S � b [ S m b µ:w�8N8<7Dy:=LI%_�´�=?¶|³Jy�y�I:=?¶�9�µ:w«³JR�µ�µ

O(h+ τ)
V

n y:=)w�= )�})^My�I�µ�H�R�µ�y�³Dw«³.¶�9�µ:w�G0w«³�f » Z ¹�h y:=.²:G�O:8<H�³�³Jy�I�µ:=LI�H�³J_ =LR:8<H�¶�³
∥∥yj+1

∥∥
Ch

6
∥∥u0(x)

∥∥
Ch

+
2

β∗

(
max
06k6j

|µ1(tk)|+ max
06k6j

|µ2(tk)|
)

+

+
`β−1Γ(2− β)

β∗
max

0<t′6(j+1)τ

∥∥ϕ(x, t′)
∥∥
Ch
,

S � b

` ´�8 ‖y‖Ch
= maxx∈ωh

|y(x)| V

»\]�º



�'�������
$'&%
������z"g�
�-����$'��"-/kq+
��0�%����"-/0�����z"g�
&�$'�
vY=+´�9<7?³.·�µ:w

y = z + u
·�G�I�³.·)H:8<H�µ:8qS � bce

1

Γ(2− α)

j∑

s=0

(
t1−αj−s+1 − t1−αj−s

)
zst =

1

Γ(3− β)

i∑

s=1

(
x2−βi−s+1 − x2−βi−s

)
zj+1
xx,s + ψi,

S ] b

{
zx,0 = β1z0 − ν1,

−zx,N = β2zN − ν2,

S � b

z(x, 0) = 0,
S »	º b

` ´�8
ψi = O(h+ τ)

Z
ν1, ν2 = O(h)

V
vAI�µ:w�8<H�_0_ S � b ¶ I:8Mva8<H�µ�^ ¸&³&´�³NO�µ S ] b [ S »	º bcZ�y:=.²:G�O�µ:w+I�³.·)H:=)w�8<I�H�G�^#9 ~%=+´�µ:w�=)9<7)}

9 ~%8Nw�;TS � b [ S m bce ‖y − u‖Ch
6M(h+ τ)

V

�u��/0&%
���/4p5
��

T%Pw!#� �o�F

� �&6	'w���?��� �	�	�5�&6�
<���?3:� 		30-�7=J�K�1�<�7%30-I'EI�:=/2G�7%30-%G�4A@ 3�@!.FECP .?B P /&0E:0F�8�:HS�TG2�1 L P .KJ�TW_Z3%PV!Pw!#� �o�F

� �&6	'+���&���()�.07%I�1�] I�:=/2G�7%30-%G�4A@u3�@!.FECP .?B P /(0E:0F�8�:HSUTG2�1I1!P .�H�_-H7�%P

»\]�»



���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

CEl��d��CEl��Xh���� n ��� � C
� ���!�QhYj:�"±�l'iYh�� n �'WYhYlD����i�� �
iYl'vYj � � ��iYi�� n �Xh n � �����D�'C.CEh �5j
l'WYhYh

���s���!�a��"-��&%���zSUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸-Z�fgCEh"c n � ���Qb�+
���:te�s�	�:$'&%��& � ����� SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸-Z
fgCEh"c�±�iYWkj
l'irb�+

� ��#Y��#q��"-��&%��� SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c�±�iYWkj
l'irb

i�³g=Ly�I:8#´�8#²�8<H�H�;�~ &N7?³Jy�³ ~ I�³.¸+·�µ�7�µ�_ = o )a8N9<7�·�³ 9N=LR�µ�³&²:})H�³J_ H�³Jy�I%_0F�8<H�H:=)9<7)}
=Ly�I:8#´�8#²:_�8<7-9B_ y�I:8�µ:w�G*)a8N9<7�·-8<H�H:= &+¶�=LH:=)w�µ�O:8N9�¶�µ:w�µ P�³.¶�7-=LI�³Lw�µ µ w�µ ` I�³JR�µ:8<K5V
±#O�³L9<7)H:=)9<7�µ5Z�I:=)9<7	9N=LR�µ�³&²:})H:=LK!H�³Jy�I%_0F�8<H�H:=)9<7�µ · nXnXn j · m�º s�8 `N` V�w�=\F�H:=	= o e�_�9cs
H�µ�7)}�I:8�¸+¶�=�·-=?¸NI:=)9Mva8<K	w�µ ` I�³JR�µ:8<K|H�³L9N8#²�8<H�µ�_Jµ�¸A9N8#² · ` =LI:=+´�³0V��pG&´�8Nw 9<O�µ�7?³J7)}:Z�O�7-=
µ�¸\w�8<H:8<H�µ:8aH�³Jy�I%_0F�8<H�H:=)9<7�µ!H�³L9N8#²�8<H�µ�_?S o 8�¸aG�O:8<7?³qw�µ ` I�³JH�7-=?·�b6³&´�´�µ�7�µ�·)H:=L¸&³.·�µ:9�µ�7
=L7 w�µ ` I�³JR�µ:=LH�H:= ` =Dy�I�µ�7-=?¶�³ µ�&+¶�=LH:=)w�µ�O:8N9�¶�µ0~EP�³.¶�7-=LI:=?·:e

∆P

∆t
= γ � (P � − PΣ) +

∆N

N
P � (P � − PΣ), (1)

` ´�8
P
d#H�³Jy�I%_0F�8<H�H:=)9<7)}�= o )a8N9<7�·�³0Z

P �

dMH�³Jy�I%_0F�8<H�H:=)9<7)}:Z�¶�¶�=L7-=LI:=LKD9<7)I:8Nw�µ�7-9B_D= o s
)a8N9<7�·-=ry:=+´ ·?²�µ�_0H�µ:8Nwhµ�¸\w�8<H:8<H�µ�_ &+¶�=LH:=)w�µ�O:8N9�¶�=LKE9�µ�7)G�³JR�µ�µ5Z

P �

dgH�³Jy�I%_0F�8<H�H:=)9<7)}
w�µ ` I�³JH�7-=?·:Z

PΣ
d = o ) ³J_ SU9<G0w�w«³JI�H�³J_�bqH�³Jy�I%_0F�8<H�H:=)9<7)} = o )a8N9<7�·�³0Z

∆N
d ¶�=.²�µ0s

O:8N9<7�·-=Ew�µ ` I�³JH�7-=?·:Z
N

d O�µ:9#²�8<H�H:=)9<7)} H�³L9N8#²�8<H�µ�_ ·E7-8c~+w�8N9<7?³ ~�Z�¶�G&´�³ y�I�µ o ;E·�³J^'7
w�µ ` I�³JH�7);QV

n ²�³ ` ³L8Nw�;x8	G�I�³.·)H:8<H�µ�_�S » bQy:=.²:G�O:8<H�; µ�¸	w«³J7-8Nw«³J7�µ�O:8N9�¶�=LK w�=+´�8#²�µ ¶�=.²�²�8�¶�7�µ�·Ls
H�;�~Y´�8<K:9<7�·�µ�K f »%h ·!y�I:8#´:y:=.²�=\F�8<H�µ�µ =L7-9<G�7-9<7�·�µ�_�7-8<H�´�8<H�R�µ�µ_¶�G-9�µ�²�8<H�µ�^ ·-=?¸�´�8<K0s
9<7�·�µ�_�V ��³.¶�³J_|9�µ�7)G�³JR�µ�_�·-=?¸NH�µ�¶�³L8<7JZ�¶ y�I�µ:w�8<I�G-Z�8N9#²�µ|w�µ ` I�³JH�7);3=L7)H:=)9B_07-9B_J¶ 7-=LK F�8
&N7)H�µ�O:8N9�¶�=LK ` I�G�y�y:8)Z�O�7-=�µ H�³L9N8#²�8<H�µ:8Qy�I�µ�H�µ:w«³J^ )�µ0~	H�³L9N8#²�8<H�H�;�~	y�G�H�¶�7-=?·:V

� o ) ³J_|H�³Jy�I%_0F�8<H�H:=)9<7)}	= o )a8N9<7�·�³�=Ly�I:8#´�8#²:_�8<7-9B_u9<G0w�w�µ�I:=?·�³JH�µ:8Nw?H�³Jy�I%_0F�8<H�H:=Js
9<7-8<K H�³L9N8#²�8<H�µ�_ y�I�µ�H�µ:w«³J^ )�µ0~3H�³L9N8#²�8<H�H�;�~ y�G�H�¶�7-=?· µ�w�µ ` I�³JH�7-=?·z9EG�O:8<7-=)w µ0~
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± ¶�³NO:8N9<7�·-8�w«³J7-8Nw«³J7�µ�O:8N9�¶�=LK+w�=+´�8#²�µ y�I:=LR:8N9N9	³ y�I:=)w�8<I�¸&³JH�µ�_|·|9<I:8#´�³ ~E9�PYI�³.¶0s
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∂α0tT1(x, t) = a1
∂2T1(x, t)

∂x2
, 0 < x < ξ(t), t > 0, (1)

∂α0tT2(x, t) = a2
∂2T2(x, t)

∂x2
, ξ(t) < x < L, t > 0,

T (x, 0) = T0,

T (0, t) = Tc,
∂T (L, T )

∂x
= 0, t > 0,

x = ξ(t) :




T1 = T2 = T3,

λ1
∂T1
∂x

− λ2
∂T2
∂x

= Qfρw
dξ

dt
,

(2)

` ´�8
0 < α 6 1

Z
ρ
d y�²�=L7)H:=)9<7)} ` I�G�H�7?³0Z

w
s ·?²�³JF�H:=)9<7)} ` I�G�H�7?³0Z�y:=)9<7-=\_0H�H�;x8D7-8Nw�y:8cs

I�³J7)G�I�;
Tc < T % < T0

Z
∂α0tT (x, t) =

1
Γ(1−α)

∫ 1
0

T ′
t(x, s)
(t−s)α ds

d O�³L9<7)H�³J_ ´:I:= o H�³J_uy�I:=?µ�¸<s
·-=+´:H�³J_ � E2^)W)HKS�V

��³&´�³NO�³uI:8Mva8<H�³ O�µ:9#²�8<H�H�;xw w�8<7-=+´�=)wXV5��²:_$&N7-= ` =y·�·-=+´�µ:wMI�³.·)H:=)w�8<I�H�G�^ 9N8<7�¶�G
y:=�y�I:=)9<7)I�³JH:9<7�·-8<H�H:=LKEy:8<I:8Nw�8<H�H:=LK5e

xm = mh, m = 0, 1, . . . ,M, h =
L

N
,
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µ	H:8<I�³.·)H:=)w�8<I�H�G 9N8<7�¶�G|y:= ·)I:8Nw�8<H�µ5e

tn+1 = tn + τn+1, n = 0, 1, . . . , N − 1, t0 = 0, tN = t ������� , τn+1 > 0.
� ³ ` y:=v·)I:8Nw�8<H�µ

τn+1
Z
n = 0, 1, . . . , N − 1

Z:H�G�F�H:=�·); o I�³J7)}q7?³.¶�µ:w3= o I�³.¸\=)wXZ�O�7-=Js
o ;t¸&³�&N7-=L7|·)I:8Nw�8<H�H:=LK�y�I:=)w�8<F�G�7-=?¶�SU=L7

tn
´�=

tn+1
b ` I�³JH�µ�R�³ P�³.¸\=?·-= ` =uy:8<I:8c~%=+´�³

9P´�·�µ�H�G&²�³L9<}	I:=?·)H:=|H�³q=+´�µ�H
v ³ ` y�I:=)9<7)I�³JH:9<7�·-8<H�H:=LK 9N8<7�¶�µ5V � = ` ´�³|w�=\F�H:=L¸&³Jy�µ:9	³J7)}
dξ
dl ≈ h

τn+1

V
��²:_�O�³L9<7)H:=LKv´:I:= o H:=LK y�I:=?µ�¸+·-=+´:H:=LK � E2^)W)HKS

∂α0tT (x, t)
µ:w�8N8<7�w�8N9<7-=YI�³.¸NH:=)9<7)H�³J_

³Jy�I:=?¶�9�µ:w«³JR�µ�_ f ¼�h

(∂α0tT )n =
1

Γ(2− α) · τ

n∑

k=0

(
T k+1 − T k

) (
t1−αn−k+1 − t1−αn−k

)
+O(τ), (3)

³�´�²:_	O�³L9<7)H:=LK y�I:=?µ�¸+·-=+´:H:=LK ∂2T
∂x2

µ:w�8N8<7 w�8N9<7-=�³Jy�y�I:=?¶�9�µ:w«³JR�µ�_
(
∂2T

∂x2

)

m

=
Tm+1 − 2Tm + Tm−1h2 +O(h2)

h2
. (4)

±�=)9<y:=.²:}�¸\=?·�³.·�v�µ:9<} S��-b@µ S � b

1

Γ(2− α) · τn+1

n∑

k=0

(
T k+1
1,m − T k

1,m

) (
t1−αn−k+1 − t1−αn−k

)
=

= a1
T n+1
1,m+1 − 2T n+1

1,m + T n+1
1,m−1

h2
,

m = 1, 2, . . . ,m∗ − 1, T1
∣∣
m=1

= Tc, T1
∣∣
m=m∗ = T % ,

(5)

` ´�8
m = m∗

d ` I�³JH�µ�R�³�P�³.¸\=?·-= ` =�y:8<I:8c~%=+´�³0V
� = ` ´�³�I�³.¸NH:=)9<7)H�³J_u9 ~%8Nw«³ ·)7-=LI:=LK O�³L9<7�µ G�I�³.·)H:8<H�µ�K o G&´�8<7 µ:w�8<7)}�·�µ�´

1

Γ(2− α) · τn+1

n∑

k=0

big(T k+1
2, m − T k

2,m

) (
t1−αn−k+1 − t1−αn−k

)
=

= a1
T n+1
2,m+1 − 2T n+1

2,m + T n+1
2,m−1

h2
,

m = m∗ + 1, . . . ,M − 1, T2
∣∣
m=m∗ = T % , ∂T2

∂x

∣∣∣∣
m=M

= 0.

vAI:=?·-8#´�8Nw ´�µ:9�¶�I:8<7�µ�¸&³JR�µ�^ ` I�³JH�µ�O�H:= ` =DG-9#²�=?·�µ�_b·D9#²:G�O�³L8
x = ξ(t)

λ1
T1,m∗ − T1,m∗−1

h
− λ2

T2,m∗+1 − T2,m∗

h
= Qfρw

h

τn+1
,

7JV 8)V
λ1
T % − T1,m∗−1

h
− λ2

T2,m∗+1 − T %
h

= Qfρw
h

τn+1
.

��³.¶�µ:wz= o I�³.¸\=)wXZ

τn+1 =
Qfρwh

2

λ1 (T % − T1,m∗−1)− λ2 (T2,m∗+1 − T2,m∗)
.
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f �A�Qb
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gi(u1, u2, . . . , un) = ai(ri − ui) + b · c
(

n∑

i=1

ui

)
→ max

ui
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0 6 ui 6 ri, i = 1, n,

µ	G-9#²�=?·�µ�_�~	H�³�PYG�H�¶�R�µ�µ
a
Z
b
Z�µ

c

ai > 0;
∂ai
∂ui

6 0,
∂ai
∂uj 6=i

> 0, i = 1, n,

bi > 0;
∂bi
∂ui

> 0, i = 1, 2,
∂c

∂ui
> 0, i = 1, n.
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ui
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gi
d PYG�H�¶�R�µ�_ ·);Eµ ` I�;dv ³

i
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ai
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µ ` I�;dv ³
i
s ` =bµ ` I:=?¶�³0Z

bi
d ´�=.²:_!=L7b´�=N~%=+´�³u= o )a8<K]´�8<_07-8#²:})H:=)9<7�µ5Z y:=.²:G�O�³L8Nw«³J_

i
s�w

µ ` I:=?¶�=)w?c
c
dTR:8#²�8�·-=LK ´�=N~%=+´ 9�µ:9<7-8Nw�;QV
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g0(u1, u2, . . . , un) =
n∑

i=1

gi(u1, u2, . . . , un) =
n∑

i=1

ai(ri − ui) + c

(
n∑

i=1

ui

)
→ max

ui

;
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R�µ�y�³&²�=)w*S G�O�³L9<7)H�µ�¶a9«µ�H�´�8�¶�9N=)w º bcZJw�H:=\F�8N9<7�·-=A9<7)I�³J7-8 ` µ�K�d�9<7)I�³J7-8 ` µ:8<K�vAI�µ�H�R�µ�y�³ s
²�³0e�H�³.¸NH�³NO�³J7)}J²�µ o =

si
y�I�µ = ` I�³JH�µ�O:8<H�µ�µ ∑n

i=1 si = 1
S &+¶�=LH:=)w�µ�O:8N9�¶�µ�K!w�8c~�³JH�µ�¸\w bcZ

²�µ o = H�³.¸NH�³NO:8<H�µ:8Nw_·-8#²�µ�O�µ�H
qi
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∣∣∣
Σ
=
∂s

∂
-
∣∣∣
Σ
+

1

A
∂y

∂
- = 0, s|x,y→∞ = 0,

` ´�8
S = S0(y)+ s

d y:=.²:H�³J_|9N=.²�8<H:=)9<7)}:Z
s
dg8N8;·-=?¸\w�G*)a8<H�H�³J_q9N=)9<7?³.·?²:_0^ ) ³J_�Z

ρ00
d

y�²�=L7)H:=)9<7)}qH�³aH�G&²�8�·-=)w?G�I:=?·)H:8)Z
ρ(y)

dTH:8�·-=?¸\w�G*)a8<H�H:=)8rI�³L9<y�I:8#´�8#²�8<H�µ:8ry�²�=L7)H:=)9<7�µ5Z
¶�=L7-=LI:=)8 ¸&³&´�³L8<7-9B_�y�I:=)P�µ�²�8Nw 9N=.²�8<H:=)9<7�µ

S0(y)
Z ? dM9�¶�=LI:=)9<7)}YF µ�´�¶�=)9<7�µ5Z

P
d ´�³.·?²�8cs

H�µ:8)Z
ν
dz¶�= &\PQP�µ�R�µ:8<H�7�¶�µ�H:8Nw«³J7�µ�O:8N9�¶�=LK ·)_�¸+¶�=)9<7�µ5Z

κS
dz¶�= &\PQP�µ�R�µ:8<H�7�´�µ:PQPYG�¸+µ�µ

9N=.²�µ5Z
t
d ·)I:8Nw�_�Z

g
dMG-9�¶�=LI:8<H�µ:8x9�·-= o =+´:H:= ` =Yy�³&´�8<H�µ�_�Z ∇ µ 4 d =Ly:8<I�³J7-=LI�; ��³Lw�µ�²:}Ls

7-=LH�³�µ%��³Jy�²�³L9	³0Z A = (d ln ρ/dy)−1
d ´�²�µ�H�³ry�²�³.·)G�O:8N9<7�µ5Z - d ·)H:8Mv�H�_0_ H:=LI:w«³&²:} ¶

y:=?·-8<I-~0H:=)9<7�µuy�I:8<y�_07-9<7�·�µ�_
Σ
V

vY=)9<7?³.·?²�8<H�H�³J_ ¸&³&´�³NO�³u~�³JI�³.¶�7-8<I�µ�¸NG-8<7-9B_ o =.²:}�v�µ:w O�µ:9#²�=)w ²�µ�H:8<K�H�;�~?w«³L9Mv�7?³ s
o =?·:e�´�²�µ�H�³Ey�²�³.·)G�O:8N9<7�µ A Z�I�³.¸\w�8<I�y�I:8<y�_07-9<7�·�µ�_

L
Z�·)_�¸+¶�µ�K

δνN =
√
ν/N

µh´�µ:PAs
PYG�¸+µ:=LH�H�;XK

δκS
N =

√
κS/N

w�µ�¶�I:=)w«³L9Mv�7?³ o ;QV n G*)a8N9<7�·-8<H�H�;x8 I�³.¸�²�µ�O�µ�_ ¸NH�³NO:8<H�µ�K
� � :-%%7%-%: <%4A*�7=9�G�.2G�:D*�I�1*L\1�G�:WG�307=<�7=J *�705�5�.0IHDZ8H. � 7%30321�J�308H7=`;7�L�7=G�5�:uL\FHG�5�:-E+.2G�-%:W9('%G�4A@ 1�3R,329�. 5�7=<!:WG�1�J$S&*�I�7%.08�- � TW_G, L 1G, _=^ L Y�V!P
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w«³L9Mv�7?³ o =?·+G�¶�³.¸N;E·�³J^'7!H�³ 9#²�=\F�H:=)9<7)}h·)H�G�7)I:8<H�H:8<Kz9<7)I�G�¶�7)G�I�; ´�³JF�8	7?³.¶�= ` =+w�8#´�s
²�8<H�H:= ` = 7-8<O:8<H�µ�_�Z�¶�=L7-=LI:=)8Dy:=LI:=\F�´�³L8<7-9B_ w«³&²:;xw�µ 9�µ�²�³Lw�µ!y�²�³.·)G�O:8N9<7�µ ·-9#²�8#´�9<7�·�µ:8
H:8N=+´:H:=LI:=+´:H:=)9<7�µ w�=.²�8�¶�G&²:_0I�H:= ` =�y:=L7-=?¶�³r9<7)I�³J7�µ:P�µ�R�µ�I�G�^ )a8 ` =�¶�=)w�y:=LH:8<H�7?³0VO� o ;XO0s
H:=Q7-=LH�¶�=)9<7)I�G�¶�7)G�I�H�;x8 &\PQPQ8�¶�7); ·)H:=)9B_07�H:8 o =.²:}�v�µ:8 y:=Ly�I�³.·�¶�µJ·�¸NH�³NO:8<H�µ�_�´�µ�H�³Lw�µ0s
O:8N9�¶�µ0~|~�³JI�³.¶�7-8<I�µ:9<7�µ�¶E7-8<O:8<H�µ�K5Z�H:=DPQ=LI:w�µ�I�G�^'7 o =.²:}�v�µ:8 ` I�³&´�µ:8<H�7); f ¹�h V

�6µ:9#²�8<H�H:=)8*w�=+´�8#²�µ�I:=?·�³JH�µ:8*y:=)9<7?³.·?²�8<H�H:=LKz¸&³&´�³NO�µ y�I:=?·-=+´�µ�7-9B_ 9]µ:9<y:=.²:}�¸\=?·�³ s
H�µ:8Nw w�8<7-=+´�³n¶�=LH:8<O�H�;�~.= o e58Nw�=?· · =L7�¶�I�;X7);�~ y�³.¶�8<7?³ ~ y�I:= ` I�³Lw�w �4B�� �����xZ
�D^ZJMC\z �dB�� µ �<E2L�E � P_J � f � h VJ��²:_aG�O:8<7?³ &\PQPQ8�¶�7-=?·6´�µ:PQPYG�¸+µ�µ ·Q9<7)I�³J7�µ:P�µ�R�µ�I:=?·�³JH0s
H�;�~�F µ�´�¶�=)9<7 _�~ o ; ² I�³.¸NI�³ o =L7?³JHqI:8Mv ³J7-8#²:}�bNHNL�E2HNP | J}[)z\S6E2X H�³Y=)9<H:=?·-8 9<7?³JH�´�³JI�7)H:= ` =
P_l}S�z\S6E2X Z�I:8	³&²�µ�¸NG�^ )a8 ` =uH:8N9<7?³JR�µ:=LH�³JI�H�;x8|G�I�³.·)H:8<H�µ�_ i�³.·)}-8Dd n 7-=?¶�9	³ ´�²:_ =+´:H:=Js
I:=+´:H:=LK F µ�´�¶�=)9<7�µ5Vd� 7)I�³ o =L7?³JH�³!y�I:=LR:8#´:G�I�³ y:=)9<7)I:=)8<H�µ�_l¶�³NO:8N9<7�·-8<H�H:=LK3I�³L9<O:8<7)H:=LK
9N8<7�¶�µ5Z-G&´�=?·?²�8<7�·-=LI%_0^ )a8<Kq7)I:8 o =?·�³JH�µ�_�w!I�³.¸NI:8Mva8<H�µ�_�·-9N8c~Dw�µ�¶�I:=)w«³L9Mv�7?³ o =?·�¸&³&´�³NO�µ
·�·);x9N=?¶�= ` I�³&´�µ:8<H�7)H�;�~u= o ²�³L9<7 _�~|7-8<O:8<H�µ�_�V0j�³L9<O:8<7);QZ�y�I:=?·-8#´�8<H�H�;x86·ay�³JI�³&²�²�8#²:})H:=)w
I:8<F µ:w�8�9�µ:9<y:=.²:}�¸\=?·�³JH�µ:8Nw_·);XO�µ:9#²�µ�7-8#²:})H�;�~ I:8N9<G�I:9N=?·��:JMT0s ²�³ o =LI�³J7-=LI�µ�µ 	DC)P_��	 �
S������ �������
	�������
�� bcZ�y:=?¶�³.¸&³&²�µ ·);x9N=?¶�G�^ I�³ o =L7-=)9<y:=)9N= o H:=)9<7)} y�I:8#´�²�=\F�8<H�H:=LK�w«³J7-8Nw«³ s
7�µ�O:8N9�¶�=LKEw�=+´�8#²�µ5V
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T%P�3o� ����
 �&6�
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	6
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�
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

CEl��d��CEl��Xh���� n ��� � C
� ���!�QhYj:�"±�l'iYh��3vYj:�'W�� nXn l
� n ����l'iYh��k�p� �5j
l �5j��Ai��D�"± � 
z±{� � ± � ��i��'j:� ��i�� 
 n ��� � 


v�� �k����� n �E±�h���C n h���� � � � � n �XhTvYj�hkiYlD�Qh��YhYh
±����Qf ����iYh��gj
l �@�Qh��Yi�� � vYj�hYj:� ���
o%�s��� � ��
�� � &%&%���zSUj�=)9N9�µ�_�ZZ� I:8#²\c@� ���Qb�+
���!o%� � � ������"-�������zSUj�=)9N9�µ�_�ZZ� I:8#²\c@� ���Qb

n µ:9<7-8Nw«³�µ�H�7-8 ` I�³&²:})H:= ` =�µ�´�µ:PQPQ8<I:8<H�R�µ�³&²:})H:= ` =aG�I�³.·)H:8<H�µ�K	=Ly�µ:9<;E·�³L8<7D=Ly�G-9�¶�³ s
H�µ:8 o G ` I�³ ` I�G�H�7-=?·);�~ ·-=+´Ey:=+´b´�8<K:9<7�·�µ:8Nwz9�µ�²:;�7 _0F�8N9<7�µ f »%h e

g − 2G[g, Lt] = −2Π,
∂r

∂t
= V[g, Lt]

H�³
Lt,

` ´�8�f »%h
G[g, Lt](M) =

∫

Lt

g(N)Ω(M,N) dlN ,

Ω = P (N)
∂Φ1(M,N)

∂nN
, Φ1, Π = y,

V[g, Lt](M) = gradG[g, Lt](M) =

∫

Lt

∂g(N)

∂lN
V2(M,N) dlN ,

V2 =
1

H(M)

(
∂Ψ2(M,N)

∂yM
ex −

∂Ψ2(M,N)

∂xM
ey

)
.

i�³NO�³&²:})H:=)8	y:=.²�=\F�8<H�µ:8 o G ` I�³E=Ly�µ:9<;E·�³L8<7-9B_ ` ²�³&´�¶�=LK ¶�I�µ�·-=LK
Lt
Vs� o ²�³L9<7)} 9N=?·Ls

w�8N9<7)H:=LK+P�µ�²:} 7)I�³JR�µ�µ!F µ�´�¶�=)9<7-8<K w�=\F�8<7 o ;X7)}u= ` I�³JH�µ�O:8<H�H�³	H:8<y�I:=LH�µ�R�³L8Nw�=LK+y�I%_�s
w�=LK

L1
Z5I�³.¸�´�8#²:_0^ )a8<K ` I�G�H�7yµ!H:8<y�I:=LH�µ�R�³L8Nw�;x8|y:=LI:=+´:;QV�±k= o ²�³L9<7�µ P�µ�²:} 7)I�³JR�µ�µ

µ:w�8N8<7-9B_b·�¶�²:^'O:8<H�µ:8Yy�I:=?µ�¸+·-=.²:})H:=LK PQ=LI:w�;�9Yy�I:=LH�µ�R�³L8Nw�=)9<7)})^
λ
V

��³&´�³NO�³_µ:9N9#²�8#´�=?·�³&²�³L9<}#y�I�µ H�³&²�µ�O�µ�µk=+´:H:= ` =�·�¶�²:^'O:8<H�µ�_ 9 y�I:=LH�µ�R�³L8Nw�=)9<7)})^
λ = 0, 4

V vY8<I�·-=LH�³NO�³&²:})H�³J__·);x9N=L7?³ o G ` I�³
H0 = 1, 451

V ±p;x9N=L7?³0Z H�³]¶�=L7-=LI:=LK y�I:=Js
µ�¸\=Uv�²�=r·);XI�³.·)H�µ�·�³JH�µ:8	G�I:=?·)H�_ ·-=+´:;

H = 0, 7549
V�i�³uI�µ:9)V » y�I:8#´�9<7?³.·?²�8<H:= y:=.²�8

9�¶�=LI:=)9<7-8<Ky· = o ²�³L9<7�µ y:=L7-8�¶�³JH�µ�_ y�I:=LR:8N9N9	³0V

� ��������� �R7=9�. 308H7%I�7%30-�.2J�*�I�1 n = 500 S dt = 0,0025 S λ = 0,4 P
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± 7?³ o ²�µ�R:8 » y�I:8#´�9<7?³.·?²�8<H�³"¸&³.·�µ:9�µ:w�=)9<7)}6·)I:8Nw�8<H�µ
T
=L7 O�µ:9#²�³x7-=LO:8�¶�I�³.¸ o µ:8<H�µ�_

n` I�³JH�µ�R�;
Lt
·v¶�³JF�´:;XKEw�=)w�8<H�7v·)I:8Nw�8<H�µ5V

�g����������� �

� :W<%1�321	E+7%30-I'�<�I�.FE+.2G�1 T 7%-ZK�1�329�:a-�7=K�.08�I�:=/F%=1�.2G�1�] n

n 400 600 800 1000

T∆t 12,45 11,5 11,49 11,49

η∆t,%
. 7,6 0,09 0

T∆t/2 12,015 11,185 11,18 1,18

η∆t/2,%
. 6,91 0,04 0

T∆t/4 11,7125 10,9525 10,9425 10,9425

η∆t/4,%
. 6,49 0,09 0

vY=.²�8q9�¶�=LI:=)9<7-8<K?9N=)=L7�·-8<7-9<7�·)G-8<7E~�³JI�³.¶�7-8<I�G+y�I:=L7-8�¶�³L8Nw�= ` = y�I:=LR:8N9N9N9	³0Z ³r³JH�³&²�µ�¸
7?³ o ²�µ�R�;*y:=?¶�³.¸N;E·�³L8<7JZ)O�7-='9 I:=)9<7-=)w

n
·-8#²�µ�O�µ�H�³

η
G0w�8<H�}�v ³L8<7-9B_�Z�³F¸NH�³NO�µ�76µ:w�8N8<7Aw�8cs

9<7-=!t y�I�³.¶�7�µ�O:8N9�¶�³J_!9 ~%=+´�µ:w�=)9<7)}�{JV���³&²:})H:8<K)v�µ:8�µ:9N9#²�8#´�=?·�³JH�µ�_ o G&´:G�7J·);Xy:=.²:H�_07)}-9B_
´�²:_|·�¶�²:^'O:8<H�µ�K+y�I:=?µ�¸+·-=.²:})H:=LK PQ=LI:w�; µ y�I:=?µ�¸+·-=.²:})H�;xw#I�³.¸\w�8 )a8<H�µ:8Nw ·u= o ²�³L9<7�µ
y�I:=LR:8N9N9	³0V

�u��/0&%
���/4p5
��

T%P��:6 �������5� �&6	' �w� ��� � � �F
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-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

�Mjs�����'i n �Xj��A�YWYhYhTvYjs����±�l'j�h��d�!����i�� �0� iYl'vYj � � ��iYi�� �0�
n � n �D� �AiYh�� ± �A�AiY�YWYh��'iYlD����i��xs �5j
lX��h���i��Xi�� 
TWYh��QhYi ��j
l 
 �

o%�<o%� �Fp%����
�&%� SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c�fgCEhrb�+
�{�! "�! M�/p �5���#SUj�=)9N9�µ�_�Z
j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

±3H�³L9<7-=\_�)a8N8�·)I:8Nw�_E= o ²�³L9<7)} y�I�µ:w�8<H:8<H�µ�_ PYG�H�¶�R�µ:=LH�³&²:})H:=Js ` I�³&´�µ:8<H�7)H�;�~ w«³J7-8cs
I�µ�³&²�=?·?S � �5C bQy:=)9<7-=\_0H�H:= I�³L9Mv�µ�I%_�8<7-9B_�V�� 7-=E= o G-9#²�=?·?²�8<H:=|· y:8<I�·)G�^ =LO:8<I:8#´:}|µ0~
y�I:8�µ:w�G*)a8N9<7�·�³Lw�µ*y:=E9<I�³.·)H:8<H�µ�^ 9 = o ;XO�H�;xw�µ�=+´:H:=LI:=+´:H�;xw�µz9<7)I�G�¶�7)G�I�³Lw�µhµ 9#²�=Js
µ:9<7);xw�µh¶�=)w�y:=?¸+µ�7?³Lw�µ5e�G0w�8<H�}�va8<H�H�;XK I�µ:9�¶h·-=?¸NH�µ�¶�H:=?·-8<H�µ�_*=L7-9#²�=)8<H�µ�_hµ+7)I:8 )�µ�H5Z
9N=LO:8<7?³JH�µ:8QI�³.¸�²�µ�O�H�;�~uP�µ�¸+µ�¶�=Js�w�8c~�³JH�µ�O:8N9�¶�µ0~E9�·-=LK:9<7�·:Z�µ�¸\w�8<H�_0^ )�µ0~%9B_ y:=�w�=+´�8#²�µ0s
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l n hYCEv��D� �XhY�Yl v���j�h�� ��h���� n �Yh 
 v�� ±�js��CF��iYhgjs� � ��iYh��
± n h n �d��CF� j�������� n ��h �'�A����h����

� �!o%�!�	�0�%��
���������� SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc�f �A�Qb�+
te�<o%�<�'&%�������?SUj�=)9N9�µ�_�Z�±@²�³&´�µ�¶�³.·�¶�³.¸�c�fgCEhrb

j�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_ 9�µ:9<7-8Nw«³ ��µ�7)R0~0})^Md i�³ ` G0w�=�96´�µ:PQPYG�¸+µ:8<K5e

vt = ν1∆v + ε(w − αv − β),

wt = ν2∆w − v + µw − w3,

S » b

` ´�8
v = v(x, t)

Z
w = w(x, t)

Z
x ∈ D

Z
t > 0

Z
D ⊂ R �

d.= ` I�³JH�µ�O:8<H�H�³J_ = o ²�³L9<7)}:Z
µ ∈ R

d G�y�I�³.·?²:_0^ )�µ�KEy�³JI�³Lw�8<7)I5Z
α > 0

Z
β > 0

Z
ε > 0

Z
ν1 > 0

Z
ν2 > 0

d P�µ�¶�9�µ0s
I:=?·�³JH�H�;x8�y�³JI�³Lw�8<7)I�;QV�vY=.²�=\F µ�·L· S » b

α = 0, β = 0, ε = 1
µy·�¸N_�·J¶�= &\PQP�µ�R�µ:8<H�7);

´�µ:PQPYG�¸+µ�µ|I�³.·)H�;xw�µ
ν1 = ν2 = ν

Z0y:=.²:G�O�µ:w?9�µ:9<7-8Nw�G	j�&�²�8<_u9"´�µ:PQPYG�¸+µ:8<K5e

vt = ν∆v + w; wt = ν∆w − v + µw − w3.
S ¹ b
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y:=b·)I:8Nw�8<H�µ I:8Mva8<H�µ�K5Z�=L7�·-8<7�·?²:_0^ )�µ0~%9B_ =L7u7)I�µ�·�µ�³&²:})H:= ` =EH�G&²�8�·-= ` =uI:8Mva8<H�µ�_!y�I�µ
µ�¸\w�8<H:8<H�µ�µ�G�y�I�³.·?²:_0^ )a8 ` =Ey�³JI�³Lw�8<7)I�³
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� ± � �Yh n ����iYhYh�� ��i��'j:� ��i�� 
 n �D�Qh��D�'i��"±�j�h����Yh
iYl �5j��AvYvYl 
��QhkCElD��� 
Mj
l ��CF��j�i�� n �d���
���s���s�q��&%,��������zSUj�=)9N9�µ�_�Z��E³JI�H�³NG&²\c:lF²:7 ���Qb�+
���s���:r�"-����
 � ���MSUj�=)9N9�µ�_�Z��E³JI�H�³NG&²\c:lF²:7 ���Qb�+
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vY=.²:H:=)8EI�µ:w«³JH:=?·-=�w�H:= ` =)= o I�³.¸+µ:8
(M, g)

H�³.¸N;E·�³L8<7-9B_�9N=.²�µ�7-=LH:=)w j µ�O�O�µ5Z�8N9#²�µ
w�8<7)I�µ�¶�³

g
G&´�=?·?²�8<7�·-=LI%_�8<7 G�I�³.·)H:8<H�µ�^ SU9NwXVrf »%h b

r = C · g + LXg,
S » b

` ´�8
r
d 7-8<H�¸\=LI+j µ�O�O�µ5Z

C ∈ R
d ¶�=LH:9<7?³JH�7?³0Z

LXg
d y�I:=?µ�¸+·-=+´:H�³J_'��µ!w�8<7)I�µ�¶�µ

gy:=QH�³Jy�I�³.·?²�8<H�µ�^�y:=.²:H:= ` =�´�µ:PQPQ8<I:8<H�R�µ�I�G-8Nw�= ` =�·-8�¶�7-=LI�H:= ` =�y:=.²:_
X
V*��³Lw�8<7�µ:wXZ-O�7-=

´�³JH�H:=)8|G�I�³.·)H:8<H�µ:8	_�·?²:_�8<7-9B_�Z ·|µ�¸+·-8N9<7)H:=)wk9Nw�;x9#²�8)Z�= o = o )a8<H�µ:8Nw G�I�³.·)H:8<H�µ�_�� K�H0s
v�7-8<K�H�³0e

r = C · g VZ��9#²�µ M = G/H
d =+´:H:=LI:=+´:H:=)8Dy�I:=)9<7)I�³JH:9<7�·-=�Z�7-=|=+´:H:=LI:=+´:H�³J_

I�µ:w«³JH:=?·�³�w�8<7)I�µ�¶�³0ZxG&´�=?·?²�8<7�·-=LI%_0^ ) ³J_gS » bcZXH�³.¸N;E·�³L8<7-9B_�=+´:H:=LI:=+´:H�;xw 9N=.²�µ�7-=LH:=)w
j µ�O�O�µ5V�± &N7-=)w 9#²:G�O�³L8�=+´:H:=LI:=+´:H�;x8�&NK�H)v�7-8<K�H:=?·);x8Dw�8<7)I�µ�¶�µ]µ!=+´:H:=LI:=+´:H�;x8 9N=.²�µ0s
7-=LH�H�;x8Qw�8<7)I�µ�¶�µyµ�¸NG�O�³&²�µ:9<}v·DI�³ o =L7?³ ~ f ¹\[%��h V

j�³L9N9Nw�=L7)I�µ:wT7?³.¶�F�8j³&² ` 8 o I�³.µ�O:8N9�¶�µ:8 9N=.²�µ�7-=LH�; j µ�O�O�µ5Z@¶�=L7-=LI�;x8u7-8N9<H:= 9�·)_�¸&³ s
H�; 9 =+´:H:=LI:=+´:H�;xw�µ�9N=.²�µ�7-=LH�³Lw�µ j µ�O�O�µ SU9NwXV f ¼�h bcZ«µz=Ly�I:8#´�8#²:_0^'7-9B_�Z@·!H:8�¶�=L7-=LI:=)w
=LI�7-=LH:=LI:w�µ�I:=?·�³JH�H:=)w o ³.¸+µ:9N8)Z:PQ=LI:w�G&²�=LK SU9NwXVCf ��h bce

Ric = C · Id +D,
S ¹ b

` ´�8
Ric

d w«³J7)I�µ�R�³q=Ly:8<I�³J7-=LI�³qj µ�O�O�µ5Z
C ∈ R

dn¶�=LH:9<7?³JH�7?³0Z
Id

d 8#´�µ�H�µ�O�H�³J_ w«³J7Ls
I�µ�R�³0Z

D
d w«³J7)I�µ�R�³�H:8�¶�=L7-=LI:= ` = ´�µ:PQPQ8<I:8<H�R�µ�I:=?·�³JH�µ�_r³&² ` 8 o I�;

g
V

± ´�³JH�H:=LKqI�³ o =L7-8A9 y:=)w�= )�})^ ¶�=)w�y�})^'7-8<I�H�;�~|w�=+´�8#²�8<K5Z0I:8	³&²�µ�¸\=?·�³JH�H�;�~J·a9<I:8#´�8
y�³.¶�8<7?³�³JH�³&²�µ�7�µ�O:8N9�¶�µ0~�·);XO�µ:9#²�8<H�µ�K ��E2^)G_J)Z)y:=.²:G�O:8<H�³�¶�²�³L9N9�µ:P�µ�¶�³JR�µ�_L³&² ` 8 o I�³.µ�O:8cs
9�¶�µ0~!9N=.²�µ�7-=LH:=?· j µ�O�O�µ S ¹ bAH�³|O:8<7);XI:8c~�w�8<I�H�;�~ ` I�G�y�y�³ ~'��µ+9 ²�8�·-=?µ�H�·�³JI�µ�³JH�7)H:=LK
I�µ:w«³JH:=?·-=LK|w�8<7)I�µ�¶�=LK5V��AI:=)w�8x7-= ` =�Z�´�=?¶�³.¸&³JH:=�=L7-9<G�7-9<7�·�µ:8xH:8<7)I�µ�·�µ�³&²:})H�;�~ I:8Mva8<H�µ�K
G�I�³.·)H:8<H�µ�K 9N=.²�µ�7-=LH:=?·�j µ�O�O�µDH�³AO:8<7);XI:8c~�w�8<I�H�;�~ ` I�G�y�y�³ ~���µ 9 ²�8�·-=?µ�H�·�³JI�µ�³JH�7)H:=LK
I�µ:w«³JH:=?·-=LK*w�8<7)I�µ�¶�=LKh·b¶�²�³L9N9N8 ²�8�·-=?µ�H�·�³JI�µ�³JH�7)H�;�~h·-8�¶�7-=LI�H�;�~+y:=.²�8<K5Z�³L·u9#²:G�O�³L8
7)I:8c~�w�8<I�H�;�~ ` I�G�y�yu��µz9J²�8�·-=?µ�H�·�³JI�µ�³JH�7)H:=LKl²�=LI:8<H�R:8�·-=LK w�8<7)I�µ�¶�=LKzH�³JK�´�8<H�; ·-9N8
I:8Mva8<H�µ�_�G�I�³.·)H:8<H�µ�_D9N=.²�µ�7-=LH:=?·aj µ�O�O�µv·r9#²:G�O�³L8)Z-8N9#²�µ

X
d ²�8�·-=?µ�H�·�³JI�µ�³JH�7)H:=)8;·-8�¶0s

7-=LI�H:=)8Yy:=.²�8)V

�u��/0&%
���/4p5
��
T%P�� {	,DN ~ ./��} 4 � ����["e(XBUWV �$�FV �	c"� cI` Y�%&_�b��FXFY^���9nocI`5a�XFfD]�c-_�b�_�\dvwb�a�eUP .uTG2%Y%YHP .K��cI�OPw1!T%P .
i�P�V L 10X�V-HHT%PV!P�8��R�F�G� ����BuG�7=`;7%7I%%I�:=/21�] �	J�G �E-�.2J�G�:?/	=�Va-�7IE	:�@�P .?B P /�Bu1�IUSUTG2I2%^HPL P�� ���3� �#��4 � � � �:Mj{ �/�?P�}:.yP 4 � �:cIfDcIpIXF`(XFc
%(Y�UWV �$�FV|Y�cI� V a�cI`(Y V ` � c"� �&V fDXF`(Y�V cI`(Y0S�V=^HT L P .Ku:U '#/
e5a�a�]
/ �I�-b�_ �&V k�P c-_�p5�-b��(Y��!T L TWV!P 1�J�HHT%P

J�P�Mj{ �
�RP"."�&�&UWV �$�FV
Y�cI� V a�cI` Y�cI� k?frb-`(V ghcI� �&Y ���'8�P	UWXFV `(X|�W`(pIX �RP�vwb�a�eUP .?V=^HT%T%P .K��cI�OP�H�_=^HP .�i�P$T X�V!T%P_!PD��{$!-~ ��}!*�S?N � � �:cIfDcIpIXF`(XFc
%(Y"UWV �$�FV
Y�cI� V a�cI`(YWb�_�X|b-� pIX$�&_�b-V �%S�V=^HT L P .Ku:U '#/(e5a�a�]
/ �I��b�_ �&V k�P c-_�p5�-b��(Y��T L ^I2HP V%_!TW_!P
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������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

v���� n ���'vYl'j
lD�����!����iYl � ��lX��l��Yl � ±{�D�QfgWYhYh �5j
l'iYhYW��
j
l �:���!�Ql � h ����� n �d���Tj
l �@�Qh��Yi�� 
z± ������� n �d���

±3l'iYh�� � �Xj:�'vYi��'C v��Ql n �d� �5j��Ai�� l �

r	�!o%�!�	��"-/0���
SUj�=)9N9�µ�µ5ZZ� I:8#²\c:l;¶�³&´�8Nw�µ�_ � n � j�=)9N9�µ�µ
b

vY=)9<7?³.·?²�8<H�³ µ µ:9N9#²�8#´�=?·�³JH�³ ¸&³&´�³NO�³ &+·-=.²:^'R�µ�µ ` I�³JH�µ�R�; I�³.¸�´�8#²�³ F µ�´�¶�=)9<7-8<K
Γt
´�²:_Y´�·)G0w�8<I�H:= ` =!7-8<O:8<H�µ�_ ·h³JH�µ�¸\=L7)I:=Ly�H:=)wg7-=LH�¶�=)wgH:8#´�8NPQ=LI:w�µ�I�G-8Nw�=)wgy�²�³L9<7-8

` I�G�H�7?³ 9|7-8<H�¸\=LI:=)w y�I:=LH�µ�R�³L8Nw�=)9<7�µ
K = (Kij) (i, j = 1, 2)

V�� 8<O:8<H�µ:8 F µ�´�¶�=)9<7-8<K
·)_�¸+¶�=)9<7-8<K

µ1
µ
µ2
¸&³JH�µ:w«³J^ )�µ0~�= o ²�³L9<7�µ

D1
µ
D2

Z�=Ly�µ:9<;E·�³L8Nwz·-=j·-9N8<Kz= o ²�³L9<7�µ
D = D1 ∪ D2

y�²�=)9�¶�=)9<7�µ
z
= o = o )a8<H�H�;xwky:=L7-8<H�R�µ�³&²�=)w

ϕ(z, t)
µzPYG�H�¶�R�µ:8<K?7-=?¶�³

ψ(z, t)
V��rG�H�¶�R�µ�µ

ϕ
µ
ψ
¸&³.·�µ:9B_07+=L7

z = x + iy
µY·)I:8Nw�8<H�µ

t
V��rG�H�¶�R�µ�µ

ϕ(z, t)
µ

ψ(z, t)
·-9<^ ´:G�·a= o ²�³L9<7�µ

D
¸&³�µ:9�¶�²:^'O:8<H�µ:8NwYµ0~�µ�¸\=.²�µ�I:=?·�³JH�H�;�~	=)9N= o ;�~ 7-=LO:8�¶|G&´�=Js

·?²�8<7�·-=LI%_0^'7q9�µ:9<7-8Nw�8YG�I�³.·)H:8<H�µ�K

vx = K11
∂ϕ

∂x
+K12

∂ϕ

∂y
=
∂ψ

∂y
, vy = K21

∂ϕ

∂x
+K22

∂ϕ

∂y
= −∂ψ

∂x
.

S » b

vY=.²�³ ` ³L8NwXZ O�7-= ¸&³&´�³JH�; µ:9<7-=LO�H�µ�¶�µ SU9<7-=?¶�µ
bA7-8<O:8<H�µ�_j·u= o ²�³L9<7�µ
D

9#²�=\_ y�I:=LH�µ�R�³L8cs
w�=)9<7�µ

K
V ��I�³JH�µ�R�; w�=+´�8#²�µ�I�G-8Nw3y�I:=)9<7);xw�µ?S o 8�¸a9	³Lw�=Ly:8<I:8N9N8<O:8<H�µ�K
b ` ²�³&´�¶�µ:w�µ|µ�²�µ

¶�G-9N=LO�H:=Js ` ²�³&´�¶�µ:w�µ ¸&³Lw�¶�H�G�7);xw�µ ¶�I�µ�·);xw�µ5V i�³ ` I�³JH�µ�R:8!w�=+´�8#²�µ�I�G-8Nw�=LK ·Y²:^ o =LK
w�=)w�8<H�7L·)I:8Nw�8<H�µ

t > 0
¶�I�µ�·-=LK

Γt
´�=.²:F�H�;z·);Xy:=.²:H�_07)}-9B_ G-9#²�=?·�µ�_EH:8<y�I:8<I�;E·)H:=)9<7�µ

´�³.·?²�8<H�µ�_�µrI�³L9 ~%=+´�³'F µ�´�¶�=)9<7-8<K SU=LI�7'H:=LI:w«³&²�µ�¶
Γt
H�³Jy�I�³.·?²�8<H�·)H�G�7)I�}A= o ²�³L9<7�µ

D1
bce

µ1ϕ
+(z, t) = µ2ϕ

−(z, t), ψ+(z, t) = ψ−(z, t), z ∈ Γt,
S ¹ b

µ	G-9#²�=?·�µ�_ I:8 ` G&²:_0I�H:=)9<7�µ5e

ϕ(z, t) = O
(
|z|−1

)
,
∣∣K(z) · ∇ϕ(z, t)

∣∣ = O
(
|z|−2

) y�I�µ |z| → ∞.
S��-b

vY=.²�=\F�8<H�µ:8 ` I�³JH�µ�R�; I�³.¸�´�8#²�³ F µ�´�¶�=)9<7-8<K
Γt
·|²:^ o =LKzw�=)w�8<H�7]·)I:8Nw�8<H�µ

t > 0=Ly�µ:9<;E·�³L8Nw�·qy�²�=)9�¶�=)9<7�µ
z
y�³JI�³Lw�8<7)I�µ�O:8N9�¶�µ:w�µ!G�I�³.·)H:8<H�µ�_�w�µzS

s
d y�³JI�³Lw�8<7)I
bce

z =
z(t, s)

S
x = x(t, s)

Z
y = y(t, s)

bcZ
z ∈ Γt

VXvY=.²�³ ` ³L8NwXZ O�7-= ·�H�³NO�³&²:})H�;XK w�=)w�8<H�7
·)I:8Nw�8<H�µ

t = 0
y:=.²�=\F�8<H�µ:8 ` I�³JH�µ�R�; µ�¸+·-8N9<7)H:=ES

Γt = Γ0
bce

z0 = z(0, s) (x0 = x(0, s), y0 = y(0, s)), z0 ∈ Γ0.
S � b

��µ:PQPQ8<I:8<H�R�µ�³&²:})H�;x8QG�I�³.·)H:8<H�µ�_	y�I:=+´�·�µ�F�8<H�µ�_ ` I�³JH�µ�R�;
Γt
µ:w�8<^'7v·�µ�´

dx

dt
=
v+x (x, y, t) + v−x (x, y, t)

2
,

dy

dt
=
v+y (x, y, t) + v−y (x, y, t)

2
, (x, y) ∈ Γt.

S ¼ b
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��´�8N9<}
v±x (x, y, t)

µ
v±y (x, y, t)

d y�I:8#´�8#²:})H�;x8r¸NH�³NO:8<H�µ�_ 9N=)9<7?³.·?²:_0^ )�µ0~ 9�¶�=LI:=)9<7�µ5V
��³.¶�µ:w = o I�³.¸\=)wXZ?¸&³&´�³NO�³ &+·-=.²:^'R�µ�µ�´�·)G0w�8<I�H:=LK ` I�³JH�µ�R�;�I�³.¸�´�8#²�³'F µ�´�¶�=)9<7-8<K

Γt
9<7?³ s

·�µ�7-9B_�·Yy�²�=)9�¶�=)9<7�µ
z
9#²�8#´:G�^ )�µ:w = o I�³.¸\=)wXV ��³&´�³JH�;?7-8<H�¸\=LI�y�I:=LH�µ�R�³L8Nw�=)9<7�µq9#²�=\_

K
Z

·)_�¸+¶�=)9<7�µ|F µ�´�¶�=)9<7-8<K5Z0H�³NO�³&²:})H:=)8Ay:=.²�=\F�8<H�µ:8 ` I�³JH�µ�R�;
Γ0
V�i�³JK�7�µ

ϕ(z, t)
µqy:=.²�=\F�8cs

H�µ:8 ` I�³JH�µ�R�;
Γt
·uy:=)9#²�8#´:G�^ )�µ:8qw�=)w�8<H�7); ·)I:8Nw�8<H�µ

t > 0
V hY9N9#²�8#´�=?·�³JH�µ:8J¸&³&´�³NO�µ

9N=)9<7-=?µ�7v·vµ�H�7-8 ` I�µ�I:=?·�³JH�µ�µ 9�µ:9<7-8Nw�;�G�I�³.·)H:8<H�µ�K*S � b�9AG�O:8<7-=)w�G-9#²�=?·�µ�K S » b [ S��-b<V
vY=)9<7?³.·?²�8<H�H�G�^ ¸&³&´�³NO�G!SUw«³J7-8Nw«³J7�µ�O:8N9�¶�µ|·-8N9<}-w«³a7)I�G&´:H�G�^QbpI:8Mv ³L8Nwz9#²�8#´:G�^ )�µ:w

w�8<7-=+´�=)wXV.± ·-8#´�8Nwb¶�=)w�y�²�8�¶�9<H�G�^ ·-9<y:=)w�= ` ³J7-8#²:})H�G�^zy�²�=)9�¶�=)9<7)}
ζ
Z ` ´�8�7-8<O:8<H�µ:8«· = o ²�³ s

9<7�µ
D′

~�³JI�³.¶�7-8<I�µ�¸NG-8<7-9B_aPYG�H�¶�R�µ�_�w�µ
ϕ(ζ, t)

µ
ψ(ζ, t)

V2� o ²�³L9<7�µ
D
µ
D′
·�¸&³.µ:w�=)9�·)_�¸&³ s

H�; ` =)w�8N=)w�=LI:PYH�;xw�S ·�¸&³.µ:w�H:=Y=+´:H:=?¸NH�³NO�H�;xwjµ�H:8<y�I:8<I�;E·)H�;xw b y�I:8N= o I�³.¸\=?·�³JH�µ:8Nw y:=Js
²�=\F µ�7-8#²:})H:=D=Ly�I:8#´�8#²�8<H�H�;xw�_�¶�= o µ�³JH:=)wXZ�¶�=L7-=LI:=)8AG&´�=?·?²�8<7�·-=LI%_�8<7DG�I�³.·)H:8<H�µ�^M��8#²:}Ls
7)I�³Lw�µ5V�f »%h ±$&N7-=LK�y�²�=)9�¶�=)9<7�µv·�·-8#´�8Nwj¶�=)w�y�²�8�¶�9<H�;XK y:=L7-8<H�R�µ�³&²

W (ζ, t) = ϕ+iψ/K ′
Z

` ´�8
K ′ =

√
Ks − i

√
Ka

S
Ks

µ
Ka

d =Ly�I:8#´�8#²�µ�7-8#²�µ!9�µ:w�w�8<7)I�µ�O�H:=LK]µj³JH�7�µ:9�µ:w�w�8<7Ls
I�µ�O�H:=LK?O�³L9<7�µ?7-8<H�¸\=LI�³

K = (Kij)
bcV�vY=)9<7?³.·?²�8<H�H�G�^ ·);dva8L· y�²�=)9�¶�=)9<7�µ

z
¸&³&´�³NO�G

PQ=LI:w�G&²�µ�I�G-8Nw ´�²:_
W (ζ, t)

V �Y=)w�y�²�8�¶�9<H�;XK?y:=L7-8<H�R�µ�³&²
W (ζ, t)

y�I:8#´�9<7?³.·?²:_�8Nw = o =Js
)a8<H�H�;xw�µ µ�H�7-8 ` I�³&²�³Lw�µ �Y=Uv�µ5V � 7-=Ay:=?¸+·-=.²:_�8<7YI:8#´:G�R�µ�I:=?·�³J7)}�·Ay�²�=)9�¶�=)9<7�µ

ζ
¸&³&´�³NO�G

¶a9�µ�H ` G&²:_0I�H:=)w�G�µ�H�7-8 ` I�³&²:})H:=)w�G�G�I�³.·)H:8<H�µ�^?H�³ ` I�³JH�µ�R:8
Γ′t
Z I:8Mv ³L8Nw�=)w�G�µ�¸+·-8N9<7)H�;xw

w�8<7-=+´�=)w_´�µ:9�¶�I:8<7)H�;�~ =)9N= o 8<H�H:=)9<7-8<K f ¹�h V
vY= H�³JK�´�8<H�H�;xw�·qy�²�=)9�¶�=)9<7�µ
ζ
I:8Mva8<H�µ�_�wXZ

µ:9<y:=.²:}�¸NG)_ ` =)w�8N=)w�=LI:P�µ�¸\w
ζ = ζ(z)

ZL=L7);x9�¶�µ�·�³L8<7-9B_ µ:9�¶�=)w�=)8XI:8Mva8<H�µ:8py:=)9<7?³.·?²�8<H�H:=LK
¸&³&´�³NO�µ ·ay�²�=)9�¶�=)9<7�µ

z
V-��²:_qy:=)9<7?³.·?²�8<H�H:=LKb¸&³&´�³NO�µ µ:9N9#²�8#´�=?·�³JH:= ·?²�µ�_0H�µ:8�³JH�µ�¸\=L7)I:=Js

y�µ�µ ` I�G�H�7?³0Z:PQ=LI:w�;�y:8<I�·-=LH�³NO�³&²:})H:=LK ` I�³JH�µ�R�; µ	I�³.¸�²�µ�O�µ�_b·)_�¸+¶�=)9<7-8<KuF µ�´�¶�=)9<7-8<K5V
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CEl��d��CEl��Xh���� n ��� � C
� ���!�QhYj:�"±�l'iYh�� �Xjs��
ACF��j�i�� � � ±{�D�QfgWYhYh
�5j
l'iYhYW�� j
l �:���!�Ql tJj
l ��i��'W�± ���Xi�� 
�{ � h ����� n �d���

±3l'iYh�� � �Xj:�'vYi�� � v��'j�h n �D� � n js�����
���!o%�!�	
���� /0��,����
SUj�=)9N9�µ�_�ZZ� I:8#²\c@� ���Qb

j�³L9N9Nw�=L7)I�µ:w 7)I:8c~�w�8<I�H�G�^?G-9<7?³JH:=?·�µ�·�v�G�^A9B_aP�µ�²:} 7)I�³JR�µ�^?H:8N9BF µ:w«³L8Nw�=LK�F µ�´�¶�=Js
9<7�µ�·A=LI�7-=L7)I:=Ly�H:=LK�H:8N=+´:H:=LI:=+´:H:=LKvµ�H:8#´�8NPQ=LI:w�µ�I�G-8Nw�=LKDy:=LI�µ:9<7-=LK�9<I:8#´�8)VLvAI:=LH�µ�R�³L8cs
w�=)9<7)} ` I�G�H�7?³"¸&³&´�³L8<7-9B_�´�µ�³ ` =LH�³&²:})H�;xw 7-8<H�¸\=LI:=)w

Kij(M) = Ki(M)δij = kiχ(M)δij
Z

i, j = 1, 2, 3
Z ` ´�8

M
dT7-=LO�¶�³aH�³ o ²:^ ´�8<H�µ�_�Z

δij
dT9�µ:w�·-=.²E�AI:=LH:8�¶�8<I�³0Z

ki
d y:=.²�=\F µ0s

7-8#²:})H�;x8 ¶�=LH:9<7?³JH�7);QZ
χ(M)

d H:8<y�I:8<I�;E·)H:= ´�µ:PQPQ8<I:8<H�R�µ�I�G-8Nw«³J_+PYG�H�¶�R�µ�_�Z�¸&³&´�³J^ s
) ³J_	H:8N=+´:H:=LI:=+´:H:=)9<7)}u9<I:8#´:;QV n ¶�=LI:=)9<7)}|P�µ�²:} 7)I�³JR�µ�µ

~υ = (υ1, υ2, υ3)
=Ly�I:8#´�8#²:_�8<7-9B_

= o = o )a8<H�H�;xw ¸&³.¶�=LH:=)w���³JI:9�µ f »%h V�±�9<^ ´:Gj· = o ²�³L9<7�µ 7-8<O:8<H�µ�_
D

S ¸&³ µ:9�¶�²:^'O:8<H�µ:8Nw
=)9N= o ;�~	7-=LO:8�¶
b�9<y�I�³.·-8#´�²�µ�·-= G�I�³.·)H:8<H�µ:8YH:8<I�³.¸NI�;E·)H:=)9<7�µ5e

3∑

i=1

ki
∂

∂xi

(
χ(M)

∂ϕ(M)

∂xi

)
= 0, (1)

` ´�8
ϕ(M)

dg= o = o )a8<H�H�;XK|y:=L7-8<H�R�µ�³&²	9�¶�=LI:=)9<7�µ	P�µ�²:} 7)I�³JR�µ�µ5Z
x1
Z
x2
Z
x3

dz´�8�¶�³JI�7-=Js
·);�¶�=)=LI�´�µ�H�³J7);QV ��³.¶ ¶�³.¶	9<I:8#´�³�H:8N=+´:H:=LI:=+´:H�³0Z:7-=�·a= o ²�³L9<7�µ P�µ�²:} 7)I�³JR�µ�µ

D
w�=\F�8<7

y�I�µ:9<G�7-9<7�·-=?·�³J7)}!9�µ�H ` G&²:_0I�H�³J_ y:=?·-8<I-~0H:=)9<7)}
σ0 = σ01 ∪ σ02

Z H�³b¶�=L7-=LI:=LK?PYG�H�¶�R�µ�_
χ(M)

= o I�³ ) ³L8<7-9B_l· o 8N9�¶�=LH:8<O�H:=)9<7)}�S H�³
σ01

b�µ�²�µ ·!H:=.²:}3S H�³
σ02

bcV���9#²�=?·�µ�_ ´�²:_
= o = o )a8<H�H:= ` =Dy:=L7-8<H�R�µ�³&²�³

ϕ
H�³ ` I�³JH�µ�R:8

σ0
o G&´:G�7 µ:w�8<7)}�·�µ�´ f »%h

ϕ(M)+ = 0, M ∈ σ01;

(
χ(M)

∂ϕ(M)

∂nM

)+

= 0, M ∈ σ02, (2)

` ´�8
~nM

d =LI�7DH:=LI:w«³&²�µb¶
σ02

V
��9#²�=?·�µ�_DI:8 ` G&²:_0I�H:=)9<7�µ|= o = o )a8<H�H:= ` =Qy:=L7-8<H�R�µ�³&²�³

ϕ(M)
H�³ o 8N9�¶�=LH:8<O�H:=)9<7�µLµ:w�8cs

^'7 ·�µ�´

ϕ(M) = O

(
1

r

)
, χ(M) |∇ϕ(M)| = O

(
1

r 2

)
, r → ∞, (3)

` ´�8
r
dgI�³L9N9<7-=\_0H�µ:8Y=L7a7-=LO�¶�µ|H�³ o ²:^ ´�8<H�µ�_

M(x1, x2, x3)
´�=aP�µ�¶�9�µ�I:=?·�³JH�H:=LK	7-=LO�¶�µ

M0(x01, x02, x03)
Z
M,M0 ∈ D

V
±M= o ²�³L9<7�µ+P�µ�²:} 7)I�³JR�µ�µ

D
y�I�µ:9<G�7-9<7�·)G-8<7 ` I�³JH�µ�R�³

Γt
Z
I�³.¸�´�8#²:_0^ ) ³J_r´�·-8aF µ�´�s

¶�=)9<7�µ5V
vY=.²�³ ` ³L8NwXZ
O�7-= P�µ�²:} 7)I�³JR�µ:=LH�H�;x8a9�·-=LK:9<7�·�³ F µ�´�¶�=)9<7-8<K =+´�µ�H�³.¶�=?·); SUw�=+´�8#²:}
t I�³.¸NH:=LR�·-8<7)H�;�~�{�F µ�´�¶�=)9<7-8<K
bcV0vY=.²�=\F�8<H�µ:8 ` I�³JH�µ�R�;

Γt
=Ly�µ:9<;E·�³L8<7-9B_qy�³JI�³Lw�8<7)I�µ�O:8cs

9�¶�µ:w�µ G�I�³.·)H:8<H�µ�_�w�µ*S
t > 0

d ·)I:8Nw�_�Z
s1
Z
s2
dTy�³JI�³Lw�8<7)I�;'bce

Γt : xi = xi (t, s1, s2) , i = 1, 2, 3. (4)
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± H�³NO�³&²:})H�;XK w�=)w�8<H�7v·)I:8Nw�8<H�µ
t = 0

y:=.²�=\F�8<H�µ:8 &N7-=LK ` I�³JH�µ�R�; ¸&³&´�³JH:=�e

Γt = Γ0 : x0i = xi (0, s1, s2) , i = 1, 2, 3. (5)

�'I�³.·)H:8<H�µ�_L´�·�µ�F�8<H�µ�_ ` I�³JH�µ�R�;�I�³.¸�´�8#²�³�F µ�´�¶�=)9<7-8<Kyµ:w�8<^'7v·�µ�´

dxi
dt

= kiχ(M)
∂ϕ(M)

∂xi
, i = 1, 2, 3, (x1, x2, x3) ∈ Γt. (6)

��³.¶�µ:w = o I�³.¸\=)wXZ.¸&³&´�³JH:='y:=.²�=\F�8<H�µ:8 ` I�³JH�µ�R�;
Γ0
Z 7-8<H�¸\=LIay�I:=LH�µ�R�³L8Nw�=)9<7�µ

K(M)
V

iY8N= o ~%=+´�µ:w�= H�³JK�7�µ y:=.²�=\F�8<H�µ:8 ` I�³JH�µ�R�;
Γt

S � bcV�j�8Mva8<H�µ:8 ¸&³&´�³NO�µ+9N=)9<7-=?µ�7 ·	=L7);x9cs
¶�³JH�µ�µ*= o = o )a8<H�H:= ` = y:=L7-8<H�R�µ�³&²�³

ϕ
Z�¶�=L7-=LI�;XK G&´�=?·?²�8<7�·-=LI%_�8<7 G�I�³.·)H:8<H�µ�^ S » bcZ ` I�³ s

H�µ�O�H�;xwgG-9#²�=?·�µ�_�w S ¹ b�µ G-9#²�=?·�µ�_�wgH�³ o 8N9�¶�=LH:8<O�H:=)9<7�µgS��-bcV���³&²�8N8yµ�H�7-8 ` I�µ�I�G-8<7-9B_
9�µ:9<7-8Nw«³�G�I�³.·)H:8<H�µ�K S m bpy�I�µ	H�³NO�³&²:})H:=)wzG-9#²�=?·�µ�µ*S ¼ bcV

±zI�³ o =L7-8 o ; ²bµ:9N9#²�8#´�=?·�³JH	H:8N=+´:H:=LI:=+´:H�;XKE=LI�7-=L7)I:=Ly�H�;XK ` I�G�H�7�9'7-8<H�¸\=LI:=)w*y�I:=Js
H�µ�R�³L8Nw�=)9<7�µ

K(M) = kix
2
3δij

Z
i, j = 1, 2, 3

VJvY=.²:G�O:8<H�;Y³JH�³&²�µ�7�µ�O:8N9�¶�µ:8�PQ=LI:w�G&²:;j´�²:_
H�³ ~%=\F�´�8<H�µ�_j·)I:8Nw�8<H�µ|´�=)9<7�µ�F�8<H�µ�_ ` I�³JH�µ�R:8<K

Γt
9�¶�·�³JF µ�H�;z·|I�³.¸�²�µ�O�H�;�~ 9#²:G�O�³J_�~

·�¸&³.µ:w�H:= ` =�I�³L9<y:=.²�=\F�8<H�µ�_u9�¶�·�³JF µ�H�;QZ ` I�³JH�µ�R
Γt
µ
σ02

V0vAI:=?·-8#´�8<Hr³JH�³&²�µ�¸�·?²�µ�_0H�µ�_
H:8N=+´:H:=LI:=+´:H:=)9<7�µ!H�³�·)I:8Nw�_b´�=)9<7�µ�F�8<H�µ�_ ` I�³JH�µ�R:8<K 9�¶�·�³JF µ�H�;QV n y:=)w�= )�})^gw�8<7-=+´�³
� K�²�8<I�³q9�³&´�³Jy�7�µ�·)H�;xw v ³ ` =)w f ¹�h 9Nw�=+´�8#²�µ�I:=?·�³JH�³ &+·-=.²:^'R�µ�_uy:8<I�·-=LH�³NO�³&²:})H:=	y�²�=)9cs
¶�=LK ` I�³JH�µ�R�;#I�³.¸�´�8#²�³aF µ�´�¶�=)9<7-8<Kr¶	7-=LO:8<O�H:=)w�G 9<7-=?¶�G-Z�I�³L9<y:=.²�=\F�8<H�H:=)w�GuH�³a9�µ�H ` G%s
²:_0I�H:=LK y:=?·-8<I-~0H:=)9<7�µ

σ02
V

�u��/0&%
���/4p5
��
T%P%$:6	�?��
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 �w��3:� � � � �/-���� � ��!"� B�:=-�.FE	:=-%1�K�.0308H7%.KE+705�.29�1�I�7=<!:WG�1�.Z-�I�.R@&E+.0I�G�7=J � <�7=9�[W,M�1�1?`;I�:WG�1�M�46I�:=/ 5�.29�:�
=I�:=/2G�7=M�<�.0-%G�4A@��RDa1�5�8H7%30-�.2J <Z:WG�1�/07%-�I�7-*�G�7=J 705�G�7%I�705�G�7=JD*�7%I�1�30-�7=J30I�. 5�.���� 	\K�.2G�4r. /;:�*�1�308�1"5�I�9�7=<�P�`;7%3%P�FHG(, -%:HP .?V=^HTFJ�P . � HrN H�V%b P .D$\P$T�10X�V!T%P

¹�º�º



���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

j
l'�{� � l n �"± ��j � ��iYi�� � n ��±�l � hYi�� n vYj �AC
��� �0�D����i�� C
���'i����Aj:�'C vYh�� l'iYh�� ±3l'iYh�� � �Xj:�'vYi��'C �5j��Ai��d� �

���!~ �!�u&%���
$ � &%�
SUj�=)9N9�µ�_�ZZ� I:8#²\c@� ���Qb

vY=)9<7?³.·?²�8<H�H�³J_ y�²�=)9�¶�=Ly�³JI�³&²�²�8#²:})H�³J_�¸&³&´�³NO�³Q="´�8 o µ�7-8X9�¶�·�³JF µ�H�·�³JH�µ�¸\=L7)I:=Ly�H:=)w
=+´:H:=LI:=+´:H:=)w y�²�³L9<7-8 ` I�G�H�7?³D9Yy�I:=?µ�¸+·-=.²:})H�;xwl¶�=LH�7)G�I:=)w?y�µ�7?³JH�µ�_ f »%h µ:9N9#²�8#´:G-8<7-9B_y·
9#²:G�O�³L86¶�G-9N=LO�H:=Js ` ²�³&´�¶�= ` = S y�I%_�w�=LG ` =.²:})H:= ` =%b ¶�=LH�7)G�I�³ay�µ�7?³JH�µ�_�V n =?·-8<I)va8<H�H�³J_+&+¶�9cs
y�²:G�³J7?³JR�µ:=LH�H�³J_�9�¶�·�³JF µ�H�³F´�8 o µ�7?³

Q
I�³L9<y:=.²�=\F�8<H�³"· ` =LI�µ�¸\=LH�7?³&²:})H:=)w y�²�³L9<7-8 y:=)9<7-=Js

_0H�H:=LK 7-=.² )�µ�H�;QV���I�G�H�7Qy�²�³L9<7?³0Z%H:8#´�8NPQ=LI:w�µ�I�G-8Nw�;XK ³JH�µ�¸\=L7)I:=Ly�H�;XKLµ =+´:H:=LI:=+´:H�;XK5Z
~�³JI�³.¶�7-8<I�µ�¸NG-8<7-9B_ ¶�= &\PQP�µ�R�µ:8<H�7-=)w y�I:=LH�µ�R�³L8Nw�=)9<7�µ

K
d 7-8<H�¸\=LI:=)wn·)7-=LI:= ` =�I�³JH0s

` ³ S ·-=)= o )a8 ` =?·-=LI%_�Z:H:8N9�µ:w�w�8<7)I�µ�O�H�;xw bcV�±3y�I:8#´:y:=.²�=\F�8<H�µ�µ y�²�=)9�¶�=Ly�³JI�³&²�²�8#²:})H:=)9<7�µ
¸&³&´�³NO�µ

K = (Kij)
Z
i, j = 1, 2

Vp�Y=)w�y:=LH:8<H�7);
(Kij)

d y:=)9<7-=\_0H�H�;x8)V���²:_ =Ly�I:8#´�8cs
²�8<H�µ�_h·�¶�²�³&´�³r·r´�8 o µ�7 I�³.¸�²�µ�O�H�;�~Y¶�=)w�y:=LH:8<H�7-=?·!7-8<H�¸\=LI�³r·�·-8#´�8Nw ¶�= &\PQP�µ�R�µ:8<H�7);
α = K22/K11

Z
β = (K12 +K21)/(2K11)

Z
γ = (K12 −K21)/(2K11)

Z
β2 < α

V��Y=LH�7)G�I
9�¶�·�³JF µ�H�; d =?¶�I�G�F�H:=)9<7)}

σC
e
x2 + y2 = R2

C

V �Y=LH�7)G�Izy�µ�7?³JH�µ�_zd y�I%_�w�=LG ` =.²:}Ls
H�µ�¶

σΠ
Z = o I�³.¸\=?·�³JH�H�;XK�=L7)I:8�¸+¶�³Lw�µ3y�I%_�w�;�~�e

x = B0/2
Z
x = −B0/2

Z
y = A0/2

Z
y = −A0/2

Z ` ´�8
A0

Z
B0

dT9<7-=LI:=LH�;�y�I%_�w�=LG ` =.²:})H�µ�¶�³0Z
A0 = 1

V"� 8<O:8<H�µ:8Yy�I:=?µ:9 ~%=+´�µ�7
·D= o ²�³L9<7�µ

D
Z�= ` I�³JH�µ�O:8<H�H:=LKy¶�=LH�7)G�I:=)w

Σ = σΠ ∪ σC
V

vY=.²�³ ` ³L8NwXZ�O�7-=�F µ�´�¶�=)9<7)}�H:8N9BF µ:w«³L8Nw«³J_ µ	8N8'7-8<O:8<H�µ:8A9<7?³JR�µ:=LH�³JI�H:=)8)VZ� o = o )a8<H0s
H�;XK�y:=L7-8<H�R�µ�³&²

ϕ(M) = −(p + ρΠ)/µ
S
Π
d y:=L7-8<H�R�µ�³&² w«³L9N9N=?·-=LKz9�µ�²:; d.9�µ�²:;

7 _0F�8N9<7�µ5Z
p
d ´�³.·?²�8<H�µ:8)Z

µ
µ
ρ
d ·)_�¸+¶�=)9<7)}hµ?y�²�=L7)H:=)9<7)}+F µ�´�¶�=)9<7�µ
b µz9�¶�=LI:=)9<7)}

P�µ�²:} 7)I�³JR�µ�µ
~v
7-8<O:8<H�µ�_]¶�³.¶+PYG�H�¶�R�µ�µ 7-=LO�¶�µ

M = (x, y)
G&´�=?·?²�8<7�·-=LI%_0^'7y·-9<^ ´:G|·

= o ²�³L9<7�µ
D
Z:S ¸&³"µ:9�¶�²:^'O:8<H�µ:8Nw]µ�¸\=.²�µ�I:=?·�³JH�H�;�~q=)9N= o ;�~�7-=LO:8�¶

ϕ(M)
b�G�I�³.·)H:8<H�µ�^ f ¹�h e

∂

∂x

(
K11

∂ϕ

∂x
+K12

∂ϕ

∂y

)
+

∂

∂y

(
K21

∂ϕ

∂x
+K22

∂ϕ

∂y

)
= 0, M ∈ D. (1)
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tJ�Yw�{

= −1
Z�·-8<I:=\_07)H:=)9<7)}E9N=?·-8<I)va8<H�µ�_ y�I:8N9<7)G�y�²�8<H�µ�_!9N=)9<7?³.·?²:_�8<7 » · »	º�º ²�8<7JZ�µ�²�µ

» y�I:8N9<7)G�y�²�8<H�µ:8b· ` =+´zH�³ »	º�º H:8N9N=?·-8<I)va8<H�H:=.²�8<7)H�µ0~�VYtJ�Yw�{
= −0,1

9N=)=L7�·-8<7-9<7�·)G-8<7
G�I:=?·)H�^My�I:8N9<7)G�y�H:=)9<7�µ »	º�º H�³ »	º�º 7);x9)V�H�³L9N8#²�8<H�µ�_�V

��³.¶�µ:wu= o I�³.¸\=)wXZ\G-9�µ�²�µ�_Yy:=Xy�I:=)P�µ�²�³.¶�7�µ�¶�8�y�I:8N9<7)G�y�H:=)9<7�µ�´�=.²:F�H�; o ;X7)}xH�³Jy�I�³.·Ls
²�8<H�;zH�³Yy:=?·);dva8<H�µ:8'9<I:8#´:H:8N9<7?³J7�µ:9<7�µ�O:8N9�¶�= ` =D�YwXV�±�9N8c~�H:8N9N=?·-8<I)va8<H�H:=.²�8<7)H�µ0~qy�I:8#´�s
²�³ ` ³L8<7-9B_ I�³.¸�´�8#²�µ�7)} y:= ` I�G�y�y�³Lw�y�I:=)P�µ�²�³.¶�7�µ�O:8N9�¶�= ` =|·-=?¸�´�8<K:9<7�·�µ�_�Z�y�I�µ$&N7-=)w ¶�=Js
&\PQP�µ�R�µ:8<H�7qtJ�Yw�{YI�³L9N9<O�µ�7);E·�³L8<7-9B_�·Q9<I:8#´:H:8Nw|´�²:_ ` I�G�y�y�;QV-i�³Jy�I�µ:w�8<I5Z�´�²:_�v�¶�=.²:}Ls
H�µ�¶�=?·r9<7?³JI)v�µ0~�¶�²�³L9N9N=?· S y:="¶�³JF�´�=LKev�¶�=.²�8 bcZ)G�O�³ )�µ0~%9B_ S y:="¶�³JF�´�=)w�GaG�O:8 o H:=)w�G�¸&³ s
·-8#´�8<H�µ�^QbcZ o 8N9<y�I�µ�¸\=LI�H�;�~JµD7JV�´ V n I:8#´:H:8N9<7?³J7�µ:9<7�µ�O:8N9�¶�µ�K*tJ�Yw�{ry:=QI:8 ` µ:=LH�G ·QR:8#²�=)w
·);x9<O�µ�7);E·�³L8<7-9B_ ¶�³.¶�9<G0w�w«³u9<I:8#´:H:8 ` =ztJ�Yw�{|¶�³JF�´�=LK ` I�G�y�y�;Ty�I:=)P�µ�²�³.¶�7�µ�O:8N9�¶�= ` =
·-=?¸�´�8<K:9<7�·�µ�_�Z�G0w�H:=\F�8<H�H:= ` =	H�³|=L7)H:=Uva8<H�µ:8aO�µ:9#²�8<H�H:=)9<7�µ ` I�G�y�y�; ¶ = o )a8<K O�µ:9#²�8<H0s
H:=)9<7�µ H:8N9N=?·-8<I)va8<H�H:=.²�8<7)H�µ0~y·�I:8 ` µ:=LH:8qS I�³JK:=LH:8 bcV

n I:8#´:H:8�·�¸+·-8Mva8<H�H�;XK tJ�Yw�{ y:=qI�³JK:=LH�G o G&´�8<7L·);x9<O�µ�7);E·�³J7)}-9B_ ¶�³.¶!9<G0w�w«³!tJ�Yw�{
` I�G�y�yzy�I:=)P�µ�²�³.¶�7�µ�O:8N9�¶�= ` =Y·-=?¸�´�8<K:9<7�·�µ�_ y�I:=Ly:=LI�R�µ:=LH�³&²:})H:=�O�µ:9#²�8<H�H:=)9<7�µ3y:=)9#²�8#´�s
H�µ0~�V�l H�³&²�µ�¸�9N=)=L7�·-8<7-9<7�·)G�^ )�µ0~r¸NH�³NO:8<H�µ�K y:=?¸+·-=.²�µ�7 ·);X_�·�µ�7)}:Z�¶�³.¶�³J_ ` I�G�y�y�³ H:8N9N=Js
·-8<I)va8<H�H:=.²�8<7)H�µ0~v·)H:=)9�µ�7rH�³.µ o =.²:}�v�µ�K�·�¶�²�³&´J·�³ o 9N=.²:^'7)H�;XK G�I:=?·-8<H�}Qy�I:8N9<7)G�y�H:=)9<7�µ
SU9AG�O:8<7-=)w ¶�=.²�µ�O:8N9<7�·�³v· ` I�G�y�y:8 bcV

iY8N9Nw�=L7)I%_ H�³+7-=�ZpO�7-= ´�³JH�H:=)8 y�I:8#´�9<7?³.·?²�8<H�µ:8!G�y�I:= )a8<H:=hµ3H:8EG�O�µ�7);E·�³L8<7�I%_�s
´�³DP�³.¶�7-=LI:=?·:Z
=)9N= o 8<H�H:=|9�µ�H:8<I ` 8<7�µ�O:8N9�¶�= ` =q~�³JI�³.¶�7-8<I�³�·�¸&³.µ:w�H:= ` =J·?²�µ�_0H�µ�_�Z
=+´:H�³.¶�=
y:=?¸+·-=.²:_�8<7 y�I:=?µ�¸+·-=+´�µ�7)}|9N=)=L7�·-8<7-9<7�·)G�^ )�µ�Kr³JH�³&²�µ�¸�·�y:8<I�·-=)w�y�I�µ o ²�µ�F�8<H�µ�µ5V

i�³E=)9<H:=?·-8|y:=.²:G�O:8<H�H�;�~h´�³JH�H�;�~*w�=\F�H:= =Ly�I:8#´�8#²�µ�7)} &\PQPQ8�¶�7�µ�·)H:=)9<7)} 7-=LKYµ�²�µ
µ�H:=LK y�I:=)P�µ�²�³.¶�7�µ�O:8N9�¶�=LK+w�8<I�; ¶�=LH�¶�I:8<7)H:= ` = P�³.¶�7-=LI�³�·-=?¸�´�8<K:9<7�·�µ�_zt �ry�{L·|=L7)H:=Js
va8<H�µ�µj¶�=LH�¶�I:8<7)H�;�~ ` I�G�y�y H:8N9N=?·-8<I)va8<H�H:=.²�8<7)H�µ0~�Z�³ 7?³.¶�F�8)Z59�G�O:8<7-=)w3O�µ:9#²�8<H�H:=)9<7�µ
¶�³JF�´�=LK ` I�G�y�y�;QZJ=Ly�I:8#´�8#²�µ�7)}"·?²�µ�_0H�µ:8«¶�³JF�´�=LK�w�8<I�;+y�I:=)P�µ�²�³.¶�7�µ�¶�µ�H�³x= o )�µ�KrG�I:=Js
·-8<H�}Dy�I:8N9<7)G�y�H:=)9<7�µuy:=�I:8 ` µ:=LH�G!S I�³JK:=LH�G:bcV

� 8N=LI:8<7�µ�O:8N9�¶�µ3w�=\F�H:= y�I:=?µ�¸+·-8N9<7�µ ´�³&²:})H:8<K)v�G�^ =Ly�7�µ:w�µ�¸&³JR�µ�^ ¸&³J7)I�³J7]µ�¸+·-8N9<7Ls
H�;xw�µ w«³J7-8Nw«³J7�µ�O:8N9�¶�µ:w�µ�w�8<7-=+´�³Lw�µ y�I�µ!H�³&²�µ�O�µ�µ]´�³JH�H�;�~!y:= 9<7-=?µ:w�=)9<7�µ µ!I:8N9<G�I0s
9N=)8Nw�¶�=)9<7�µb¶�=LH�¶�I:8<7)H�;�~ t �ry�{JV@�F´:H�³.¶�=aI:8	³&²�µ�¸&³JR�µ�_+&N7-= ` =aH�³ry�I�³.¶�7�µ�¶�8�·�w«³L9N9N=?·-=)w
y:=LI%_�´�¶�8�¸&³J7)I�G&´:H�µ�7-8#²:})H:=�Z�y:=�¶�I�³JK�H:8<KEw�8<I:8)Z�H�³ &N7?³Jy:8Q=)9�·-=)8<H�µ�_uw�8<7-=+´�µ�¶�µ5V

vAI:8#´�9<7?³.·?²:_�8<7-9B_�ZpO�7-=j·);dva8<y�I�µ�·-8#´�8<H�H�;�~ ´�³JH�H�;�~ o G&´�8<7|´�=)9<7?³J7-=LO�H:=]´�²:_ &+¶�9cs
y:8<I�7)H:= ` =r³JH�³&²�µ�¸&³bµ!y�I�µ�H�_07�µ�_+= o =)9<H:=?·�³JH�H�;�~!I:8Mva8<H�µ�K+H�³	G�I:=?·)H:8�I:8 ` µ:=LH�³&²:})H�;�~
¶�=)w�µ:9N9�µ�Kuy:=�´�8#²�³Lw�H:8N9N=?·-8<I)va8<H�H:=.²�8<7)H�µ0~�V
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-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

i���� n �D� ���Yh�±{� n � � � ��fgj�hYi ��l h l n hYCEv��D� �XhY�Ylz± �D�'j�h��Yi�� 

n � l'WYh��'iYl'j�i�� 
kjs� � ��iYh�� n h n �d��CF� �kiYl'����iY� ��j ��l

te� � �<�u��"-&%�����
SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�G-Z�f �A� c�±@²�³&´�µ�¶�³.·�¶�³.¸-Z
fgCEhrb

± H�³L9<7-=\_�)a8<K I�³ o =L7-8 I�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_�9�µ:9<7-8Nw«³ � H�³.¶�8<H o 8<I ` ³0Z ¶�=L7-=LI�³J_+_�·?²:_�s
8<7-9B_u=+´:H:=LKyµ�¸rPYG�H�´�³Lw�8<H�7?³&²:})H�;�~u9�µ:9<7-8Nw?I:8	³.¶�R�µ�µ0s ´�µ:PQPYG�¸+µ�µE96¶�G o µ�O:8N9�¶�=LKEH:8#²�µ0s
H:8<K�H:=)9<7)})^ae

ut = γf(u, v) + uxx = γ(a− u+ u2v) + uxx,

vt = γg(u, v) + dvxx = γ(b− u2v) + dvxx.
± &N7-=LKq9�µ:9<7-8Nw�8 H:8�µ�¸+·-8N9<7)H�;x8

u = u(x, t)
µ
v = v(x, t)

y�I:8#´�9<7?³.·?²:_0^'7�9N= o =LK�¶�=LH�R:8<H0s
7)I�³JR�µ�µJ´�·)G%~ o µ:=N~�µ:w�µ�O:8N9�¶�µ0~L·-8 )a8N9<7�·�·�7-=LO�¶�8 
v·aw�=)w�8<H�7�·)I:8Nw�8<H�µ

t > 0
Z�¶�=L7-=LI�;x8

_�·?²:_0^'7-9B_ ³.¶�7�µ�·�³J7-=LI:=)wzµ*9<G o 9<7)I�³J7-=)wXV�v�³JI�³Lw�8<7)I
d
d y:=.²�=\F µ�7-8#²:})H�;XK ¶�= &\PQP�µ0s

R�µ:8<H�7Y´�µ:PQPYG�¸+µ�µ5Z
γ
d y:=.²�=\F µ�7-8#²:})H�³J_#y:=)9<7-=\_0H�H�³J_�Z�~�³JI�³.¶�7-8<I�µ�¸NG�^ ) ³J_�=L7)H:=)9�µ0s

7-8#²:})H�G�^g9�µ�²:G ·?²�µ�_0H�µ�_ 9#²�³ ` ³L8Nw�;�~EI:8	³.¶�R�µ�µ5Z
a
µ
b
d y:=.²�=\F µ�7-8#²:})H�;x8ay�³JI�³Lw�8<7)I�;

I:8	³.¶�R�µ�µ5V
��²:_ H:8<G-9<7-=LK�O�µ�·-=)9<7�µ 9<7?³JR�µ:=LH�³JI�H:= ` = 9N=)9<7-=\_0H�µ�_ y:= ��})^'I�µ�H ` G H:8N= o ~%=+´�µ0s

w�; G-9<7-=LK�O�µ�·-=)9<7)} y:=#=L7)H:=Uva8<H�µ�^f¶gy�I:=)9<7)I�³JH:9<7�·-8<H�H:=Js�=+´:H:=LI:=+´:H�;xw ·-=?¸\w�G*)a8<H�µ0s
_�w S ·#=L7-9<G�7-9<7�·�µ:8 ´�µ:PQPYG�¸+µ�µ
byµkH:8<G-9<7-=LK�O�µ�·-=)9<7)} y:=#=L7)H:=Uva8<H�µ�^ ¶gH:8�¶�=L7-=LI�;xw
y�I:=)9<7)I�³JH:9<7�·-8<H�H:=Js H:8N=+´:H:=LI:=+´:H�;xw ·-=?¸\w�G*)a8<H�µ�_�w#S y�I�µ H�³&²�µ�O�µ�µb´�µ:PQPYG�¸+µ�µ
bcV

h6¸+·-8N9<7)H:=�Z O�7-=x= o ²�³L9<7)}'H:8<G-9<7-=LK�O�µ�·-=)9<7�µ ��})^'I�µ�H ` ³ 9�µ:9<7-8Nw�; � H�³.¶�8<H o 8<I ` ³;¸&³&´�³ s
8<7-9B_ O:8<7);XI�}-w�_ G-9#²�=?·�µ�_�w�µ5Z�¶�=L7-=LI�;x8;´�=.²:F�H�;_·);Xy:=.²:H�_07)}-9B_|=+´:H:=?·)I:8Nw�8<H�H:=�V%��·�³�µ�¸
H�µ0~q9N=)=L7�·-8<7-9<7�·)G�^'7aG-9#²�=?·�µ�_�w G-9<7-=LK�O�µ�·-=)9<7�µL· o 8�¸�´�µ:PQPYG�¸+µ:=LH�H:=)w+y�I�µ o ²�µ�F�8<H�µ�µ5Z�³
=)9<7?³&²:})H�;x8Q9N=)=L7�·-8<7-9<7�·)G�^'7�H:8<G-9<7-=LK�O�µ�·-=)9<7�µ I�³.·)H:=?·-8N9�µ�_L·�9#²:G�O�³L8'H�³&²�µ�O�µ�_�´�µ:PQPYG%s
¸+µ�µ5V0vAI�µ+&N7-=)w*H:8N= o ~%=+´�µ:w�;x8QG-9#²�=?·�µ�_|H:8'_�·?²:_0^'7-9B_�´�=)9<7?³J7-=LO�H�;xw�µ5Z�³�´�=)9<7?³J7-=LO�H�;x8
G-9#²�=?·�µ�_ ¸&³.·�µ:9B_07q=L7DI�³L9N9Nw«³J7)I�µ�·�³L8Nw�=LK = o ²�³L9<7�µ5V

WY8#²:})^ H�³L9<7-=\_�)a8<K I�³ o =L7); _�·?²:_�8<7-9B_ H�³ ~%=\F�´�8<H�µ:8 ´�=)9<7?³J7-=LO�H�;�~ G-9#²�=?·�µ�K
H:8<G-9<7-=LK�O�µ�·-=)9<7�µ ��})^'I�µ�H ` ³ · 9#²:G�O�³L8)Z ¶�= ` ´�³ y�I:=)9<7)I�³JH:9<7�·-8<H�H�³J_ y:8<I:8Nw�8<H�H�³J_
x ∈ [0; 1]

Z�µuH�³ ¶�=LH�R�³ ~E=L7)I:8�¸+¶�³v¸&³&´�³JH�; ¶�I�³L8�·);x8rG-9#²�=?·�µ�_uiY8<K:w«³JH�³0V
i�³JK�´�8<H:=�¶�I�µ0s
7�µ�O:8N9�¶�=)8 ¸NH�³NO:8<H�µ:8�y�³JI�³Lw�8<7)I�³;´�µ:PQPYG�¸+µ�µ5Z\y�I�µ�¶�=L7-=LI:=)w|·-=?¸NH�µ�¶�³L8<7YH:8<G-9<7-=LK�O�µ�·-=)9<7)}
��})^'I�µ�H ` ³0V

h6¸+·-8N9<7)H:=�Z�O�7-=Qy�I�µ &N7-=)w]¶�I�µ�7�µ�O:8N9�¶�=)wY¸NH�³NO:8<H�µ�µ|y�I:=?µ:9 ~%=+´�µ�7�w�=LH:=L7-=LH�H�³J_qy:=L7-8cs
I%_ G-9<7-=LK�O�µ�·-=)9<7�µ*I�³.·)H:=?·-8N9�µ�_+9�µ:9<7-8Nw�;QV�CE8<7-=+´�=)w �Y_0y�G�H:=?·�³|d �kw�µ�´:7?³ H�³JK�´�8<H�;
y:8<I�·);x8 O�²�8<H�; I�³.¸�²�=\F�8<H�µ�_�y:=�w«³&²�=)w�Gzy�³JI�³Lw�8<7)I�G3H�³&´�¶�I�µ�7�µ�O�H:=)9<7�µ ·)7-=LI�µ�O�H�;�~
9<7?³JR�µ:=LH�³JI�H�;�~uI:8Mva8<H�µ�Ku9�µ:9<7-8Nw�;QV

±?I�³ o =L7-86·);Xy:=.²:H:8<H�³�·�µ�¸NG�³&²�µ�¸&³JR�µ�_	= o ²�³L9<7�µ	H:8<G-9<7-=LK�O�µ�·-=)9<7�µ(��})^'I�µ�H ` ³�µqy�I:=Js
·-8#´�8<H�;?O�µ:9#²�8<H�H�;x8 &+¶�9<y:8<I�µ:w�8<H�7);_´�²:_aH�³ ~%=\F�´�8<H�µ�_�¶�I�µ�7�µ�O:8N9�¶�µ0~v·-=.²:H:=?·);�~�O�µ:9N8#² V
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����{ �<�&��zK��vwb�a�e(XFfrb�a�V �Gb-�!�(V cI� cIp-\�@A@�/�6?]	b�a�V b-�	v�c �&XF� Yob-`#��(oV cIfDX"�&V �Gb-�	�W](](� V �Gb�a�V cI`(Y0P .�(oXR_�� V `US
�:XFV �&XF� ��XR_�p&/�6?]&_�V `(pIXR_ X5��XR_�� b-p�SUTG2I2 L P .�i�P
1!T X?2%YHPV!P���� .�. ~hP+� �"�DUWXGb��Ra�V cI`&,/�&V ��%(Y�V cI` X���%	b�a�V cI`(Y ��V a�edb-](](� V �Gb�a�V cI`(Y ��� 6?cIfDfDXR_�Y�XFfDXFYya�XR_;P .?V=^HT%T%P .
i�P�Y�10X�T;^HTL P �<{	� �-� �	�&� � ��P�N��&�(["e(X X �&V Yya�XF`!�FX|b-`#�<Yya�b��(V � V ax\�c-g#b-Y�Y�V fDfDXRa�_�V � Y�](V s�X:]	b�a�a�XR_�`(Y"ghc-_�a�e(X 6 ��e(`	b�,
s�XF`!��XR_�pKfDc �&XF�j����65a+%#��P(�W](](�OP	vwb�a�eUP .?V=^%^�V!P .�i�PUV%V-2;X�V-H-J�P

J�P�05��� 
�� � � �#{�} � �����&�ji4b�a�a�XR_�` ghc-_�frb�a�V cI`6NO@A@Ab�/
a�e(XD[1%&_�V `(p�V `(Yya�b��(V � V ax\ ���wi4_�c��%P4�WfDXR_;P�vwb�a�eUP
6?c��%P .?V=^%^�1!P .�i�PUV=Y�_%_0X�V=YIHIHHP_!P7� {	���!�?P ��� Mj{"� � �o� �o� �4�#{ �5N ~ ~ {w�4�
�9Y�XF� X$�Ra�V cI` �R_�V a�XR_�V cI` ghc-_�]	b�a�a�XR_�`(Y|V ` _�XGb��Ra�V cI`&,/�&V ��%(Y�V cI` Yy\&Yy,
a�XFfDYW����["e(XFc-_;P#(oV cI�OP
v�X"��P�v�c �&XF�OP .?V=^HTFJ�P .�i�P�T X�T�1!P
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t
d ·)I:8Nw�_Cc

Ω =
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´�8N=.²�8�¶�R�µ�K!y:=q7-8Nw�8ay�I:8#´�9<7-=\_�)a8 ` = ¸&³JH�_07�µ�_�Z�³�·b³NG&´�µ�7-=LI�µ�µ+9N=?·-8<I)va8<H:9<7�·)G�^'7 9�·-=?µ
¸NH�³JH�µ�_�Z�·);Xy:=.²:H�_0_ y�I�³.¶�7�µ�O:8N9�¶�µ:8�¸&³&´�³JH�µ�_�V

CE=+´�8#²:} t y:8<I:8�·-8<I�H�G�7);XKy¶�²�³L9N9L{ =LI ` ³JH�µ�O�H:=v·)y�µ:9<;E·�³L8<7-9B_b·�²:^ o G�^M9�µ:9<7-8Nw�GJµ�H0s
PQ=LI:w«³JR�µ:=LH�H:=LK y:=+´�´�8<I%F ¶�µ = o G�O:8<H�µ�_�V�vAI�µ &N7-=)wXZ�¶�³.¶ G�F�8�=L7-w�8<O�³&²�=)9<} ·);dva8)Z�y:=Js
_�·?²:_�8<7-9B_ ·-=?¸\w�=\F�H:=)9<7)} µ�H�´�µ�·�µ�´:G�³&²�µ�¸&³JR�µ�µk= o G�O:8<H�µ�_�ZxI:8	³&²�µ�¸NG-8<7-9B_My:=+´�~%=+´ Z'y�I�µ
¶�=L7-=LI:=)w ¶�³JF�´:;XK�= o G�O�³J^ )�µ�K:9B_3=)9�·�³.µ�·�³L8<7�H:=?·);x8r¸NH�³JH�µ�_ y:= µ�¸NG�O�³L8Nw�=LK�´�µ:9<R�µ0s
y�²�µ�H:8)Z�´�·�µ ` ³J_�9<} y:= 9�·-=)8<K�= o I�³.¸\=?·�³J7-8#²:})H:=LKz7)I�³L8�¶�7-=LI�µ�µ5V�vAI�µ�y:=)9<7)I:=)8<H�µ�µ�7?³.¶�=LK
9�µ:9<7-8Nw�; ·�³JF�H:= ¸NH�³J7)}�¶�³.¶bµ:w�8<H�H:=Dy�I:=?µ:9 ~%=+´�µ�7|=)9�·-=)8<H�µ:8�¸NH�³JH�µ�K5Z:7JV:8)V�H:8N= o ~%=+´�µ:w«³
w�=+´�8#²:}u= o G�O:8<H�µ�_�V5j�³.¸NI�³ o ³J7);E·�³J_+H�³2v�G w�=+´�8#²:}:Z5w�;g=Ly�µ�I�³&²�µ:9<} H�³q7-8N=LI�µ�^ =)9�·-=)8cs
H�µ�_L¸NH�³JH�µ�K5Z�y:=)9<7)I:=)8<H�H�G�^z·); ´�³J^ )�µ:w�9B_	I:=)9N9�µ�K:9�¶�µ:w?y:8#´�³ ` = ` =)wl±AV�v�V���8N9<y�³&²:}�¶�=�V
± ¶�H�µ ` 8+t � 8N=LI�µ�_*G�O:8 o H�µ�¶�³�{+=LH*y:=?¶�³.¸&³&² Z�O�7-= &N7-=L7 y�I:=LR:8N9N9	w�=\F�8<7 o ;X7)} I�³.¸ o µ�7
H�³|O:8<7);XI:8�G�I:=?·)H�_ d I:8<y�I:=+´:G�¶�7�µ�·)H:=)8qG�¸NH�³.·�³JH�µ:8)Z�I:8<y�I:=+´:G�¶�7�µ�·)H:=)8 ³&² ` =LI�µ�7-w�µ�O:8cs
9�¶�=)8 ´�8<K:9<7�·�µ:8)ZLy�I:=+´:G�¶�7�µ�·)H:=)8 &+·)I�µ:9<7�µ�O:8N9�¶�=)8 ´�8<K:9<7�·�µ:8Eµ�y�I:=+´:G�¶�7�µ�·)H:=)8x7�·-=LI�O:8N9�¶�=)8
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´�8<K:9<7�·�µ:8)V�Cu;�9<O�µ�7?³L8NwXZ:O�7-=D=Ly�µ:9	³J7)} y�I:=LR:8N9N9YH�³�¶�³JF�´�=)w µ�¸YG�I:=?·)H:8<Kuw�=\F�H:= 9Yy:=Js
w�= )�})^ 9#²�8#´:G�^ )a8 ` =�´�µ:PQPQ8<I:8<H�R�µ�³&²:})H:= ` =DG�I�³.·)H:8<H�µ�_�e

∂S

∂t
= A−BS.

S » b

��´�8N9<}
S
d = o e58Nw�H�³.¶�³Jy�²�µ�·�³L8Nw�;�~y¸NH�³JH�µ�Kuy:=�´�µ:9<R�µ�y�²�µ�H:8�c

A
Z
B
d ¶�= &\PQP�µ�R�µ:8<H�7);QZ�· = o )a8Nw 9#²:G�O�³L8 ¸&³.·�µ:9B_�)�µ:8D=L7

S
Z�~�³JI�³.¶�7-8<I�µ�¸NG�^ )�µ:8

µ�H�´�µ�·�µ�´:G�³&²:})H�;x8�=)9N= o 8<H�H:=)9<7�µE= o G�O�³L8Nw�= ` =�V
± ´�=?¶�²�³&´�8zI�³L9N9Nw«³J7)I�µ�·�³L8<7-9B_ w�=+´�8#²:}:Zry:=)9<7)I:=)8<H�H�³J_t·M9<I:8#´�8zw�=+´�8#²�µ�I:=?·�³JH�µ�_

P � c)PIC ��Z59N=)9<7-=\_�) ³J_jµ�¸�O:8<7);XI:8c~|´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~ G�I�³.·)H:8<H�µ�K]·�µ�´�³!S » bcV�l H�³&²�µ0s
¸+µ�I�G�^'7-9B_	I�³.¸�²�µ�O�H�;x8r9<R:8<H�³JI�µ�µE= o G�O:8<H�µ�_�V
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

vYj�hYCF��i���iYh��3vYl'�����D�"±�l'iYlD�Qh��Xh���� n �Yh 
 ± � �Yh n ����iYh��
�kh nXn �������"±�l'iYhYf n h �5iYl����Aj �'v���j
l��D�'j:�"±M�Yj�h�±�h���i��

���«±{�'hYi�±�l'j�hYl'i��Xi�� 
 ���'js��iYW��«± � 
kCF���Xj�hY�
�Xjs��
ACF��j�i�� 
 �5j��AvYv �Qh �

te�!o%���	��"-/4p �
�����zSUj�=)9N9�µ�_�Z��E³JI�H�³NG&²\c:lF²:7 ���Qb�+
r	������#q
��
$'�����?SUj�=)9N9�µ�_�Z��E³JI�H�³NG&²\c�lF²:7 ���Qb

±#H�³L9<7-=\_�)a8N8 ·)I:8Nw�_|·-9N8�O�³ )a8ay�I�µ I:8Mva8<H�µ�µ H�³NG�O�H:=Js µ:9N9#²�8#´�=?·�³J7-8#²:}-9�¶�µ0~h¸&³&´�³NO
µ:9<y:=.²:}�¸NG�^'7-9B_zy�³.¶�8<7); y�I�µ�¶�²�³&´:H�;�~zy�I:= ` I�³Lw�wXV � 7-=+9�·)_�¸&³JH:= 9	7-8NwXZ�O�7-=!G�H�µ�·-8<I0s
9	³&²:})H�;x8	w«³J7-8Nw«³J7�µ�O:8N9�¶�µ:8u9�µ:9<7-8Nw�; y:=?¸+·-=.²:_0^'7 y�I:=?·-=+´�µ�7)}]¶�³.¶�O�µ:9#²�8<H�H�;x8)Z�7?³.¶ µ
9�µ:w�·-=.²:})H�;x8]·);XO�µ:9#²�8<H�µ�_�VF± ` 8N=)w�8<7)I�µ�µ µ ³JH�³&²�µ�¸\8!9<G*)a8N9<7�·)G-8<7zw�H:=\F�8N9<7�·-=?y�I�µ0s
w�8<I:=?·:Zpy:=+´:7�·-8<I%F�´�³J^ )�µ0~ &\PQPQ8�¶�7�µ�·)H:=)9<7)} y�I�µ�·?²�8<O:8<H�µ�_3y�³.¶�8<7-=?· ³JH�³&²�µ�7�µ�O:8N9�¶�µ0~
·);XO�µ:9#²�8<H�µ�Kuy�I�µ ´�=?¶�³.¸&³J7-8#²:}-9<7�·-8r7-8N=LI:8Nw µ�¸�f » Z ¹�h V

± ´�³JH�H:=LK!I�³ o =L7-8�9�y:=)w�= )�})^t¶�=)w�y�})^'7-8<I�H�;�~!w�=+´�8#²�8<K5Z5I:8	³&²�µ�¸\=?·�³JH�H�;�~j·	9<I:8cs
´�8xy�³.¶�8<7?³�³JH�³&²�µ�7�µ�O:8N9�¶�µ0~L·);XO�µ:9#²�8<H�µ�K ��E2^)G_J)Z%=Ly�I:8#´�8#²�8<H�;�·-=?¸\w�=\F�H�;x8Y9�µ ` H�³J7)G�I�;
=Ly:8<I�³J7-=LI:=?·6¶�I�µ�·�µ�¸NH�;?j µ�O�O�µ5ZL=+´:H:=)w�8<I�H:=LK ¶�I�µ�·�µ�¸NH�;QZL9N8�¶�R�µ:=LH�H:=LK�¶�I�µ�·�µ�¸NH�;�7)I:8c~�s
w�8<I�H�;�~ ` I�G�y�y���µ 96²�8�·-=?µ�H�·�³JI�µ�³JH�7)H�;xw�µy²�=LI:8<H�R:8�·);xw�µ w�8<7)I�µ�¶�³Lw�µ5V

�u��/0&%
���/4p5
��
T%P�8A����������
 ���r3:��3:� � �:6 ��� 
 �F

��� � ����� �/1 ����6 � 
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� � ���5� * ��$�� ��1 ����6 � 
 ��� ��� �w� �:!j�����5� �&6	' 3:��3:�
5 8H7IE4*�7=G�.2G�-%:�@ I�:=/29�7WDE.2G�1�]�-�.2G�/07%I�:8�I�1�<%1�/2G�4�G�:u`;I�F?*(*�:�@ � 1 3�9�.2<�7=1�G�<!:=I�1�:WG�-%G�7=J I�1	E	:WG�7=<�7=J E+.0-�I�1�8H7=J$P .76&bIb�_+�&_+%(s�XF`
/�'��:i
'�� v�( %#U�[^�;�Gb
�&XFfDV �|i %!�(�OP�*:f'� � � noc�P(t *aS�V=^HTWV!P .D1-H?3%P
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���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

±{� nXn � l'i��"±:����iYh��3vYl'j
l'CF���Xj:�"±3���'j:��� i�� �0� ��±�h�� ��iYh��
n js��� n �E±�l'CEhg���'CEv ��f �d��j�i�� �0�kC
� ���!�QhYj:�"±�l'iYh��

� �!o%���	�-����
���2 ��SUj�=)9N9�µ�_�Z�CE=)9�¶�·�³�c:C ���Qb

n ²�8#´:G�^ )�µ�K ·-=Ly�I:=)93y�I:8#´�9<7?³.·?²:_�8<7 µ�H�7-8<I:8N93y�I�µ w«³J7-8Nw«³J7�µ�O:8N9�¶�=)w =Ly�µ:9	³JH�µ�µ
7)I�³JH:9<y:=LI�7)H�;�~+y:=L7-=?¶�=?·:V j�³L9N9Nw�=L7)I�µ:w ¸&³&´�³NO�G �Y=Uv�µj´�²:_j¶�·�³.¸+µ�²�µ�H:8<K�H:= ` =y´�µ:PQPQ8cs
I:8<H�R�µ�³&²:})H:= ` = G�I�³.·)H:8<H�µ�_	y:8<I�·-= ` =�y:=LI%_�´�¶�³0e





∂ρ

∂t
+
∂Q(ρ)

∂x
= 0, x ∈ R, t > 0,

ρ(x, 0) = ρ0(x).
(1)

��´�8N9<}
ρ = ρ(x, t)

d y�²�=L7)H:=)9<7)} 7)I�³JH:9<y:=LI�7)H:= ` =!y:=L7-=?¶�³r· 7-=LO�¶�8
x
· w�=)w�8<H�7j·)I:8cs

w�8<H�µ
t
V �rG�H�¶�R�µ:=LH�³&²:})H�G�^ ¸&³.·�µ:9�µ:w�=)9<7)}

Q(ρ)
·-=?¸N}-w�8Nw�· 9N=)=L7�·-8<7-9<7�·�µ�µ 9�w�=+´�8#²:})^

i�³ ` 8#²:_|d � I:8�¶�8<H o 8<I ` ³ SU9NwXVrf » Z ¹�h bce

Q(ρ) =

{
k1ρ, 0 6 ρ 6 ρ∗,

k2 (ρmax − ρ) , ρ∗ 6 ρ 6 ρmax,
(2)

` ´�8
k1 = vmax, k2 =

vmax ρ
∗

ρmax − ρ∗
. (3)

vAI�µ &N7-=)w
vmax

d w«³.¶�9�µ:w«³&²:})H�³J_�I�³.¸NI:8Mva8<H�H�³J_*9�¶�=LI:=)9<7)} 7)I�³JH:9<y:=LI�7)H:= ` = y:=L7-=?¶�³0Z
ρmax

d w«³.¶�9�µ:w«³&²:})H�³J_y´�=Ly�G-9<7�µ:w«³J_Ey�²�=L7)H:=)9<7)}|y:=L7-=?¶�³0Z�³
ρ∗

dn¶�I�µ�7�µ�O:8N9�¶�³J_Ey�²�=L7Ls
H:=)9<7)}:Z�y�I�µL¶�=L7-=LI:=LK	y�I:=?µ:9 ~%=+´�µ�7Dy:8<I:8c~%=+´u=L7a9�·-= o =+´:H:= ` =�´�·�µ�F�8<H�µ�_L¶J¸&³J7)I�G&´:H:8<H�H:=Js
w�G-V�i�³Qy�I�³.¶�7�µ�¶�8AO�µ:9#²�8<H�H�;x8"¸NH�³NO:8<H�µ�_

vmax
Z
ρmax

µ�¸+·-8N9<7)H�; 9;·);x9N=?¶�=LK	7-=LO�H:=)9<7)})^aZ
³�H�³ ~%=\F�´�8<H�µ:8�µ:9<7�µ�H�H:= ` =v¸NH�³NO:8<H�µ�_

ρ∗
y�I:8#´�9<7?³.·?²:_�8<7�¸&³J7)I�G&´:H:8<H�µ�_�V

��²:_]·-=)9N9<7?³JH:=?·?²�8<H�µ�_h¸NH�³NO:8<H�µ�_
ρ∗ ∈ (0, ρmax)

¸&³&´�³&´�µ:w ´�=Ly:=.²:H�µ�7-8#²:})H:=)8qy:8<I:8cs
=Ly�I:8#´�8#²�8<H�µ:8

T∫

0

Q (ρ(x0, t)) dt = a (4)

9uP�µ�¶�9�µ�I:=?·�³JH�H�;xw�µ
x0 ∈ R

Z
T > 0

Z
a > 0

V���9#²�=?·�µ:8*S � b�·);XI�³JF�³L8<7*= o )a8N8 O�µ:9cs
²�=j³.·)7-=)w�= o µ�²�8<K5Z�y�I:=Uva8#´\v�µ0~ O:8<I:8�¸	7-=LO�¶�G

x0
¸&³y·)I:8Nw�_

0 6 t 6 T
V n y�I�³.·-8#´�²�µ�·

9#²�8#´:G�^ )�µ�K I:8�¸NG&²:} 7?³J7JV
� &%��
�&�$'�Z�Csut+v!wHx � t ��~ 
�� | Q(ρ)

� �Z�!� w } � � (2)
v ~+�	�&�+� ��
�� �W� w ��� � (3) �U�U� � �$�=�

}��W{ � � � ��� ρmax > 0 � vmax > 0
� ���r��������� w � ���g��� � �����$�W� � � ρ∗ ∈ (0, ρmax) �g� �	� }�� v!w �g�$ysut+v!wHx �����U��{ x ����|�� t ��~ 
�� | ρ0(x) } � ���r���$� �*��� � (1)

t �\�H}�{g� w }��%��|�� w � 
 �W��~+�
0 < C1 < ρ0(x) < C2 < ρmax, x ∈ R, (5)

�0�\� C1 � C2 � �g�W~+� w �%�����R~+�H� v!w ��� w �����U� � �$�=�����U� � �%� �*�	� }�� v!w �g����� w � C1 > ρ∗ y sut+v!wHxw ��~���� 0 < a < C1 T vmax (ρmax−C2)/(ρmax−C1) y � �H�0�r��}��W{ � � � ��� ρ∗ ���?���;� �gw�v | �	�

¹�¹�º



v ��� w �g��� �W� � � (1) � (4)
� �U� �gw ��� �;���g� � �������g�$y � �U� v!w �g��� v { t �U�����g� v!w �%|����g�H����{g� w �

�g� v!wH� ρ0(x) ≡ ρ1 � t �\�H}�{g� w }��%��|���� �W�����U� � �%���g�H��� 
 �W��~+� ρ∗ < ρ1 < ρmax ���g�H{ t �U���=�w � ���g��� � �����$�W� � �
ρ∗ =

a ρmax

a+ T vmax(ρmax − ρ1)
. (6)

±|´�=?¶�²�³&´�8 o G&´�8<7 I�³L9N9�¶�³.¸&³JH:=A=xy:=+´:7�·-8<I%F�´�8<H�µ�µ�y:=.²:G�O:8<H�H�;�~�9N=)=L7)H:=Uva8<H�µ�Ka9<I:8#´�s
9<7�·�³Lw�µ�¶�=)w�y�})^'7-8<I�H:= ` =�w�=+´�8#²�µ�I:=?·�³JH�µ�_�VE± 9N8<I�µ�µ &+¶�9<y:8<I�µ:w�8<H�7-=?·�H�³!y�I:= ` I�³Lw�w�8
� � E2LKb � ZxI�³.¸NI�³ o =L7?³JH�H:=LK H�³ ¶�³LPQ8#´:I:8+w«³J7-8Nw«³J7�µ�O:8N9�¶�=LKgP�µ�¸+µ�¶�µMP�³.¶�G&²:} 7-8<7?³l±�CE�
C ��� SU9NwXVRf �0Z ��h bcZ�y:=.²:G�O:8<H:=L¸NH�³NO:8<H�µ:8
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H�;�~E9�w�=+´�8#²�µ�I:=?·�³JH�µ:8Nw µ�´�8	³&²:})H:= ` =q7)I�³JH:9<y:=LI�7)H:= ` =	y:=L7-=?¶�³ H�³v¶�=.²:})R:8�·-=LK ³.·)7-=+´�=Js
I:= ` 8)V

�u��/0&%
���/4p5
��

T%P��(�I� 
(6 ����� ����3:�I6���
4�I=	<�. 5�.2G�1�.C<�E	:=-�.FE	:=-%1�K�.0308H7%.�E+705�.29�1�I�7=<!:WG�1�.r-�I�:WG�3R*�7%I�-%G�4A@ *�7%-�7%8H7=<(/
	\K�.F%�P&*�7%307I%=1�.�� �R705 I�. 5�P 
 P(=\P���:=32G�1�8H7=<!:HP .?B P /�B�Q|0aB25aS�V=^HT L P .KJ!VI17�%PV!P�� {"�&P�~���� � �(Q��!�RPRQ�S&P�}�!&P+� � � �I� �FXF� � %(� b�_Ab�%&a�cIfrb�a�cI`KfDc �&XF�5ghc-_�g _�XFX �AbF\Ka�_�b��7�W��� 8�P��&X�i#e5\&Y�V ��%(X%P@ P�#&_�b-`!�FX%P .uTG2I2�V!P .K��cI�OPUV!S � TWV!P .�i�P�V%V%V!T X�V%V%V-2HPL P%$���� �F

� �F�����&3:� �|E�1�-%:WM�1�7=G�G�4r. 8H7IE4*('�[�-�.0I�G�4r. E+705�.29�1�<?/;:;5�:0K�:�@�705�G�7-*�7=9�7%32G�7=`;7Z5�7%I�7WD�,G�7=`;7 5�<%1�DE.2G�1�] ��� $	1�30-�.FE�4 8H7IE4*('�[�-�.0I�G�7=J E	:=-�.FE	:=-%1�8�1�1�1(@ *�I�1�9�7WDE.2G�1�]�P .D$oE+7=9�.2G�308
/
�R/ 5	, <�7r$oE+7=9�.2G$P�`;7%3%P�FHG(, -%:HS�V=^HTFJ�P .�=	4A*$P�TW_!P .D$\P	J!V0X5JIJ�P

J�P%$���� �F

� �F�����53:��B�705�.29�1�I�7=<!:WG�1�.\1�5�.;:W9('%G�7=`;7a-�I�:WG�3R*�7%I�-%G�7=`;7|*�7%-�7%8�: G�:E8H7=9('%M�.2<�7=J�:W<�-�705�7-,I�7=`;. ���K$	1�30-�.FE�4�8H7IE4*('�[�-�.0I�G�7=J<E	:=-�.FE	:=-%1�8�1 1u1(@�*�I�1�9�7WDE.2G�1�]�P .D$oE+7=9�.2G�308
/��R/ 5	, <�7�$oE+7-,9�.2G$P�`;7%3%P�FHG(, -%:HS�V=^HTW_!P .�=	4A*$P�TGHHP .D$\P L _0X L YHP

¹�¹�»



���������	����
���
��������������������! "������
���#��$���%�&����'�������'���(���������)%�*���!�+�!�����$��
������$�	,
-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

� CF��
Al'iYh���CF�l±{� ��iYhY�Yi��"± ��iYh��gi�� �Yi�� 

iYh��������Aj:�"±�i��«± � 
 n �Xj�� �Yi�� 
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fgCEhrb

hYw�8<^ )a8N8N9B_�= o e�_�9<H:8<H�µ:8 P�µ�¸+µ�O:8N9�¶�µ0~ _�·?²�8<H�µ�K f »%h Z�y�I�µ�·-=+´:_�)�µ0~Y¶*y:=\_�·?²�8<H�µ�^
H:=LO�H�;�~ H�µ�¸+¶�=LG�I:=?·)H:8�·);�~	9<7)I�G�K�H�;�~ 7-8<O:8<H�µ�K!SUi n � b�y�I:=L7�µ�·-=LI:8<O�µ�7�H:8�¶�=L7-=LI�;xw*H�³ s
o ²:^ ´�³J7-8#²:})H�;xw P�³.¶�7?³Lw&f ¹�h V

±�I�³ o =L7-8 I�³.¸+·�µ�·�³J^'7-9B_|w«³J7-8Nw«³J7�µ�O:8N9�¶�µ:8Yw�=+´�8#²�µ5Z�y:=.²�=\F�8<H�H�;x86·�=)9<H:=?·)GDy�I:8#´:;�s
´:G*)�µ0~rI�³ o =L7�f »%h ZL9@´�=Ly:=.²:H�µ�7-8#²:})H�;xw G�O:8<7-=)w 9BF µ:w«³L8Nw�=)9<7�µJ³J7-w�=)9NPQ8<I�H:= ` =6·-=?¸�´:G%~�³0V
vY=.²:G�O:8<H:= G�I�³.·)H:8<H�µ:8)Z�=Ly�µ:9<;E·�³J^ )a8N8L´�µ�H�³Lw�µ�¶�G�y�²�=)9�¶�µ0~Y·-=?¸\w�G*)a8<H�µ�K?y�²�=L7)H:=)9<7�µ
y�I�µb·-=?¸NH�µ�¶�H:=?·-8<H�µ�µ i n � V

l H�³&²�µ�7�µ�O:8N9�¶�µ�K�³JH�³&²�µ�¸	y:=.²:G�O:8<H�H�;�~*G�I�³.·)H:8<H�µ�K?y:=?¶�³.¸N;E·�³L8<7JZ�O�7-=|·|µ0~*I:8Mva8cs
H�µ�_�~ ·-=?¸\w�=\F�8<H &+¶�9<y:=LH:8<H�R�µ�³&²:})H�;XK I:=)9<7 y�²�=)9�¶�= ` =�·-=?¸\w�G*)a8<H�µ�_ y�²�=L7)H:=)9<7�µrµ y�I:=Js
y:=LI�R�µ:=LH�³&²:})H:=LKz8Nw�G 9�¶�=LI:=)9<7�µ ·-8<7)I�³r·-=?¸\w�G*)a8<H�µ�_h· 9<7)I�³J7�µ:P�µ�R�µ�I:=?·�³JH�H�;�~�9#²�=\_�~
³J7-w�=)9NPQ8<I�;QV!�'9<H:=?·)H�;xw#y�³JI�³Lw�8<7)I:=)wM= o G-9#²�=?·?²�µ�·�³J^ )�µ:w &N7-=L7uI:=)9<7E_�·?²:_�8<7-9B_]·)7-=Js
I�³J_|y�I:=?µ�¸+·-=+´:H�³J_uy:=L7-8<H�R�µ�³&²:})H:=LKE7-8Nw�y:8<I�³J7)G�I�; µ�H�·-8<I:9�µ�µuy:=�·);x9N=L7-8)V

n I�³.·)H:8<H�µ:8�y:=.²:G�O:8<H�H:= ` = 7-8N=LI:8<7�µ�O:8N9�¶�µ|µ(&+¶�9<y:8<I�µ:w�8<H�7?³&²:})H:= µ�¸\w�8<I:8<H�H:= ` =J·-8<I0s
7�µ�¶�³&²:})H:= ` =qy�I:=)P�µ�²:_u9�¶�=LI:=)9<7-8<K|·-8<7)I�³Dy:=?¶�³.¸N;E·�³L8<7 9N=?·)y�³&´�8<H�µ:8�·);x9N=L7|w«³.¶�9�µ:w�G0w«³
µ�¸\w�8<I:8<H�H�;�~ µL·);XO�µ:9#²�8<H�H�;�~b¸NH�³NO:8<H�µ�Ku9�¶�=LI:=)9<7�µb·-8<7)I�³0V�±p;XO�µ:9#²�8<H�H�;XK 7-8N=LI:8<7�µ�O:8cs
9�¶�µr·-8<I�7�µ�¶�³&²:})H�;XK y�I:=)P�µ�²:}|9�¶�=LI:=)9<7�µ|·-8<7)I�³ =L7	²�µ�O�³L8<7-9B_ =L7qH�³ o ²:^ ´�³L8Nw�= ` =�Z�=L7	²�µ0s
O�µ:8Q= o G-9#²�³.·?²�µ�·�³L8<7-9B_y·?²�µ�_0H�µ:8Nw?7)G�I o G&²�8<H�7)H:= ` =�y:8<I:8Nw�8Mv�µ�·�³JH�µ�_�V

i�³�=)9<H:=?·�³JH�µ�µ y�I�µ�·-8#´�8<H�H:= ` =�³JH�³&²�µ�¸&³ay:=?¶�³.¸&³JH:=�Z�O�7-=�y�I�µ�O�µ�H:=LKb·-=?¸NH�µ�¶�H:=?·-8<H�µ�_
i n � _�·?²:_�8<7-9B_!H:8D9�µ�²�³ �Y=LI�µ:=.²�µ:9	³0Z�¶�³.¶+y�I:8#´:y:=.²�³ ` ³&²�=)9<} I�³JH:8N8�f »%h V n µ�²�³ �Y=LI�µ:=Js
²�µ:9	³�²�µ)v�} ·)I�³ ) ³L8<7D96µ�H:8<I�R�µ�³&²:})H:=LKuO�³L9<7-=L7-=LKb·-=?¸\w�G*)a8<H�µ�_|I�³L9<7)G*)�µ:86·-9#²�8#´�9<7�·�µ:8
I�³.¸+·�µ�7�µ�_�µ�H�·-8<I:9�µ:=LH�H:= ` =Y9#²�=\_�V)vAI�µ�O�µ�H:=LK ·-=?¸NH�µ�¶�H:=?·-8<H�µ�_Di n � _�·?²:_�8<7-9B_�I:=)9<76·-=?¸<s
w�G*)a8<H�µ�_|y�²�=L7)H:=)9<7�µ y:=�·-8<I�7�µ�¶�³&²:})H:=LKr¶�=)=LI�´�µ�H�³J7-8�·�9#²�=\_�~y³J7-w�=)9NPQ8<I�;�9Ay:=.²�=\F µ0s
7-8#²:})H�;xwh¸NH�³NO:8<H�µ:8NwY·-8#²�µ�O�µ�H�; ·)7-=LI:=LKqy�I:=?µ�¸+·-=+´:H:=LK y:=L7-8<H�R�µ�³&²:})H:=LK	7-8Nw�y:8<I�³J7)G�I�;
µ�H�·-8<I:9�µ�µ+y:= ·);x9N=L7-8)V�± =L7-9<G�7-9<7�·�µ:8D9�µ�²:; �Y=LI�µ:=.²�µ:9	³0Z5H�³Jy�I�µ:w�8<I5Z5y�I�µ]·);�~%=.²�³JF µ0s
·�³JH�µ�µ o ²�µ�¸ &+¶�·�³J7-=LI�µ�³&²:})H�;�~|I�³.·)H�µ�H�H�;�~q7-8<I�I�µ�7-=LI�µ�K5Z�· ³J7-w�=)9NPQ8<I:8'H�³&´|H�µ:w�µJ·-=?¸<s
H�µ�¶�H:8<7Dy�I�µ�y:=+´:H�_07?³J_yµ�H�·-8<I:9�µ�_bµ	y:=\_�·�µ�7-9B_ui n � V

n ·-=LK:9<7�·�³ y:=.²:G�O:8<H�H�;�~EI:8Mva8<H�µ�K H�³ ~%=+´:_07-9B_|· G&´�=?·?²�8<7�·-=LI�µ�7-8#²:})H:=)w ¶�³NO:8N9<7�·-8<H0s
H:=)w*9N= ` ²�³L9�µ�µu9 &+¶�9<y:8<I�µ:w�8<H�7?³&²:})H�;xw�µr´�³JH�H�;xw�µ =ai n � f ¹�h V�±zO�³L9<7)H:=)9<7�µ5Z�&+¶�9<y:8<I�µ0s
w�8<H�7?³&²:})H:= =L7-w�8<O�³L8<7-9B_ y�I:=Ly:=LI�R�µ:=LH�³&²:})H�³J_�9�·)_�¸N}E9�¶�=LI:=)9<7�µY·-8<7)I�³b·E9<7)I�G-8 i n � 9
·-8#²�µ�O�µ�H:=LK ` 8N=)9<7)I:=)P�µ�O:8N9�¶�= ` =r·-8<7)I�³�c =L7-w�8<O�³L8<7-9B_ ·�¸&³.µ:w�=)9�·)_�¸N}r·);x9N=L7uI�³L9<y:=.²�=\F�8cs
H�µ�_Ei n � µrµ�H�·-8<I:9�µ�µ 7-8Nw�y:8<I�³J7)G�I�; c�G�·-8#²�µ�O:8<H�µ:8a9�¶�=LI:=)9<7�µj·-8<7)I�³�·|i n �M9rG�·-8#²�µ0s
O:8<H�µ:8Nw3w�= )�H:=)9<7�µrµ�H�·-8<I:9�µ�µrc
G-9<7?³JH:=?·?²�8<H:=L·)I�³ )a8<H�µ:8a9<7)I�G�µ i n �M9�µ�H:8<I�R�µ�³&²:})H:=LK
O�³L9<7-=L7-=LKrc�·L¸+µ:w�H:8N8�·)I:8Nw�_|µ�H�·-8<I:9�µ�µ 7-8Nw�y:8<I�³J7)G�I�;gw�= ` G�7	9<G*)a8N9<7�·-=?·�³J7)}L´�²�µ�7-8#²:}Ls
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w�=+´�8#²�8<K5Z�9<G*)a8N9<7�·-8<H�H:= I�³L9Mv�µ�I%_0^ )�µ:w w�8<7-=+´:; w«³J7-8Nw«³J7�µ�O:8N9�¶�= ` =+w�=+´�8#²�µ�I:=?·�³JH�µ�_
¶�=.²�µ�O:8N9<7�·-8<H�H:=LK &+·-=.²:^'R�µ�µ ` µ�´:I:=+´�µ�H�³Lw�µ�O:8N9�¶�µ0~ y�³JI�³Lw�8<7)I:=?·qy�I�µ�I:=+´:H:=LK 9�µ:9<7-8Nw�;QZ
9�·)_�¸&³JH:=LK�9«µ0~QH:8#²�µ�H:8<K�H:=LK ¸&³.·�µ:9�µ:w�=)9<7)})^ =L7A9#²�=\F�H:= ` =A9<7)I:=)8<H�µ�_�y�I:=)9<7)I�³JH:9<7�·-8<H�H:=Js
·)I:8Nw�8<H�H:=LKq9<7)I�G�¶�7)G�I�;?9<I:8#´:;?y�I:=L7-8�¶�³JH�µ�_vµ�y�I�µ�·-=+´:_�)�µ0~v¶ ·-=?¸NH�µ�¶�H:=?·-8<H�µ�^ ¶�I�µ�7�µ0s
O:8N9�¶�µ0~q9N=)9<7-=\_0H�µ�K5Z09�·)_�¸&³JH:=�9Fµ�H�7-8<H:9�µ�·)H�;xwhµ:9<y:=.²:}�¸\=?·�³JH�µ:8Nw*7-8N=LI�µ�µqH�³ ` I�G�F�8<H�H�;�~
G�I�³.·)H:8<H�µ�Krf »%h V

±_´�³JH�H:=LKEI�³ o =L7-8)Z:y�I:=+´�=.²:F�³J_EI�³JH:8N8QH�³NO�³J7);x8�µ:9N9#²�8#´�=?·�³JH�µ�_ f ¹�h Z:y�I:= o ²�8Nw�;Mw�8cs
7-=+´�=?· w«³J7-8Nw«³J7�µ�O:8N9�¶�= ` =3w�=+´�8#²�µ�I:=?·�³JH�µ�_ ´�=.² ` =)9<I:=LO�H:= ` =zy�I:= ` H:=?¸+µ�I:=?·�³JH�µ�_ µ�I:8cs
` G&²�µ�I:=?·�³JH�µ�_*G�I:=?·)H�_ ` I�G�H�7-=?·);�~Y·-=+´ ·|·-=+´�=LH�³L9<; )a8<H�H�;�~?9<I:8#´�³ ~�9|PYI�³.¶�7?³&²:})H:=LK
y�I:=)9<7)I�³JH:9<7�·-8<H�H:=Js ·)I:8Nw�8<H�H:=LKu9<7)I�G�¶�7)G�I:=LK5Z-9�·-8#´�8<H�;l¶vµ�¸NG�O:8<H�µ�^�·-=Ly�I:=)9	³Q=+´:H:=?¸NH�³NO0s
H:=LK�I�³.¸NI:8Mv�µ:w�=)9<7�µ ¶�I�³L8�·-=LKDH:8#²�=?¶�³&²:})H:=LKv¸&³&´�³NO�µ ´�²:_�H�³ ` I�G�F�8<H�H:= ` =�´�µ:PQPQ8<I:8<H�R�µ0s
³&²:})H:= ` =AG�I�³.·)H:8<H�µ�_D9pO�³L9<7)H�;xw�µDy�I:=?µ�¸+·-=+´:H�;xw�µ�·)7-=LI:= ` =Ay:=LI%_�´�¶�³Yy�³JI�³ o =.²�µ�O:8N9�¶�= ` =
7�µ�y�³0V���²:_�H:8#²�µ�H:8<K�H:=LK3w«³J7-8Nw«³J7�µ�O:8N9�¶�=LK w�=+´�8#²�µ H:8N9<7?³JR�µ:=LH�³JI�H:= ` = y�²�=)9�¶�=Ly�³JI�³&²�s
²�8#²:})H:= ` = o 8<H�³Jy:=LI�H:= ` =�´�·�µ�F�8<H�µ�_ ` I�G�H�7-=?·);�~y·-=+´ 9N=q9#²�³ o =?µ�¸\w�8<H�_0^ )a8<K:9B_ y:=?·-8<I-~�s
H:=)9<7)})^ky�I:8#´�²�=\F�8<HjµuI:8	³&²�µ�¸\=?·�³JH]³&² ` =LI�µ�7-wz7-8N=LI:8<7�µ�O:8N9�¶�= ` =	y:=?µ:9�¶�³DH:8N= o ~%=+´�µ:w�;�~
H:8#²�=?¶�³&²:})H�;�~b¶�I�³L8�·);�~ G-9#²�=?·�µ�K5Z�y:=)=LI%F�´�³L8Nw�;�~Ew�8<7-=+´�=)wz8N8"²�µ�H:8	³JI�µ�¸&³JR�µ�µ5V
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-�.0/21�32465�7%8�9�:;5�7=<?>�@A@CB�.0DE5�FHG�:=I�705�G�7=J�G�:0FHK�G�7=J�8H7=G�L�.0I�.2G�M�1�1*NO3%P�QR.2J$SUTWV0X�T;YZ1�[\9�]�V=^HTW_a`2P b

CF���D� ��� js� � ��iYh�� ��lX��l��kCEl��d��CEl��Xh���� n ��� � ��h���hY�Yh
n v�� ��±�h�� i�� CEh h v���js��CF��iYi�� CEh �5j
l'iYhYWYl'CEh

� �! "�:tr/0����� 

SUj�=)9N9�µ�_�Z�j�=)9<7-=?·Ls H�³ sU��=LH�Ggc
f �A�Qb

± I�³ o =L7-8 y�I:8#´�²�³ ` ³L8<7-9B_ 7)I�µ*w�8<7-=+´�³	d ³L9�µ:w�y�7-=L7�µ�O:8N9�¶�µ�K µ]´�·�³	O�µ:9#²�8<H�H�;�~!d
¶ I:8Mva8<H�µ�^ ¶�I�³L8�·);�~ µ H�³NO�³&²:})H:=Js ¶�I�³L8�·);�~ ¸&³&´�³NO#9 y:=+´�·�µ�F�H�;xw�µ µ y:8<I:8Nw�8<H�H�;�s
w�µ ` I�³JH�µ�R�³Lw�µ5V ±g9#²:G�O�³L8 ³L9�µ:w�y�7-=L7�µ�O:8N9�¶�= ` = µ�H�7-8 ` I�µ�I:=?·�³JH�µ�_Y·|¶�³NO:8N9<7�·-8 w«³&²�= ` =
y�³JI�³Lw�8<7)I�³�·); o µ�I�³L8<7-9B_�·-8#²�µ�O�µ�H�³0Z)~�³JI�³.¶�7-8<I�µ�¸NG�^ ) ³J_ 9�¶�=LI:=)9<7)}:Z%9E¶�=L7-=LI:=LK�µ�¸\w�8<H�_�s
8<7-9B_ ` I�³JH�µ�R�³ = o ²�³L9<7�µ =Ly�I:8#´�8#²�8<H�µ�_r¸&³&´�³NO�µ5V�vAI:=?µ�¸+·-=+´�µ�7-9B_ I�³.¸�²�=\F�8<H�µ:8�H:8�µ�¸+·-8N9<7Ls
H:=LK!PYG�H�¶�R�µ�µ|·	I%_�´$� 8<K�²�=LI�³|H�³ y:=+´�·�µ�F�H:=LK 1 y:8<I:8Nw�8<H�H:=LK ` I�³JH�µ�R:8)Z�O�7-=|y�I�µ�·-=+´�µ�7
I:8Mva8<H�µ:8"µ:9 ~%=+´:H:=LKb¸&³&´�³NO�µ ¶|I:8Mva8<H�µ�^#y:=)9#²�8#´�=?·�³J7-8#²:})H:=)9<7�µuH�³NO�³&²:})H:=Js ¶�I�³L8�·);�~b¸&³ s
´�³NOzG�F�8b·!y:=)9<7-=\_0H�H:=LK = o ²�³L9<7�µlµ�H�7-8 ` I�µ�I:=?·�³JH�µ�_�V ��³.¶�µ:w = o I�³.¸\=)wXZ I�³L9N9Nw�=L7)I:8<H�;
H�³NO�³&²:})H:=Js ¶�I�³L8�·);x8b¸&³&´�³NO�µ ´�²:_ ` µ�y:8<I o =.²�µ�O:8N9�¶�= ` =]µ*y�³JI�³ o =.²�µ�O:8N9�¶�= ` =+G�I�³.·)H:8<H�µ�K
9 ` I�³JH�µ�O�H�;xw�µqG-9#²�=?·�µ�_�w�µ|iY8<K:w«³JH�³0ZL��µ�I�µ0~�²�8Fµqj�= o 8<H�³�µ�¸&³&´�³NO�³'��µ�I�µ0~�²�8E´�²:_ &�²�s
²�µ�y�7�µ�O:8N9�¶�= ` =|G�I�³.·)H:8<H�µ�_ SU=L7-w�8<7�µ:wXZ
O�7-=v¸&³&´�³NO�µ iY8<K:w«³JH�³vµEj�= o 8<H�³ ´�²:_�&�²�²�µ�y�7�µ0s
O:8N9�¶�= ` =|G�I�³.·)H:8<H�µ�_E7?³.¶�F�8�w�=\F�H:=Lµ:9N9#²�8#´�=?·�³J7)} y:= y�I:8#´�²�³ ` ³L8Nw�=LK+w�8<7-=+´�µ�¶�8 b f » [ � h V
�AI:=)w�8	7-= ` =�Z�w�8<7-=+´ ³L9�µ:w�y�7-=L7�µ�O:8N9�¶�= ` = µ�H�7-8 ` I�µ�I:=?·�³JH�µ�_ µ:9<y:=.²:}�¸NG-8<7-9B_ ´�²:_�I:8Mva8cs
H�µ�_b¸&³&´�³NO�µE=Dy�I:=+´�=.²:})H�;�~y¶�=.²�8 o ³JH�µ�_�~ ` I�G�¸&³�H�³�·)_�¸+¶�=LG�y�I�G ` =)wz7)I:=)9N8Qy:8<I:8Nw�8<H�H:=LK
´�²�µ�H�; SU9NwXV�I�µ:9)V » bce

ρF

(
∂2u

∂t2
− d2ξ

dt2

)
= EF

∂2u

∂x2
+ µEF

∂3u

∂x2∂t
− ρFg,

m
d2ξ

dt2
= −EF ∂u

∂x

∣∣∣∣
x=0

+mg,

ξ(t) = `(t) + u(`(t), t), u(x, t)
∣∣
x=0

= 0, u(x, t)
∣∣
x=0

= 0,

u(x, t)
∣∣
t=0

= ϕ1(x),
∂u(x, t)

∂t

∣∣∣∣
t=0

= ϕ2(x),

`(t)
∣∣
t=0

= `0,
d`

dt

[
1 +

∂u(`, t)

∂`

]
= ε±ψ(t).

��´�8N9<}
u(x, t)

d#y�I:=+´�=.²:})H:=)8 9Nw�8 )a8<H�µ:8p7)I:=)9	³"·Ay:=+´�·�µ�F�H:=LK 9�µ:9<7-8Nw�8 ¶�=)=LI�´�µ�H�³J7JZ%9�·)_�s
¸&³JH�H:=LKD9 ` I�G�¸\=)w?c

ξ(t)
dMI�³L9N9<7-=\_0H�µ:8X=L7A7-=LO�¶�µay:=+´�·-8N9	³A7)I:=)9	³F´�= ` I�G�¸&³0Z

`(t)
d ´�²�µ�H�³

7)I:=)9	³ ·xH:8#´�8NPQ=LI:w�µ�I:=?·�³JH�H:=)wE9N=)9<7-=\_0H�µ�µrc
ε±ψ(t)

d 9�¶�=LI:=)9<7)};µ�¸\w�8<H:8<H�µ�_�´�²�µ�H�;!7)I:=Js
9	³0Z

ε± = ε � 0
Z&¶�= ` ´�³E´�²�µ�H�³x7)I:=)9	³xG�·-8#²�µ�O�µ�·�³L8<7-9B_�Z

ε± = −ε ≺ 0
Z	¶�= ` ´�³E´�²�µ�H�³x7)I:=)9	³

G0w�8<H�}�v ³L8<7-9B_�Z�=)9<7?³&²:})H�;x8D= o =?¸NH�³NO:8<H�µ�_!y:=LH�_07)H�;QV�vY=+´:O:8<I�¶�H:8NwXZ�O�7-=J´�=)9<7-=?µ�H:9<7�·-=)w
y�I:8#´�²�³ ` ³L8Nw�= ` = y:=+´�~%=+´�³!_�·?²:_�8<7-9B_ ·-=?¸\w�=\F�H:=)9<7)}*I:8Mva8<H�µ�_ ¸&³&´�³NOlµ ·!H:8#²�µ�H:8<K�H:=LK
y:=)9<7?³JH:=?·�¶�8)VJ��²:_rO�µ:9#²�8<H�H:= ` ="µ�H�7-8 ` I�µ�I:=?·�³JH�µ:8XI�³.¸NI�³ o ³J7);E·�³J^'7-9B_�w�=+´�µ:P�µ�¶�³JR�µ�µvµ�¸<s
·-8N9<7)H�;�~uO�µ:9#²�8<H�H�;�~ w�8<7-=+´�=?·L´�²:_uI:8Mva8<H�µ�_y¸&³&´�³NO 9ry:=+´�·�µ�F�H:=LK ` I�³JH�µ�R:8<K5e�9#²�8#´:G)_
µ�´�8<_�wkh�V�C V���8<I:w�G-9	³0Z w�8<7-=+´3j�G�H ` 8|d �AG�7)7?³ w�; ³&´�³Jy�7�µ�I�G-8NwkH�³ 9#²:G�O�³JK?y:8<I:8cs
w�8<H�H:=LKb·-=�·)I:8Nw�8<H�µ = o ²�³L9<7�µbµ�H�7-8 ` I�µ�I:=?·�³JH�µ�_�Z�³r7?³.¶�F�8�·�·-=+´�µ:w�y:=+´�·�µ�F�H�G�^ 9N8<7�¶�G-Z
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y:=?¸+·-=.²:_0^ )�G�^My�I�µ:w�8<H�_07)}v¸�´�8N9<}�7?³.¶�F�8�µ w�8<7-=+´y¶�=LH:8<O�H�;�~	I�³.¸NH:=)9<7-8<K SU9NwXV0I�µ:9)V ¹ bcV
vAI:=?·-=+´�µ�7-9B_*9<I�³.·)H:8<H�µ:8DI:8�¸NG&²:} 7?³J7-=?·]³L9�µ:w�y�7-=L7�µ�O:8N9�¶�= ` =rµ!O�µ:9#²�8<H�H:= ` =yµ�H�7-8 ` I�µ�I:=Js
·�³JH�µ�_�V�±M9#²:G�O�³L8D=L7)I:8�¸+¶�³Lµ�H�7-8 ` I�µ�I:=?·�³JH�µ�_+y:=)9<7-=\_0H�H:=LK]´�²�µ�H�; y�I:=?·-=+´�µ�7-9B_ µ:9N9#²�8cs
´�=?·�³JH�µ:8r9 ~%=+´�µ:w�=)9<7�µEI�³.¸NH:=)9<7)H:= ` =J³&² ` =LI�µ�7-w«³0V

� ����� ��� B�705�.29('?-�I�7%3;:�*�.0I�.FE+.2G�G�7=J 5�9�1�G�4�3 `;I�F�/07IECP

j–1 j j+1 t

hj 1 hj hj+1

x

x
j+1
i

x
j+1
i hj

x
j+1
i +h j

l(t j 1)

l(t j)

l(t j+1 )
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CEl��d��CEl��Xh���� n ��� � C
� ���!�QhYj:�"±�l'iYh��z��±�h�� ��iYh�� �5j
l'iYhYW��
j
l �:���!�Ql j
l �@�Qh��Yi�� 
 � h ����� n �d��� ± � �5j
l'iYh�����iYi��'C

l'iYh�� � �Xj:�'vYi��'C n ��� � v��'j�h n �D� � n js�����
����te��� &L��� &%�

SUj�=)9N9�µ�_�ZZ� I:8#²\c@� ���Qb

� 7?³JR�µ:=LH�³JI�H�G�^ P�µ�²:} 7)I�³JR�µ�^ H:8N9BF µ:w«³L8Nw�=LK F µ�´�¶�=)9<7�µn· H:8#´�8NPQ=LI:w�µ�I�G-8Nw�=)w
³JH�µ�¸\=L7)I:=Ly�H:=)w =+´:H:=LI:=+´:H:=)w 9#²�=)8	y:=LI�µ:9<7-=LKz9<I:8#´:; 9|7-8<H�¸\=LI:=)wky�I:=LH�µ�R�³L8Nw�=)9<7�µ

K=Ly�µ:9<;E·�³J^'7 = o = o )a8<H�H�;XK*y:=L7-8<H�R�µ�³&²
ϕ
µ*PYG�H�¶�R�µ:8<K+7-=?¶�³

ψ
V!� H�µ G&´�=?·?²�8<7�·-=LI%_0^'7

9�µ:9<7-8Nw�8YG�I�³.·)H:8<H�µ�K f »%h e

K11
∂ϕ

∂x
+K12

∂ϕ

∂y
=
∂ψ

∂y
, K21

∂ϕ

∂x
+K22

∂ϕ

∂y
= −∂ψ

∂x
. (1)

��´�8N9<}
x
Z
y
d ´�8�¶�³JI�7-=?·); ¶�=)=LI�´�µ�H�³J7);d· y�²�=)9�¶�=)9<7�µ�=)9<H:=?·�³JH�µ�_39#²�=\_�Z

Kij , i, j =
1, 2

Z�dTy:=)9<7-=\_0H�H�;x8�¶�=)w�y:=LH:8<H�7);M7-8<H�¸\=LI�³ay�I:=LH�µ�R�³L8Nw�=)9<7�µ5V
� o ²�³L9<7)}YP�µ�²:} 7)I�³JR�µ�µ

D
= ` I�³JH�µ�O�µ�·�³L8<7�¶�=LH�7)G�Iay�µ�7?³JH�µ�_

L1
µ�²�µaH:8<y�I:=LH�µ�R�³L8Nw«³J_

` I�³JH�µ�R�³
L2
V�i�³ &N7�µ0~ ` I�³JH�µ�R�³ ~ ·);Xy:=.²:H�_0^'7-9B_ G-9#²�=?·�µ�_�e

ϕ+(z, t) = const, z ∈ L1, (2)

ψ+(z, t) = const, z ∈ L2. (3)
��´�8N9<}�µv´�³&²�8N8

z = x+ iy
Z
t
dz·)I:8Nw�_�Z%9�µ:w�·-=.²+t

+
{qSBt − {�b�=?¸NH�³NO�³L8<7�y�I:8#´�8#²:})H:=)8;¸NH�³ sO:8<H�µ:8XPYG�H�¶�R�µ�µay�I�µay:=+´�~%=+´�8F¶ ` I�³JH�µ�R:8X9N=A9<7-=LI:=LH�;MSU9py�I:=L7�µ�·-=Ly:=.²�=\F�H:=LKq9<7-=LI:=LH�;'b

=LI�7?³aH:=LI:w«³&²�µy¶	H:8<K5V
vY=+´�·�µ�F�H�³J_ ` I�³JH�µ�R�³

Γt
w�8<F�´:GYI�³.¸�²�µ�O�H�;xw�µaF µ�´�¶�=)9<7 _�w�µ�´�8#²�µ�7A= o ²�³L9<7)}AP�µ�²:}Ls

7)I�³JR�µ�µ H�³YO�³L9<7�µ
D1

µ
D2

V�±�= o ²�³L9<7�µ
D1

´�·�µ�F�8<7-9B_qF µ�´�¶�=)9<7)}�·)_�¸+¶�=)9<7�µ
µ1
µDy�²�=L7Ls

H:=)9<7�µ
ρ1
Z�³6·r= o ²�³L9<7�µ

D2
d F µ�´�¶�=)9<7)}�·)_�¸+¶�=)9<7�µ

µ2
µDy�²�=L7)H:=)9<7�µ

ρ2
V-vY=.²�³ ` ³L8NwXZ%O�7-=

y�I�µ�´�·�µ�F�8<H�µ�µ =+´:H�³ F µ�´�¶�=)9<7)}Qy:=.²:H:=)9<7)})^_¸&³Lw�8 ) ³L8<7"´:I�G ` G�^ µaH�³ ` I�³JH�µ�R:8�I�³.¸�´�8#²�³
F µ�´�¶�=)9<7-8<KL¶�³Jy�µ�²�²:_0I�H�;x8A9�µ�²:; y�I:8<H:8 o I:8<F µ:w�=aw«³&²:;QV � = ` ´�³rG-9#²�=?·�µ�_ H:8<y�I:8<I�;E·)H:=Js
9<7�µ ´�³.·?²�8<H�µ�_ µ I�³L9 ~%=+´�³�F µ�´�¶�=)9<7�µyµ:w�8<^'7v·�µ�´

µ1ϕ
+(z, t)− µ2ϕ

−(z, t) = (ρ2 − ρ1)Π(z, t),

ψ+(z, t) = ψ−(z, t), z ∈ Γt,
(4)

` ´�8
Π(z, t)

dTy:=L7-8<H�R�µ�³&² w«³L9N9N=?·-=LKu9�µ�²:;QV
vY=.²�=\F�8<H�µ:8 ` I�³JH�µ�R�;

Γt
H�³qy�²�=)9�¶�=)9<7�µ

z
·J²:^ o =LK!w�=)w�8<H�7b·)I:8Nw�8<H�µ

t > 0
=Ly�µ0s

9<;E·�³L8<7-9B_ y�³JI�³Lw�8<7)I�µ�O:8N9�¶�µ:wzG�I�³.·)H:8<H�µ:8NwMS
s
dTy�³JI�³Lw�8<7)I
b

z = z(t, s) (x = x(t, s), y = y(t, s)), z ∈ Γt. (5)

± H�³NO�³&²:})H�;XK w�=)w�8<H�7v·)I:8Nw�8<H�µ
t = 0

y:=.²�=\F�8<H�µ:8 ` I�³JH�µ�R�;
Γt
µ�¸+·-8N9<7)H:=�e

z0 = z(0, s) (x0 = x(0, s), y0 = y(0, s)), z ∈ Γ0. (6)
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��µ:PQPQ8<I:8<H�R�µ�³&²:})H�;x8QG�I�³.·)H:8<H�µ�_L´�·�µ�F�8<H�µ�_ ` I�³JH�µ�R�;
Γt
µ:w�8<^'7v·�µ�´

dx

dt
= vx(x, y),

dy

dt
= vy(x, y), (x, y) ∈ Γt, (7)

` ´�8
vx
Z
vy

d y�I:=)8�¶�R�µ�µ 9�¶�=LI:=)9<7�µ P�µ�²:} 7)I�³JR�µ�µ5V
vY8<I�·-=)8�µb·)7-=LI:=)8QG�I�³.·)H:8<H�µ�_u9�µ:9<7-8cs
w�; S » bp=Ly�I:8#´�8#²:_0^'7

vx
µ
vy

9N=)=L7�·-8<7-9<7�·-8<H�H:=�V
��³.¶�µ:w = o I�³.¸\=)wXZ ¸&³&´�³JH�³ = o ²�³L9<7)}�P�µ�²:} 7)I�³JR�µ�µ

D
Z 7-8<H�¸\=LI3y�I:=LH�µ�R�³L8Nw�=)9<7�µ

K
Z

` I�³JH�µ�R�³
Γ0
V5iY8N= o ~%=+´�µ:w�=uH�³JK�7�µ!y:=.²�=\F�8<H�µ:8 ` I�³JH�µ�R�;

Γt
S ¼ bcV5j�8Mva8<H�µ:8v¸&³&´�³NO�µ*9N=Js

9<7-=?µ�7y·bµ�H�7-8 ` I�µ�I:=?·�³JH�µ�µ*9�µ:9<7-8Nw�;gG�I�³.·)H:8<H�µ�K3S » bcZpS � bA9�G�O:8<7-=)w ` I�³JH�µ�O�H�;�~!G-9#²�=Js
·�µ�K S ¹ b [ S � b µ	H�³NO�³&²:})H�;�~uG-9#²�=?·�µ�K S m bcV

vY=)9<7?³.·?²�8<H�H�³J_v¸&³&´�³NO�³Y9�·-=+´�µ�7-9B_ ¶�I:8Mva8<H�µ�^39�µ:9<7-8Nw�; µ�H�7-8 ` I�³&²:})H:= ` =QG�I�³.·)H:8<H�µ�_
µy´�µ:PQPQ8<I:8<H�R�µ�³&²:})H�;�~EG�I�³.·)H:8<H�µ�Kr´�·�µ�F�8<H�µ�_ ` I�³JH�µ�R�;

Γt
f ¹ Z�� h V ��I�³JH�µ�R�³|= o ²�³L9<7�µ

P�µ�²:} 7)I�³JR�µ�µ G�O�µ�7);E·�³L8<7-9B_ 9Qy:=)w�= )�})^g7-8N=LI:8Nw 9N=Ly�I%_0F�8<H�µ�_ f »%h V�vY=)9<7)I:=)8<H O�µ:9#²�8<H0s
H�;XKr³&² ` =LI�µ�7-w?I:8Mva8<H�µ�_ ¸&³&´�³NO�µ H�³�=)9<H:=?·-8Qw�8<7-=+´�³�´�µ:9�¶�I:8<7)H�;�~u=)9N= o 8<H�H:=)9<7-8<K5V

hY9N9#²�8#´�=?·�³JH�³ &+·-=.²:^'R�µ�_ ` I�³JH�µ�R�; I�³.¸�´�8#²�³ F µ�´�¶�=)9<7-8<K ¶ &+¶�9<y�²:G�³J7?³JR�µ:=LH�H:=LK
9�¶�·�³JF µ�H:8)V5vY=.²:G�O:8<H�;z¸&³.·�µ:9�µ:w�=)9<7�µ ·)I:8Nw�8<H�µ|´�=)9<7�µ�F�8<H�µ�_ ` I�³JH�µ�R:8<K

Γt
9�¶�·�³JF µ�H�;

=L7!y�³JI�³Lw�8<7)I:=?·h¸&³&´�³NO�µ5V h6¸NG�O:8<H:=]·?²�µ�_0H�µ:8r³JH�µ�¸\=L7)I:=Ly�µ�µ ` I�G�H�7?³0Z ` I�³JH�µ�R = o ²�³L9<7�µ
P�µ�²:} 7)I�³JR�µ�µ5Z�I�³.¸�²�µ�O�µ�_3P�µ�¸+µ�O:8N9�¶�µ0~39�·-=LK:9<7�·*F µ�´�¶�=)9<7-8<K H�³j´�·�µ�F�8<H�µ:8 ` I�³JH�µ�R�;
I�³.¸�´�8#²�³�F µ�´�¶�=)9<7-8<K5V
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��
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7-8#²:}�= o I�³.¸NH�;xw�µz²:G�H�¶�³Lw�µ5Z �:S4[)J �kE2HNW)LNC\J µ:9<y:=.²:}�¸NG-8<7�G�I�³.·)H:8<H�µ�_�Z6¶�=L7-=LI�;x8�y�I�µ
S
u = ū+ u′

b@µ:w�8<^'7v·�µ�´




dρ

dt
+ div(ρū) = Γ,

ρ
dū

dt
+∇ū · (ρū) = −∇P̄ + div

(
µ

[
∇ū+∇ūT − 2

3
tr
(
∇ū
)
Id

])
+

+ ρg − div(ρR) + STu −Kū+ Γ
(
ūin + ū

)
.

S » b

��³Lw�;E¶�³JH�µ:8 G�I�³.·)H:8<H�µ�K�=)9<G*)a8N9<7�·?²�8<H�H:=
k−ω SST w�=+´�8#²:})^�7)G�I o G&²�8<H�7)H:=)9<7�µ5Z	¶�=Js

7-=LI�³J_	y�I:8#´:y:=.²�³ ` ³L8<7J¸&³Jy�µ:9<}D7-8<H�¸\=LI�³aH�³Jy�I%_0F�8<H�µ�_Ej�8<K�H:=.²:}?´�9	³0e
R = u′ ⊕ u′

V�vAI:8#´�s
y:=.²�³ ` ³L8<7-9B_�ZxO�7-=?9N=�9�¶�=LI:=)9<7)})^ ´�8NPQ=LI:w«³JR�µ�µ�7-8<H�¸\=LI�³

S̄ ≡ 1
2

(
∇ū+∇ūT

) µ:w�8N8Nw
ρR = 2

3ρkl− 2µT S̄
D Z�¸�´�8N9<}�¶�µ�H:8<7�µ�O:8N9�¶�³J_+&NH:8<I ` µ�_ 7)G�I o G&²�8<H�7)H�;�~qy�G&²:}-9	³JR�µ�K	=Ly�I:8cs

´�8#²:_�8<7-9B_ f m�h e
k ≡ 1

2
tr
(
R
)
.

S ¹ b
C|³J7-8Nw«³J7�µ�O:8N9�¶�³J_ w�=+´�8#²:} ·�¶�²:^'O�³L8<7 G�I�³.·)H:8<H�µ:8 H:8<I�³.¸NI�;E·)H:=)9<7�µ5Z G�I�³.·)H:8<H�µ:8

&NH:8<I ` µ�µzy:=L7-=?¶�³0Z G�I�³.·)H:8<H�µ�_?i�³.·)}-8	d n 7-=?¶�9	³0Z w�=+´�8#²�µ 7)G�I o G&²�8<H�7)H:=)9<7�µ5V��'I�³.·)H:8cs
H�µ:8�&NH:8<I ` µ�µb¸&³Jy�µ:9<;E·�³L8<7-9B_y·D9#²�8#´:G�^ )a8Nw ·�µ�´�8)e

ρ
de

dt
= −div

(
q′′
)
+ q′′′ + Pdiv(u) + µS2.
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w�8<H�7?³�f �Hh V

CE=+´�8#²�µ�I:=?·�³JH�µ:8y·);Xy:=.²:H�_�²�=)9<} ´�²:_ ` ²�³&´�¶�=LK y:=?·-8<I-~0H:=)9<7�µ5Z«´�²:_*y:=?·-8<I-~0H:=)9<7�µ39
H:8 ` ²:G o =?¶�µ:w�µ 9NPQ8<I�µ�O:8N9�¶�µ:w�µr²:G�H�¶�³Lw�µ�S

H/D = 0, 14
bcZ�´�²:_uy:=?·-8<I-~0H:=)9<7�µ 9 ` ³JH�7-8#²:}
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n h n �d��C.�AvYj
l"±:����iYh�� �d��v����'v�� �Xjs���:����iYh���C �:��l'iYh��

��� � ���	������&%���
SUj�=)9�µ�µ�_�Z���²:})_0H:=?·-9�¶rc���² � ���Qb

vAI�µ:w�8<H:8<H�µ:8t³.·)7-=)w«³J7�µ�¸+µ�I:=?·�³JH�H�;�~ 9�µ:9<7-8Nw G�y�I�³.·?²�8<H�µ�_ 7-8<y�²�=Ly:=L7)I:8 o ²�8<H�µ:8Nw
SUl n � �Xvrb _�·?²:_�8<7-9B_ &\PQPQ8�¶�7�µ�·)H�;xw 9<I:8#´�9<7�·-=)w &+¶�=LH:=)w�µ�µ!7-8<y�²�=?·-=LK &NH:8<I ` µ�µ f » [0]�h Z
7?³.¶ ¶�³.¶D= o 8N9<y:8<O�µ�·�³L8<7QG�y�I�³.·?²�8<H�µ:8X7-8<y�²�=?·);xw I:8<F µ:w�=)wj¸�´�³JH�µ�_ay:='7-8Nw�y:8<I�³J7)G�I:8XH�³ s
I�G�F�H:= ` =v·-=?¸�´:G%~�³ay�I�µyµ�¸\w�8<H:8<H�µ�µuH�³Jy�I�³.·?²�8<H�µ�_y·-8<7)I�³0Z�µ�H�7-8<H:9�µ�·)H:=)9<7�µ 9N=.²:H:8<O�H:= ` =
µ�¸�²:G�O:8<H�µ�_�9@¸&³&´�³JH�H:=LKD7-8Nw�y:8<I�³J7)G�I:=LK ·Ay:=)w�8 )a8<H�µ�_�~�V)l n � �Xv�ZJy�I�µ:9N=)8#´�µ�H:8<H�H�;x8xy:=
¸&³.·�µ:9�µ:w�=LKu9 ~%8Nw�8Qw�= ` G�7 o ;X7)} 9AI:8 ` G&²�µ�I�G�^ )�µ:w�=LI ` ³JH:=)w�H�³�y�I%_�w�=LKbµ�²�µ = o I�³J7)H:=LK
w«³ ` µ:9<7)I�³&²�µ5V�l H�³&²�µ�¸ &\PQPQ8�¶�7�µ�·)H:=)9<7�µ*l n � �Xv w�=\F�H:=uy�I:=?·-8N9<7�µY·b´�µ�H�³Lw�µ�O:8N9�¶�=LK
y:=)9<7?³JH:=?·�¶�8ry:=�´�µ�H�³Lw�µ�O:8N9�¶�=)w�G G�I�³.·)H:8<H�µ�^ =L7?³Jy�²�µ�·�³L8Nw�= ` = y:=)w�8 )a8<H�µ�_�e

ρin cpV
dtin
dτ

= knFn(1− kin − kp)[(t1g + t2(1− g))− t]−
− kF (tin − tout)− cpGinf (tin − tout),

S » b

` ´�8
tin
Z
tout

dg7-8Nw�y:8<I�³J7)G�I�³�·-=?¸�´:G%~�³�·)H�G�7)I�µ µ	9<H�³JI�G�F µ	y:=)w�8 )a8<H�µ�_	9N=)=L7�·-8<7-9<7�·-8<H0s
H:=�c

τ
d ·)I:8Nw�_Cc

kn
d ¶�= &\PQP�µ�R�µ:8<H�7�7-8<y�²�=Ly:8<I:8#´�³NO�µ =L7-=Ly�µ�7-8#²:})H�;�~qy�I�µ o =LI:=?·+c

Fn
d

y�²�= ) ³&´:}u=L7-=Ly�µ�7-8#²:})H�;�~!y�I�µ o =LI:=?·+c
ρ
Z
cp

d y�²�=L7)H:=)9<7)}bµ!7-8<y�²�=)8Nw�¶�=)9<7)}r·-=?¸�´:G%~�³L·
y:=)w�8 )a8<H�µ�µrc

V
d = o e58Nw?y:=)w�8 )a8<H�µ�_Cc

k
Z
F
d ¶�= &\PQP�µ�R�µ:8<H�7 7-8<y�²�=Ly:8<I:8#´�³NO�µrµ y�²�=Js

) ³&´:}�= ` I�³JF�´�³J^ )�µ0~J¶�=LH:9<7)I�G�¶�R�µ�Ku9N=)=L7�·-8<7-9<7�·-8<H�H:=�c
kp

d ¶�= &\PQP�µ�R�µ:8<H�7 ¶�=)w�y:8<H:9	³ s
R�µ�µ 7-8<y�²�=Ly:=L7-8<I�} O:8<I:8�¸ry:=.²\c

Ginf
dTI�³L9 ~%=+´|µ�H:P�µ�²:} 7)I�G�^ )a8 ` =)9B_b·-=?¸�´:G%~�³�c

t1
Z
t2
d

7-8Nw�y:8<I�³J7)G�I�³!7-8<y�²�=LH:=)9�µ�7-8#²:_l·!y�I%_�w�=LK_µz= o I�³J7)H:=LK w«³ ` µ:9<7)I�³&²�µ39N=)=L7�·-8<7-9<7�·-8<H�H:=�c
g
d ¶�= &\PQP�µ�R�µ:8<H�7Dy:=+´�w�8Mv�µ�·�³JH�µ�_�Z:I�³.·)H�;XK

g =
G1

G1 +G2
.

S ¹ b
` ´�8

G1
Z
G2

dTI�³L9 ~%=+´|µ�¸Yy�I%_�w�=LKyµ = o I�³J7)H:=LKEw«³ ` µ:9<7)I�³&²�µE9N=)=L7�·-8<7-9<7�·-8<H�H:=�V
��²:_|l n � �Xv 9'I:8 ` G&²�µ�I�G�^ )�µ:w�=LI ` ³JH:=)w�H�³ry�I%_�w�=LK w«³ ` µ:9<7)I�³&²�µb¶�= &\PQP�µ�R�µ:8<H�7

y:=+´�w�8Mv�µ�·�³JH�µ�_u=Ly�I:8#´�8#²:_�8<7-9B_
g = gcm + Zτ,

S��-b
` ´�8

gcm
d 9<I:8#´:H�µ�Kr¶�= &\PQP�µ�R�µ:8<H�7 y:=+´�w�8Mv�µ�·�³JH�µ�_Cc

Z
d ¶�= &\PQP�µ�R�µ:8<H�7JZ�¸&³.·�µ:9B_�)�µ�K

=L7v¶�=LH:9<7)I�G�¶�R�µ�µuI:8 ` G&²�µ�I�G�^ )a8 ` =D=LI ` ³JH�³0V
��²:_El n � �XvT9rI:8 ` G&²�µ�I�G�^ )�µ:w =LI ` ³JH:=)w3H�³ = o I�³J7)H:=LK!w«³ ` µ:9<7)I�³&²�µj¶�= &\PQP�µ�R�µ0s

8<H�7Dy:=+´�w�8Mv�µ�·�³JH�µ�_u=Ly�I:8#´�8#²:_�8<7-9B_

g = 1− g∗,
S � b

` ´�8
g∗

dx¶�= &\PQP�µ�R�µ:8<H�7 y:=+´�w�8Mv�µ�·�³JH�µ�__µ�¸ = o I�³J7)H:=LK3w«³ ` µ:9<7)I�³&²�µ5ZpI�³.·)H�;XK
g∗ =

G2
G1+G2

VO� Hu=Ly�I:8#´�8#²:_�8<7-9B_b·);XI�³JF�8<H�µ:8Nw

g∗ = 1− g∗cm − Zτ,
S ¼ b

` ´�8
g∗cm

d ¶�= &\PQP�µ�R�µ:8<H�7|y:=+´�w�8Mv�µ�·�³JH�µ�_jµ�¸a= o I�³J7)H:=LK!w«³ ` µ:9<7)I�³&²�µ5Z�¸&³.·�µ:9B_�)�µ�K!=L7
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M∗
µ:9 ~%=+´:H�;�~EI�³.¸\w�8<I:=?·:Z
7?³.¶�=LK5Z�O�7-=�·v²:^ o =LKy²�µ�H�µ�µ?S 7JV
8)V

·u9<7-=.² o R:8vµ+9<7)I:=?¶�8 b6µ:9�¶�=)w�=LK*w«³J7)I�µ�R�; ¶�=.²�µ�O:8N9<7�·-=(&+¶�¸\8Nw�y�²:_0I:=?·y¶�³JF�´�= ` =uO�µ:9#²�³
7?³.¶�=)8�F�8)Z
O�7-=vµr·q9N=)=L7�·-8<7-9<7�·)G�^ )a8<Kr²�µ�H�µ�µrµ:9 ~%=+´:H:=LK!w«³J7)I�µ�R�; µr·�¶�³JF�´�=LK 9<7)I:=Js
¶�8yµ:9�¶�=)w�=LK�w«³J7)I�µ�R�; ·-9N8uH:8<H�G&²�8�·);x8 &�²�8Nw�8<H�7); I�³L9<y:=.²�³ ` ³J^'7-9B_�9#²�µ�7)H:=�Z@´:I�G ` ¸&³
´:I�G ` =)wXV

C|³J7)I�µ�R�G!= o ²�³&´�³J^ )�G�^ 9�·-=LK:9<7�·�³Lw�µ » b6µ ¹ b o G&´�8Nw�H�³.¸N;E·�³J7)}y´�8NPYI�³ ` w�8<H�7�µ�I:=Js
·�³JH�H:=LK5Z ³!H�³ ~%=\F�´�8<H�µ:8y´�8NPYI�³ ` w�8<H�7�µ�I:=?·�³JH�H:=LK�w«³J7)I�µ�R�;

M∗
dx´�8NPYI�³ ` w�8<H�7?³JR�µ0s

8<K
M
V

± = o )a8Nw 9#²:G�O�³L8 ¸&³&´�³NO�³;´�8NPYI�³ ` w�8<H�7?³JR�µ�µ
NP

s y:=.²:H�³J_�f »%h Z.·;´�³JH�H:=LKD9<7?³J7)}-8�y�I�µ0s
·-8#´�8<H:=�y:=.²�µ�H:=)w�µ�³&²:})H:=)8rI:8Mva8<H�µ:8�¸&³&´�³NO�µy·DO�³L9<7)H:=)w?9#²:G�O�³L8)V

CuH:=\F�8N9<7�·-=!9<7)I:=?¶Yµ:9 ~%=+´:H:=LKzw«³J7)I�µ�R�;QZ�9N=+´�8<I%F�³ )�µ0~ ·E7-=LO�H:=)9<7�µ
q
H:8<H�G&²�8�·);�~

&�²�8Nw�8<H�7-=?·:Z o G&´�8Nw?= o =?¸NH�³NO�³J7)} O:8<I:8�¸
M (q) Z q = 2, 5, 7

V
(M)

d 7)I�³JH:9<y:=LI�7)H�³J_+9N8<7)}+SU9�¸&³&´�³JH�H�;xw�µ+H�³v´:G ` ³ ~ H�µ�F�H�µ:w�µ]µj·-8<I-~0H�µ:w�µ!y:=Js
7-=?¶�=?·);xw�µE= ` I�³JH�µ�O:8<H�µ�_�w�µ
bcZ�y:=)9<7)I:=)8<H�H�³J_ y:=Dw«³J7)I�µ�R:8g9#²�8#´:G�^ )�µ:w�= o I�³.¸\=)wXe

� � � � ��
�
�� ¶�I:=)w�86µ:9<7-=LO�H�µ�¶�³�µ	9<7-=?¶�³0Z�·�·-=+´:_07-9B_ n ·-8<I)v�µ�H x1, x2, . . . , xn Z09N=)=L7LsH:8N9N8<H�H�;x8DO�µ:9#²�³Lw
1, 2, . . . , n

c
k − |M(2)| ·-8<I)v�µ�H y1 Z y2 Z VNVNVNZ yk−|M(2)|

y:=)9#²�8#´�=?·�³ s
7-8#²:})H:=D9N=)=L7)H:8N9N8<H�H�;�~u9<7)I:=?¶�³Lwzw�H:=\F�8N9<7�·

M (5) µ M (7) V
� � � ��� =L7jµ:9<7-=LO�H�µ�¶�³|¶Y¶�³JF�´�=LK µ�¸ ·-8<I)v�µ�H xs

y�I:=?·-8#´�8<H�³r´:G ` ³ 9qy:=L7-=?¶�=?·);xw�µ
= ` I�³JH�µ�O:8<H�µ�_�w�µ

[3,
�
]
Z0=L7�·-8<I)v�µ�H�;

xs
¶L·-8<I)v�µ�H:8

yt
´:G ` ³ry�I:=?·-8#´�8<H�³a7-= ` ´�³�µ|7-=.²:}Ls

¶�=�7-= ` ´�³0Z�¶�= ` ´�³a9<7)I:=?¶�³�w�H:=\F�8N9<7�·�³
M (5) Z�²�µ o = M (7) 9N=)=L7�·-8<7-9<7�·)G�^ ) ³J_L·-8<I)v�µ�H:8 yt9N=+´�8<I%F µ�7aO�µ:9#²�=

s
Z
s = 1, 2, . . . , n

Z)y�I�µ�O:8Nw+7?³.¶�³J_�´:G ` ³�µ:w�8N8<7�y:=L7-=?¶�=?·);x8A= ` I�³JH�µ�O:8cs
H�µ�_

[0, 1]
c5=L7L¶�³JF�´�=LK]·-8<I)v�µ�H�;

yt
Z�9N=)=L7�·-8<7-9<7�·)G�^ )a8<K+w�H:=\F�8N9<7�·)G

M (q) y�I:=?·-8#´�8<H�³
´:G ` ³�¶ 9<7-=?¶�G

T
9Y= ` I�³JH�µ�O:8<H�µ�_�w�µ

[3,
�
]
V

��=?¶�³.¸&³JH:= 9#²�8#´:G�^ )a8N8
�q/0��&%

(!��&%����&\�D� �\�5���r���H�Z�W� wH� �\�H}$�����g��� }$��� � ��� w � ��� �a� w � ��
 � � �g�W� t {g�%�

}���� �%{g�=�Z�W� w � v!w �\�H~ � �g�%��� v!w }$� M (5) �Z�H� tgw ����� � ��� wHx�v | w �H{ x ~+� v 1 � ��� � { � 3 � ���v!w �H{g� 
 ����� �g�W� t {g�W}���� �%{g�=�Z�W� w � v!w �\�H~�� �g�%��� v!w }$� M (2) �Z�H� tgw ����� � ��� wHx�v | w �H{ x ~+�v
1 � ������{ � ��� 6 � ��� v!w �H{g� 
 ��y��=?¶�³.¸&³J7-8#²:}-9<7�·-=qy�I:=?·-=+´�µ�7-9B_u=L7Dy�I:=L7�µ�·)H:= ` =�V
vY=.²:G�O:8<H�;+H:8N= o ~%=+´�µ:w�;x8 µ�´�=)9<7?³J7-=LO�H�;x8 G-9#²�=?·�µ�_�´�8NPYI�³ ` w�8<H�7?³JR�µ�µaw«³J7)I�µ�R�;

M
V

� &%��
�&�$'�Z� z"{�|*�\�5���r���H�Z�W� w � 
���� �a� w � ��
 � M �g�!���-���;� � �Z� � �\� v!w � w � ���g� v0t � �%�v!w }��H}$��� � �?�\�H� t+v!wH� �Z�H���*�g� w �H~�� } w �r��� v �g�%� w �g�H� v � wH� T (M) y
¹ � �
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� ���
�
� � �������
������� M∗ � �
��� � � � � q ��� ���
� �"!�� � �"#�� �$ % ) � �'& � �
�(���)�+* �-, � ���
��� M (5) � & � �
�.� M (7) � / � � ��0 m � 1 � p �
�
� 0 *�� / � �1�2�
�"�
� � � �
���
� � *�* ��* � *�� & � �
� �43 � � $ ���"���
��� � & � 3 ��5 � � 4 ��5 � � 5 ��5 �(����� & �"��� $ ��*�* �"67���
� �"!��98 �������
	$ ��*�* �"6:���
� �"! � �2�
�"�
� � �����
�
� � �;� � ��<=��*�� yt �
����* � 3 �"���
* �"6:� � �
� T (M) 8?>@� 5 $ � 3 � & � �
,�� � 3 �"���"! 3 � $ � 5 �"� (xm, yt)

� (x1, yt) � (xp, yt) �����
*���� � $ ��*���� � 8��4� & �-,�� � 3 �"���"!3 ��!A��, $ �"6 $ � 5 � T � �
�B#�� $ % )
� 6(� 0 � ����� / *���!A� � �����
*��C6 3 � � 3 � � $ � & ,�� � 3 ����� � � $ � �
5 �"� � ��*���� $ � *��
*����D� � ��<=��*��"� yt 3 ��* ��3 � � ���C�
* �
���
�98��4� & � / � & � $ � 3 �����
� �+�C6 3 �"���"!���
����* � 3 �"���
* �"6E� � �
� T (M) 8�+�	��� � � ����
��	��� �

���������
	D� ��3 � ��	D�D�
����* � 3 �"���
* �"6F� � �
� T (M) ��� )
� ���
�
� � � $ � �3 �����
� �+�C6 3 �"���"!98+>@� 5 $ �G!A��, $ � % � � ��<=��*�� xs $ �
� $ � & 	
* � 5 � 5 ���"HI� G(X ^ Y,E) �
�
�"��� 0 �"����*�* � 5 �
� � ��<=��*��"�+� xs � yt � $ � 5 �"�+� (xs, yt)

� � $ � & 	
!J�"���"���B# 3 �"���"!)����� � * 1 �
� � �2� �.��� ��3 � *�	 3 8K �
� 0 *�� / � � / � � ��0 N (1) � N (2) � N (3) �+* �-, � ���
��� � �
�"��� 0 �"����*�*�� � !J�"*����"�+�;� � � � � �3 ����*�� $ & � ,
��L=�A#7�+* �-, � ���
�
� X � 0 �2�
�"�
� � �����
�
� � L=�A# 3 ��� �
�2� / � �"��*���6 $ �
� $ � & 	
* � 5 �
5 ���"HI�A8

�4�
� � ���
� �M�+* �-, � ���
��� N (1) � N (2) � N (3) � 3 � 6 � 4 � 6N� 5 � 6F����� & �"���O�����
�������
M∗ �2�
�"�
� � �����
� � *�* � � � & � $ % 0 ��� � � � / ���
�"� / � � & �P� 0 N (d) ���"� 3 � & � 5 � & �
��	;�.���
� �"! �
�Q� � �', � * �
� � � �
� ��/ ���E�R�S���
� �"!��T� 0 M � �"�
!�� $ �G�
���"����* � / � � & � p 8VUW� $ � & � �
�+* �-, � ���
��� N (d) � 0 �2�
�"�
� � �����
�
� � L=�A#X���
� �"!7�����
������� M 8K �
� 0 *�� / � � / � � ��0 W �+* �-, � ���
���Y���
� �"!(�����
������� M � ��!J�"���"���B# 3 �
� & � � $ � & � *�� %
�+* �-, � ���
� N (d) �
���"� & � ��	I* � *�� & � �
� ��Z & � � � *��
�Y[�� 0 ��!A� 0 ��*�* � 5 �I�
�C< � � & � $ � � � ��/ ���4�
!A��, $ �"6)���
� �"! �\Z ��� 5 �Y�+* �-, � ���
���I!J� & � / � ���
���I* � *�� & � �
�B# Z & � � � *����"�=�����
* � 2 � & � 4 8] �JL � ���
�
� � �7�"��!J� � ��� 0 �"� � *�� � 4 � # Z & � � � *��
*��B#^�+* �-, � ���
� wj *��^_ 3 �"���
�+!��a`Xb$ �
��# Z & � � � *��
*�� �.3 � $ �+* �-, � ���
��� � 3 �
� & � !J�"���"� � 5 � 3 � & � / � *�* � � _c���"��<=��� � *�* � � `:� � �
� � 6 ���
��� $ �
��# Z & � � � *��
*��B#d�+* �-, � ���
� $ � 3 ����!A� � �S��� 0 �"� � *�� � *�� $ ��� 3 � $ � � � � 6 ���
���
W1 � W2 �"��!�� � �e/ ���:��f�*���!A��!�� � $ ��� 3 �"���
�+!A�G� $ * � 5 � / � �
�C� � # Z & � � � *��
* � 5 �:�+* � �
, � ���
���;* ��3 � 3 � $ � � �X�7� $ * �X�:���-, �.3 � $ � � � � 6 ���
��� c ��fg�;!A��, $ �
�h� 0�3 � $ � � � � 6 ���
�
!J� & � / � ���
��� Z ! 0-� � 3 & % � �"� & � �
� 5 � Z & � � � *��"�������
* � 2

f i h 8
�Y����� � �
�"��� 0 � � L=� � W1

� ���"� 3 � & �-,�� �h� 3 � ���
�B# $ �
��#E����� & �"���c#D�����
������� M∗ �
� 3 ����� � �
�"��� 0 � � L=� � �+* �-, � ���
��� W2

� � 3 �
� & � $ *��A# $ �
��#^����� & �"���c#j�����
������� M∗ �
�"��!�� �1�
�"��� 0 �
� �k/ ���
�"�l!A��, $ � % 3 �����.���"� 3 � & � 5 � & �"��	X�;���
� �"! � �=� � �F, � * �
� � � �
� �/ ���R�1�d���
� �"!��m� 0 M � �m�R!A��, $ �
�n� 0 $ �
��#1����� & �"� �"�'o 1 � �p� 2 � � � 6 � �p� 7 � �qf
�����
������� M∗ * � *�� & � �
� �YZ & � � � *��
�r�"� & � 3 � 3 ����* ����� 0 & � / *��Y8s ����� 5 �^3 � & � / � & �r�����
������� M∗ b $ � H4��� 5 � � *��
��� �"����*�*��C6'����������*��d�����
��� �
��� M 8

t7uevAw�xey�vJz9xey
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�2��� % � Eg� �
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s ��� 3 � <=* �
���
� 3 � � � $ � & � *�� % �2�"�
� � � � *�*��B#)�
� 0 �"���"� $ & % 8e�
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���
� �
�V� $ � ��*�� 0 �������Q� �
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� 3 �
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�"* �
���
�
�
� 3 ����!�*���!J�"�S�F� 3 � ����� & � �����"�R*��D�"� � / � ���
� � *�* �
�M�F�+��� �"���
� ���C*�! � �
��� $ �D� 0 � �
��� � ����*���� 3 ��� �"����� � ���"�^�:*��2�J! � �R� � #A* � & � 5 � % #T�
��* �"��� 3 � & � 5 � � L=� � � � & 	D� 5 ��� � �
����� � �����
� / � ��!J� � �
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�T*�� 3 ����� & � *���� % � & % � ��� % ]g!A� 0
��� ��0 � $ � *��"�b8Ic �"�edD��� % i
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