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IIPEAVCJIOBUE 5

IIpeaucioBue

Kypc BbIykI0ro aHasn3a 4uTaeTcs CTYAEHTaM TPEeThero Kypca daxysbrera
yupaejenus u npukiaanaaoii maremaruku MO®TU B ocennem cemecrpe. Ou siBjisi-
eTcsd TTEePBOM 9acThbI0 KypCa ONTUMW3AINHN, KOTOPBIH MPOMOJIKAET YUTATHCS B IMO-
craenyomumx cemectpax. CBONCTBO BBIMTYKJIOCTH TIO3BOJISET IPOINE PEIraTh OMTH-
MHUBAIUAOHHBIE 33Ia9U. ITUM OObSICHSIETCS MMOSIBIIEHUE YTOM TEMbBI B CAMOM HAYAJE
paccMOTpeHus 33,139 ONTHMHU3aluu. Bosiee TOro, Ha MPUMepe BBIMYKJIBIX 33184 AP-
KO JIEMOHCTPUPYETCST TPUHITAT JBOMCTBEHHOCTH, IPU KOTOPOM KaXKIO0H OMTUMU3A-
IIMOHHON 33/a9e CTABUTCS B COOTBETCTBUE HEKOTODAsl ApYyras, HA3BIBAEMAas IBOI-
cTBeHHO!N. PaccMoTpenne COBMECTHO 3TUX IBYX 331349 MO3BOJISIET TUIy0OXKe U3YIUTh
UX CBOMCTBA M MOJYyYUTh PEIIeHNsT, KaK TPABUIO, U TOH, U Apyroi. OnruMu3annoH-
HbIE BBINYKJIBIE 331390 HAXOI:AT MHOTO MPUMEHEHUN HA MPAKTUKE, B YaCTHOCTH, B
skonomuke. [loaTomy B duTaeMoM Kypcee yaesdercs JOCTATOMHO BHUMAHUSA 33,/1a9aM
JINHEWHOTO TIPOrPAMMUPOBAHUS.

B ocnoBe mnpemsiaraemoro mocobusi JiezKar JeKIuu, KOTOPBIH aBTOp YUTAJ Ha
MexaHuko-maremarundeckoMm dakynprere MIY u na daxkymaprere yupasienus u
npukJagaoil maremaruky MOTI. ABTop cylnecrBeHHO MCIOJIL30BAJ B IOCOOHU
kauru cgoux kosuier I. T Marapusn-Uubsiesa, B. M. Tuxomuposa [5] u 9. M. Ia-
Jieena, [2], KOTOPBIM aBTOp TIIyGOKO BJIArOAPEH 33 [EHHBIE 0OCYKIEHNsT W COBETHI.



T'masa 1

Ob61as Teopusa

1. BBenenune

Bermykuibiit ananu3 — pas3ziesa MATEeMATHKH, B KOTOPOM H3Y4YalOTCH BBIMYKJIIbIE
MHOKECTBA, BBIIYKJIble (DYHKIUHA ¥ BBIMYKJIIbIE SKCTPEMAJIbHBIE 33a49u. BBIIyK-
JIBIH aHAJIN3 UMEET BEChMa PAa3HOOODA3HBIE MPUJIOXKEHUS B TEXHUKE U SKOHOMUKE.
MHOTHE MPUIOKEHUST CBA3AHBI C 33Ja9aM¥ OMTUMHU3AINN, KOTOPhIE NP HAJTHIUN
BBIMIYKJIOCTH MOTYT PEmaTbcs 0oJiee mpocTo.

[IpucranbHoe BHUMAHWE K BBIMYKJIOCTH OBLIO MPUBJIECYEHO B COPOKOBBIX I'O/IAX
nporaoro crojgerusi. OHO ObLIO CBSI3aHO € MOSIBJIEHHEM TAKOTO Pa3/esia, Kak Jid-
HeiiHOe TporpaMMupoBaHue. [lepBble HeTPUBUAIBLHBIE 33/ IaYM B 3TOM HAIPABJICHUN
6nutn perrensr Jleonnnom Buranbesuuem Kanropoemuem. B 1939 roay Beimiia ero
kHura “MareMarrdeckue METOABl OPTAHW3AIMHU U TJIAHUPOBAHWS MPOU3BOICTBA .
3areM B TATHUIECATBIX TOAAX MOIIHOE PA3BUTHE JUHEHHOrO MPOrPAMMUDOBAHUS,
a TIOTOM ¥ BBIMYKJON ontumusarnuu Hadamoch B CIITA. Dto GbL1o BBIZBAHO MPO-
61eMaMu SKOHOMUKU U PA3JIMIHBIMY [IPUJIOZKEHUAMHU B BOEHHBbIX obnacrax. B 1975
rony Kanroposuuy u KynMancy (aMepuKaHCKOMY 3KOHOMUCTY ) 6bLIa IPUCY 2K IEHA
HobeseBckast mpemus 10 9KOHOMUKE 33 BKJIAI B TEOPUIO OMTUMAIBLHOTO PACIIPeIe-
JIGHUST PECYDCOB.

Cremyer ynoMsiHyTh aMepUKAHCKOTO MAaTeMaTHKA-TIPUKIaIHAKA JJaHura, Ko-
TOPOMY MPUHAJIEXKAT 3aMEYATEJbHBIA AJITOPUTM PEIIEHns 33034 JTUHEHHOr0 mpo-
TPAMMHUPOBAHUSI, HA3BIBAEMbIH CUMILIEKC-METOI.

B 1970 romy amepukanckmii maremaruk Poxadennap omybaukoBas MOHOTpa-
dbwuro, koTopas Ha3biBajach “‘Boimykbiit ananus”. Torma BrepBbe u MOSBUIOCH ITO
cnoBocoderanve. Cam Pokadennap nuimer, 9T0 370 Ha3BaHUE TIPEJIOKUI My Mpo-
deccop Hpuncronckoro yausepcurera Takkep. C Tex mop TepMUH “BBITYKJIBIA aHa-
nm3” cTan obImeynoTpebuTehHBIM.

2. Brimykible MHOXKeCTBa
IIycrs X — numeitnoe npocrpanctso. Ecau z,y € X, To MHOXKeCTBO
[y ={zeX:z=1-a)z+ay, 0<a<1}

HA3LIBACTCS 0MPe3Kom (COEIUHAIONMUM TOYKU T U Y).
Hemnycroe MHOXKecTBO A HA3BIBAETCS 6bINYKAGLM, €CIH I J00bIX T,y € A
[z,y] € A. TIycToe MHOXKECTBO CIMTAETCS BBITYKJIBIM IO OMPEIEIEHUO.

Ilycrs 21, ...,2, € X. Touka
n n
(1) x = g a;x;, o5 >0, E a; =1,
=1 j=1
HA3BIBAETCH BBNYKAOY KOMOUHGUUET MOUER L1, ..., Ty.

IIPEAJIOXKEHUE 1. Ecau A — ewvinyksoe MHOMCECTNE0, MO 410068 SVNYKALSL
KOMOUHAUUA MOYEK T1, ..., Ty € A npunadsescum A.
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HOKABATEJILCTBO. [l0Ka3aTeabCTBO MPOBEIEM WHIYKIIHEH MO UHUCIy TOYEK.
IIpu n = 1 yrBepxkaenne odeBuaHO. IIpenmonokumM, 9T0 yTBEPKICHAE BEPHO JIJIsd
1100011 BRIIYKJION KOMOMHAIUN 13 He bosee, uem n — 1 Touek. IlycThb mmeeTcsa ToUKa
x suna (1). Ecmm ag =1, o ¢ = 21 € A. Ecin a1 < 1, nosmoxum

~ Qg

Qi j:2,...,n.

_1—OZ1’

B cuny Toro, uro

U3 TIPEATIOJIOKEHNS WHAYKIINH BHITEKAET, UTO
n

T = E ajx; € A
j=2

Torna u3 BeIMyKJI0CTH A Cleayer, 94To

n

n
o .
T = Zajxj =iz + (1 —ay) Z ﬁl‘j =ajr1 + (1 —aq)x € A.
—

j=1 =2

O

Bunykaoti 06os0ukoti co A mnoscecmsea A C X Ha3BIBAETCH MHOKECTBO BCEX
BBINMYKJIBIX KOMOWHAIWI €10 TOYEK

n
coA:{weX:x:Zajxj, ZT1,...,Tn €A, a; >0,

j=1

iaj:L nEN}.
j=1

Cpemn Beex BBIMTYKJIBIX MHOYKECTB, COAepKammx ganHoe Muoxkecrso A C X,
CyIIECTBYET HAaWMEHbIIIee, T.€. TO, KOTOPOE COMEPKUTCH B JIOOOM BBITYKJIOM MHO-
xecTBe, cogepxkameM A. JlelicTBUTENBHO, CeMECTBO BCEX BBIMYKJBIX MHOKECTB,
comepxaux A, He mycTo (B HEro BXOIWT, HAIPUMED, Bee mpocTpancTso X ). Ile-
pecedeHne BCeX MHOXKECTB 3TOro cemeiicTBa Oyler BbIMyKAbIM (T.K. Ie€pecedeHune
JIOGOro ceMeiiCTBa BBINYKJ/IBIX MHOXKECTB — BBINYKJIO), COJAEPXKAIIUM A U HAUMEHb-
M. JIoKaxKeM, 970 3T0 MHOXKECTBO COBIAJIAET ¢ co A.

[TPEITOXKEHUE 2. Mnooicecmeo coOA ABAACNCA HOUMEHDUUM  EbINYKABIM
MHOHCECTNBOM, cOdepIHcatum A.

JIOKABATEJTHCTBO. U3 mpeamoxkennsi 1 BBITEKAET, UYTO €CJAU HEKOTOPOE BbBI-
MyKJIOe MHOYKECTBO COMEPKUT A, TO OHO COMEPKUT JTIOOYIO BBITYKIYIO0 KOMOUHAIIIIO
Touek u3 A, a 3HaunT, oHO comepxkut co A. CienoBaTebHO, IEPECEYEHHE BCEX Bbl-
NYKJIbIX MHOXKeCTB comepxkut co A. Ocranoch mokasarh 4TO €O A BBIYKJIO, B 3TOM
CJIy4ae OHO COBIIQJIET C IIEPECEYEHMEM BCEX BBITYKJIBIX MHOMKECTB, CoAepKammx A.
PaccMorpuM fBe Mpou3BOJIBHBIE TOYKU €O A

n m
x:Zajxj, y:ZBjyj.
j=1 j=1

Hna moboro « € [0,1] umeem

n

(I1-—a)z+ay= Z(l — o)y, + Zaﬁjyj.

j=1 j=1
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Tax kax
n m
g (1—04)0@—}—5 afj=1-a)+a=1,
j=1 j=1
TO MbI TOJIYYUIM BBITYKIYIO KOMOUHAIIUIO TOUYEK X1,...,Tn,Y1,-- -, Ym, KOTOPAS
MPUHAIJIERKUT €O A. O

CHIEACTBUE 1. Muootcecmeo A ABAAEMCA SUNYKABM 6 MOM U MOALKO 6 MOM
cayuae, ecau A = co A.

I[IPEIIOXKEHME 3. Ecau A u B — ebnyxavie mroscecmea, mo
co(AUB)={zeX:2=(1—a)a+ab, a€ A, be B, a€l0,1]}.

JIOKA3BATEJ/ILCTBO. U3 onpenesienus BBITYK/IOH 060109KH BbITeKaeT, 9o (1 —
a)a+ ab € co(AUB) na scex a € A, b€ Bu a € 0,1]. Ilyers 2 € co(A U B).

Torna
n m
z=y oz + Y By,
j=1 j=1

rae Ti,..-,Tn €A, y1,.. ., ym € B, a1,...,a, >0, 81,...,8m >0u

Zaj + Zﬁj =1.
j=1 j=1
1omozxum .
o = Zﬂj
j=1

Ipeanonoxum, uro 0 < a < 1. Torma « = (1 — a)a + ab, rue

n m

a= Z lo_éjaa:j, b= Z%yj.
j=1

j=1

B cuny Toro, uro

= 11—« o a ’
a €A abée B. Ilpu a =1 wm o = 0 MOXKHO HEIIOCPEACTBEHHO yOEIUTHCS, YTO
CIPABEJTIUBO TO YK€ TIPE/ICTABJICHUE. O

3. Addunnbie moampocTpaHCTBA

[MommuoxkectBo Y C X HaswBaercd agipurnnvm nodnpocmparcmeom X, ecnu
JUTst MOOBIX z,y € Y Touka (1 — a)x + ay € Y npu Beex a € R.
Adpdunnoti Komburayuets mowex Ti,..., T, HA3BIBACTCI TOUYKA

n n
(2) m:Zajmj, Zajzl, agy. .., 0 €R.
j=1 j=1

I[IPENJIOXKEHUE 4. Ecau Y — agdunnoe nodnpocmpancmeo, mo awobas agh-
PurHaA KOMOUHGUUA TNOYEK T1, ..., Ty € Y npunadsescum Y .

HOKABATEJIBCTBO. [loKa3areabCTBO MPOBEIEM HHIYKIHEH MO UHUCIy TOYEK.
Ilpu n = 1 yTBepxKaeHne o4eBuAHO. [IPEAIONOKAM, UITO YyTBEPKIACHAE BEPHO 115
060l adduHHO KOMOMHAIMN U3 He Oojee, yem n — 1 Touek. Ilycts mmeercs

rouka = Buga (2) un > 1. Cpeau g, ...,y HAHJETCS OTAMYIHOE OT eOUHUNLI. Be3
OTpAHUYEHUST ODITHOCTH MOXKHO CIHTATH, 9T0 1 7# 1. Tlojoxkum
a;
~ g .
Qj , J=2,...,n.

Tl
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B cuny Toro, uro

n
E Q= 1,
j=2

U3 TIPEJNOIOKEeHN HHAYKIUN BBITEKAET, ITO
n

T = g ajrji €Y.
j=2

Torma u3 Toro, uro Y adduHHOE MTOATPOCTPAHCTBO CJAEAYET, ITO
n
T = E a;zj =01+ (1—aq)T €Y.
j=1

O

MruoxkecTBo Beex adDUHHBIX KOMOUHAIINN TOYEK U3 MHOMKECTBA, A HAa3BIBACTCSA
apunnoti oboarouxoti aff A muooicecmea A

n n
aﬁA:{xeX:x—Zajxj, T1,..., Ty € A, Zajzl, nEN}.
j=1

j=1

Cpemn Bcex adOUHHBIX TOAIPOCTPAHCTB, COAEPKAIUX TAHHOE MHOXKECTBO
A C X, cymecrByer HauMeHBbIIIEE, T.e. TO, KOTOPOe COIepKUTCA B J1060M adpun-
HOM IIOAIPOCTpaHcTBe, comepxkameM A. JeficTBurenbHo, cemeiicrBo Beex addun-
HBIX TIOAIPOCTPAHCTB, comepKammx A, He mycTo (B HEro BXOIWT, HATIPUMEp, BCE
npocrpanctso X ). Iepecedenue Bcex MHOXKECTB 9TOro cemeiicrsa Oyner addun-
HBIM TIOAIPOCTPAHCTBOM (T.K. epecederue Joboro cemeiicrsa adHUHHBIX TOAITPO-
crpancTB — adPUHHOE NOANPOCTPAHCTBO), copepxkammM A u nHaumenbinumM. Joka-
2KEM, 9TO 9TO MHOXKeCTBO coBnagaer c aff A.

ITPEAJIOKEHUE 5. Muoowcecmeo aff A aeasemca naumenvwum apdurnom
NOINPOCMPAHCNEOM, COdeporcamum A.

JOKABATEJIBCTBO. U3 mpenjoxkenns 4 BBITEKAET, 9TO €CJIH HEKOTOpoe ad-
bUHHOE TTOITPOCTPAHCTBO CONEPKUT A, TO OHO COIEPKUT JTI00YI0 adHUHHYIO KOM-
OuHanuio ToYek u3 A, a 3uagut, ono comepxkur aff A. CiegoBarenHo, nepecedenne
Beex addunnbx moanpoctpancts cogepxkur aff A. Ocranocs mokazare uro aff A
sByserca adPUHHBIM MOAMPOCTPAHCTBOM, B 9TOM CJIyYae OHO COBIAJET ¢ Iepece-
yeHueM Bcex adUHHBIX HOAIPOCTPAHCTB, cogepxxkamux A. Paccmorpum ase mpo-
uszBosbHBIE TOuKY aff A

m

n
=Y az;, y=) By
Jj=1 J

i=1

Jts moboro a € R umeem

n

l-a)z+ay= Z(l — ooy, + Za,@jyj.

Jj=1 Jj=1

Tak kak
n m
Z(l—a)aj +Zaﬁj =1l-a)+a=1,
j=1 j=1
TO MBI TOIYIUIn apPUHHYIO KOMOUHAIIAIO TOUEK X1, ..., Lpy Y1, - -« Ym, KOTOPAS
npunaggexutr aff A. O

CJHEJCTBUE 2. Muooicecmao A asisemca aPdunmvim nodnpocmpancmeom 6
MoM U TOALKO 8 mom caywae, ecau A = aff A,



4. TEOPEMA KAPATEOJOPU 10

I[TPEJIOKEHUE 6. Kaotcdoe apdunnoe nodnpocmpancmeso Y C X npedcmas-
asemces 6 eude Y = a+ Ly, 2de a — npoussosvras mowka u3 Y, a Ly — aunetinoe
nodnpocmpancmso us X, npuuem Ly onpedeseno odnosnauno (he 3a6ucum om a).

HOKABATEJBLCTBO. Ilycts a € Y. Iomoxum
Ly ={zeX:z=y—a, yeY}

Hoxkaxkem, uro Ly — mmHeitnoe momanpocrpanctso X. Ilycrs © € Ly . Torma x =
y—a, rae y € Y. Ina moboro A € R B cumy toro, urto Ay + (1 — A)a € Y, mmeem
M=MNy—a)=Xdy+(1—ANa—a€Ly.

IIycrs Temepnb x1,22 € Ly m 1 = y1 — a, a To = Yo — a, r1e y1,y2 € Y. Tax
Kak (y1 +42)/2 €Y, To
T1+%2 Y1ty
2 2

W3 10Ka3aHHOIO BbILIE, IIOJOKUB A\ = 2, IIOJIy4aeM, 4T0 T1 + T2 € Ly.
TTomoxum

—a € Ly.

My ={zeX:z=y—-b, yeY},
rae b € Y. B cuny Toro, uro b — a € Ly, umeem
b+Ly=a+(b—a)+Ly=a+Ly =Y.
CuepoBarenbuo, My = Ly . O

Pasmeprocmvio apunnozo nodnpocmparncmea Y Ha3bIBaeTCs pa3MepHOCTh CO-
OTBETCTBYIOIETO JIMHEHHOTO TOMITPOCTPAHCTBa Ly :

dimY =dim Ly.

Paszmeprocmsbio npouseosbhozo mMHuosicecmen A Ha3bIBAETCA PA3MEPHOCTH €ro
adbdunnoit obonouxn aff A:

dim A = dim aff A.
Tockonpky co A C aff A, To
dim A = dimco A = dim aff A.

4. Teopema Kapareogopu

TeorpEMA 1 (Kapareonopu). Ecau dimco A = d, mo aoboti ssemenm mmo-
otcecmea co A npedcmasasemces 6 sude suunyksoll Kombunayuu we boaee, wem d—+ 1
SAEMERMA MHOMCECTNEa A.

HOKABATEJBCTBO. ITonoxum Y = aff A. Torna dimY = d. IIycts
n n
;L':Zajwj, aj >0, Zajzl, n>d+2, z;€A
j=1 J=1
Torma smemMeHTH Tg — T1,. .., T, — L1 IPUHAIIEKAT JUHEHHOMY MPOCTPAHCTBY Ly

(cm. npemioxkenue 6), pazmepHocTb KoToporo d. CriegoBareabHo, OHU JIMHEHHO 3a-
BucHMBI. TeM caMbIM CymecTBYIOT fa, . .., By, HE Bce paBHbIE HYIO, s KOTOPBIX

Y Bilzj —a1) =0.
j=2

ITosoxxum

n
71:_26]a ’y_]:ﬁ]a .]:277”
j=2
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Torna
n n
d_wmwE =0, > % =0,
j=1 j=1

IpUYeM 7i,...,7Y, HE BCce paBHbI Hy0. ClenoBaTenbHO, CPEIN GUCET Vi, ..., Vn
CyIIECTBYIOT OTpUIaTe bHbIe Ynucaa. [IycTs

o o
a:min{—J:%— <O} =_—*
i Tk
Torma aj + ay; > 0 gna Beex j = 1,...,n. Kpome Toro,

n n

z = (a;+ay)z;, Y (o +ay) =1

Jj=1 Jj=1

Tak xaK ay + a7y, = 0, TO T IPEICTABIACTCA B BAAE BBIIYKJIOH KOMOMHAIINN U3
n —1 Toukn. Ecau n —1 > d+ 1, To npoao/nKas 3TOT IPOLECC IPUAEM K TOMY, 4TO
I TIPEJCTABJSIETCS] B BUJE BBIMYKJIOH KoMOuMHAIMN He Oojiee, ueM d + 1 ajmementa,
MHOKECTBa A. O

[Iycts X — sunHeitHOe HOPMUPOBAHHOE MPOCTPAHCTBO.

TEOPEMA 2. Bbmymmﬂ 00040%Ka KOMNAKMA 6 KOHEYHOMEDPHOM NPOCTMPAH-
cmee X ABAACMCA KOMNAKIMOM.

HOKABATEJABCTBO. Ilycts dim X = d, A C X — xommakr. JlokaxkeMm, 4TO
co A — koMmmakT. JJIst 3TOT0 JOCTATOTHO MOKA3aTh, UTO U3 JIOOOH MOCIemoBaTe b
Hoctu {2} C co A MOKHO BLIOPATH MOANOCIEI0BATENLHOCTD, CXOASIIYIOCS K HEKO-
ropoit Touke u3 co A. [1o reopeme Kapareomopu

d+1 d+1
T = E QLjTj, Tkj € A7 Ak >0, E Apj = 1.
Jj=1 Jj=1

Tak Kak A — KOMIIAKT, TO B HOCJEI0BATEILHOCTH {Tk1} CYIIECTBYET MOANOCIEI0-
BATEJLHOCTD, CXOAMINAsLCA K HEKOTOPO TOUKe Y1 € A, a B 3TOI MOANIOCIe10BaATE b-
HOCTH B {akl} CYIIEeCTBYET IIOAIIOCIEeI0BATEILHOCTD, CXOAAIIAACA K HEKOTOPOMY
YUCIy o1 € [0, 1]. He orpanudmBasi 0OMIHOCTH, MOXKHO CIHTATh, 9TO Tkl — Y1 U
a1 — o pu k — 00. AHAJIOTHYHO, TIEPEXOIST K MOATTOCIETOBATENBHOCTSIM,, MOYKHO

CUNTATD, UTO Tk; —+ YY; U Qg — o TIpu k — 0o jgra mroboro j = 2,...,d + 1. Ilpn
ITOM
d+1 d+1
T — E oy, o >0, E a; = 1.
j=1 j=1
DTO 03HAYALT, YTO MPEICIbLHAS TOUKA IPUHAIJICIKAT CO A. O
Konuueckotll kombunayueti mowex Ti,. .., T, HA3BIBAETCI TOYKA

n
a:zg T, Q1,...,05 > 0.
Jj=1

MmuokecTBO BCeX KOHHYECKHIX KOM6I/IH3,LLI/II71 TOYCK M3 MHOXKeCcTBa A HaswpIBaCTCSA
KoHuweckotli oborouxoti cone A mmnovicecrnea A

n
ConeA:{a:EX:m—Zajmj, ZTi,...,Tn € A, a; >0, nEN}.
j=1
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HanoMmaumM, 910 Aunetinot 06040wkot mHosicecmea A Ha3bIBAETCI MHOXKECTBO
BCEX JIMHEHHBIX KOMOWHAIUI 3JIEMEHTOB U3 MHOYXKecTBa A:

n
linA:{xeX:x:Zajxj, Zi,...,2n € A, a; €R, nEN}.
j=1

TroPEMA 3 (Kapareomopu mig Konudeckoit 06osiouku). Feau dimlin A = d,
Mo A1060T sAeMenm MHodHCecmea cone A npedcmacisemea 6 6ude KONUBeCkot KoMm-
bunayuy ne oaece, uem d AURETHO HE3AGUCUMDIE IAEMEHMOE MHONCECTEq A.

HOKABATEJILCTBO. Ilycrs

n
CU:E ;T Q1y..., 0y > 0.
j=1

Ecmu z4,...,z, JuHeiino He3aBUCHMBL, TO N < d U BCe AoKa3aHo. Ecin smeMeHTh
T1,..., Ty JUHEHHO 3aBUCUMBI, TO HAMIYTCS HE BCE PABHBIE HYJIIO Y1, . . ., Y, TAKUE,
910
n
E ’}/jl‘j =0.
j=1
Be3 orpanmvennsa OBIIHOCTH MOMKHO CYHTATh, 9TO CPEIH 7Yi,...,7Yn ECTb OTPH-
uaresbHple 4ucia (ecjau OHU BCE IIOJIOKUTEJIbHBIE, TO MOXKHO DACCMAaTPUBATH
—Y1y- -y —Yn)- IycThb
. a; g
a:mm{—]:’yj <O} =——
Vi Yk
Torpa aj +avy; 20 gnascex j=1,...,nu

=Y (aj +avy)z;.

n
J=1

Tak xak aj + a7y, = 0, TO & TpeaCTaBIAETCHI B BUIE KOHUYECKONH KOMOWHAIINN U3
n — 1 rouku. Eciu 311 971€eMeHThI TUHEITHO 3aBUCUMBI, TO MIPOIOIKAL ITOT IIPOIIECC
[pUJIEM K TOMY, YTO T IIPEJCTABILETCHA B BUJ/IE KOHUYECKOHN KoMOnHanuu He ouiee,

qeM d JUHEHHO HE3aBUCHUMBIX 3JIEMEHTOB MHOXKeCTBa A. O

5. Teopembr Pagona u Xeann

TreorPEMA 4 (Pagona). ITycme X — aunetinoe npocmpancmeo v dim X = d.
Tozda awboe Koneunoe muostcecmeo uz X, codeporcaujee ne menee d—+2 mouex, mo-
arcem 6vims Pa3bumo Ha 064 HENEPECEKAOULULCA MHONCECNEER, BONYKABLE 000A0MKY
KOMOPHLE NEPECEKAIOMCA.

HOKABATEJBCTBO. Ilycrb JaHbl TOYKHU T1,...,Tn, 1 > d + 2. BekTopbl To —
T1,...,Ty — X1 — JAHEHAHO 3aBHCHMBI, T.K. uX He Menee d + 1. CiemoBaresbHO,
CYUIECTBYIOT (g, . .., (A, HE BCE PABHbLIE HYJ/IIO, TAKWE, 9TO

n
Z()&j(l‘j — 131) =0.
j=2
Tlomoxum
n
51:—205]‘, Bj:ozj, _]:2,771
J=2

Nmeem

n n
> Bjmp=0, > B;=0,
j=1 j=1
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npudeMm f1, ..., [, He BCe paBHBI Hym0. IloMengeM mHymepanuio u OymeM CYUTATD,
910 B1, ...y Bm 20, @ Bty - -+, B < 0. Tomoxkum

B:ZBJ':— Z 5j7 A:{xl,...,xm}, B:{$m+1,...,xn}.
j=1

j=m+1

Tornma

(3) S ovimi= > v,
j=1

Jj=m+1

rnev; =B/B,j=1,....m,uvy; =—0;/B,j=m+1,...,n Ipugem
m

n
Y= >, u-=1L
j=1

j=m+1

Takum 006pa3oM, BbIlyKjagd KOMOWHALUS B JIEBOH 4acTH DABEHCTBA (3) JIEXKUT B
co A, a BbluiykJas KomMbuHauus B 1paBoil yacru pasencrsa (3) aexur B co B. Tem

caMbiM co A Nco B # (). O

TEOPEMA 5 (Xesm).

1. Ecau dim X =d u 6 X umeromean > d+ 1 sunykavts muodcecms, At0bvie
d + 1 u3 xomopwux umerom obuy0 MOYKY, MO U 6CE IMU MHONCECTNEA UMEIOM
00WYI0 MOYKY.

2. IIyemv X — aunetinoe nopmuposarnoe npocmpancmeo, dimX = d, T —
HEKOTNOPOE BECKOHEUHOE MH0JICECTEO UHIexco6 U {AytacT — ceMetemeo 3aMKHY-
ML BUNYKABT NOdMHocece X , no Kpatinets mepe 0010 U3 KOMOPHIL KOMNAKMHO.
Tozda ecau ar0boe nodcemeticmeo us d + 1 mnoocecms umeem obwyo mouky, mo
U 6ce cemeticmeo umeem obUYI0 MouKY.

JOKABATEJIBCTBO. 1. Byaem m0Ka3bIBaTh yTBEPKACHNE UHIYKIIHEH 110 IUCTY
vuOXKecTB n. [Ipu n = d + 1 yrBepxkaenue oueBuauo. [lycts n > d + 2 u Teopema
JIOKA3aHa, JJIs1 JTIOOBIX N — 1 BEINYKJIBIX MHOXKecTB. OO03HAUMM JAHHBIE MHOXKECTBA
gepe3 Aj, j =1,...,n. Ina xkaxgoro k = 1,...,n Bo3bMeM IPOU3BOIbHYIO TOUKY

n
T € m Aj

j=1

j#k
(110 IPeANONOKEHUIO HHIYKIIMY 9TH [Iepecedenus He nycrsr). Tak kak n > d+2, To
K TOYKaM T1, ..., T, IpuMeHuMa reopema Pajona. C BO3MOXKHOMR nepenymepanueii
TOYEK TOJIYYAEM, UTO CYIIECTBYET HATYPAJbHOE Yucio m < m — 1, jjisi KOTOpOro
MHOXKECTBA CO{Z1,...,Lm} U CO{Tm41,...,%n} UMEOT 00IIYIO TOUKY 2. ToUuKa x;
npu Beex j = 1,..., m NPUHAIIEKUT KAXKIOMY U3 MHOKECTB Apy1, ..., Ay. B cuny
BBIMTYKJIOCTH 3TUX MHOXKECTB KAZKIIOE U3 HUX COmEPKUT co{zr1,..., Ty }. Crenoba-
TEJIbHO, KAzK/I0€ U3 ITUX MHOXKECTB COJAEPKUT TOUKY Z. AHAJOIMYHO [I0KA3BIBAETCS,
uTO Kaxkgoe u3 MHOXKeCTB Aj, ..., A, comepxkut Touxky x. Tem cambiM ITOKa3aHO,
YTO y BCEX MHOKECTB Aj, ..., A, uMeercs obIas TOUKA.

2. Ilycts A,, — KOMIIAKTHOE MHOKeCTBO. 3 1 cmemyer, uro mioboe KOHEYHOE
ceMefiCTBO M3 MHOXKECTBA 3aMKHYTBIX TIOAMHOXKeCTB B, = Ay N Aq,, o € I, co-
nmepkamuxcsa B Ay, uMmeer obmyio Touky. [Ipenmosoxkum, 9T0 BCe ceMeHCTBO He
umeer obweit rouku. Torma muoxecrsa {X \ By }acz — OTKPBITBHIE B 00PA3yIOT 1IO-
KPBITHE KOMITAKTHOTO MHOKecTBa Ay,. B cuily koMmakTHOCTH 13 9TOTO MOKPBITHS
MOKHO BBIOpaTh KoueuHOe nokpbithe { X \ By }oez, . Ho TOrmA KOHEIHOE cCeMeiicTBO
{Ba}acz, HE MOKeT nMeTh 06mel Touknu. [1omyIeHHoe TPOTUBOPEYINE TOKA3BIBAET
yTBEpPIKIEHNE 2. U
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6. TeopeMbl oTHesTMMOCTH

IIycts A m B — HemyCTBIE IIOAMHOXKECTBA, HOPMHPOBAHHOIO IIPOCTPAHCTBA X .
ToBopsit, uro Henynesoit dbyukimonan z* € X* omdeasem mmuooicecmea A u B,
ecyu

sup(z*,x) < inf (¥, ).

f
€A z€EB
Ecan HepaBeHCTBO CTPOroe, TO TOBOPAT, 9TO T* c¢mpozo omdeasem A u B.
[Tycth uncmo v € R takoBo, 9TO
sup(z*,z) <~ < inf (x*, x).
TEA zEB
Torpa, reoMeTpuvecKn, OTAEJIUMOCTL MHOKeCTB A u B o3Hagaer, 94TO OHU PACIIO-
JIOXKEHBI TI0 Pa3HbIe CTOPOHB! OT THINEPIIIOCKOCTH

{reX: (" x)y=~}.
IMycrs X — nopMupoBaHHOE HpocTpaHcTBo, £ € X u r > 0. ITomoxum
B.(z)={zeX:|lz-7||x <7}

Ecmn A — mekoTopoe MHOXKECTBO m3 X, TO TOUKa T € A Ha3bIBaeTCA GHympennel
moukoti A, ecim cymecryer Takoe € > 0, aro B (Z) C A. MHOKeCTBO BHYTPEHHIX
Touek A obozHauaeTcst yepes int A.

HamoMunM HopMynTUpOBKY MepBoii TeopeMbl oTaenaMocTh (cM. [4, crp. 243)).

TeoPEMA 6 (Ilepsas Teopema ormemumoctu). IIyeme A uw B — wnenycmoie
BUNYKABIE NOOMHONCECTNEN HOPMUPOSAHH020 npocmpancmea X , npusem int A # ()
u BNint A = 0. Tozda mnoocecmea A v B omodesumot.

Orcoma cmeayer

TEOPEMA 7 (Bropasa reopema ornenumoctu). Hycme A — nenycmoe 3amrny-
Moe GHINYKAE NOCMHONCECTNEO HOPMUPOGaHH020 npocmpancmea X v T ¢ A. Tozda
muooicecmea A u T cmpozo omoesumoL.

JIOKABATEABLCTBO. Tak kKak A 3aMKHyTO, TO JONOJHEHWE K A OTKPBITO U
MO3TOMY CyIecTByeT Takoe r > (, uro OTKpBITHIA map B,.(T) He mepecekaerca ¢
A. Torma mo mepBoii TeopeMe OTAEIUMOCTH CYIIECTBYeT HEHYJIEBOH (yHKIMOHA
z* € X* rakoii, 9T0

sup(z*,z) < inf (2", x).
TEA z€B,(F)

inf (a2, z) < (2,7,
wEBr(;LA')< > < >

TaK KaK HEHYJIeBOH JTHHEHHDLIH HEMpPepPbIBHBIN (DYHKIMOHAT HE MOXKET JOCTHTaTh
TOYHOM HMZKHEH TpaHy BO BHyTpeHHeH Touke. CrenoBaTesbHO, MHOXKECTBa A u T
CTPOrO OTJIEUMBL. O

7. BTOpaﬂ TeopeMa OTAE€JIMMOCTH B KOHETHOMEPHOM cCJIy4dae

B sTom pazmene Mbl chOpMYIUPYyEM W JOKAYKEM TEOPEMbI OTIEIUMOCTH B KO-
HEeYHOMEpHOM ciiydae. Haurem co BTOpoil TeOpeMBI OTAETUMOCTH.

TEOPEMA 8. Ilycmb A — menycmoe 3aMEHYMOE 6bINYKAOE NOOMHONCECTNEO
R u T ¢ A. Toeda mmosicecmea A u T cmpozo omdeaumot.
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JTOKA3ATEJBLCTBO. Ilycrs ¢ € A. Tlomoxum
Ay={ze€A: |z -7 <|zo—7| }.

Oyuxmua f(z) = |x — T| aBaserca HeMpepBIBHOW Ha OTPAHUYEHHOM 3aMKHYTOM
MHOXKeCTBe Ao M, CIEI0BATENLHO, 110 TeopeMe Beiieprirpacca JOCTHIAET CBOErO
MUHUMYMa B HEKOTODOIl Touke a. Tem caMbiM @ — OjmKaiiiias TOYKa K T U3 MHO-
xectBa Ao, a 3ragnt, n m3 mMHoxkectBa A. [Tonoxum x* = (@ — )T n pacemorpum
IUIIEPILIOCKOCT T* - & = x* - a. JloKaskeM, 4TO 3Ta I'MIIEPILIOCKOCTh OTIAeNdeT T OT
A. Nmeem
- Z=2"-(T-a+a)=—|2"P+r"-a<a*-a

Ocraercs noKazaTh, uro £*-x > ¢*-a mis Becex © € A. [Ipeanonoxum, 4To HAILIACH
Touka ag € A, ana koropoit ¥ - ag < x* - a. Tak kak A — BBIMYKJIOE MHOKECTEO,
(1 —t)a+tap € A nupu Beex t € [0,1]. Nmeem

(1= t)a+tag — 2> = ()" + t(ao — @)|* = |2** + 2ta + t*|ag — a|?,
rne o = z* - (ap — @) < 0. IloTOMy npu TOCTATOUHO MATBIX
|(1 —t)a +tag — 2| < |z** = |a — 2%,
9TO NPOTHUBOPEYMT TOMY, 9TO @ — Oaukaiiliias TOYKa K T U3 TOYEK MHOKECTBA
A. O
8. Addbunnasa mezaBucumoctb. CUMILIEKCHI

[Mepen mokazaTenbcTBOM MEPBO TEOPEMBI OTAETUMOCTH i KOHEYHOMEPHOTO
ciiyvas HaM HOTpedyeTcst HEKOTOPbIE BCIOMOraTenbHble yrBepxKaeunsd. [lycts X —
JINHEWHOE TMPOCTPAHCTBO. BEKTOPHI X1, ..., Tr+1 € X HA3BIBAOTCH GPHUHHO HE3a-
BUCUMBLMU, €CJTU U3 TOrO, UTO

k41 k-+1
(4) Z/\ij:() n ijzo,

j=1 j=1
caenyer, 9To A1 = ... = Agq1 = 0.

[TPEJVIOXKEHUE 7. Bexmopov, Ti,...,Trr1 oPdunno ne3asucumsvs 8 mom u
MOALKO 8 MOM CAyYae, ecat sexmopdt T; — 1, 2 < j < k41, — aunelino nezasu-
CUMDBL.

JIOKABATEJIBCTBO. Ilycts x4, ...,25+1 addurHO HE3aBUCUMBI U

k+1

(5) ZAj(xj — 1) =0.

Torna
k+1 k+1
(6) Z )\jl‘j — (Z )\j)xl =0.
j=2 j=2
W3 addunHOli HE3aABUCUMOCTH X1, . . ., Tk+1 BBITEKAET, 9T0 A2 = ... = Ak41 = 0.

ITycTs Temeph BeKTOPHI T — 21, 2 < j < k + 1, — nuHEIHO HE3aBWCUMET U BBI-
nosnusores yeaosus (4). Torma umeer MecTo paBeHCTBO (6), KOTOPOE IKBUBAJEHTHO
paBenctBy (5). 13 muHe#HON HE3aBHCHMOCTH BEKTOPOB 25 — &1, 2 < j < k+ 1, mo-
JydaeMm, 910 Ay = ... = Ax41 = 0. Kpome Toro,

f+1

A== A=0.
=2
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Brimykiass obosouka aduHHO HE3aBUCHMBIX BEKTOPOB X1, . .., Tk+] HA3BIBA-
ercs k-meprolm CuMniekcom, a BEKTOPDBL X1, ..., Tpt1 — BEPUUHAMU CUMNALKCA.
JI10060ii BEKTOp M3 3TOTO CUMILTIEKCA €TMHCTBEHHBIM 00Pa30M MPEeJCTABUM B BHJIE

k+1 k+1
z=Y Nz, > AN=1, A>0,j=1... k+1
j=1 j=1

Yucna A, ..., A1 HABBIBAIOTCS 6APUUEHMPUYECKUMY KOOPOUHAMAMY 6€KMOPA T.
OTHOMEPHBIE CUMILJIEKCHI — 3TO OTPE3KH, JBYMEPHbBIE — TPEYTOJbHUKHI, TPEX-
MEPHBIE — TETPAIIAPHI.

[MPEMMONKEHUE 8. Iyems A C X v 0 < dim A < oo. Tozda maxcumanvroe
YucAo aPPuHHO HEe3a8UCUMBLE 8eKMOPo6 6 muoscecmee A pasno dim A + 1.

HOKABATEJBCTBO. Ilpeamonoxum, 9410 X1, ..., Tx+1 € A, asisiorcs adpdun-
HO HE3aBUCUMBIMA W MaKCHMAJILHOE 9UCIO ad(PUHHO HE3ABUCUMBIX BEKTOPOB B A
pagno k + 1 . Ecam mpeamonokuTh, 9To CyIIECTBYeT BEKTOp Lo € A Takoii, 1ro
xo & aff{@1,...,Tk41}, TO BEKTOPBI X, L1, . .., Tipt+1 OYAYT adPUHHO HEZABUCHMBI-
MU, 9TO OIPOTHBOPEYUT MAKCHMAIBHOCTH InCaa adpOUHHO HE3aBUCHMBIX BEKTOPOB
B A. Takum obpasom, A C aff{z1,...,z1}. CremoBarensro,

aff A =aff{z1,..., 2541}
IloaTomy
k =dimaff{z,..., 511} = dimaff A = dim A.
O

CHAEACTBUE 3. Fcau A — ewnyraoe muoocecmso, dim A =d, 0 < d < oo, mo
A codeporcum d-mepruiii cumnaerc.

IIPEAIOKEHUE 9. ITyems A C RY — nenycmoe ewnykioe MmHOMCECTNE0 U
dim A = d. Tozda int A # ().

JIOKABATEABLCTBO. U3 cregcrBus 3 BbiTeKaer, 9to A comeput d-MepHbIi
cumriutekc. Ilycts ay, ..., aq+1 — ero BepuHbl. Be3 orpanuyeHus OOITHOCTH MOXK-
HO cunTaTh, uT0 a1 = (. Ilokaxkem, 4To M00asi TOYKA TOrO CHUMILJIEKCA C TIOJIO-
KHUTEJIbHBIMU DAPUIIEHTPUIECKAMHU KOODIMHATAMH SIBJIAETCS BHYTPEHHEH TOYKON
CUMIIJIEKCA, a CJIeJI0BATeNIbHO, U MHOKecTBa A. TlycTh

d+1 d+1
iL’oZZAkak, Z)\kil, A, >0, k=1,....,d+ 1.
k=1 k=1

Ilycts e1,...,eq — crangapTHBIN 6a3uc B RY. Tak kak as,...,0aq+1 — JUHEHHO
HE3aBUCHMbI, BEKTOPBI CTAHIAPTHOIO DA3HCA MOXKHO IIPEICTABUTL B BUJIE

d+1
e; = E ajRar, Jj=1,...,d.
k=2

Bruibepem € > 0 10cTaTOYHO MAJIBIM TaK, ITOOBI

d
M= e >0, k=2,...,d+1,

=1
d+1

d
Z(/\k —‘y—&‘z |Oéjk|) <1
=1

k=2
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ITycte @ — npowmssonbHei BekTop U3 B (0). Torna ero MOXKHO 3aNMCATH B BAJIE

d d d+1 d+1 d
T = ijej = Z‘LJ Z QL = Z ijajkak,
j=1 j=1 k=2 k=2 j=1

rae |z;] < e. Takum obpasom,

d+1 d d+1

To+ T = Z()\k + ijajk>ak = Z’ykak.

k=2 j=1 k=2

B cuny Boibopa €, umeem
d+1

>0, k=2....d+1, Y <L
k=2

Tem caMbIM TOUKa To ABJIAETCA BHYTPEHHEH TOYKON CHMIIIEKCA. O

9. OTHOCHUTeJIbHAA BHYTPE€HHOCTb. HepBaﬂ TeopeMa OTAe/JIMMOCTHU B
KOHEYHOMEPHOM cCJiy4dae

Ecnu paccMoTpers OTpe30K Ha IIIIOCKOCTH, TO BCE €I0 TOUKY HE SIBJISIOTCSI BHYT-
PEHHUMH, XOTS ACHO, YTO TOYKH, OTJIMIHBIE OT KOHUEBBIX, 0013/ [AI0T HEKOTOPBIMI
CBOIICTBAMH, IPUCYIIUMA BHYTPEHHUM TOYKaM. JTO HabOIIOIEHNEe IPUBOIUT K CJIE-
JIYIOIIEMY HOHATHIO.

IMycts X — nuneitnoe nHopmuposanuoe mpocrpauctso 1 A C X. Touka z € A
HA3LIBACTCSL OTNHOCUTNEADHO SHYMPertel mowkol muooicecmea A, ecin cyImecTsyer
e > 0 rakoe, uto B:(z) Naff A C A. MHOKeCTBO BCEX OTHOCUTETBHO BHYTPEHHUX
To4ek A Ha3bIBAETCA 0OmHOCuUmMesvrot snympennocmulo A n obosHadaerca ri A.

[TPEAIOXKEHUE 10. ITyecms A C RY — nenycmoe swinyraoe MmHodcecmeo.
Tozda
a) 1i A # 0;
b) ecau 1 €114, a 2 € cl A, mo sce mouku unmepsasa (1, x2) npunadie-
arcam 11 A;
c) 1A uclA — sunyrave muoocecmsa u clri A = cl A.

JIOKA3ATEJBCTBO. a). IIpeamonosxkum caadamna, uto dim A = d. Torma yTeep-
AKJICHAE HEIOCPEICTBEHHO BEITEKaeT u3 npenjoxennd 9. Ecom dimA = dy < d,
MOKHO BMecTO addumnoro nomnpocrpancrsa aff A paccmarpusars R4 . Te xe ap-
IYMEHTBI, KOTOPbIE TPUBOIUINCH TP JOKA3ATEIbCTBE TPEIIOKEeHNsT 9, MOKA3bIBa-
10T, 9T0 A CONEPKUT BHYTPEHHHE TOYKH OTHOCHTEIHLHO mpocTpamcTsa R . Dro
o3Ha4aeT, 9To ri A # ().

b). B cumy cieanHoro BhImie 3aMedanus 6yneMm cautarh, uto aff A = Re. Torma
riA = int A. Tlycte y € (1, 22). Torna y = (1 — a)z; + aze, 0 < a < 1. Tak Kak
xz9 € cl A, 10 9 € A+ B.(0) mas mo6oro € > 0. Torna

y+ B:(0) = (1 — a)z1 + azxs + B:(0) C (1 — a)z1 + (A + B:(0)) + B-(0)
= (1 - a)(z1+ B,(0)) + aA,
rme v = £(1 4+ a)/(1 — «). B cany Toro, uro 1 € int A mag MOCTATOYHO MAJBIX
€>0 z1+ B,(0) C A. Ilosromy
y+ B:(0) C(1—a)A+ad=A.
¢). Byagem cuosa npemmonarars, uro aff A = R?. Bpmyksiocts ri A Hemo-

cpencreenHo crenyer n3 b). JoxaskeM BoimykiocTs cl A. Ilyers zq,22 € clA, a
= (1— a)z; + azs. Jna moboro £ > 0

(xj + B(0)NA#0, j=1,2
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Iycrs Z; € (z;4+ B:(0))NA, j =1,2. Ilonozknm T = (1 —)Z; + aZs. Toraa = € A.
Kpowme Toro,

€ (1-a)(z1 + B-(0)) + a(a1 + B-(0)) = z + B.(0).

Tem cambim B 11000i OkpecTHOCTH TOYKH T ecThb TOouku u3 A. CrenoBarenbHo,
x € clA.

Bxkaouenue clriA C clA ouesumno. Hycrs & € clA. U3 a) cienyer, uro
cymectByer 1 € riA. U3 b) swerrekaer, uro (x1,z) € riA. Cnenosarensho,
x € clri A. O

TEOPEMA 9. ITyecmov A, B C RY — nenycmute swnykave mmoscecmea u ri AN
B = 1. Tozda A u B omdeaumui.

JTOKABATEABLCTBO. Ilomokum C' = ri A—B. Tak kak ri A — BBITYKJIOE MHOYKE-
crBO (npemnoxkenue 10, ¢)), o C' — Bbimykjioe Mmuoxkectso u 0 ¢ C. Tpeamnonoxum
0 ¢ clC. U3 npeanoxernns 10 (¢)) Borrekaer, aro ¢l C' TOXKe BBITYKJIOE MHOKECTBO.
Torga no reopeme 8 cymecrsyer sextop =’ € (RY) Taxoit, uro 2’ - x < 0 g1 Beex
zeclC.

IMycts Temeps 0 € clC. BosbMmem mpoussosbubiii BekTop © € 1iC (riC #
0 B cury mpemnokenus 10, a)). Torma mna moGoro A > 0 sektop —Az ¢ clC.
JeiicTBUTENIbHO, B IPOTUBHOM ciy4ae u3 npesyoxkenus 10 (b)) Beirekano 6b1, 4To
A
BN R
TeMm CAMBIM CYIIECTBYET MOCIEIOBATENBHOCTD BEKTOPOE I, ¢ cl C' Takag, 9To Tf —
0 mpu k — oo. ITo BTOpO#i TeopeMe OTACAMMOCTH 3TH BEKTOPBI MOXKHO CTPOrO

ormemuts or cl C. Cieposarensho, cymecrsyior o, € (R?)' x) # 0, k € N, Taxue,
9TO

0 + (=Az)eriC c C.

(7) Ty - x < T) - Tg

gs Beex & € ¢l C u Beex k € N. Pagnenus (7) na |z},|, MmoxkHO cuntars |z | = 1. U3
TOro, 4ro cepa B KOHEYHOMEPHOM IIPOCTPAHCTBE OIPAHUYEHA U 3AMKHYTA, BbITE-
KAeT CYIECTBOBAHUE MOAIOCIEIOBATENBHOCTH B {X}, }, CXONAMIEHCA K HEKOTOPOMY
BekTOpy ', || = 1. Tlepexonsa K mpemesy 1o 3TOH MOAIOCIEAOBATENLHOCTH, TOIY-
qum u3 (7), uro ' - x < 0 ans seex x € clC.

Urak, B obonx crygasx mokaszano cymecrsosamne ' € (RY) rakoro, aro 2’z <
0 anst Beex x € ¢l C, a 3uauuT, u ayis Bcex € =a — b, rae a € ri A, a b € B. Takum
obpazom,
(8) sup z'-a < inf 2’ -b.

a€ri A beB

HepasercTso (8) ocTaHeTCs CIPABEIJIUBBIM, €CJU B JIEBOH 4acTH 3aMeHUTDH Ii A Ha
clriA. A mockonpky A C cl A = clri A (em. npemnoxenue 10, c)), To (8) BepHO 1
I A, 94TO O3HAYAET OTIEIUMOCTH MHOXKECTB A u B. O

10. Brmmykible dyHKIUM

Mpr Oymem paccMarpuBarh (DYHKIIMH, KOTOPBIE MPUHAMAIOT HE TOJBKO KO-
Hevnble 3HadeHnsd. C 9TON MEIbI0 BBOAUTCS NOHATHE PACHIMPEHHON MNPIMOR R =
R U {—o00} U {+00}. Apubdmernueckue onepaiuy 1 HEPABEHCTBA, JJIs 3JIEMEHTOB
PACHIHPEHHOM MPAMON TOHUMATCS CJIEAYIONUM obpaszoM: —oo0 < a < 400, a € R,
a + (£00) = £oo nya Beex a € R,

+oo, a >0,
a(£o0) =<0, a=0,,
Foo, a<0,
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+00 + (+00) = 400, —00 + (—0) = —00. B
IIycrs X — numeitnoe npocrpanctso u f: X — R. Muoxkectsa

domf={zeX: f(zr) <400},
epif ={(r,0) e X xR:a> f(z), x € dom f }

HA3LIBAIOTCS COOTBETCTBEHHO IPPHERMUEHbIM MHONCECMEOM U Hadzpadurom (Aan
anuepagom) Pynxyuy f. Oyukuuio f Ha3LBAOT cobemeennot, ecmm dom f # ()
f(x) > —oo mpm Beex x € X.

Oyuxiua f: X — R masbiBaeTcsa ebnyKA0l, ecu ee HAATPaAUK BBHITYKIIOE
muoxkectBo B X X R. Herpyauo mpoeeputh, 9to (yHKIMs f BBIIYKJIA TOrAA U
TOJILKO TOTIA, KO, sl JIIOOBIX T1, T2 € dom f u mo6oro 0 < o < 1 BBIIONIHAETCS
HEPABEHCTBO

f(1=a)z1 +azs) < (1 —a)f(z1) + af(z2),
KOTODOE HA3bIBACTCH Hepasencmeom Hewncena.
ycts X =R% u f: R? — R. Yepes f”(x) obo3uaumm reccuan f B TOUKe T

82—f(x) 1 x 0°f x
Bxf 6x18x2 o &vlaxd
0% f 82]‘( ) 0% f
1 - N
(@) = 0xo011 . 0z3 v 0r2014 v
an ......... an .............. 327f()
0xq0x1 v 0x40x5 o ox? v

TEOPEMA 10. Ecau gymsuyua f: R — R deaorcon duddepenyupyema na R?,
MO 0HG ABAAEMCA GUNYKAOT 6 MOM, U MOALKO 6 MOM CAYUGE, ECAU €€ 2ECCUAH 6
moboti moure v € RY ydosaremsopaem ycrosuro

R f"(x)h >0

daa ecex h € RY (mampuua zeccuana 6 410601 Mowke AGAACMCA HEOMPULAMEALHO
onpedesennoti).

HOKABATEJABLCTBO. Ilycts f — Boimykias ¢pyuknus. IIpeanosoxum, 4To cy-
mecrsyer z € R? u h € R? rakue, uro hY f”(x)h < 0. Ilo dbopmyse Teiinopa mis
t € R umeem

P+ th) = f() + £/t + B f/ )RS+ olt?),

f(xz —th) = f(x) — f'(z)ht + hTf”(a:)hg + o(t?).
OTCIO,H&, CKJIaJbIBasgd 3TU PaBCHCTBA, MOJYyYTacM
f(z+th) —2f(z) + f(z — th) = hT f"(x)ht? + o(t?).
CrnemoBaTenbHO, MPHU JOCTATOYHO MAJIBIX T
flz+th) —2f(x) + f(x —th) <0,

T.C.

YTO IPOTUBOPEYHUT BBIIYKJIOCTH f.
ycrs reneps hT f(x)h > 0 gas Beex € RY u Bcex h € RY. [T nponsson-
HBIX 71,7 € R? pacemorpnyv byHKIIHIO

F(t) = f(x1 +t(ra — 1)) — f(w1) — t(f(22) — f(201))
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Nmeem F(0) = F(1) =0,

F”(t) = (l‘g — xl)Tf”(.%‘l + t(xz - xl))(.’lfg — l‘l) > 0.
Ipexmonoxkum, gro npu Hekoropom t € (0,1) F(t) > 0. Toraa Haiimercs Touka
to € (0,1), B xOoTOpO# dhyHKIMs F GymeT mOCTHTATh MAKCHMAJIBHOTO 3HAYEHUS W,
saaamut, F'(tg) = 0. Hockomeky F”'(t) > 0 mpm BCex t € [to, 1], To F'(t) > 0
npu t € [tg, 1]. Tem cambiv dyukius F' we yOnisaer Ha oTpeske [tg, 1], a 3HauwnT,
F(1) > 0. ITonyuenHoe mpoTuBOpedre qoKasbiBaet, uto F'(t) < 0 nys Beex ¢ € [0, 1].
Taxum obpasom, s Beex t € [0, 1] cnpaBeainBo HEPABEHCTEO

F(A =tz +taz) < (1 —1)f(z1) + tf(22),

YTO M O3HAYAET BBITYKJIOCTh pyHKIUU f. U

11. Teopema Kapyma—Kyna—Takkepa

Iycrs fj: A= R, 7 =0,1,...,m, — byHKuuY, Onpee/eHHbIe H3 HEKOTOPOM
mHOKecTBe A. Paccmorpum sKCTpeManibHYIO 33439y
(9) fo(x) » min, fj(z) <0, j=1,...,m, z€A.

CesaxeM ¢ 3amaueil (9) creayionyio gynxyuro Jlaepanoca
LX) = Nifj(x),
j=0

rae A = (Ao, A1, ...y Am) — HABOP wmnoocumenet Jlazpanoica. Beskuit anement,
JUIsl KOTOPOTO BLIMOJIHEHLI YCIOBHS dKcTpeMasnbuoit 3amaun (fj(z) < 0, j =
1,...,m, x € A), Gynem HA3BIBATL JONYCTMUMbBLM.

JIEMMA 1. ITyems T — donycmumuii snemenm 6 3adave (9) u cywecmeyem
nabop mnoscumenedi Jlazpanoca X = (Mo, A1, - .., Am) maxuz, ¥mo

(a) mingea L(x, ) = L(Z,\) (ycrosue munumyma);

() Aj >0, 5=0,1,...,m (ycrosue HEOMPUYUGMEALHOCTIY,);

() \if;(@) =0, 5=1,...,m (ycrosue donoanarouet Hescecmrocmu,).
Tozda, ecau Ao > 0, mo T — skcmpemarvhoiti saemenm 6 sadave (9).

JIOKABATEJILCTBO. [l moboro gomycrumoro B 3ajade (9) snementa x € A
nMmeem

Mofo(x) = L(z,A) = L(Z,A) = Ao fo(@).

Hemnst Ha Ao, mosyuaem Tpedyemoe. O
IIycrs X — BemiecrBennoe jmueitHoe npocrpaucrso, f;j: X — R, j =

0,1,...,m, — Beimmykyable pyHrun 1 A — HEmycToe BBIMYKIOe MOJAMHOXKECTBO X .

Sanaay

(10) fo(z) = min, f;(z) <0, j=1,...,m, xz€A,

Ha3bIBAIOT BBIMYKJIOH 3ajadeil uau 3ajadeil BBITYKJIOTO IPOrPAMMUPOBAHNA.
HNmeer MecTo criemyronias TeopeMa.

TreoprEMA 11 (Kapyma—Kyna—Takkepa).

1. Bcau T — munumym 6 3adaqe (10), mo natidemes maxotli nenyre6ot nabop
mnooicumenets Jazpanoca X = (Mo, A1, ..., Am), wmo evnoanens yeaosus (a), (b)
u (¢) us aemmo 1.

2. Ecau cywecmeyem donycmumar 6 (10) mouxe T u nabop mmoncumened
Jazpanoca X = (Mg, A1, ..., Am), ydoeaemsoparousue yeaosuam (a), (b) u () u npu
amom Ao > 0, mo T — pewenue 3adauu (10).

3. Ecau npu ewnoanenuu yeaosull 1 natidemea mowse T € A maxas, 4mo
fi(@) <0,1<j<m, moA #0 (ycrosue Caetimepa).
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JOKA3ATEJILCTBO. 1. Ilycrs ¥ — pewenue 3amaqu (10). Paccmorpum MuOXKe-
CTBO

_ _ T m+1 . . ~
M ={p=(po,p1,---,pm)" €R™: 3z € A fo(x) — fo(Z) < po,
fj(‘r) < Mg Jj= 17~"7m}'
Henocpencreennas mpoBepka TOKA3LIBACT, 9TO 3TO MHOMXKECTBO BBITYKJIO0. Kpome
TOTO, JIETKO BHJETH, 9TO OHO CONEPKHUT BCE BEKTOPBI € TOJOKATEIHLHBIMA KOMIIO-

HeHTamMu (HAJO B34Th T = Z) U T€M CAMbIM €r0 BHYTPEHHOCTH He rycra. Hakownerr,
0 ¢ M, Tak KaK B TIPOTWBHOM CIIy9ae HAImescst Obl 3aemMeHT T € A Takofi, 4ro

fi@ <0,5=1,....m, u fo(T) — fo(x) < 0, B upormBopeune ¢ Tem, 4T0 T —
MUHAMYM.
CornacHo mepBOil TeopeMe OTIeIMMOCTH HANAETCS TaKOoi HEHYJIEBOW (DyHKITU-
oHaJI, T. €. BeKTOp A = (Ag, A1, ..., A) € (R™H)* w10
m
(1) S A = 0
§=0
as BeeX (= (fo, i1y - - -5 fim) L € M. Tlycrs § > 0. Toacrapasas B (11) BeKTOPBI
(1,6,...,8)T, ..., (6,...,61)T, a 3arem yerpemnss § x Hyi110, HOTyHaeM, 9TO A; >
0,7=0,1,...,m, T. e. noKazaHo yreepxkacHue (b) TeOpEMBbI.
Teneps noncrasum & (11) Bexropst (6, . .., 6, fj(Z),6,...,0)T,j=1,...,m (onn

npuHaIIexRaT M, HANO B3ATh & = T) W CHOBA, YCTPEMJIsia 0 K HYJIO, TOJIYIAM, 9TO
X f;(Z) > 0. Ho A; f;(Z) <0, rax kak A\; > 0, a f;(Z) < 0 u nosromy A, f;(Z) =0,
j=1,...,m, 9r0 JOKa3BIBAET yTBepKAcHHE (C).

Oycts x € A. Slewo, aro (fo(z) — fo(@) + 6, fi(x), ..., fm(z))T € M. Tox-
craBjsig 910T BekTop B (11), mpuxomum (B npenene npu § — 0) K HepaBeH-
crBy 3o Aifi(x) > Aofo(Z). Hobammss cupasa mymesbie craraemsie \;fi(Z),

j=1,...,m, nonyqaem, aro L(x,\) > L(Z,A) u (a) mokazaHo.
2. Bropoe yTBep:K/IeHHe TeOPEMbI HETIOCPEICTBEHHO BBHITEKAET U3 JIEMMBI 1.
3. Jlokaxkem mocjenHee yTBepkKIeHue Teopembl. Kenm A\g = 0, TO HeHyIeBoi

MHOXKHUTEIb JlarpaHxka HAXOAUTCH CPEIU OCTAJIbHBIX M 1modTomy (¢ yuerom (c))

L@ =" Nifi(@) <0=3", X\ fi(Z) = L(@,\), aro nporusopeunt (a). [

12. Cybaud depeniiuan

[ycrs X — numHeiinoe HOpMmpoOBaHHOe TpocTpancTro, f: X — R, 2 € X u
dyurmus [ koneuna B touke . Cybouddepenyuarom dynxyuu f 6 mouke T Ha-
3BIBAETCA MHOMXKECTBO (BO3MOYKHO I1yCTOE)

of (@) ={a" e X" : f(x) - f(T) > (2,2 —Z), Ve e X }.
I[TPEANOKEHUE 11. Cybdudpeperyuanr Gynruuu A8AREMEA GONYKABM MHO-

HCECTNBOM.

HOKABATEJBCTBO. Eciu cybmuddepeniiman — mycroe MHOXKECTBO, TO YTBED-
KIEHNE BBITEKAET M3 TOrO, UTO MyCTOEe MHOXKECTBO — BBINYKJIO. IIycrh cybandde-
pernnan dbysknun f B Touke T He mycT U x], 5 € Of(Z). Torma nas Beex © € X

f@) = f(@) = (27,2 =7), [f(z) - [f(@) = (23,2 7).
Orcroma npu Beex « € [0, 1] umeem
(1= a)(f(2) = f(2)) + a(f(2) = f(Z)) = (1 = ) (z1, 2 = T) + a2y, = 7).
Cite1oBaTeIIBHO,
f(@) = f(2) = (1 = a)a] + axs, w0 — ).
dro ozmagaer, uro (1 — o)z} + axl € Of (). O
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Hns byaxnmn onuoit nepemennoii cy6muaddepermman 0f (T) 3T0 cCOBOKyITHOCTD
yraoBbix kKodhdutinerToB k, pu KOTOPBIX TpsaMbie y = kx + b, npoxomdiiiue depes
Trouky (Z, f(Z)) nexar mon rpacdbukoM byaximn y = f(x)

Hpumep 12.1. Iycre f(z) = |z|. Torma

ol signz, x #0,
xTr =
[-1,1], z=0.

Y,

Puc. 1

Ha puc. 1 u306paskeHbl HECKOJIBKO JHHUIN, Tpoxosamux depe3 Touky (0,0) ¢
yrnosbivu K03 dummentamu u3 MuokecTBa O|z| mpm x = 0.

IIpumep 12.2. Tlycrs X — jnuneliHOoe HOPMUPOBAHHOE TPOCTPAHCTBO U f(x) =
||z||. Haitnem cuagasa 0f(0). TTockombky f(0) = 0, o u3 onpegenenus cyoaubdde-
peHIIHANA BEITEKACT, ITO

Af(0)={z" € X*: ||z|| > (z",z), Ve € X }.
TokazkeM, 9TO eIUHUTHEIN AP COMPSIKEHHOTO MPOCTPAHCTRA
BX*={z"eX":|z*| <1}
conepxurces B 0f(0). HdeiicrBurensro, ecmm 2* € BX™*, To ans Beex x € X
(2%, @) < |l2"[[[Jx]| < =[]
Ecnu reneps z* € 0f(0), To * € BX™*, ubo ecnu ||z*|| > 1, To cymecrsyer x € X
rakoit, uro ||z|| < 1wu (z*,x) > 1 > ||z||. Urak, noxkasano, uro Jf(0) = BX*.
Haitnem reneps Of (xo) upu xo # 0. Umeem
0f (wo) = {* € X" : Jol| — llzoll = (", & — w0}, Y € X }.
Ipeanonoxum, aro z* € Jf (o). Ioacrapus x = 0, momyuum, 4to (x*, xo) > ||xol|.
C apyroii cTOPOHBI, €CIM TIOACTABUTL T = 2Xg, TO MOJYIUM, UITO ||To|| > (x*, zo).
Caenosarenbho, (z*,z9) = ||xol|. Torma mng Bcex & € X JOIKHO BBIIOJHITHCS
uepasencrso |z] > (¢*,z). Kak Gbw1o mokasaHo BbIIe, 9TO 03HAMAET, 9TO L* €
BX*. Herpymuo ybenuthea, aro ecam ©* € BX™* u (z*,20) = ||zo]|, To 2* € Of (z0).
Takum obpaszom, upu zg 7# 0

Of (o) = {z" € BX™ : (", z0) = ||lzo]| }-

[Mycts X — nuHeiinoe HOPMUPOBAHHBIE TPOCTPAHCTBA, & U — OTKPBITOE MO/I-
MuOKectBO X. @yukuus f: U — R HasbiBaerca Juddepenuupyemoti 6 mouke
T € U, ecnm majimerca Takoil mmHedHbIH (yHKmumonam z* € X*, 4ro gasg Bcex
h € X, nisg koropwix Z + h € U crpaBeyIMBO IPEACTABICHIE

(12) f@+h) = f@)+ " h) +r(h),
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rae r(h) = o(||h]|x) (|r(R)|/||h]|x — O npum h — 0). JIuneiinsii bynkomonan z*

HA3BIBACTCA NPouseodnot dynwyuu [ B ToUKe T n obosuadaerca f'(Z).
Crenyrotiiee TpeiokKeHe MOKA3bIBAET, YTO cyOmuddepeHIuan 0CTaToOuHO

ecTecTBeHHOe OBOOIEHNe MOHATHS TPOU3BOMHON HA BHITYKJIBIC (DYHKITHHA.

HPE&HO)KEHI/IE 12. Hycmo X — auneliHoe HOPMUPOSAHHOE NPOCTPAHCINGO U
f+ X = R — swnykaas dynryus, duddepenyupyeman 6 mouxe T. Toeda Of(T) =

{r'@)}.
,ZLOKABATEJII)CTBO.U Ilycts x € X. Iaa aoboro moctarodro majgoro o > 0
“MeeM 10 HepaBeHCTBY Mencena
f(1=a)z+az) < (1 -a)f(T) +af(z),
OTKY/Ia
f@+a(z—2) - f(7) < a(f(x) - f(Z)).

B cuny muddepennupyemoctr GyHKIpum f B TOYKE T HMEEM
a(f'(@),2 = 7) + o(a) < a(f(z) - f(2)).

Cokpamas Ha « 1 IepexoAs K npeaeny npu « — 0, nogyaaem, aro f'(Z) € 9f (7).
O6parno, ecim * € Of(Z), To nna moboro x € X u moboro t > 0 uMeem
f(@+tx) — f(z) > t{a*, z). CnemoBaTenvHo,

Hf(®), ) + o(t) > ta”, x),

T. e. (f'(Z),z) > («*, z) nag moboro x u 3raunt, x* = f'(T). O

13. Teopema Pepma B cyonuddbepenmmnaiabHoii popme

[Iycrs X — auHeiiHOE HOPMHUPOBAHHOE IPOCTPaHCTBO U f: X — R — coberen-
Has GyHkuda. PaccMoTpum 3amady

(13) f(z) » min, =€ X.

TeoPEMA 12 (®epma B cybauddepennmanbuoii dopme). Touxa T € dom f
ABAAEMCH 240004bHM MUHUMYMOM 6 3adave (13) mozda u moavko mozda, Kozda

0€df3).

JIOKABATEJILCTBO. Ecmu T — roGanbhbiii MuaaMyM, 10 f(z) — f(Z) > 0 =
(0,2 — ) ansa moboro x € X, 1. e. 0 € Of(Z). Ecm 0 € 0f (), o f(x) — f(Z) >
0,z —2) =0, m e. f(z) > f(T) nns aroboro x € X. O

13 mpeagoxkennst 12 u TeopeMs! 12 BBITEKAET

CHAEACTBUE 4. Ecau ¢ 3adane (13) [ — swnyraas dynxyus, dupdepenvyupy-
emas 8 mowke T, mo T — 2A00a/bHbLl MUHUMYM 6 TOM U TNOALKO 6 TOM CAYMaE,
ecau f'(Z) = 0.

ITPEAIOKEHUE 13. Ecau X — aunetinoe HOPpMUpoSaHHoe NPOCMPAHCMEO U
y eunykaoli cobecmeennot gynryuu f: X — R 6 mouke £ € dom f aokaabuvii
MUHUMYM, TO 6 MOUKe T U 2A00aAbHBT MUHUMYM.

JTOKABATEJIBLCTBO. IlycTh T — JOKANBHBIH MEHUMYM, T. €. CYIIECTBYET TaKast
okpecraoctb U Touku Z, aro f(Z) < f(z) mna scex x € U. Ilycrb Tenepb © —
npousBosbHast Touka u3 X . s gocrarouno mMasbix 0 < a < 1 roukn (1—a)T+ax
npumauieskar U n nosromy (o mepasencrsy Hencena) f(Z) < f((1 — )T+ ax) <
(1 —a)f(Z) + af(z), orkyma crenyer, uro f(Z) < f(x). O
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IIPEATOKEHUE 14. Ecau X — aunelinoe HOPMUPOBAHHOE NPOCMPAHCMEO,

f: X — R — cobecmsennan swnyxaas Pynkyus u das nexomopozo x* € X* 8
oxpecmmocmu mouku T € dom f 6wnoAnAemca HEPaseRCmeo

(14) f@) = f(@) = ("2 - 7),
mo z* € 9f(Z).

JTOKA3ATEIBCTBO. ®Pyukims g(x) = f(z) — f(Z) — (z*,x — Z) apasgercs BbI-
OYKJION W B TOYKE T MMeeT JIOKAJNbHBIH MUHUMYM, PaBHbIA Hyso. VI3 mpejioxke-

Hus 13 corenyer, 9T0 T — rI00abHBI MUHUMYM, T.€. JIJIst BeeX & € X BBIIOIHSAETCS
uepasenctso (14). 910 n o3nauaer, uro z* € If(Z). O

14. CyoauddbepenmuaibHoe ucumncienne. Teopema
Mopo—Pokadeniapa

TroPEMA 13 (Mopo-Pokadennapa). Ecau fi, fa: X — R — cobemeenmnie
BUNYKABLE HYHKUUY, TOMA Obt 00HG U3 KOTMOPHLT HENPEPHIGHA 6 MOUKe T, MO

f1 + f2)(@) = 0f1(Z) + 0f2(T).
JIOKABATEJILCTBO. Jlokaxkem, UTO
0f1(z) + 0f2(x) C O(f1 + f2)(T).
IIycrs 2* € 9f1(Z) + 0f2(Z). Dro o3mauaer, uro cymecreytor £ € 0f1(T) u x5 €
Of2(Z) Takme, ato x* =z} + x5. Umeem
(i + fo)(@) = (i + f2)(@) = (&7 = ) = fi(z) = [i(@) — (21,2 =)
+ fo(x) — fo(Z) — (x5, 2 — &) > 0.

Crnenoparenbho, x* € O(f1 + f2)(Z).
JlokazkeM Temnepb, ITO

Afi+ f2)(@) C 0f1(Z) + 0f2(T).
Bes orparnuenns ofmHOCTHE MOKHO YmTaTh, 9T0 f1(Z) = f2(Z) = 0. Ecam 3to me
TaK, TO MOYKHO PacCMOTPeTh (byHKIUK

g1(z) = fi(z) — f1(Z), ga2(x) = fa(z) — fa(T).
JlokaxkeMm, 9TO ecau

(15) 0 € d(f1+ f2)(@),

To Haiinerca T* € 0f1(Z) Takoii, aro —T* € Jf2(Z). U3 (15) cnenyer, uro mns Beex
reX

(16) (fi + f2)(@) = (fr + f2)(Z) = 0.

Bynem cuurars, uro fo HenpepbisHa B Z. [lomoxum
A={(z,v):zedomfi, v<—fi(z)},
B =epifo={(z,u):z €dom fa, u> fa(z)}.
OTH J1Ba MHOXKECTBA BBITYKJIbI M HemyCTbl. OHU He IIEPECEKAIOTCH, TAK KAK U3 TOTO,
aro (z,v) € A cmenyer, yaurbsaa (16), uro v < —fi(z) < fo(x). Tem cambim

(z,v) ¢ epi fo = B. TIockONbKY f> HepepbIBHA B T, OHA OrPAHHYEHa B HEKOTOPOM
okpectHoctu U 3Toit Touku. [lomoxum

M = sup fo(x).
zeU

Torma oTKpBITOE MHOKECTBO

V={(z,0):2€U, v>M}
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Jexut B epi fo. Cnenosarensho, int B # (). Tlo nepsoii Teopeme otaeaumoctu (Teo-
pema 6, KoHeYHOMEDHbIH ciyvailt — Teopema 9) muoxkecrsa A u B MOXKHO OTA€NUTD,
T.e. cymecTByoT =¥ € X* u A € R, He paBHbIe OJHOBPEMEHHO HYJIO, TAKHE, UTO
Jutst moObIX (z1,v) € A u (22,u) € B BBINONHSAETCS HEPABEHCTBO

(17) (™, 1) + v < (a¥, 22) + Au.
TMomoxkum B8 (17) 21 =22 =2, v < 0, a u = fo(z2) = f2(Z) = 0. Torma
(x*,7) + I < (z*, 7).

CrenoBarenbuo, Av < 0, a tak kak v < 0, mosygaem, aro A > 0.
Ecsn npeanonoxkuts, uro A = 0, To u3 (17) momydaem

su ¥, 2) < inf (2%, x).
a:Edorl‘?lf1< ’ > - Iedomf2< ’ >

Tlockonbky x* # 0, a suHeliHas YHKUIN, OTJIMYHAA OT TOKIECTBEHHOI'O HyJs, He

MOZKET IIPUHUMATb MUHUMAJbHOI'O 3HaAYCHNUA BO BHyTpeHHeﬁ TO4YKEe, TO

(z*,2) < sup (z*,z) < inf (2% 7) < (z",7).
z€dom f1 z€dom f3

Tomyuennoe mpoTuBopedre MOKa3bBaeT, uro A # 0.
Mycts 21 =2, v <0, 9 € X, u = fo(xa). Torna usz (17) nonyuaem
(", Z) + M < (x", 22) + Afa(xa).
Yerpemisas v K HyJO, Oy IaeM
(x*,7) < (z*,z2) + \fa(x2).
Orcrona
f2(x2) Z <—>\71.Z‘*,332 — §>
Cnenosarenbio, —\~lz* € 0fy(7).

IMycts Teneps xo2 = T, 1 € dom f1. Torma s aoboro v < — f1(x1) BbIIONHS-
eTcsl HepaBeHCTBO

(1) + 2o < (2", Z) + A\fo(T) = (2", 7).
Yerpemmss v Kk — f1(21), momygaem
(%, m1) = Mfa(ar) < (27, 7),
orkyna A~ lz* € 3f1(Z). Tem cambiv mokazano, uto 0 € f1(Z) + 0 f2(T).
Ipennonoxum, 910 & € O(f1 + f2)(Z). Ionoxum
9(x) = fi(z) — (2", x — ).

Herpymuo y6enurees, ato 0 € 9(g + f2)(Z). Io mokazamromy serme 0 € 0g(T) +
O0f2(Z). Tem cambim Hafimercs T* € Jg(T) Taxoit, uto —T* € Of2(¥). Briovyenne
ZT* € 0g(Z) o3HauaeT, YTO BLIIOJHSAETCS HEPABEHCTBO

filx) — (%2 —7) > (T, — T).
Crnenosarenbro, x* + Z* € Jf1(Z). Hostomy x* € df1(Z) 4+ 0f2(). O

CAEJACTBUE 5. Ecau [ — eéwnykacs Gyukyus, Henpepuenas 6 mouke T, mo

of(z) # 0.

JIOKA3ATEJIBCTBO. OrMernm cHadasa, aro GbyHKIus f B CUIy HENpPEepbIBHO-
cTH B TOUKE T siBaserca cobcrBennoit (mokaxure!). O6o3naunm wepes §{T} undu-
KamopHyro PyrKywo mowku T

5{#}(x) = {

0,

T =1,
+o00, I #£I.
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Dynkuus 6{T} aBngerca cobcTBEHHON BHIMYKIOH DYHKIMENR U HETPYIHO yOerTh-
ca, aro 00{z}(Z) = X*. Paccmorpmm dbymkmmio f + §{Z}. 13 reopembr Mopo—
Pokadennapa monygaem

X*=0(f+d{z})(Z) = 0f (z) + 06{x})(Z) = 0f () + X ™.
Orciona cnemyer, aro Jf (Z) # 0. O
15. Teopema Jly6oBunkoro—MmuitoTuHa

TEOPEMA 14 (dy6osuukoro-Mumoruna). Ecau fi,..., fn: X — R — evnys-
Able PYHKUUL, HENPEPLIGHBLE 6 TNOYKE T, U

f(l') = max{fl(x)’ c 7fn(‘r)}a

af (@) = co<U afj(£)>,
jel
2de I=1{j: ;@) = f(3)}.
JIOKABATEJILCTBO. CHada/a pacCMOTPHM CJIydaii, KOoraa

H@)=... = fu@) = f(Z).

JlokazkeMm, 910
(18) co(U afj(f)> C 9f(3).
j=1

IIycre x* € 0f;(T) upm mekoropom j, 1 < j < n. Torpa aus Becex € X
f(@) = fi(x) = f;(Z) + (2% 2 = ) = f(2) + (¢, 2 — Z).
Cneposarensuo, x* € df(z). Tem cambiv 0 f;(Z) C Of(Z). Orciona

Jo5@ cor@).

B cuny semykiocru cybmuddepennuana (cMm. npegmoxkenns 11 u 1) uMeer Mecto
(18).
Iycrs z* € Of (7). Tonokum
ng(JJ) = fJ(m) - f](f) - <.%‘*,$ - §>7 J=1...,n
Jns kaxkaoro k = 1,...,n pacCMOTPUM CUCTEMY HEPABEHCTB
z) <0
(19) (@) <0,
pj(x) <0, j#k
TIpeamono:xkum, 9TO A1 BCeX k 3TH CHCTEMBI COBMECTHBI M ODO3HAYUUM UEpe3 T
Kakoe-Tub0 peleHne KakKI0il 3 9ToH CucTeMbl. PACCMOTPUM TOYKY

_ 1 Z"
k=1
Torma mpu kaxxaom k=1,....,n
SO B 1
< — )< = < 0.
vi(T) < — E_ pr(w) < ()

j=1
Orcrona

TeMm cambIM



16. CYBJUP®PEPEHIINUAJIBHAA ®OPMA TEOPEMBI KAPVIIIA-KYHA-TAKKEPA 27

9TO MPOTHBOpednT TOMY, uto 2* € Jf(Z). Cnenoparenbro, Haiinerca k, 1 < k < n,
Juts KoToporo cucrema (19) Gyaer mecoBmectra. 113 menpepsisroctu dbyskumit f;,
j=1,...,n, BTOYKEe T CIEIYET, YTO CYIIECTBYET OKPECTHOCTb U TOYKH T, B KOTOPOi
Bce bynKIMN f; KoHedHRL. Torma njas Takoro k akcTpeMasibHad 33Ja9a

or(z) = min, @;(x) <0, j#k, xeU

Gyner umers pemenue T. ITo reopeme Kapyma—Kyna—Takkepa (reopema 11) Haii-
JYTCS A1, ..., Ap > 0, He Bce paBHbIE HYJIIO, /i KOTOPbIX 1pu Beex x € U

> Njgs(@) Z % (@
i=1 =1

W3 mpenmoxkennst 13 BLITEKAET, YTO 3TO HEPABEHCTRBO BLITIONHAETCS 175 Beex © € X.
Be3 orpanudenust 0OMIHOCTA MOXKHO CIUTAThH, UTO

n
Torma mosyuaem, uro s Beex ¢ € X

zn:)\jfj Z)\fj (", —7) > 0.
j=1

CiteroBaresnibHO, 10B3Ysich Teopemoit Mopo—Pokadennapa, nonydaem

. e&(ZA 5@ iax i@
_ ilxjafj@ coof Lijl@fj(%))-

Paccmorpum renepy 06umii caywait. Homoxum J = {j : f;(@) < f(@)} =
g(z) = maxjer fj(x). B cumy menpepeiBHOCTH dyukuuit f;, j = 1,...,n, B TOUKe
Z cymecTByeT OKpecTHOCTL V' ToukE Z, B Kotopoit f;(z) < f(z) mms Beex j € J.
Tornma B okpectroctu V dyukuun f u g coBnanaior. U3 npeyoxenus 14 mosydaem,
aro Of(Z) = 09(Z), a aa Og(T) HyKHOE PABEHCTBO yIKE JOKA3AHO. O

16. Cy6anddepennmanbaas ¢popma reopembl Kapyma—Kyna—Takkepa

IIycrs X — nmupeiinoe HOpMUPOBAHHOE IpocrpaHcTso, fj: X — R, j =
0,1,...,m, — BomykJble dhyHKIUN. PaccmoTpuM 3aady
(20) fo(z) > min, f;(z) <0, j=1,...,m, zeX.

TreopEMA 15 (Kapyma-Kyna-Takkepa B cybauddepenimanbaoii dhopme).
IIyemo T € X — munumym 6 3adave (20) u gymwxyuy f;, j = 0,1,...,m, —
nenpepusrse 6 mouke T. Toeda watdymesa wucaa Aj; > 0, j = 0,1,...,m, makue,
Ymo

m
Z)\jzl, )\jfj(/(L‘\):O,j:L...,m,
§=0
U
m
0€ > Nof;(@)

=0
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HOKABATEJILCTBO. Paccmorpum yHKIHIO

f(l‘) = maX{fO(x) - fO(i‘\)v fl('r): ) fm(x)}

Touka I saBasiercd TIOOATBHBIM MUHUMYM 3TON (yHKImu. JleicTBuTenbHO, ecan
6bl B HEKOTODO# Touke T € X BBINOJHAIOCH Obl HepaBerncTBo f(Z) < 0, To 310
osuaqano 6er, aro fo(Z) < fo(Z) u f;(Z) <0, j =1,...,m, 9T0 NPOTHBOPEIUT MU-
HuMasbHOCTH T B 3amade (20). Torma us reopembr Pepma B cybmudbepermmanbaoi
dopwme (reopema 12) cnenyer, uro 0 € 9 f (). Tlo Teopeme Jlybosunkoro-MumoTnna
(reopema 14) nmeem

of(Z) = CO(U afj(§)>,
Jjel
rne I = {0} U{j: f;(Z) =0, 1 <j < m}. Takum obpaszom (cM. npeiozkenue 3),
naitnyres o € 0f;(7), j € I, Takue, 4ro

0=> Naj, Y N=1, X=>0 jel.
jel Jjerl

Ocranock nogoxuth Aj = 0 mst j ¢ 1. O

17. JBOMCTBEHHOCTh BBINYKJIBIX MHOXKECTB

B Bompocax, cBA3aHHBIX C U3YYEHUEM BBIIYKJIBIX O0BHEKTOB (BBIILYyKJIbIX MHO-
JKECTB, BBINYKJIbIX (DYHKIMA U BBITYKJIbIX KCTPEMAJIBHBIX 337a4), BAXKHYIO POJIb
urpaer dpenomer deoticmeennocmu. OH 3aKITIOIAETCST B TOM, 9TO KAXKJIOMY BBIIYK-
JIOMY OOBEKTY MOYKHO COIOCTABUTH JIBONCTBEHHBIA BBITYKJBIH OOHEKT, KOTOPIHA
TECHO CBSI3aH C MCXOIHBIM U COBMECTHOE WX HUCCJIENOBAHWE, KAK MPABUIO, ObIBaeT
BECbMA ILJIOJIOTBOPHBIM.

IIycrs X — numHeiiHOE HOPMUPOBAHHOE IPOCTPAHCTBO. HamoMumM, 9TO 2unep-
NAOCKOCMHI0 HA3BIBAETCA MHOXKECTBO

H={zeX:(z%2)=v}, 2"eX", yekR
T'unepniockocTh Pa3buBaeT BCe MPOCTPAHCTBO HA JIBA TOJTYIPOCTPAHCTBA
Hy={zeX:(z*2)<~}, H_={xzeX:(z"z)>~}.

B ocHOBe 1BOHCTBEHHOCTH BBIMTYKJIBIX MHOXKECTB JIEXKUT CJIeAYyomuii pakT. Bor-
MyKJI0e 3aMKHYTO€ MHOXKECTBO B JIMHEHHOM HOPMHUPOBAHHOM IIpocTpaHcTBe X J10-
[ycKaer JBOHHOe ONMCAHKE: NepBoe (Ha sI3BIKE UCXOAHOrO IPOCTPAHCTBA) €CTh [IPO-
CTO OlIpEJIeJIeHUE BBINYKJIOCTH W 3aMKHYTOCTH, BTOpPOe (HA #3BIKE COLPSKEHHOrO
npocTpancTBa X *) COCTOMT B TOM, UTO 3TO MHOMKECTBO SIBJISIETCS TE€peCceueHrueM
BCeX MOJIYIPOCTPAHCTB, €ro comepsKamux. JlokaykeM TocaeqHee yTBepKIeHNE.

IIPENJIOXKEHUE 15. Buinykioe 3aMKERYMOE MHONHCECTNBO 6 AUHETUHOM HOPMU-
DOBAHHOM NPOCTNPAHCINGE €CTNL NEPECEHEHUE BCEX NOAYNPOCPAHCMS, COOEPIHCA-
WUT IO MHOHACECTNEO.

JOKA3ATEJBCTBO. IlycTh A — BBIMYKIIOE 3aMKHYTOE MHOYKECTBO B JIMHEHHOM
HOpMUpOBaHHOM 1pocrpancTBe X . Obo3HaduM depe3 B nepecederne BCex morynpo-
cTpaHcTB, cofepxkamux A. Tak Kak Kaxk10e U3 MOJIyTIPOCTPAHCTE coaep:kut A, To
u ux nepecedenue Toxke comepxkur A, T.e. A C B. llpeanosoxumM, 9To CYIIECTBY-
er Toyka T € B, me npunajexamasa A. Ilo Bropoit teopeme ormennmoctu ([6,
reopema 12, crp. 23]) MuOX)ecTBO A M TOYKA T CTPOrO OTAENUMBL, T.€. CYHIECTBYeT
HeHyJseBOi dyukuuonan r* € X, 18 KOTOpOro

sup(z*,x) < (z*,T).
€A
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Torna maitmercsa € > 0 TaKoe, 4TO IJIsd JJid BCEX T € A
(z*,z) <1,

rae v = (x*,Z) — e. TeM caMbIM HAILIOCH MOJIYIPOCTPAHCTBO, comepxKainee A u He
comepzKamee T, 9T MPOTHBOPEINT TOMY, YTO X IPHHAJJICIKAT BCEM IOy TPOCTPaH-
CTBaM, colepzKammmM A. O

18. JIBoiicTBEHHOCTHh BBINYKJIbBIX (DYHKIIHH

Oyukims f: X — R Ha3BIBAETCH 3aMKEHYMOL, €CTIN MHOKECTBO epi f 3aMKHYTO
B X xR.

BoisicarM Teneph, Kak aHAJIUTHIECKH MOYKHO HHTEPIPETHPOBATH TOT (DAKT, UTO
HaarpaduK BBIMYKIOH 3aMKHYTOH (DYHKIIMH €CTh IIePECEIEHNE BCEX COMEPKAIIAX
€T0 TOYIIPOCTPAHCTB.

Hanomuuwm, uro dyukums a(x) = (z*, z)+a, tae z* € X* a o € R, naswizaercs
apPunroi.

TEOPEMA 16 (o moroueunoii Bepxueit rpanu acbduunbx Gyaxmuii). Oynxyus
[+ X = RU{+00} asasemes sonykiol v 3amrnymoii moz2da v moavko mozoa, xo-
20a OHA eCTNb TOMOYENHAA BEPTHAAL 2PaHb GPHPHUHHLT PYHKYUT, He NPEeBOCTOOAUUL

1.

JIOKABATEABLCTBO. Ecnu f — morouednas BepxHsis rpaHb cemelicTsa adduH-
HBIX (PYHKINH, TO ee HAArpaduK ecTh mepecederHne HaArpapuKoB STUX (PyHKIINIH,
KOTOPbBIE, OYEBUJIHO, BBIMTYKJIbI U 3aMKHYTHI U MOITOMY (GyHKIHs f BBIIYKIa U 3a-
MKHYTA.

O6parno, nycrs ¢yukuua f Boinykia u 3amxuyTa. Ecim f(z) = 400, To ona
€CTh, HATIPUMED, TOTOYEYHbBIH Tpeaes KoHcTanT. [lycrs dyukiusa [ He paBHA TOXK-
JIecTBeHHO +00 1 g € X, g € R rakme, uro ag < f(x¢). AcHo, aro (g, ap) ¢ epi f.
ITo Bropoit reopeme oraesaumoctu ([6, Teopema 12, crp. 23]) naiinerca z* € X* u
v € R, He paBHBIE OJHOBPEMEHHO HYJIIO, TAKHE, 9TO

(21) sup  ((z%, x) +ya) < (z7, o) + ya0.

(z,a)€epi f
Bamernm, ato 7 < 0, 60 B TPOTUBHOM CHyvYae, yBEIWIWBASA (, TIPUATLIA ObI K
OPOTHBOPEYHIO ¢ HepapeHCTBOM (21).

IIycrs f(z0) < 4o00. Hoacrasnas Touky (o, f(zo)) € epi f B (21), nomywaem,
aro Y(a — f(xg)) > 0. Ho g — f(z9) < 0 m nosromy B mamHOM caayuae v < 0.
Mozkno caurars, 4ro v = —1 (gesus, eciau Heobxoaumo, obe yactu nepapercrsa (21)
Ha —). Torga, o6o3Hauas Yepes ¢ BEPXHIO IpaHb B (21), 9T0 HEPABEHCTBO MOYKHO
3aIMCaTh B BUAEC JIBYX HEPABCHCTE

(22) (", 20) —c>ap, (z",2)—c<a V(z,a)€epif.

Paccvorpum addunnyo bynknuo a(r) = (x*,z) — c. Ecin f(x) = 400, T0, 0ue-
BuzHO, a(x) < f(x). Ecom f(x) < +00, TO m3 Broporo HepaseHCTBa B (22) npu
a = f(x) crenyer, uro a(x) < f(x). Takum 006pa3soM, 9TO HEPABEHCTBO BBIMTOJIHSI-
erca s Beex © € X. U3 nepBoro nepasencrsa B (22) caeayer, 9ro oo < a(zg), u
sHaAuT, 0 < a(zo) < f(zg). Bebupas ag ckomb yroaao 61u3ko K f(zg), momyaaeM,
4YTO BO BCEX TOYKAX, rae GyHKIMA [ KOHEIHA, OHA, €CTh IIOTOYEIHASd BEPXHAA IPAHb
cemeiicrBa adpPUHHBIX QYHKUUH, HE HPEeBOCXOAAuX f.

IMycts Teneps f(xg) = 4o00. Jasa H0Ka3aTeILCTBA TEOPEMbI B 3TOM CJIydae
HaA0 Ajs Joboro oy € R nocrpouts adbdubayo DyHKINO, HE TPEBOCXOISIILYIO
f, 3Havenue KOTOPOIi B TOUKe xo Gosbmie ag. Ilycts g € R. Ecom B (21) v < 0
(kax m BBIIE, CIATAEM TOTAA, 9TO0 ¥ = —1), To m3 (22) BRITeKaer, uTo a(ry) =
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(x*,x9) — ¢ > ap u Bce nokazano. Ecam xke v = 0 (oTAensomas runepsiocKoCTh
“geprukasbha’), 1o (21) 3anmiiercs rak

(23) (", 29) —¢>0, (z%*,2) —c<0 V(z,a)cepif

Ilo mokasammOMYy BBINIE cyiecTByer adduHHas (GYyHKIUS @, KOTOpPas BCIOAY HE
npesocxonut f. Jna xazkmoro p > 0 pacemorpum addunnyo dbyurmmo a,(x) =
a(z) + p({z*, z) — ¢). U3 Broporo mepasencrsa B (23) caemyer, 9To 51a OyHKIHS
TaKzKe BCIOLY He [PEBOCXOAUT f, a u3 mepBoro, 410 a, (o) = a(xo) + p({z*, zo) —
¢) > o Aang JocrarodHo Goapmux p. Wrak, f ecrb morodedHas BEpXHAA TPAHb
cemeiicTBa adGUHHBIX QYHKIWM, ee He MPEBOCXOISIIIX. O

19. Compsxennbie dyuknun. IIpeobpazoBanue
Jlexxanapa—@Penxens—Onra

ycrs f: X — R. ®ynxuus za X *, onpegenseMas PaBeHCTBOM
(24) fr@") = Su§(<fc*w> — f(@)),
e

HA3BIBAETCA conpascennol x f wmm npeobpasosanuem Jleocandpa—Denzera—FOnza.
Paccmorpum HEKOTOPBIE TIPUMEDHI.

Hpumep 19.1. Ilycts X = R. Torma X* =R u (z*,z) = 2*z. [na f(z) = e*

nMeeM
*

z*Inzx* —x*, x* >0,
ff(x*) =sup(z*z —e*) =<0, z* =0,
eR 00, x* < 0.

IIpumep 19.2. Ilycrs X = R? ¢ nopmoit ||z = /22 + ... + 22. Torna X* =

(RY)* n
d
(x*,x) = Zm}‘xa
j=1
Ha
14
fl) ==Y lal", 1<p<oo,
P =
nMeeM

d

1 1 1
ff@*)y=- zi4 -+ -=1
=gk

Dyuxiusa f* ecTh BEPXHsA TPAHb BBINYKJIBIX 3aMKHYTHIX (byHKIMA (x*, x) —
f(x). HMosromy maarpaduk f* ecrb nepecederre Haarpadukos ITuX GyHKIHMI, T.€.
MEPECEUYEHNE BBIMYKJIbIX 3aMKHYTHIX MHOXKECTB. 3HAUUT, f* — BBIMYyKJas 3aMKHY-
Tag PyHKIHS.

Bmopoti conpascennotl x [ naseiBaercs gyukuus f**: X — R, onpenensemas
PaBeHCTBOM

(@) = sup ((z%,2) — f*(2")).
ITo Tem ke coobpaskeHWAM, 9TO OBIIN MPHUBETEHBI BhIMe, f** — BBRIMyKIad U 3a-
MKHYyTast HYHKITHS.
Ecmu f — cobersennas GyHKIMs, TO U3 OMPEIETEHIH BHITEKAIOT HEPABEHCTBA

(@%,2) < fx) + f*(27), (&% 2) < f7(27) + [ (=),
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KOTODBIE HA3BIBAIOTCA Hepasencmeamu FOnza. Kpome Toro, f(z) > f**(x), Tak kak
f(z) > (z*,x) — f*(x*) nnza Beex x* € X*, u cnemoBaTenbHO,

f(@) = sup ((a%,2) — f*(27)) = [ (2).
TreX*

Crenyromuii pesynbrar 06 ycaoBuM coBmajenus f ¢ ee BTOPOH COMPsKEHHOM
CIIyKUT 06a30i1 TeOpUM ABONCTBEHHOCTH BBIMYKJBIX (DYHKIIWH.

TEOPEMA 17 (®@enxena-Mopo). Iyems f: X — RU {+oo}. Tozda f = f** 6
MOM U TNOALKO TOM CAYNaE, K020a [ 6uNYKAQ U 3GMKHYMA.

JIOKABATEJNBCTBO. Eciu f = f**) 1o kak Obu10 orMedeno, f** Bbimykia u
3aMKHYTa, O3TOMY U [ TaKOBA.

JoKazkeM, 94TO IPH YCJIOBHHU BBITYKJIOCTH M 3aMKHYTOCTH [ HMEET MECTO pa-
BercTBO f = f**. Ecom f(x) = 400, TO, oueBmmuo, f**(x) = +oo. lycrs f # +00.
ITo nokasannomy cymecrsyer Takag addunnag dynkuua a(z) = (z*, ) — @, 4T0
(x*,z) — a < f(x) ana Beex € X. D10 PABHOCHIBLHO TOMY, YTO

a > sup ((z*,z) — f(z)) = f*(z").
zeX
Tax kak mo Teopeme 16 f — BepxHsig rpaHb TakuxX GYHKIMMA, TO mjis Beex ¢ € X

(25) flxy=sup ({z",z) —«a).
r*eX*, a€R
a>f*(z")
TlockonbKy f He paBHa TOXKAECTBEHHO +00, TO f* Hurge He obpalnaercs B —00 U
nosromy B (25) BMecTo o MOXKHO B3aTh f*(2*). CrnepoBaTensho,

f() = sup ((z",2) — f*(z7)) = f*"(2)
ayst Bcex ¢ € X O
TEOPEMA 18. Hycmo f: X — RU{+oo}. Tozda
[ =1r,
2de
epi fo = clcoepi f.
JIOKABATEJBCTBO. B cuny onpenenenust f* mas Bcex © € X
(z*,2) — f(z) < f*(27).
Torna mast dynkimn a(x) = (%, z) — f*(2*) nmeem
a(z) < f(x).
Orcrozna epi f C epia. Tak Kak epia — BBIIYKJIOE U 3aMKHYTOE MHOXKECTBO, TO
clcoepi f C epia.
Caemosarenbho, a(z) < fo(z). DTo o3Hauaer, uto npu Beex ¢ € X
(z*,2) — fo(x) < f*(2").
Takum obpazowm,
fo @) < f7(z").
C zpyroii cropoHsl, B cuty Toro, uro fo(x) < f(x), nmeem
(@*,2) — f(z) < (2", 2) — folz) < f3 (7).

IToaTomy



20. IBOMCTBEHHOCTDL 3KCTPEMAJIbHBIX 3ATAY 32

Tak Kak fo — BbIIyKJIasg U 3aMKHyTag GYHKIWI, TO U3 TEOpeMbl 17 BBITEKAET,
qTO

o = Jfo.

Tem cambimM Oy IaeM
CnEncTBUE 6. ITyems f: X — RU {+oo}. Tozda
= =fo
20. /IBOMCTBEHHOCTDh IKCTPEMAIBHBIX 3a/a4

ITpumenum Teopemy Denxens—Mopo K TOCTPOEHUWIO TBOMCTBEHHBLIX 3a1aM.
Iycts X — muneiinoe HopMmuposanuoe npocrpancrso u f: X — R. Paccmorpum
32729y
(26) f(z) » min, =€ X.

Brurounu ee B ceputo “momo0HbIX” eif 3a1ad (MK, KAK TOBOPSIT, “BO3MYTUM’ NTAHHYIO
zanauy). Tounee roBops, mycrb Y — JuHEHHOE HOPMUPOBAHHOE POCTPAHCTBO U
dyuxmua F: X x Y — R Taxosa, aro F(z,0) = f(z) nna seex © € X. Kaxmomy
y € Y comocraBuM 33199y

(27) F(z,y) » min, z€ X.

CemeiicTBO TakuxX 33Ja4 HA3bIBAETCS Gosmyutenuem sadawu (26), a byHkims
S:Y — R, comocrasasitomast y € Y 3Hadenne samaum (27), HaswmIBaeTCST S-
Pynxyued dannozo cemeticrnga. Acuo, aro S(0) — 3uavenue ucxonuoit 3anauu (26).

Kak yxke 6bu1o ormedeno, S**(0) < S(0), a eciu S-DyHKIMS BHITYKJIA U 3a-
MKHYTA, TO 10 Teopeme Derxens—Mopo S**(0) = S(0). Bemummen 3amaqy, 3HaTe-
HEEM KOTOpO# sieagerca sesmamaa S**(0). Ilo onpemenernro

§*(0) = sup (=5"(y").
y*EY*
Haee,
5*(y") = sup((y",y) — inf F(z,y))

yeY
- (x,y?gng(<0’m> + (" y) — F(z,y)) = F(0,y").
Takum 00pa3oM, 333494, 3Ha4eHne KOTopoil pasao S**(0) umeer Bug,
(28) CF(0.4) - max, gt e Y*.

Banaua (28) nazbiBaercsa deoticmeennol sadaueti ¥ (26) (OTHOCHTENBHO 3a1aH-
HOIO BO3MYIIIEHHUH).



T'masa 2

JInHeliHOe mporpaMMupoBaHIE

1. 3ajgava JuHENHOTO IMPOrpaMMHUPOBaHUS B HOPMaJIbHOI ¢dopMe
JBolicTBeHHad K Hel

Iycrs ¢* € (RY)*, A — marpuna pazmepa n x d u b € R™. Bagauy
(29) ¢*-x—min, Ax>0b, x>0,
HA3LIBAIOT 3a0a4el AUHETHO20 NPOPAMMUPOSaArus (6 Hopmasvrol dopme). 3nech
x € R?, a HepaBeHCTBA MOHUMAIOTCH TTOKOOPINHATHO.

B repmwnax ofmeit mocranoskm 3nechk f(x) = ¢* -z, xorma Ax > b, x > 0m

f(z) = 400 B mpoTuBHOM CayUae.
Bemmmenm gpoiicteerHy 0 33121y K (29) OTHOCUTENBHO BO3MYIIEHWs

(30) ¢ x—min, Ar>b+y, x>0,

rae y € R™ (re. F(z,y) = ¢* -z, xorna Az > b+y, z > 0u F(z,y) = +o0 B
OpOTHBHOM ciiyudae). Vmeem

F*(0,y*)= sup (y*-y—F(z,y))=sup(y"-y— inf c"-x)
(z,y)ERIXR™ yER™ Axxz>b0+y

. * *

= sup (y-y—c o)
Ax>b+y
>0, yeR™

sup(y* - (Az —b) — ¢* - ), ecm y* > 0,

= x>0
—+o00, €CJIM He TaK.
Haree,
sup(y* - (Ax —b) —c¢* - z) =sup((y"A—c*) -z —y* - b)
x>0 x>0

—y*-b, ecim y*A—c* <0,

+00, €CJIN HE TaK.
Takum obpazowm,
—y*-b, ecmy*A<c", y*>0
F* (ij*) _ y ) y = ) y - Y
—+00, €CJI HE TaK,

¥ CJIeI0OBATEIHLHO, ABONCTBEHHAS 334393 MMEEeT BUJT

(31) y*-b—max, y*A<c, y*>0.

2. Konyc. 3aMKHYTOCTh KOHEUHOIIOPOXK/JeHHOTO KOHYyca

Mbr Ji0KazkeM HEKOTOpbIe TEOPEMbI, KACAIOIIUECH CYIIECTBOBAHUSL DElIeHUil B
samauax (29) u (31), a Tak:Ke NBONHCTBEHHDBIX CBs3ell mexay uumu. [lepex sTum
HaM NOTPebyeTCst psj HpeIBaAPUTETHHBIX PE3YIbTATOR.

IIycts X — snmneitnoe npocrpancrso. Henycroe muoxkectBo K C X nazbiBaercs
Konycom, ecan s Bcex £ € K mBecex a >0 azx € K.

33



2. KOHYC. BAMKHYTOCTb KOHEYHOIIOPOXKJEHHOT'O KOHYCA 34

MuozkectBo K C X Ha3BIBAETCA KOHEUYHONOPONCOCHHDIM KOHYCOM, ECIU CYIIIE-
CTBYIOT Z1,...,T, € X Takwue, I4TO

K = cone{zy,...,x,}.

T[IPENJIOKEHUE 16. B aunetinom HOPMUPOBGHHOM NPOCTPAHCINGE KOHEYHONO-
POAHCIEHHDBLT KOHYC 3AMEHYM.

HOKABATEJILCTBO. Ilycts X — jmHeiiHoe HOPMHUPOBAHHOE IIPOCTPAHCTBO,
Z1,..., T € X mw K = cone{z1,...,z,}. JoKa3aremabCcTBO TPOBEMEM HHIYKIHE
mon. [Ipun=1

K={zeX:z=ax, a>0}.

Ecmu 21 = 0, To, oueBumano, kouyc K zamkmyT. [Ipenmonoxum, aro 1 # 0 u
arx1 — T npu k — +oo. Torma nocnenosarenbrOCTS { ||ap21||} orparnaena, u ce-
JIOBATENTHHO, TIOCIENOBATENBHOCTE { (), } orparmdena. BeibepeM n3 Hee CXOAANLYOCS
HOJIIOCJIEIOBATENBHOCT. Be3 orpanndenns 0OMIHOCTH MOXKHO CIUTATD, 9YTO (Vg — QU
npu k — +o00. Umeem

B cuty Toro, 9To npapyo 9acTh 3THX COOTHOIIECHUH MOYKHO CACIATH MPH JTOCTATOY-
HO GosibIux k CKOJIb YIOIHO MaJIOi, T = Q.

ITycTh yTBepXKaeHre BEpHO JJIA KOHYCOB, IIOPOKICHHBIX N — 1 TOYKOl, n > 2,
Z1,...,%, € X u K = cone{z,...,z,}. Jokaxem 3amxnyrocts konyca K. Ecan
KOHyC K CONep’kKWT TOYKW —T1,..., —Tyn, TO K — KOHEIHOMEPHOE TTOAMPOCTPAH-
CTBO, W CJIEIOBATENBLHO, 3aMKHYTOE MHOXKECTBO. B MPOTHBHOM Cllydae CyIIECTBYeT
TOYKA, U3 MHOKECTBA —X1, . . . , —Tpn, KOTOpas He npuHamexnt K. [lycrs qis ompe-
JeJIeHHOCTH 3TO Oymer —x,. Torma

o~

T — A;L'1|| = ||‘7Ef QRr] — (al'l — Olkl'l)H <

T — o || + | — aglf|lza .

K={zeX:z=2"4+ax,, 2’ €K', a >0},
rne K’ = cone{xy,...,xy_1}. Hycrs z¥F = ' 4 QL T, — IOCAENOBATEILHOCTD TO-
uek n3 K cxomamasca K HeKoTopoil Touke T € X. JlokaxkeM, uro T € K. Ecim
MOCTEIOBATEILHOCTD { (), } HEOTPAHUYCHA, TO W3 HEE MOYKHO BHLIOPATEH MOMTIOCTEI0-
BaTEJNBHOCTD, CTPEMANIYIOCH K +00. bes orpanmaenus obmuocTn GyaeM CIuTaTh,
uTo () — +00 npu k — +oo. Torua, HOAEIUB HA (y ¥ HOJL3YSCH TeM, YTO CXOMS-
IIas1Csl 110CIe10BATEIbHOCTh TOUEK OFPaHMyueHa, HOJLYYUM

k
' ak
— +x,=— —0.
A L
TeMm caMbIM
k
:r/
—_— = —Zp.
(673

B cuny samrnyrocru K’ rouka —z, € K' C K, 4T0o IpOTHBOPEYUT CIACIAHHOMY
panee IpeamonmKeHnto. Takum 06pa3oM, TOCIETOBATENILHOCTD { (v, } OTpaHMYIeHa, U
CJIeI0BATENILHO, U3 Hee MOXKHO BBIOPATh CXOadinyioca. Bynem caurars, 4To ap — @
npu k — +oo. Torma

* — apz, = T — Q.

B cuny sammyroctu K/ 7T — ax, € K’'. Tem campM cymecTtByer Touka iy € K',
JLIS KOTOPO#t T — Ay, = 4. D10 o3Ha4aer, 9ro T =y + ax, € K. O



4. TEOPEMA O JIBOMCTBEHHOCTU 35
3. CyilecTBoBaHUe pellleHns 3aJaYi JUHEHHOro IIporpaMMUpOBaHAA 1
JBOICTBEHHON K Hell

TEOPEMA 19 (cymiecrsoBanus). Ecau snauenue sadawu (29) ((31)) woneuno,
MO ONG UMEET PEULEHUE.

JIOKA3BATEJILCTBO. Haunewm ¢ 3amaun (29). PaccMoTpuM MHOKECTBO
(32) K={(y,a) eR"xR:3zcR% >0, ¢ -2 <a, Az>y}.

Herpynmo ybemurbes, uro K — Boeimykibiii koryc. [lokaxkem, uro K — koHed-
HOMOpOZK AeHuelii konyc. Ilycers (y,a) € K. Torma maiinercas x € RY, x > 0,
ansg koroporo ¢ -z < a u Ax > y. Cnemosarenbro, Hafimyrces takue g > 0 n
B= (B, Ba)T >0,ur0 ¢* -2+ By = an Ar — 3 = y. Tem cambim

(y,) = (Az — B,¢" -+ Bo) = (Az,c* - z) + (=5, Bo).
Ilepexons K KOOPAMHATHON 3alHCH, CINTAL, UTO

T

*

c"=(c1,..hcn)y = 1|, A= ,
T4 an1 ... Qnd

ael,...,eq — CTaHAAPTHLI 6asuc B RY, momygaem
d d n
(y,0) =Y zj(Aej,c* - e) + (=B, 80) = Y _x;& + > Bilarins
j=1 j=1 j=0

rae gj = (AejaC* . ej) = ((aljy---7anj)T7Cj)7 .7 = 17 ada €d+1 = ((07'-~7O)Ta1)’

€d+2 = ((_17 cee 7O)Ta 0)7 e 7€d+n+1 = ((07 sy _1)T1 O)
Takum obpaszom, K C cone{&q, ..., Eutnt+1}. Herpyano ybemurnea, aro &; € K npn
Beex j =1,...,d+n+1. g sroro nano B3sarb T =ejupu j = 1,...,d, aupu j =
d+1,...,d4+n+1 samo e3ats ¢ = 0. Tak kak K siBjisieTCs BBITYKJIBIM KOHYCOM, TO
cone{&y, ..., an+1} C K. Tem cambiv okazano, aro K — KOHETHOMOPOXKICHHBIE

konyc. I3 mpenmoxkenns 16 BHITEKAET, YTO OH 3AMKHYT.

Mycrs & — srauenne 3aga4u (29). Torma cymecTsyer nocaegoBaTenbHoCTD {7 }
JIONYCTUMbIX B 3ajaue (29) BEKTOPOB, /I KOTODBIX IOCiejoBaTenbHocTh {ar},
ok = ¢* - 2F cxomures x @. Taxk Kak BekTopwl ¥ momyctmMel B 3amade (29), To
(b,a*) € K. Tlosromy Touka (b, Q) mpunaniexuT 3ambikanmio K. B cuny 3amxmy-
rocru K (b,@) € K. D10 03Hauaer, uro Haiizercsa sektop T € R? takoii, uro 7 > 0,
AZ > bu ¢* - T < &, HO HOCJEJHEE HEPABEHCTBO CTPOrUM ObITh HE MOXKeT (MHAue
suagenue 3aaa4u (29) 6110 Gbl MeHBINE &), HOITOMY T — pernenue (29).

Hnst samaum (31) HAZO PACCMOTPETH KOHYC
K ={(z,a) e R)*xR:3y* € RM*, y* >0, y*-b>a, y*A< 2"}

B ocTraabaoM cxeMa pacCyKIEHUH OCTaeTCs TOH Ke, KaK W B MPEIBIAYIINEM CITytae.
O

4. TeopeMa o ,[[BOﬁCTBeHHOCTIfl B 3aJa4e JINHEHHOTro ImIporpaMMHUpPpOBaHUA

TEOPEMA 20 (nBoiictBennoctu). as 3adaw (29) u (31) cnpasedausa caedy-
0UWAA AALMEPHATNUEA: AUOO SHAMEHUA IMUL 3400 KOHEUHb:, PAGHL U 6 KacioT
U3 HUT CYULECTNBYEMm peuerue, AUG0 6 00HOT U3 HUT MHOJCECTNE0 JONYCTMUMbLE
IAEMEHNOB MYCTNO, G 6 PY20T UAU MHONCECTRBO CONYCTNUMBIE IACMEHTIO8 TYCNO,
UAU ee 3Hauernue GeCKoneto.
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Hyems T u y* donycmumuvie snemenmo, 6 3adavar (29) u (31). Tozda onu
ABAAIOMCA PEUWLEHUAMU IMUL 34064 M0o20a U MoAvKo mozda, ko020a

(33) c-T=9"-b.
JOKABATEJIBCTBO. Paccmorpum cemeiicTBo 3amad, 3aBucanux oT y € R”
(34) ¢ -x—min, Az >y, xz>0.

O603HaunM depep S S-QYHKINIO 3TOr0 ceMeicTna

S = inf T
W)= s, e
Joraxkem, uro epiS; = K, rme kouyc K omnpenenen pasercrsom (32). Ilycrb
(y,) € epiSy. dro ozmauaer, uyro S1(y) < «. Ecim Si(y) = —oo, 10 maa Jjio-

6oro a € R (u, B wacTHOCTH, 1151 ) cymecTyer € R? rakoit, uto Ax > v,
x> 0uc* -z < a Cremosaremsro, (y,a) € K. Ecim Si(y) koHewno, TO 1O TEO-
peme 19 cymecrsyer pemrenue 3azauu (34), r.e. taxoit 7 € RY, uro 7 > 0, AT >y
u T = 51(y) < a. Buaunt, u B 3ToM cayuae (y,a) € K. Tem caMbIM I0Ka3aHo,
uro epiS; C K.

Iycts teneps (y,a) € K. D10 3uaunt, 4ro cymecrByer Taxoii € RY, s
koroporo x > 0, Ax > y u ¢* -z < a. CremoBarensno, S1(y) < @, n 3HAYAT
(y, ) € epi Sy.

Wrak, mokazano, uto Haarpadukom dynkmun S; siBasercs kouyc K. B cury
TOro, 9To0 K — BBINYKJIOC W 3aMKHYTOE MHOXKECTBO, (PyHKIHsS S — BBLITYyKJIa U
samkuyTa. s S-byukuuu 3amaun (30) umeem

S(y) = S1(y +b).

Tosromy dbyHKIHs S TakKe sIBISAETCH BBIIYKJION ¥ 3aMKHYTOIA.

Ecm S: R" — R U {400}, 10 m0 Teopeme @enxens—Mopo (reopema 17)
S(0) = S**(0), a S**(0) — 3mavenne ppoficTeennol 3amaun (31). Ecom 0 € dom S,
TO 3HaveHus 33734 (29) u (31) KOHEHUHBI, PABHBL U 110 TEOPEME CYIIECTBOBAHUI Y
KaXKJI0# m3 Hux cymecrsyer pemenne. Ecam 0 ¢ dom S, o S(0) = S**(0) = +o0.
CresioBarebHO, MHOXKECTBO JIOTYCTUMBIX 3JIEMEHTOB B 3ajade (29) mycro, a 3Ha-
JeHMe JIBOMCTBEHHOM 33034 OECKOHEYHO.

IIycte cymecrByer yo € R™, mna xoroporo S(yg) = —oo. B 3rtom ciaydae
S*(y*) = 4o0. CremoBarensro, S*(y) = —oo. Jro o3mHauaer, aro 3amaua (31)
necopmecTHa. Herpynuo ybeauThest, 9T0 B paccMarpubaeMom ciayaae S(y) = —oo
g Beex y € dom S (mokaxkure aro!). Tlosromy ecau 0 € dom S, To S(0) = —oo,
T.€. 3HaueHue 3aaaum (29) Geckoneuno, a ecau 0 ¢ dom S, o S(0) = 400, u caeg0-
BaTeNbHO, 337a4a (29) HecoBMeCTHA.

IIycrs @ v y* asnaoTcs pemenuamu 33034 (29) n (31). Toraa mo mokasaHHOMY
BBIME (MOCKOJIBKY 3HAYEHUS KOHEUHBI) 3HATEHUS 337149 COBIIAIAIOT, T.€. BBITOJIHS-
eTcsi paBeHcTBO (33).

IMycts T u ¥* gonycrumbl B 3aga4ax (29) u (31) u cupaseiuBo paBeHcTso (33).
s Mpon3BOIBHBIX JOMYCTHMBL B 3a7a4ax (29) n (31) BeKTOpoB x u y* nMeeM

x> (YA =y (Ax) > y* -b.
TTosToMy [T BCEX JOMYCTUMBIX X
cx>yt-b=c" 7.
Orciona BeITEKAET, YTO T — pemnenne 3aia4au (29). 13 aHaIOrMYHBIX COOTHOIICHU
yveb=c"-z>9y"0b
v

BBITEKAET, uTO §* — perenne 3agaun (31). O
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5. Pazauunable popMBbI 3a7a9 JUHEHHOTO IPOTPAMMUPOBAHAA U
COOTBETCTBYIOIINE JBONCTBEHHBIE 3a/1AYN

MBI paceMOTpeny 3a1a9y JUHEHHOTO NPOrPAMMHPOBAHNS B HOPMAJTLHOH hop-
e (29). Cymectsyor n apyrue dbopumbl aToi 3ajgauu. Iyers ¢ € (RY)* A —
Marpuiia pa3mepa n X d u b € R™. 3anaay

(35) ¢*-x — min, Az >,

HA3BIBAIOT 3adaueli Aunelinozo npozpammuposarus 6 obwet dopme. Hamomuanm,
qro = € RY, a HepaBeHCTBA OHMMAIOTCS TOKOOPIHHATHO.
Bagaay

(36) ¢*-x—min, Ax=0b, x>0,

HA3BIBAIOT 3adaueti AUHelin020 NPoZPAMMUPOCAHUA 6 KAHOHUYECKOT opme.
Bagaun B pasauuHbIX (POPMAaX JIETKO CBOIATCA APYT K APYTY IIyTeM BBEICHHUS
JIOTOJTHATENLHBIX TEPEMEHHBIX U n3Menenrem Marpunpbl A. ITokaxkem myg npuMepa
cBejleHre 3312491 B HOpMasibHOH dopme (29) K 3a1a4e B KaHOHUYeCKO# dhopume (36).
Honoxkum T = (Tgi1,- -, Tarn) . Torna 3anada (29) MozKeT ObITh 3AIIMCAHA B BUIE

¢ x—min, Ax—7z=0b, x>0, >0

Brenem obosnadenus: ¢ = (c*,0), T = (z,7)T, A = (A — I). Tereps 3amaua (29)
BAMUIIETCs B BUJIE
¢ T —min, AT =0, T2>0.

OTmeTnM, 9TO BO BCex Tpex (opMax 3aJad JUHEHOTO MPOrpaMMHPOBAHAS
((29), (35) u (36)) orbIcKaHME TOYHON HIMKHEI IPAHN MOYKHO 3aMEHUTH HA OTBICKa-
HUE TOYHOH BepxHel rpaHu (IPOCTOil 3aMEHON BEKTOpa ¢* Ha —c* 3a7a9y MOXKHO
CBECTH K OJHOMY M3 PACCMOTPEHHDLIX BHUJIOB).

Jnst mostydeHnst TBOMCTBEHHBIX 3a7a4 K 3a7a9aM (35) u (36) uX HaJ0 CBeCTH
K 3a/1a4e B HOpMasbHO# dopme (29), aBoiicTBeHHAst K KOTODOH yake u3secrHa (31).
Haunem ¢ 3anauu (35). IlpeacraBum BeKTOp T B BUJE PA3HOCTH JIBYX HEOTDUIIA-
TEJIbHBIX BEKTOPOB T € Ri uzTe Ri. Toraa 3agaqa (35) 3anuumercs B Buie

¢ T—c-Z—min, Ar—-Az>b, >0, z2>0.

Brens obosmauenns ¢ = (c*,—c*), T = (7,72)7, A = (A — A), nepermumrenm 3Ty
3871249y B BUJIE
¢ -T—min, Az >0b, T>0.
JpoiicrBennas K 910l 3ama4e nmeer Buf (cMm. (31))
y*-b— max, y*A<Lc, y*>0.

Jlerko y6emurnes, uro yenaosue y*A < ¢ oszmagaer pasencrso y*A = c*. Tem
caMbIM JBOMCTBEHHON K 3aza4e (35) apisercd 3a1ada
(37) y* -b—max, y*A=c", y*>0.

Paccmorpum Tenepp 3a7ady JMHERHOrO MPOrPAMMHPOBAHUSA B KAHOHUIECKOMH

dopme (36). Ee MOXKHO 3amucarh Tak
¢*-x—min, Ax>b, Ax<b, x>0.

=) ()

TiepenuIneM 3Ty 3a1a9y B BUIEC

ITonoxus

¢ x—min, Az >b, x>0.
Torna nBOHCTBEHHAS 337394 IMEET B

7 b—max, yA<Lc, 7 >0.
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Ecan zamcars §* B Bume §* = (¥, "), To 9Ta 3308948 IPUMET BUJT
@ —7")-b—omax, F —-yH)A<Lc, y*>0, y=>0.

Tax kak 11000l BEKTOP MOXKHO TIPEJICTABATE B BUJIE PA3HOCTH ABYX HEOTPUIIATEb-
HBIX BEKTOPOB, IBOMCTBEHHAS 331498 B OKOHYATETHLHOM BHIE MPUHUMAET (HhopMy

(38) y* b — max, y*A<c".
W3 TpoBeIeHHABIX paCCy  IeHNIT 1 TeopeMbl 20 BHITEKaeT

CHEICTBUE 7. Hycmos T uy* donycmumvie ssemenmo 6 3adavaz (36) u (38).
Toz2da oHYU ABAAIOMCA PEULEHUAMU IMUL 34064 M020a U MOALKO Mozda, Ko2da

(39) ¢ F=7"-b.

6. 3a,£[aqa JIMHEMHOr O IIporpaMMHupOBaHUA CO CMeEIIIaHHbIMUA
orpaHNvYeHunudAMun

Paccmorpum 3aady AMHEHHOrO POrPAMMUPOBAHHUS CO CMENTAHHBIMYU OTPAHU-
YEHUSMHA
(40) CT -xr1 + C; Ty — min, A11£L'1 + Algxz > bl,
Ag1wy + Agowy = by, 11 >0,
e ¢ € (R4)*, j=1,2, 2; € R% | j = 1,2, marpunst Ay; UMEIOT COOTBETCTBEHHO
pasMepnl Ny X dj, k,j = 1,2, a b, € RF, k = 1,2. BanumieM BEKTOp T2 B BHIC
To = xél) - xg), rue xéj) >0, j = 1,2. Torna 3agada (40) nepenuinerca B BUJE

1 2 .
c*{~x1—|—c§~xg)—c§-x;)%m1n,

Anzxy + A12$él) - A12$§2) > by,
Aor1 + Azzxél) - Azzxéz) > bo,
—Agzy — Azzxél) + A2296é2) > —ba,
x>0, xél) >0, xg) > 0.
Bremenm crenyromue 0003HAMCHUST
@ = (e ), 7= (aa)) o) D= (b by, —b)"
B A Az —Ap
A= Ay Ay —Asxp
—Ag1 —Azx  As
Tenepn 3anauay (40) MoxkHO 3amucarb B Buje (29)
¢ T —min, Az >b, 7>0.
SamuieM TBOMCTBEHHYIO K Hell 3a1ady
7 -b—max, FALE, T >0.

IIpencrasus §* B BUge T+ = (Y7, yél)*, yéQ)*), Oy IUM

Yyl b1+ yél)* ~by — yéz)* - by — max,

YA+ yél)*Am - y§2)*1421 <,
Y1 A2 + yél)*Azz - yéz)*Azz < ¢,
—y1 A1z — yél)*Azz + yéz)*z‘bz < —c3,

yi >0, V>0 42" >o0.

)
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(W« (2)«

Tonoxus y5 = ys ' —Ys ', MbI IPUXOJIUM K 3ajade, npoiicrBenuoii (40)

(41) yi b1 +ys-bo > max, y1x A +ys340 <ci,
y1 * Ajo +y5 A0 = ca, yi > 0.
W3 reopemsbr 20 BbITEKAET
TEOPEMA 21. Jlas mozo uwmobwe, sadawa (40) umena pewenue, 1eobrodumo

u docmamouno, wmobu, deoticmeennan 3adawa (41) umena pewenue. IIpu smom
snavenua 3aday (40) u (41) cosnadarom.

7. BrInyKJblii aHAJIN3 W TeOopUs JIMHEHHBIX HEPABEHCTB

JIBOMICTBEHHOCTh B 33/Ia9aX JUHEHHOTO MPOTPAMMUPOBAHUS U COOTBETCTBYIO-
mmil pe3ysibrar O pelleHudX B JABOMCTBEHHBIX 3ajadax (reopema 20) MO3BOJLAIOT
JOCTATOYHO JIETKO MOJIy4YaTh KPUTEPUU CYIIECTBOBAHUSA DeElleHuil B pAle 3a7a4 U3
TEOPUHU JIMHEHHBbIX HEPABEHCTB.

TEOPEMA 22 (Munkockoro—®apkama). ITycms A — mampuya pasmepa n X d
u b € R™. Tas mozo umobv, cucmema

Ax =0»

umena pewenue x > 0, neobrodumo u docmamouno, ¥mobo, das awbozo y* € (R™)*
maxozo, wmo y*A < 0, ewnosnsrocs nepasencmso y* - b < 0.

HOKABATEJILCTBO. PaccmoTrpum 3a7ady
(42) 0-z —-min, Az =05 z>0.
D10 3amada JUHEHHOIO MPOrPAMMUPOBAHUS B KaHOHU4IeCKO# dopwme. [IpoiicTsen-
HOM K Hell aBageTcd 3ajada
(43) y*-b—max, y"A<O0.

ITo Teopeme aBoiicrBennocTr 3a1a4a (42) uMeer perienue (& TeM CAMbIM MHOXKECTBO
€€ JOIMyCTUMBIX 3HAYEHHUH HE IIyCTO, & 3HAMEHHE 33341 PABHO HYJIO) B TOM U TOJIBKO
TOM cayuae, Koraa 3anaua (43) umeer perenne, pasHoe Hyso. ITocenree o3Havaer,
aro y* - b < 0 g Beex y* € (R™)*, ynosnersopsitonmx yeaosuio y*A < 0. O

TrOPEMA 23 (Ku ®ana). [Iyems A — mampuya pasmepanxd ub € R™. Jas
mMo20 4MobbL CUCTNEMA HEPAEEHCTNG

Ax <b

UMEAT PEWEHUE, HEOOTOOUMO U J0CTaMouH0, 4mobsl das mobozo y* € (R™)* ma-
%020, wmo y* > 0 u y*A =0, ewnoanarocv nepasencmeo y* - b > 0.

JOKABATEJBCTBO. PaccmoTrpum 3amady
(44) 0-x — min, —Az > —b.

D10 3aga49a JUHEHHOrO TporpaMMupoBanus B obtmeit dopme. JIBoiCTBEHHOI K Heil
SIBJISIETCS 371294,

y* - (=b) > max, y*(—A)=0, y*>0.

ATy 3a1a49y MOXKHO ITEPENUucaTh B BAJIE
(45) y*-b—min, y*A=0, y*>0.

ITo reopeme apoiicrBennocTu 3aa4a (44) uMeer peruenue (& TeM CAMbIM MHOXKECTBO
ee JIOTYCTUMBIX 3HAYEHWH He MYCTO, & 3HAYEHVE 33a4H PABHO HYJII0) B TOM 1 TOJIHKO
TOM cJIydae, Korja 3aaaa (45) uMeer perenne, pasHoe Hysto. ITocienpee o3Hagaer,
gro y* - b > 0 mna Beex y* € (R™)*, ynosaerBopsiomux yeaosuio y*A = 0, y* >
0. U
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TreoPEMA 24 (Teina). ITyemv A — mampuya pasmepa n X d u b € R™. Jan
mMo20 %MobblL CUCTNEME HEPAEEHCTNG

Az <D

umena pewenue T > 0, neobrodumo u docmamouno, umobu, das awbozo y* € (R™)*
maxozo, wmo y* > 0 u y*A > 0, ewnoanasoce nepasencmeo y* - b > 0.

JOKABATEJILCTBO. Paccmorpum 3aaady
(46) 0-z — min, —Axz>-b, x>0.

D10 337398 IUHEHHOTO TPOTPAMMUPOBAHUS B HOPpMasbHOM dopme. IBoiicTBeHHOIM
K Hell gBJIsieTcs 334a4a

y* - (=b) - max, y*(—A)<0, y*>0.

ATy 3a71a1y MOKHO MEPENHCATH B BUIE
(47) y*-b— min, y*A>0, y*>0.

ITo Teopeme aBoiicTBeHHOCTH 330294 (46) uMeer perienue (& TeM CAMBIM MHOXKECTBO
ee JIOIYCTUMbIX 3HAYEHUH HE IIyCTO, & 3HAUEHNE 331891 PABHO HYJIIO) B TOM ¥ TOJIBKO
TOM caydae, Koraa 3aaa4da (47) umeer pemenue, pasuoe nyto. Ilociennee o3navaer,
gto y* - b > 0 mna Beex y* € (R™)*, ymosaerpopsromux ycaosuo y*A > 0, y* >
0. O

8. Kpaiinne Toyku B 3a/a4e JUHEHNHOTO MMPOrPaAMMUPOBAHUS

[Mycrs X — junedinoe npocrpancrso u A C X. Touka x € A HazbIBaeTCA
Kpatined mowkol muoocecmea A, eciu u3 Toro, uro & = (1 — @)z + axs 1pu HEKO-
ropeix « € (0,1) u x1, 22 € A BBITEKAET, 9TO L1 = L. VIHBIMA CJIOBAMH, TOYKA T
HE ABJSETCS BHYTPEHHEH TOYKOH HUKAKOTO OTPE3KA ¢ KOHIAMH, IPUHAIJICKAITAMHA
A.

MuoxectBo B R?, o6pazoBaHHOe HepecedeHMeM KOHEUHOIO HHC/IA MOJIYIIPO-
CTPAHCTB, HA3BIBACTCA NOAUIOpoM. B 4aCcTHOCTH, MHOMKECTBO JIOMYCTUMBIX TOYEK
B 3a1a4e (35) (kak u B a1000#i APYroii 3a/a4€ JUHEHAHOrO IPOrpaMMUPOBAHU, TaK
KAK OHM PABHOCHJIbHBI) siBjIeTcd HoiudapoM. KpaiiHue TOYKU MOMU3Apa HA3BIBA-
IOTCST €T0 8ePWUHAMY. JIETKO TTOHSTH, YTO MUHUMYM JIHHEHHOMW QyHKIMN, eciin OH
KOHEUEH, JOCTUTACTCS B BEPIIUHAX TOIHIPA.

Takum o6pa3oM, [ pelleHns 33034 JIMHEHHOrO IPpOrPaMMUAPOBAHKS HAIO0 IIe-
pebparh BCe BEPIIMHLI U BHIOPATHL Ty, 3HAYEHHE B KOTOPOH MUHAMH3UPYEMOH JIU-
HeHHOA (yHKmmM MuHEMAILHO. OIHAKO B NPHKJAIHBIX 33Ja9aX 9YHCJIO BEPITHH
MOKET OBITH OU€HDb OOJIBIIAM. B CBS3HW C 9TUM BO3HHKAET 33344 ‘1e/1eco00pa3Ho-
ro” mepebopa. OHa U3 TaKUX TPOIEAYP U HAZBIBACTCS CUMNAEKC-MEMOIOM.

Bynem paccMmarpuBaTh 33139y JUHEHHOrO TIPOrPAMMHUPOBAHUS B KAHOHUYECKOM
dopme (mng ymoberBa paccMaTpuBaeM 33249y MaKCUMHU3AIMN )

(48) ¢ x— max, Ar=0b, z>0.

Hamommnu, ato 31ech ¢ € (RY)*, A — marpuma pasmepa n x d u b € R™.
JpoiicTeennoii 3anaueii K (48) asisercs 3aaada (cum. (38))

(49) y*-b— min, y*A>c".
IIPEOAIOKEHUE 17. Ilyemov eexmop x = (x1,...,71,0,...,0)7 € R4,
Z1,...,xk >0, — donycmumnidi 6 sadaue (48). Toeda x asanemes kpatinet moukoi

MHOJICECTNEA JONYCTNUMBEL 6eKMOPo6 6 (48) 6 MOM U MOABKO 8 MOM CAYIAE, ECAU

cmoabuw at, ..., a" mampuyn A aunetino neszasucumL.
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HOKABATEJILCTBO. Ilycts x — xpaiHaa Touka. Jlokaxkem, 9TO CTOJOIBI

a',...,a" marpuupr A sumeitno mesasmcmmbl. Ilpemmomoxum mpormsmoe. Ec-
nm cTondmpl al, ..., a” nuHefiHO 3aBMCHMBI, TO HAMIyTCA He BCe PABHBIE HYIIIO
Al ..., A TaKUe, 9TO

k
Z )\jaj =0.
j=1

Tem cambrv AN = 0 s Bektopa A = (A, ..., Ag,0,...,0)T € R Torma Touxa z +
t\ aByII€TCA MOMYCTUMORN I BCeX ¢ 1OCTaTOUHO Oin3kux K Hy 0. OTCIOna cliemyer,
YTO TOYKa X He sBisgerca kpaiHeil. [lomyunmm npormsopedme. Taxmm oGpasow,
cronbupt a', ..., a" auneiino He3aBHCHMBL

IIycrs Teneps cronbupt a',. .., a" nuneitno nezaBucumer. JlokazkeM TOLIa, 9TO
IOy CTAMAst TOUKA, T — KpaiHas Touka. [Ipeanonoxnm nporusroe. B TakoM ciydaae
CYIIECTBYIOT JIONYCTUMbIE TOYKH Y U Z, Yy # 2z, u uucao t € (0,1) Takue, uTo
x = (1 —t)y + tz. U3 aroro paBencrsa u TOro, 9to * = (r1,...,2%,0,...,0)7, a
y,z > 0, BBITeKaet, 910 ¥ = (Y1, -, Y%, 0,...,0)T, 2 = (21,...,21,0,...,0)7. B
cuay Toro, 9ro Ay = bn Az = b, nonygaem A(y — z) = 0. 9To 0O3HATAET, YTO

k
> (g —z)a’ =0.

j=1

k

TeM caMbIM CTOTONEL a', . .., a” mumeitro 3aBucuMbl. [lony nan mpoTuBOpeume. [

Tak KaK 9UCJIO JIMHEHHO HE3aBUCUMBIX CTOJIOIOB HE MOXKET MPEBBIMIATD THCJIA
CTPOK MATPHIIBI, TO U3 TpeIaoKenus 17 creayer, 9TO KpaliHsist TOYKA COMEPKUT HE
6oJtee N MOJOKUTETHHBIX KOODIAHAT.

Banaua (48) HazbiBaeTCs HEGWPOIICIEHHOT, ecan M0bas KpaiHds TOYKa MHO-
KECTBA JIOMYCTUMBIX 3HAYEHUN COJAEPIKUT POBHO 7 TOJOKUTETbHBIX KOODJIUHAT.
Eciu b = 0, To nHerpyaso ybeaurbes, yro © = 0 — KpaiiHgas Touka. Ilosromy B
HEBBIPOXK ICHHON 3aaaue b # 0.

TTPEASIOKEHWE  18. [ITycmo (48) — meewpooicdennas 3adavwa v x =
(wl,..‘,xk,O,...,O)T e R zq,...,xp >0, — donycmumas mMowka 6 amot 3a-
dane. Tozda

a) k>mn,

b) mouka T acsaemca kpatinett MOWKOT MHONCECTNEA JONYCTNUMDBLL IACMET-
moe mozda u moabko moada, xozda k = n.

JIOKABATEJILCTBO. a). IIpeanonozkum, 4ro k < n. Torma u3 TeopeMbl 3 ce-

ayer, 9o HaiiayTes s < k NUHENHO HE3aBUCHMBIX CTOJIOIOB a’, ... a’s MaTpuIp
A u rakwe Bi,...,0s > 0, uro sjement y = (y1,...,Yd), B KOTOPOM
o 581 J=Js
Yi =

07 j%{jla"'mjs}v

ABJIACTCA MOMyCTUMBIM. VI3 mpeanoskenus 17 BuITeRaeT, 9To y — KpalHsas TOYKA,
HO OHA COTEPKUT § < k < N MOJOKATEIbLHBIX KOOPIUHAT, 9TO IPOTHBOPEUNT IIPE/I-
HOJIOXKEHUIO O HEBLIPOKICHHOCTH 3a1auu (48).

b). Ecmm # = (21,...,7%,0,...,0)T — kpaifras Touka, To HO OHpemeTCHEIO
HEBBIPOXKIEHHOIT 3aaa4u k = n.
II k = E (®) 1 n A i
yers k = n. Eciu cronbust a',...,a" marpuupl A JMHEAHO 3aBUCUMbL, TO

W3 TeOpeMbl 3 BBITEKAET, UYTO HANIETCA KpalHsisd TOYKA ¢ p < N 9UCJIOM TOJOKU-
TeJILHBIX KOOPAMHAT, YTO IPOTUBOPEUUT HEBBIPOK AeHHOCTH 33 auu (48). Tlosromy
CTONBIBL al, . .., a" muHelHo HezaBucHMBL. Torma u3 npeioxkenus 17 ciaeayer, 9To
T — KpailiHad TOYKa. U
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9. CI/IMHJIeKC-MeTO,Z[ pelieHnd 3ada4 JIMHEeNHOro IIporpaMMHupoOBaHnud

IIpuenem cxemy perneHus 3a/a4 110 CUMILIEKC-METOLy. ByieM paccMarpuBarh
HEBBIPDOXKIEHHYIO 33734y JHHEHHOTO MTPOrPAMMUPOBAHUST B KAHOHUYIECKOHN (hopme
(48).

IIycrs mama kpadimsas touka & = (21,...,%,,0,...,0), 2; >0, j =1,...,n
(g ynobGerBa 3almMcy CXeMbl PElIeHHs CIUTAEM, YTO MOJIOKUTEIbHbIE KOODMHA-
Thl cTosT nepBbiMu). OJUH U3 METOIOB HAXOXKJIEHUs HAYAJIbHON KpaiiHeil Touku
Oyger ommcaH HmKe. BEKTOp T MOMKHO TpeJICTaBuTh B Buae ¥ = (xp,T)°, Tae
vy = (21,...,2,)7, 25 > 0,22 = (0,...,0)7 € R, Amamormano marpury A
MOXKHO mpeicraBuTh B Buge A = (A, /Nl), rae mMarpuna A, cocTouT u3 CToabLOB
a',...,a". U3 npemnoskenust 17 BBITEKAET, UTO MATPHIA Ay HEBBIPOK IEHHA.

IMocrpoum cumnaexchyro mabauvyy nis 3ot kpaijineii Touku (cM. puc. 1).

c* c1 | ... | cn Cn+1 . Cko - cq t

6azmnc b(xp) | al | ... | a® ant! .. ako .. a?
al c1 T 1 0 T1,n+1 T1kg 14 t1
a’® ) Zjo 0 |...]0 Tjo,m+l | --- Ljoko | ZTied | tig
a™ Cn Tn 0 .. 1 Tn,ntl .. Tnkg S Tnd tn

* *  n+1 * ko * . q.d
z xp e || |prT g e
0 0 An+1 Ako Ad

Puc. 1. CummrekcHast Tabanma

Crenaem psifi osicHeruit K »1oit Tabautie. B mepBom crosbiie, HavuuHas ¢ Tpe-
Thell CTPOKU MO 1 + 2 0DO3HAYUEHBI DA3UCHBIE BEKTOPHI, COOTBETCTBYIOIINE TIOJIO-
JKUTEIBHBIM KOODAMHATAM KpaiiHeil TOUKM (B HAIIEM C/Iydae 3TO al,... ,a™). Bo
BTOPOM CTOJIOIle Ha COOTBETCTBYIOMMX MECTaX CTOAT 3HAYEHHUA c; BeKTopa c* ¢
TeMU JKe HOMepaMH, UTO U CTOJOIEI a’ .

[locnenuuit cTonber 3aMOMHACTCA TPYU UCCICIOBAHUNA CHMILIEKCHOM TaOMHITHI.

B nepBoii cTpoke, HAUMHAS C YETBEPTOrO CTOJIOIA, CTOAT JJIEMEHTHI C1, . . ., Cd-
Bropast cTpoKa, HaUHHAS C TPETHEro cToibmua, — BekTopsr b,a’, ..., a%. Ilox Huvmu
— pa3iIoXKeHHe 3THX BEKTOPOB IO 0asucy a',...,a". fdcHo, 410 B cHily TOrO, 4TO
Ax = b,

n
_ J o
b—E a’xz;.
j=1

Tem caMbIM pa3JIOKEHHEM BEKTOpa b sIBJIseTCS BEKTOD Xp HEHYIEBBIX KOODAMHAT
kpaitreit Toukn . [Ipemnonoskum, uro BekTopst a*, k = 1, ..., d, UMeIoT clieyioniee
pasyoxeHne 1o 6asucy al, ..., a"

n

. )

a” = E a’ T .
i=1

Taxum obpazom, a¥ = Ayz®, u crenosaremsno, A = Ay X, te
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— MaTPHIIA PA3I0kKeHn BeKTOpoB a ', . .., a? mo 6asucy a',...,a", a z* — cronbupr
. -1
sroit marpuusl. Torna X = A, A. OueBumso, uro mpu k = 1,...,n pasmorkenus
sexTopos a® rpusnmanpunr: a¥ = aF. TlosTomy marpuma X Ha camMoM Jese mMeeT
BU/I
1 0 @1 nt1 T1d
X=
0 ... 1 Zppy1 .- Tpd
Monoxum ¢ = (¢1, ..., cpn). B npenmocneaneii crpoke z B cTo0Ie Mo BEKTO-
POM T}, 3aluIIeM zg = Cp - . Lorma 2o — 3HadeHre QYHKIUOHATIA B HAYaJIbHON
Kpaitaeil Touke x. ITox Bekropamu a¥, k = 1,...,d, 3anummem 2z, = cp - z¥, 10 ectn
x
z=(21,...,24) = 3 X.
OdgeBuano, uTO 2, = ipu k= 1,...,n.

B mocnenneit crpoke A, HaYWHAS ¢ YETBEPTOrO CTOJOIA, 3aMMCHIBAETCS Pas3-

HOCTHb MEXKIy SJIEMEHTAMH IPEIIOCIeOHeH CTPOKH W 3JIEMEHTAMH IIEPBO CTPOKH:
A=z—c"

Jasee ciemyer uccaenoBaTh CUMIJIEKCHYIO TAOIHILY.

I[TPEMJIOKEHUE 19. Feau A > 0, mo eexmop v — pewenue 3adawu (48), a
eexmop y* = cZAljl — pewenue deoticmeennot 3adavu (49).

JOKABATEJABCTBO. Ycaoeue A > 0 oszmagaer, uto z > c*. Tem caMmbiM
;X > c*. lloncrasissa Belpakenue c; depe3 y*, momydaem, uro y A, X > c*.
CnemoBarennho, y*A > ¢*. Takum 0bpazom, y* — AOMYCTUMBIN 2JIEMEHT B 3a7ate
(49). Kpowme Toro,

crx=cay=y"Ap-xp=y" - Apxp, =y* - b.

U3 cnencrBus 7 (C COOTBETCTBYIOIIUME 3aMEHAMM SKCTPEMAJIBHBIX 3a7a4 C MUHU-
MyMa HA MaKCUMYM U HA0OOPOT) BBITEKAET YTBEPXKIECHUE [PEIJIOKEHHUS. O

IIPEITOKEHUE 20. Ecau dasn nexomopozo k Ay < 0 u 2% <0, mo snavenue
sadawu (48) pasno +oo.

HOKABATEJLCTBO. Ilomoxum

0
zt)=ax—t| | +tex

0

(e1,...,eq — Kanonmuecknii 6azuc B R?). B cumy Toro, uro z¥ < 0, 2(t) > 0 aaa
Beex t > 0. Kpome Toro,
Az(t) = Az — tAya® + tAep = b — ta® +ta =b.
Buaunt, () — momycTuMblii saemenT 1pu seex ¢ > 0. Tlpu sTom
¢ x(t) =c xy—tc - ab + il = ¢ -z — tA.
Orcrona BuaHO, uTo ¢* - (t) — 400 npu t — +00. O

ITycrb B crpoke A MMEIOTCS OTPUIATENBHBIE YUCIA, & COOTBETCTBYOIIHUE CTOJI0-

bl £F COmepIKAT MOMOXKUTEIbHDIE YHCTA. [IPeNIOIoKIM, UTO

mkin Ak = Ako,

rje MUHUMYM Gepercs UMEHHO 10 TeM CTOJDIAaM, KOTOpbIe 00JIa1ai0T YKA3aHHBIM
Boie cpoiicrBoMm. QueBnano, uro n + 1 < kg < d. Cronbew, cooTBeTcTBYOIIU



9. CUMILJIEKC-METO/] PEHIEHUA 3AJIAY JINHEMHOT'O TIPOTPAMMUPOBAHUSA 44

unzekcy ko, Ha3bIBaETCd Pa3perannuM cToiabrnoM (eciau MUHAMYM JOCTHCAETCH
HA HECKOJIbKUX 3HadeHusx k, o Boilbupaem 060 u3 takux croabuos). dis Tex j,
IpU KOTOPBIX Tjk, > 0, IOT0KUM
_ T
= —L.

T

Ljko
OTHU 3HAYEHUS] CTABHUM COOTBETCTBEHHO B MOCIEIHEM CTOJDIE CUMILIEKCHON Tabu-
npl. Ilycrs

tj, = mjln t;.

Crpoka BeKTOpa a/® HA3BIBAETCS PA3PENIAIONIeH. DIEeMEHT T j kg, HA3BIBACTCS Pa3-
PEIANIUM JIEMEHTOM CUMILIEKCHONH TAOIIHITHL.

Jasee HEOOXOAUMO U3 YHCIIa OA3NCHBIX BEKTOPOB HCKJIIOUUTH BEKTOP a’°, BMe-
CTO Hero B3ATH ako.

TEOPEMA 25. Ecau ne ennosnens, ycaosua npedaoscenud 19 u 20, mo mouxa
' ¢ HosbIMU BASUCHBIMU G6ERMOPAMU

al o gk glott o an

ge ey

ABAAENCA HOB0T KpaliHel Moukotl, 6 3HAYEHUE GYHKUUOHAAL NPU IMOM 603PAC-
maem 1o eesununy —t;o Ay, Hosasa cumnaerxcnas mabauya (0aa Ho6ol kpatned
MouKy) Modcem Goimb NOCMPOEHA U3 CMAPOTi ¢ NOMOULLIO CACOYIOUUT COOTNHOULE-
nud:

l'j_ Jo]o7 ISJSTL,
I — Ljoko
o .
o J = ko,
ik
(50) o~rO
LjokTjk . . .
J J
xjk_M> ]#]0a1§]§n7
7, = Ljoko
gk Ljok .
) J = k()'
Ljoko
JIOKA3BATEJIBCTBO. Ilomoxum
xho
) 0
T =zt . + tjoCho-
0

JlokaskeM, 9T0 BEKTOp &’ ABJIAETCS HOBOM Kpaitaeil Toukoii. [TokaxkeM cHagana, 9To
OH SIBJISIETCS MOTMYCTUMBIM BeKTOpoM. Mmeem
/ k K k
Ax' = Az — tj, Apx™ + tj, Aer, = b —tj,a™ +t5,a"™ =b.
Kpowme Toro, mpu j =1,...,n

Y
I o — . IO o
TG =T — tjoTike = Tj Tk, = 0.

Ljoko
Hpu srom 25, = 0. Tnan+1 < j <d, j # ko, nonyqaem 2 =0, a
/ xjo
Ty, = tj, = > 0.
’ 70 Ljoko

ITo mocTpoernio y BeKTOpa o’ 1O CPABHEHWIO C BEKTOPOM T JOOABHIACH OIHA TO-
JIOKUTEIbHAS KOOpanHaTa ko, a KOOpauHaTa jo 00paTuaach B HOMb. [1OCKOIBKY MO
MPEJIOKEHUI0 18 y MOmyCcTUMON TOYKYM HE MEHee N MOJOKHUTEIbHBIX KOODINHAT,
TO B HOJb ODpPATUIACH TOJLKO KOOpAMHATA jo. Takum obpa3oM, y TOYKH T’ POBHO



10. IIPUMEP IITPUMEHEHUA CUMIIJIEKC-METOIA 45

7 MOJOKHATEIBHBIX KOOPAMHAT, M M3 TOTO K€ IpeIIoxkeHna 18 cmemyer, 9ro ' —
KpaliHad TOYKA.
Jlna HoBo#t KpaiiHe#t TOUKU MMeeM
® 0 ok .1 % ko P ka4 .
c-x=cC x—tjc - x F ¢ e, =C X — L2k, + Lo Cky
Lk )
=c"x—tj, Ay

TeMm cambIM

* / * _ )
cal ===t Ay,

Beruauc/imm reneps KOOpAMHATEL T, Pasioxenns cTonbnos a¥ marpuupr A no
Gazucy a',...,a’o"t ako, adotl . a™. B crapoMm 6a3uce MbI MMeIH CIEIYIONINe
pazIoKeHnst

n n
(51) a”® = E @’z = E @’z +axin, k=1,...,d.
j=1 J=1
J#jo

B ugacrroctu, upu k = ko

n
ko _ J o JO o .
a”’ = E ' Xjky + 07X 5ok -
j=1
J#jo
IMockonbKy %k, 7 0, TO BbIpasuM a’° U3 MOCJIEIHEr0 ypaBHEHUA

n ki

; P Tjk a”™°
a”:—g ol L 4 ——
j=1 Ljoko Ljoko
J#jo

u nofcrasuM B (51). Mmeem

n n T ako

. , R

af = E aja:jk—i—(— E al 25 4 )gcjok
j=1 ’ ’

— j=1
J#Jo J#Jo
- Tikod x
ik k k
:§ aj(a:]k J0]0>+k0 Jo k:L ,d
i=1 Ljoko Ljoko
J#jo

Tonyunm pasioxenus mo 6azucy a', ... a0~ ako qdotl . a™ Tlpu srom ko3dh-
dunpenTol pazioxenus coorsercrByoT coorHouenusm (50). O

3arem HOBas CUMILJIEKCHAs TabJIUIA BHOBb WCCJIE/yeTCs, W TaK jajee, MOKa
HE MpUAEeM K pemreHuto 3aaa4uu. QopMysbl Jjis BBIYUCIEHUS 3JEMEHTOB TaOJIUIHI,
nezKaIumx moz BekTopamu b,al, ..., a?, u He JexammMu B pa3pernaomneil CTpoke,
Ha3bIBAIOTCS [IPABUJIOM MIPIMOYTOJIBHUKA — JIEMEHTBI, YIACTBYOMINE B 9TUX (DOP-
MyJIaX, CTOSAT B BEPINMHAX MPSIMOYTOJBHUKA, B CUMILJIEKCHOI TabIuIIe.

10. IIpuMep mpuUMeHEHUs CUMILIEKC-METOIA
Paccmorpum mpumep perreHusi 331a491 JUHEHHOTO TPOrPAMMUPOBAHUS C UC-
[I0JIb30BAHUEM CHMILJIEKC METOA.
IIpumep 10.1. Ilycts Tpebyercst pemuTh 33039y JUHEHHOTO MPOTPAMMHUDO-
BaHUA
21 + w2+ 23 — 14 wmax, z; >0, j=1,...,4,
1 — Xg + T3 =1,
2x1 4+ x2 + x4 = 3,
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€ 33JIAaHHOM HATATBHON Kpaitaeit Toukoit x = (0,0, 1, 3)T.
Basucupie Bekropsr 31ech a® = (1,0)T u a* = (0,1)7

IUTeKCHY0 Tabmuiy (puc. 2).

. CocTaBuM MEpBYIO CHM-

c* 2 1 1| -1t
basuc xp | ar | a® | a® | a
a® 1 1 |-1/1|0
a* -1 3 2 110 3
z 2| -1|-2]1]-1
-3|1-3]0]|0

Puc. 2

W3 Tabnuiel BUIHO, YTO B KAYeCTBE PA3PEIIANIErO CTOJONA MOXKHO B3ATh
cronbust o' nnu a’. Bossmem cronber a’. Torna paspemamomas cTpoka at. Same-
HseM B 6a3uce BekTop a* HA BekTOp a2, JIs HOBOro 6a3mca C MOMOILIBIO POPMYI
(50) crpoum Bropyro cumiiekcHyto Tabauiy (puc. 3).

c* 211 1| -1t
bazuc xp | ar | a? | a® | at
ad 1 31011
a® 1 2101
z 5 1 1 2
310101 3
Puc. 3

BekTop A > 0, mostomy Touka 7 = (0,3,4,0)7 apagerca permennem 3amaum, a
ee 3HAYEHUE PABHO 7.

Ecam 661 B KadecTBe paspemaronero cToabna B mMepBoi CUMILIEKCHOM TabIuIe
MBI B3sLTH CTOJIO€IL a', TO IpuIuin Obl K TOH 7Ke TOUKe, HO 3a GOJIbIIee IHCIIO [IATr0B.

11. Mertoa nckyccTBeHHOTO Hasmca JIJIsi HAXOXKIEHUS HAYAJIbBHONR
KpaliHeil TOYKH

Bynem croBa paccmarpuBaTh 3a7ady JHHEHHOrO TPOrPAMMUPOBAHUSA B KAHO-
HUIEeCKOi popme

(52) ¢ -r—max, Ax=0>b, x>0,
rme ¢* € (RY)*, A — marpuna pasmepa n x d u b € R™. He orpannuupas obmsocTH,
MOXKHO CYHTaTh, 9T0 b > 0. Eciu 310 He Tax, HampuMmep b; < 0, T0o yMHOXKHIM 00e

4acTu j-rO ypaBHeHud Ha —1.
Paccmorpum BCcomoraTessbHY 0 331849y, 700aBIIsAsA NCKYCCTBEHHBIE TEPEMEHHBIE

7= (Tas1,. - Tarn) m equamanyio MaTpumy 1.
n
(53) —Zxdﬂ—nnax, Ar+Izr=b, >0, x>0.
j=1
Touka T = (0,...,0,by,...,b,)T aBaserca nomycrumoit B 3amade (53). Kpome

TOTO, 3HadYeHne 3aJa9n KoHedHO. V13 TeopeMbl 20 BLITEKAET, UYTO PEIICHUE B 3TOM
3ajla4e CyIIeCTBYeT.
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W3 npemnmoxkenuss 17 BBITEKAET, 9TO TOYKA T ABJIAETCS KpaiHell mis 3a71a4qm
(53). Byuem pemiars 3Ty 331249y CUMILIIEKC-MeTOIO0M. I1pu 9T0M MOLYT BCTPETHUTHCH
CJIEIYIOIINE CUTYAINH.

1. Pemenue 3amaun (53) COAEPKUT HEHYJIEBbIE UCKYCCTBEHHBIE TI€PEMEHHBIE.
D10 03HAYAET, UTO B UCXOAHON 3a0a4e (52) HET NOMyCTUMBIX 3jeMeHTOB. JleficTBu-
TEJIbHO, €CJIN HE BCE€ HMCKYCCTBCHHBIC IICPEMEHHbIC HYJIEBbIC, TO 3Ha4Y€HHE 3ada’Iur

(53) orpumnarenbHOe, a ecim cymectsyer gomyctuMbii sextop (79, ...,29)T B 3a-
nade (52), o sexrop (z9,...,29,0,...,0)T asaserca nonycrumbiv B 3a1a4e (53),

a 3HAYEHNe MAaKCHMU3UPYEMOro (pyHKIIMOHAA Ha HEM PABHO HYJIO.

2. Pemenue 3amauu (53) He CONEPKUT HEHYJIEBBIX UCKYCCTBEHHBIX IEPEMEHHBIX
U cpeny Ga3UCHBIX BEKTOPOB HET BEKTOPOB, COOTBETCTBYIOIINX MCKYCCTBEHHBIM I1e-
peMerHBIM. B 3TOM cay4ae pemtenme 3agaun (53) mmeer sun (1, ..., 24,0, ...,0)T]
a Touka (T1,...,24)7, B KOTOPOH KOOPAMHATBI, HE COOTBETCTBYIOMIIE GA3HCHBIM,
PABHBI HYJIIO, ABJsIeTCs KpaliHeil 1ys 3amaun (52), Tak KaK CTOJMOIBI, COOTBETCTBY-
fo1e 6a3UCHBIM KOODIUHATAM OYAyT JUHEHHO HE3aBUCUMBI (CM. pejioKenue 17).

Jlamnee, B3gB B KadgecTBe MePBOHAYAILHON KpaiiHelt TOIKH TOUKY (T, ..., Tq)7
MOXKHO TIPHCTYIATH KO BTOPOMY 3Tamy - pemeHdio 3amadu (52) ¢ moMOmbio
CUMILIeKC-MeTona. TeM caMbIM MbI HOIy4YaeM JIBYX3TAIlHbIHA MeTO/| pelleHHs 38,1291

(52).

)

IIpumep 11.1. MeTomoMm HCKYyCCTBEHHOTO HA3UCa HAUTY HAYAIBHYIO KPAHHIO0
TOUKY JIJIST 33290

1+ 2% +3x3 — 4wy —» max, x; >0, j=1,...,4,
rT1+ x2— T3+ T4=2,
x1 + 14xs + 1023 — 1024 = 24.
PaccymoTrpum BermoMorarenbHyIo 3343y, J00aBIAA HCKYCCTBEHHBIE TEPEMEHHBIE

Iy U Tg:

—r5 —rg — max, z; >0, j=1,...,6,
1+ x2— T3+ x4+ x5 =2,
x1 + 14x9 + 10x3 — 1024 + xg = 24.

Ucxomnasa xpaiinsa Touka x = (0,0,0,0,2,24)T. Bazucnbie BeKTOPDI
a® = (1,007, af=(0,1)T.

CocraBuM NIEPBYIO CUMILIEKCHYO TabJIUILy JJisl BCIOMOraTeabHoil 3aaa4u (puc. 4).

c* 0 0 0 0 |-1] - t
basuc Tp al a? a® a? a ab
a | -1] 2 1 1 | -1 110 |2
a —1| 24 1 14 | 10 | -10| O 1 172
z 26| —-2|-15|-9| 9 |[—-1|-1
A -2 | —-15| -9 0 0

Puc. 4
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Paspemaromum cronbuom apiagerca croaber a?, paspemaomas crpoka a’. 3a-
MenseM B 6asuce BexTop a® Ha BekTOp a? WM U1 HOBOrO 6a3MCa CTPOUM BTOPYIO
CUMILTEKCHYO TabauIly (puc. 5).

c* 0 0 0 0 -1 -1 t

6a3uc Tp al | a?| d at | a® | af
5 2 13 12 12 1 1
S | -1l 2| 2 o|-=| =1 ]|-=]=
7 14 7 7 14 | 6

12 1 5 5 1

2

it R | hd _° il

“ 017 | 1 7 71 %] @

2 13 12 12 1

22 o] 2= o221 =~

i 7| 1a 7 7 14

13 12 12 1

A Bl 22, B

14 7 7 14

Puc. 5

Teneps 3aMenseM BekTop a’ HA BEKTOP a' W CTPOMM TPETHIO CHMILICKCHYIO

rabmuity (puc. 6).

c* olo|o|o|-1]| -1|¢
basuc xp | at | a? | a® | a*| a® a®
1 [13 7 T
ol =10 -1|1]|—=|-—=
“ 6 | 24 12| 24
11 | 11 51 1
2
i il S | = =
@ 1015 x 0101 5| =
2 010 0 0
0 1
Puc. 6

Taxk kak A > 0, T0 TOUKa

T

11 1
0,—,0,-,0,0
(,6,7677)

SBJSETCS PeIleHneM BCIOMOTATebHOM 3aaqu. 1lpu aToM cpenu 6a3MCHBIX BEKTO-
POB HET BEKTOPOB, COOTBETCTBYIOIINX MCKYCCTBEHHBIM MEPeMEHHBbIM. Takum obpa-
30M, B KQ4eCTBE HAYaJIbHON KpailHel TOYKHU B HCXOAHON 334a49€ MOXKHO B34Tb TOYKY

T
11 1
= 07770777 .

12. Ilpumepsl 3a4a4 JNHENHOTO MIPOrPpaMMHUPOBaHUSA

1. 3agaya oNTUMAJIBHOIO INIAHUPOBAHULA HPOU3BOACTBa. IIpeaupusrue
BBIIIYCKAeT d BUIAOB LIPOAYKIMH, HOTPebJisisd IPKU 3TOM T BUJOB ChIpbsi. JLjist BbILyC-
Ka equHUIBI k-ro BUma mpoxykimw, k = 1,...,d, 3aTpaunBaeTca ap; €IWHHUI j-TO
coipbs, j = 1,...,n. CymmMapHbIil 00beM j-TO BUA ChIPbs, HAXOMSAIIErOCS B PACIIO-
PAYKEHNN TPeATpUATHA paseH b;. IIpubeias ¢ mponsBoacTBa k-TO BUIa TPOLYKITHN
paBHa 7 py6aeil. 3agada 3aK/IH0YAETCA B TOM, 9TOOBI [IOJIYYUTh MAaKCHMAILHYIO
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npUOBLIL TIPU YCJIOBHAHU, 9TO PACXOM ChIPhs HE TPEBBICUT TOT, KOTOPBIA HAXOINT-
€ B PACIOPSZKEHNH NpEeANpuAThs. IlycTh T — Npou3BeIeHHbIH 00beM k-ro Buaa
nponykiuu. Torma obiras npudbLIL paBHA

d
T
r-m:Zrkxk, r=(ry,...,re), T=(T1,...,2q)" .
k=1
TlonmydaeM cmeayIomyio 333y
d
r - X — max, Zaijkgbj, j=1...,n, z>0.
k=1

DTa 337298 OUEBUIHBIM OOPA30M CBOIUTCA K 3aJa4e JMHEHHOrO MporpaMMupoBa-
HUsd B HOpMaJbHO¥ dhopme (29).

2. TpaucnopTHaga 3agada. llmeercs n KapbepoB C IMECKOM U M OTpeduTe-
Jieif, KOTOpBIX HaI0 obecneunTsh meckoMm. C k-ro Kapbepa MOXKHO YBE3TH G TOHH
HecKa B CYyTKH, a j-My HOTPeOHTeNI0 Hy?KHO b; TOHH mecKa B cyTKH. IIpm arom me-
pPeBO3Ka ONHOH TOHHBI TECKa, ¢ k-TO Kapbepa j-My MOTPeOHTeNio OOXOMUTCH B Ckj
py6aeit. Tpebyerca obecriednTsh BCEX MOTPEOUTENIEH, 3aATPATHB TIPHA ITOM HANMEHb-
LIyI0 BO3MOXKHYIO cyMMy nerer. OBo3Hauas 4epes Tj; KOJIMIECTBO IIECKA, B3ATOIO
¢ k-To Kaphepa JJIst IePEBO3KHY j-My TIOTPEOUTENTIO, TTOTYIaeM CIeAYIONIYIO 3a/1a4y:

n m

m
(54) Zchjxkj — min, Zxkj =a, k=1,...,n,
j=1

k=1 j=1

n
Zxkj:bj, j=1....m, x;>20, k=1,...,n, 5=1,...,m.
k=1

TTonoxum
C*:(01130127"'7017713-"7Cn1)cn27"'7cnm))
r = (1711,5612, e TImy -5 Tl Tn2y - - - 7xn7n)Ta
11 ... 100 ... 0 ... 0
0 0 0 1 1 0
A— 0 0 0 0 O 0 1 ’
0 0 .. 0
0 0 0
0 0 1 0 0 1 0 0 1
b= (a1,a9....,an,b1,b2, ... ,0m)7".

Torna 3amaga (54) 3amuniercs B KaHOHUYECKOH (hopme
¢z —min, Az=05b, x>0.

3. 3agaya Ha mmuHHMaKc. Ilycrs c7,...,c; € (RH* By,...,0k € R, A —
Marpuiia pasmepa n X d, b € R™ u

f(z) =max{ci -z —B1,...,c; - — B}, xecRL
Pacemorpuwm crremyromyo 3anady

(55) f(z) > min, Ax=05b, z>0.
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Dyukiys f He sBjsgercd JUHEHHON M 109TOMY 3anada (55) He saBJsercd 3aaadeil
JIMHEMHOI0 MPOrpaMMHUPOBaHUA, HO €e JIETKO CBECTH K TaKOBOMH, BBeJd JOIOJIHU-
TeNbHYIO TlepeMenHy0. [lokaxkem, uro 3aaava (55) IKBUBAJIEHTHA 3a7ade

(56) Tgyr —min, ¢z - <zap1, j=1,....k, Ar=0, 2>0.

Jeiicreurensho, nycts T = (T1,...,24)7 — pemenne 3amaun (55). Torma

(Z1,...,Za, f(T))T — pemrenme zamaum (56), Tak KakK €CIH TPEINOJOKHTH TPO-
TUBHOE, TO CyLIECTBOBaJ Obl BEKTOP T, AOIyCTUMBIH B 3aja4e (55), mig KOToporo
f(@) < f(Z), 9T0 MPOTUBOPEUNT TIPEATIOIOKEHUIO O TOM, UTO T — DEIEHUE 3aa91
(55).

Ecnu npeanonoxurs, 9ro (T1, ..., T4, Tdr1)  — penienue 3agauu (56), TO BeK-
top T = (Z1,...,%4)7 — momycrumbri B 3amate (55). Eciu on me apagerca pere-
HIEM 3TOH 3a/[a41, TO HANJeTCA JOMYCTUMBIA B Heil BekTop T = (T1,...,%4)7, as
koroporo f(Z) < f(Z) < Zgy1. Torma sexrop (T1,...,%4,Tap1)", rae Tqr1 = f(T),
SIBJIAETCS TOMYCTUMBIM B 331a49e (56), a [isd Hero Tyy1 < Tg41, 9TO IPOTUBOPEIUT
TIPEJINONOKEHNIO 00 IKCTPEMATBHOCTH BEKTOPA (T1, . . ., T, Tay1)

)T

13. TpancnopTHad 3amatda

Paccmorpum 6odiee noapobuo rpancuopruyio 3ana4dy (54). Hanomuum, 9o peus
UJET O MEPEBO3KE OJHOPOIHOTO TPy3a U3 N MYHKTOB oThpasijeHus Ai, ..., A, B m
MYyHKTOB HasHaueHus By, ..., B,,. 3 nyHkra ornpasienus Ay MOXHO YBE3TH
eIMHAT] TPY3a, a B IyHKT HasHadeHnd B; Tpebyerca JocTaBuTh b; eqwHuUI rpysa.
IIpu sToM mepeBo3Ka ONHON eAuWHUILI rPy3a U3 HyHKTa Ay B myHKT B; 00X01UT-
ca B cy; pyouseil. Tpebyerca obecneduTds IepeBO3KY I'DY30B, 3aTPaTUB IPU 3TOM
HAMMEHBIITYI0 BO3MOXKHYIO cyMMy meHer. O6o3Haquast uepes Tj; KOJIUIECTBO I'PYy3a,
[IEPEeBO3UMOr0 U3 IYHKTa Aj B IyHKT Bj, HOIy4aeM CIEIYIOUyI0 3a1ady:

(57) chkjl‘kj%min, zp; >0, k=1,...,n, 5=1,...,m,
k=1j=1
(58) Zxkj:ak, k=1,...,n,
j=1
(59) S ak=b, j=1,....m.
k=1
Brens oboznauenns
C*:(Cll,ClQ,--.,Clm,.--7Cn1,Cn27...,Cnm),
CE:(1’11,1’12,...,xlm,...,.Tnl,xn27...,l'nm)T,
11 ... 100 ... 0 ....0O0 ... 0
0 0 01 1 1 0 0 0
(60) A— 0 0 0 0 O 0 1 ’
1 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 1 0 0 1
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MBI 3anuckiBaIn 3a1a4y (57)—(59) B kanoHmyueckoit opme
(61) ¢ -x—min, Ar=0, x>0.

Besikuii gomycTuMbIi BEKTOP B 3TOIM 3a7a9U€ MBI HA3BIBAEM JONYCTMUMDBLM NAGHOM
NEePEe6o30k, & PEIICHAE TPAHCIOPTHOH 331491 HA3BIBACTCA ONMUMAADHBIM TIAGHOM
nePeco3ok.

N3 ycnosuit (58), (59) BbITEKAET, YTO

n m n m

Tkj :Zak :Zb' = M.
k

k=1j=1 =1 j=1

WNubivu coBamu, obImuil 3amac rpy3a Ha BCEX MYHKTAX OTIPABICHUA PABEH CYM-
MapHO# nOTPeOHOCTH BCEX MYHKTOB HA3HAYEHHUS. B 9TOM Cilydae rOBOpST, YTO UMe-
eTCsl 3AMEHYMAA MOJeAs MPAHCNOPMMHOTE 36004 U.

MoKHO PACCMATPUBATL HE3AMKHYTHIE MOIENHM TPAHCIOPTHON 3amadun. [loka-
K€M, UYTO OHU MOTYT OBbITh CBEJIEHBI K 3AMKHYTOU MOIEJIH.

IIycts cymmapHBIe 3amachl oTmpaBuTesnaeil 60Ibime CyMMapHBIX MOTPEOHOCTEH

IIYHKTOB Ha3HAa4Y€HUA, T.€.
n m
Z ap > Z bj.
k=1 j=1
B srom ciayuae paBeHcTBa (58) 3aMEHSIOTCH HEPABEHCTBAME
m
Zxkj §ak, k= 1,...7n.
j=1

Beenem ¢ukTuBHbIN NyHKT HazHaueHUs B, 41 ¢ BeJnvauHON 3aB0O3a

n m
bm+1 = E ap — E bj
k=1 j=1
" HYJECBBIMU CTOUMOCTAMU TEPEBO3OK B 3TOT MYHKT. ,Ho6a13.nsm HOBBIE HEOTPHILA-

TeJIbHBIE IEPEMEHHBIE Tk 1, K = 1,...,n, DOJydaeM 3aMKHYTYIO MOJAEIb TPaHC-
TIOPTHO! 3aJIla49M C OTPAHUYEHUAMU B BHUJE DABEHCTB

m—+1
E Tpj=ag, k=1,...,n,
Jj=1

n
Z.Tijbj, j=1...,m+ 1.
k=1

[IycTb Temepb cyMMapHBIE 3aMACHI OTIPABUTE/IEH MEHBIIIE CYMMapPHBIX TOTPed-
HOCTell IYHKTOB HAa3HAYEHUd, T.€.

n m

E ap < E bj.

k=1 j=1
Torna pasercrsa (59) 3aMeHAIOTCA HEPABEHCTBAMHE

n
Zxk,j < bj, j: 1,...,m.
k=1

B srom ciayuae BBOAMTCS (DUKTUBHBIN MyHKT OTOPABIC€HUSA A, 1 C BETUYUHON BbI-

BO3a
m n
Apt1 = E b — E a
j=1 k=1
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¥ HYJEBBIMU CTOMMOCTSIMU ITIEPEBO30K W3 3TOro myHkrta. JlobaBiisiga HOBBIE HEOT-
punareabHble IepeMeHHbIe Tpiy1,j, J = 1,...,M, NOIy4aeM 3aMKHYTYIO MOJENb
TPAHCIOPTHOH 337241 ¢ OTPAHUYEHUSIMU B BHUJE DABEHCTB

m
Zxkaak, k=1,....,n+1,
=1

n+1
E Ty :bj, j: 1,...7m.
k=1

14. CsoiicTBa TpaHCIOPTHOM 3aJa4u

TpancropTHas 3312494 ABIAAETCH 33a4€lH JIMHEHHOTO IPOrPAMMHUPOBAHUS U MO-
JKET PelaThCs CUMILIEKC-METOIOM. B Ty mpOCTOro crpoeHust Orpanndenuii (MaT-
punipl A) CymecTByer psiji YIPOIIEHUA TP PEIIeHAN 3TOH 3a1a49u. DTOT YIIPOIIEH-
HBIN MeTO ¥ OyAeT OMUCAH HUXKE, HO CHAYAJIa HAM TOTPeOYIOTCH HEKOTOPBIE BCIIO-
MorareJabHbIE Pe3yIbTaThI.

JIEMMA 2. Jlas 060t mpancnopmuol 3adawu cyuecmeyem 0onycmumsit
NAGH NEPEEO30K.

HOKABATEJILCTBO. Be3 orpanwdenusi OOIMIHOCTH MOXKHO CINTATh, UTO PAaC-
CMATPHUBAETCST 3aMKHYTas MOJEb TPAHCIOPTHOM 3a1a4u. [lomoxkumM

akbj
Torma
m“ _makbj_akm _ak -
j=1 j=1 j=1
- _nakbj_bjn _bj -
Do =D =0 2L =M =y
k=1 k=1 k=1
Tem caMbIM Tj; — JOMYCTUMBIN TIJIAH TEPEBO3OK. O

JIEMMA 3. Jlas ar0botli mpancnopmuoli 3adavu cyusecmeyem onmumasbHbiil
NAGH NEPEBO3ok.

JOKABATEJIBCTBO. B cny ieMMbl 2 1 TOTO, 9TO 3HAUEHNE TPAHCTIOPTHOH 3a-
a9y OTPAHUYIEHO CHU3Y HYJIEM, 3TO 3Hadenne konevHo. [Io Teopeme cyiecTBoBanms
(reopema 19), yaurbiBasd, 4ro paziudsbie hOpMbl 3324 JUHEHHOTO IPOrPaMMEUDO-
BAHUs SKBUBAJEHTHBI, IMOJIYYAEM CYIIECTBOBAHUE ONTHUMAJBHOIO IJIAHA B JIIOOOM
TPaHCIIOPTHOM 3a1a4e. O

JIEMMA 4. rjgA=n+m—1.

JTOKABATEABLCTBO. [lpubasum K n-oif CTPOKE MaTPUILl A BCE MPEIBIIYINTE.
Iomyuum cTpoky, cocrosiyo u3 enqunuil. [[pubaBuM B 3TOM MATPUIE K TOC/IETHEH
CTPOKE BCe CTPOKH, HauuHag ¢ 1+ 1-oif. [Tosyuum Takyio ke crpoky. CiemoBarenn-
o, rgA<n+m—1.

IlepecraBum CTpOKM, Ha4YWHAS CO BTOPOH IO M-YyIO, [OCJE IMOCJIEAHEN CTPOKH
matpunsl A. Torma, eciv B HOBOM MaTpHUIE B3STh CTPOKH CO BTOPOH MO TOC/EI-
H1010 U croabipt 1,....mym+ 1,2m+1,...,(n — 1)m + 1, 70 noay4urcs MUHOD
nopsanka n+m — 1, apagronuiica TpeyroabHOl MaTpullell ¢ eIMHNIIAMY Ha, TTIaBHOM
auaronasn. Tem cambim 1g A =n+m — 1. O
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W3 mokazamuoll jleMMBI U TpeIozKeHus 17 BBITEKAET, YTO KPANHAS TOYKA B
paccMaTpuBaeMoOil TPAHCIOPTHON 3aJatde MOXKeT nMeThb He 6ojee n + m — 1 moso-
KUTEJIbHBIX KOODJIUHAT.

JIEMMA 5. Jhobwe n+m — 1 cmpox mampuyse A Aunelino He3a6UCUMDbL.

HOKABATEJIBCTBO. Kak 6bLI0 OTMEYEHO, CyMMa TEPBBIX N CTPOK COBIIAIAET
C CYyMMO# OCTaBIIMXCd CTPOK. DTO O3HAYAELT, UTO JIt0OAs CTPOKA €CTh JHMHEHHas
KoMOMHAIMS ocTaBimxcs N+ m — 1 crpok. B cuny roro, uro rg A = n+m— 1, atn
OCTABITHECS CTPOKW JIMHEHTHO HE3aBUCUMBI. (]

15. MeToabl HaxX0X/IeHUd HAYAJIbHOM Kpalieii TOYKH B TPaHCOIOPTHOM
3aja4e

Bynem paccmMarpuBaTh 3aMKHYTYI0 MOIETh TPAHCIOPTHON 3amadn. Kak 66110
MOKA3aHO, HE3AMKHYTas MOJIENb JIETKO CBOJIUTCS K 3aMKHYTOH BBeIeHHEeM (DUKTHB-
HOTO MOCTABINUKA MK (PUKTHUBHOTO TOTPEOHUTES.

Ucxomnyro TpaHcniopTHyO 3a1ady OyAeM 3a/aBaTh B BUIAE NAAGMENCHOT MAM-

puys (puc. 7).

by | by | ... | by

ap | C11 | C12 | --. | Cim

Az | C21 | C22 | ... | Com

(279 Cnl Cn2 CIE Cnm
Puc. 7

JInst coCTaBNCHUST MAMPUUbE NAAHG NEPEEO30K YIOOHO UCIONB30BATH CIEIYIO-
niyto Tabauny (puc. 8).

by by | ... | bn

ap | Ti1 | 12 | --- | Tim

ag | Ta1 | 22 | ... | T2m

an Tni Tn2 e Tnm
Puc. 8

1. Metoj “ceBepo-3anagHoro yria’’

HaszunaunM MakcUMaIbHO BOZMOKHYIO IEPEBO3KY U3 TIYHKTA OTHpaBjieHus A B
nyHKT HazHadenusi B . To ecTb 3amo/iHsgeM BepXHUil JeBbIH 3/1eMeHT (211) MaTPUIBI
X = {x};} wiana nepeBo30K Tak, 4roObl IyHKT ormpasieHus A, aubo myHKT
HazHadenusa Bi, mubo 00a 3T MyHKTA OKAXKYTCI HOJHOCTHIO OOCTY>KEHHBIMH.

Ecau mynkT ornpasaerns A1 OKa3aJ/Cs NOJTHOCTBIO OOC/IY2KEHHBIM, TO B J1aJIb-
HeIeM TPU HAXOXKIEHWM MMEPBOHAYAILHOTO TLIAHA TEPEBO30K BBIBOIUM MEPBYIO
CTPOKY MaTpuiibl X M3 PACCMOTPEHHUS U PACCMATPUBAEM TOJIBKO OCTABIIYIOCSA YACTh
Marpuiibl X . Ecnim nyskT HaszHadenus B OKazaicd MOTHOCTHIO OOCIYKEHHBIM, TO
AHAJIOMMYHO BBIBOJMM TIEPBbBIH CTOJOEl U3 JajibHedero paccMorpenns. Ecam xe
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¥ IYHKT OTIPABJIEHUd, U IMYHKT HA3HAYEHUsI OKA3AJINCH MOJHOCTHIO OOCITYKEHHBI-
MU (TaK MOXKET CIY4YUTbCd TOJBLKO B BBIDOXKJICHHOH 3a/a4e), TO BBIBECTU U3 PAC-
CMOTpEHUs CJIeyeT WK MePBYIO CTPOKY, WK MepBbIit cTomberr Marpunbl X . s
ompenesIeHHOCTH OyIeM BBIBOIUTDL NMEPBbINA ¢Tosiberr MmaTpuiisl X. B atom caydae B
quC10 6A3MCHBIX JEMEHTOB HA CJIEIYIONIEM JTAIE BBEIEM 3JIEMEHT C HYJIeBBIM 3HaA-
YeHUEM MMEPEBO3KU, CTOAMINNA B CEBEPO-3AITATHOM YLy OCTABIIEHCS YACTU MATPUIIBI
X (1‘12 = 0)

DTy HpoUeAypy MPOJIOJIZKAEM JI0 TeX IO0pP, MOKA BCE IIyHKTHI OTIIPABJIEHUS W
NMyHKTBI Ha3HaUeHus! He OyayT obcmyxkennl. [locnenteit mepeBoskoit 6yner nepeBos-
Ka W3 MyHKTa OTIpaBJIeHusi A, B MyHKT Ha3HaueHUs B, .

Ha xaxknom 1mare 06CIyKUBaeTCsA OJIUH U3 TyHKTOB OTIIPABICHNAS NN HAZHAYE-
HUs, a Ha IOCIeIHeM Iare o0cayKuBarTca 0ba nyakra A, u B,,. [IosTomy 4ucio
0a3MCHBIX 3JIeMEHTOB Oymer poBHO n+m — 1. Hafinenuotit mian OyaeTr J0myCTHMBIM
TIJIAHOM TIEPEBO30K, CofepsKammuM He Hosee n + m — 1 MOJOKUTETHLHBIX KOOPAWHAT
u gBjsonmiica (Kak Oymer 1moKa3aHo HU¥Ke) KpafiHel TOUKOH MHOXKECTBA JOIyCTH-
MBIX JIEMEHTOB.

ITpumep 15.1. 3ama10uM TPAHCTIOPTHYIO 33/1a49y B BHUJIE [LJIATEXKHON MATPHITBI
(puc. 9).

by =40 [ by =15 | by =42 | by = 13
a1 =10 2 1 5 11
a2:80 4 3 4
az =20 6 2 7 8
Puc. 9

ITocTpoum mo mMeromy “ceBepo-3amamHoro yria’ MepBOHAYAILHBIN ILIAH IIepe-
Bo30K. HasnaumMm MakcmMaapHO BO3MOMKHYIO MEPEBO3KY, pasuyro 10, m3 myHKTa
orupasiaerana A; B myHkT HasHadenua Bi. To ecTb B Marpuie mepBOHAYAIBHOIO
maaHa nepeBo3ok X momoxkum x1; = 10. Ilpu sToM u3 myHKTa OTHpaBieHus Ap
BECh T'DY3 OKAXKeTCs BBIBE3EHHBIM, MOITOMY Z12 = T13 = T14 = 0. Bemomum u3
PaCCMOTpEHNs MEPBYIO CTPOKY MATpuiibl X U PACCMATPUBAEM TOJBKO OCTABIYIOCS
MaTpHUIly pasmepa 2 X 4.

B nyuxT nazuadenusi B ocraercsa npusedtn 30 eaunut rpy3a. Ha3uaunm Mak-
CUMAJIHLHO BO3MOXKHYIO TIEPEBO3KY, paBHyio 30, U3 MyHKTa OTIPaBIeHus Ao B MyHKT
nasnauenus Bp. Tem cambim 291 = 30. [Ipu 9TOM nyHkT Ha3HaYeHus B okaxkercs
MTOJTHOCTBIO OOCJ/TYKeHHBbIM, TT0TOMY T31 = (. BbiBomuM m3 paccMoTpeHwusi mepBbiit
cTOJIOEIT MATPHUIIBI U PACCMATPHUBAEM TOJBKO OCTABIIMYIOCA MATPHUILY pa3Mepa 2 X 3.

Jasnee, Ha3HAYaEM MAKCHMAaJIbHO BO3MOXKHYIO IEPEBO3KY, PABHYIO 15, U3 MyHK-
Ta ormnpasiennsi As B myHKT HasHadenus Bs. Tem cambiM Zoo = 15, a x39 = 0,
TaK KaK MyHKT HAa3HadeHWs By OKa3bIBaeTCs MOMHOCTHIO 00CayKeHHBIM. [Ipomosi-
2Kasl ITOT MPOIECC, MPUXOINM K MATPUIE MMEPBOHAYAIHLHOTO TLIAHA MEPEBO30K, B
KOTODO#i JIJIs1 HAIVIAAHOCTH He OyJeM mnucarh Hysesble 3nadenus (puc. 10).

Ob6111ast CTOMMOCTD TIEPEBO30K 0 TAKOMY HAYAIBHOMY TLIAHY PABHA

¢ =2-10+4-30+3-15+4-35+7-7+8-13 =478.

OTMeTuM, 9TO OMUCAHHBIR METOI HAXOXKICHUS MePBOHAYANLHOTO IJIAHA Tepe-
BO30K HE YYUTHIBAET CTOMMOCTH TIepeBO30K. [103TOMY OH MOMKET OKa3aThCd Jasie-
KO He ONTUMaJbHBIM. lIpuBesieM Apyrue MeTOmbl HAX0KJICHUSI HAUATLHON KpaiiHeit
TOYKM, YIUTHIBAOIIAE CTOUMOCTH EPEBO3OK.
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by =40 | bo =15 | b3 =42 | by =13
a; =10 10
as = 80 30 15 35
as =20 7 13

Puc. 10

2. MuEUMYM IO MaTpuile

Bribepem B miaarexxuoii Mmarpurie C' MUHUMAJTbHBIH 3jeMenT. [IycTn

N Ckj = Chgjo -
k,j
Eciu MuHEMAIbHAS CTOMMOCTD TIEPEBO3KHU JTOCTUTACTCS HA HECKOJBKHX HJIEMEHTAX,
TO BBIOUpaeM J1000# u3 Hux. HasHaumMm MaxCHMaIbHO BO3MOKHYIO MEPEBO3KY U3
IyHKTa ornpasienus Ay, B nynkr Haguadenus Bj . Tem caMbiM HOyHKT oTIpas-
gexus Ay, WnH OyHEKT HasHadenus Bj, (mwmm ofa IyHKTa OXHOBpEMEHHO) Oymer
obcyskeH. B mmaTe:kHOM MaTpPUIE COOTBETCTBYIONMIAS CTPOKA MM CTOJIOEI] BHIBO-
JISATCS M3 MadbHeHInero paccMorpenus. ECIUM U IyHKT OTIPABJIEHUS, W IIYHKT HA-
3HAYEHUsI OJHOBPEMEHHO OOCIIYZKUJIUCH, TO JJIS OIPEIEIEHHOCTH Oy/1eM BbIBOJIUTH
3 PACCMOTPEHHUsT CTOJI0EI] MaTpuIibl X .

B ocrapmieiics vacTu miaaTeskHON MATPUIBI BHOBb HUINETCS MUHWMAJIBHBINA 316~
MEHT ¥ TIPOIEIyPa MOBTOPSIETCS [0 TEX MOP, TIOKA MEPBOHAYANBHBIN TLIAH MEPEBO30K
He OyJeT moJIydeH.

IIpumep 15.2. 3amagum TPAHCIOPTHYIO 3349y B BUIE TOU K€ IMJIATEKHON
MaTpHIlbl, KOTOpas Oblia Ha puc. 9. Beibepem B mrarexuoit marpure C' MUHIMATb-
HbIit ssiement. Um aBagerca croumocts 1o = 1. Haznaunm mMakcnMaibHO BOZMOXK-
HY0 1epeBo3Ky, paBHyt 10, u3 u3 myHKTa OTHpaBiaeHusa A B IyHKT HA3HAYEHHS
By. Tlpu 3ToM U3 myHKTa OTHpaBieHust A1 BeCh TPy3 OKAYXKETCsl BHIBE3CHHBIM. B
TTATEKHOM MAaTPUIle TepBas CTPOKA BBIBOJUTCSA U3 JAJbLHEHIIIEr0 PacCMOTPEHUS.

B ocrasimeiicsa qacTy maaTeXKHON MATPHUIILI 2 X 4 BHOBD MINETCI MAHAMAJILHBIHN
smeMeHT. MuHNMAIbHAST CTOMMOCTD TIEPEBO3KH JIOCTHUTAETCH HA JABYX DJIEMEHTAX
C32 = Cy4 = 2. Boibupaewm 1000 n3 Hux. s onpemeneHHoOCTH c32. HazHaunM Max-
CUMAJILHO BO3MOXKHYIO TIEPEBO3KY, PABHYIO 5, U3 MyHKTA OTNPABJICHUS A3 B MyHKT
HasHauenus Bs. [Ipu 31oM myHKT HazHadeHUsT By 0OKAXKeTCs TOJHOCTBIO 0OCITY JKEeH-
HbpIM. B mmarexxnoit Mmarpune 2 X 4 BTOpOil cToa0EIl BBIBOIUTCS W3 JAJLHEHIIEr0
pPacCMOTpEHus.

B ocrasimeiica wacTy maaTeXHON MATPHUIILL 2 X 3 BHOBD HINETCS MAHHUMAIbHBIH
astleMeHnT. VM siBIsSIeTCSa CTOMMOCTD Co4 = 2. HazHauMM MaKCHMAaJIbHO BO3MOXKHYIO
MEPeBO3KY, paBHyto 13, U3 u3 myHKTa ornpasjienus: As B yHKT HazHadenus: By. [Tpu
9TOM TIYHKT Ha3HaueHUs Bj OKaXKeTcsi TMOJHOCTHIO OOCIYXKEHHBIM. B miarexxHoi
MaTPUIE TOCAETHUN CTOJIOEI BHIBOIUTCS U3 JAJbHEHIIErO PACCMOTPEHMS.

IIpomomzkas 9TOT MPOIECC, MPUAEM K HAYAIBHOMY ILIAHY TEPEBO3OK, OTOOpa-
JKEHHOMY Ha puc. 11.

O06m1ast CTOMMOCTD TIEPEBO30K MO TAKOMY HAYMAJBLHOMY TIIAHY DaBHA

cx=1-10+2-5+2-134+4-40+4-27+7-15 = 419.

Meron “MuHMMYMa O MATPHUIE’, YIATHIBAIOIIUN CTOMMOCTH TIEPEBO30K B JaH-
HOM mpuMepe OKazajcs Oosee 3(hdEKTUBHBIM IO CPABHEHUIO ¢ METOIOM ‘‘CEBEPO-
3amaJaHoro yriaa’.
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by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 40 27 13
az = 20 ) 15
Puc. 11

3. MuHUMYM O CTpPOKEe

Boibepem B mepBoit cTpoke miarexkuoit Marpunbl C' MUHUMAJIBHBIA 3JI€MEHT.

Ilycts
mincy; = cyj,-
J

Ecan MunuMyM ZOCTHTaeTcs Ha HECKOJIBKHX JJEMEHTaX, TO BbIOMpaeM 000 3
Hux. HasHaunmM MakCHMaabHO BOSMOXKHYIO IEPEBO3KY U3 IyHKTA OTIIpaBiaeHusa A1 B
HyHKT HazHadeHusa Bj,. TeM caMbIM yHKT oTOpaBienns A WK MyHKT HA3HAYEHH
Bj, (unu oba OyHKTa OXHOBpEeMeHHO) Oymer oOciayxeH. B miaTexHON Marpume
COOTBETCTBYIOIMIAs CTPOKA, WJIKA CTOJIOEI] BEIBOISATCS U3 JAJTBHENIIEro pacCMOTPEHHS.
Ecnn u nyHkT ornpassienusi, U MyHKT HA3HAYEHNUA OHOBPEMEHHO ODCIIYKUIUCH, TO
JI7Is OIIPeIEeJIEHHOCTH Oy/IeM BBIBOIUTH M3 PACCMOTPEHHSI CTOIOEIT MAaTPUIIBI X .

B mepBoii crpoke ocraBieiics 9aCTU IIATEXKHON MATPHUIIBI BHOBD MUINETCA MU-
HUMAJIBHBIN JIEMEHT W TPOIEIyPa MOBTOPSETCS /10 TEX MOP, MOKA TOKa MEPBOHA-
YaJbHBIN MJIAH MEPEBO30K He OYIeT MoJTydeH.

ITpumep 15.3. 3azaguM TPAHCHOPTHYIO 33734y B BUJE TOH XKe ILIATEXKHOI
MaTpHUIIbI, KOTOPas ObLIa Ha puc. 9. Beibepem B B epBoii CTPOKE TIATEXKHON MaT-
punpl C MUHUMAILHLIA 31eMenT. VM gaBisgercs cTouMocTh ¢1o = 1. Haznauum mak-
CUMAJIbHO BO3MOXKHYIO TEPEBO3KY, paBHyio 10, u3 w3 myHKTa OoTOpaBieHua A; B
nyHKT HasHaueHus Bs. Ilpu 3TOoM M3 myHKTa oTHpaBieHus A1 BECh IPY3 OKaXKeTCs
BBIBE3EHHBIM. B IIaTeXHON MaTpHIle MePBasi CTPOKA BBIBOAUTCS W3 JAJbHEHIITEr0O
PACCMOTPEHUS.

B nepBoit cTpoke ocrapiieiicss 4acTyu MIATEXKHONH MAaTpUIbI 2 X 4 BHOBb HIIET-
¢ MUHUMAJLHBIN 3/1eMeHT. MuHnMaabHass CTOMMOCTD MEePEBO3KM JTOCTUTAECTCA Ha,
C24 = 2. HaznaunM MakCHMaIbHO BO3MOXKHYIO IEPEBO3KY, PABHYIO 13, M3 U3 MyHKTA
orupapienuss As B nyHKT HazHadenus By. Ilpu sToM nyHKT HasHadyenusa B4 oka-
2KETCs IIOJTHOCTHIO 00CIy2KeHHbIM. B mmarexxuoit marputie 2 X 4 mociaeauuit croyibert
BBIBOJUTCS W3 JTAJTLHEHIIIEr0o pacCMOTPEHU .

B neppoit cTrpoke ocrapieiica 9acTu MIATEXKHONR MATPUIIBI 2 X 3 BHOBb HIETCS
MUHAMAIBHBIA 371eMeHT. VM aBIsieTcsa CTONMOCTD Coo = 3. HazHauNM MakCHUMATIBHO
BO3MOXKHYIO IIEPEBO3KY, PABHYIO D, U3 IyHKTa OTHpaBieHus As B NyHKT Has3Hade-
nuga Bs. Ilpu 3ToM nyHKT HasHadueHns: Bs OKayKeTCs MOJTHOCTBIO 0OCTYyKEeHHBIM. B
TJTATEKHOW MATPHUIE BTOPO CTOMORI BRIBOIUTCS U3 TAJBHEHITEro pacCMOTPEHUS.

[Ipomoskasi TOT mpoIece, MPUAEM K HAYAJIHHOMY ILIAHY TIEPEBO30K, 0TOOpa-
JKEHHOMY Ha puc. 12.

O061as1 CTOUMOCTD IIEPEBO30K 110 TAKOMY HAYAJIbHOMY ILIAHY PaBHA

cx=1-10+2-13+3-5+4-40+4-22+7-20 = 439.

4. MuHUMYM IO CTOJIOITY

Merom aHaJOruYeH MPEeIbIAYIEeMY, HO BMECTO CTPOK PACCMATPUBAIOTCA CTOJD-
TIBI.
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by =40 | by =15 | by =42 | by = 13
a; = 10 10
az = 80 40 ) 22 13
az = 20 20

Puc. 12

Ilpumep 15.4. 3amagum TPAHCIOPTHYIO 33/a9y B BUIAE TON K€ IMJIATEKHON
MaTpuiibl, KoTopas Obuia Ha puc. 9. Bribepem B B mepBoM CTOJIOIE MIATEKHON
marpunbl C MuHUMAaIbHBIH 3stement. UM aBisgercd croumocTs ¢11 = 2. Haznaunm
MAaKCHMAJIbLHO BO3MOXKHYO IEPEBO3KY, paBHy0 10, n3 u3 myHKTa oTnpasienus A; B
NyHKT HasHavenus: By. [lpu 3TroM u3 myHkTa ornipaBjenust Ay BeCh TPY3 OKAKeTCs
BBIBE3EHHBIM. B miarTexxHoil MaTpuile mepBas CTPOKa BBIBOIUTCS W3 TAJBHEUIIEro
paccMoTpeHus.

B nepsom crosbite ocTaBIeiicss 1acTh MAATEXKHON MAaTPHUILI 2 X 4 BHOBb HINET-
Ccd MUHUMAJbHBIA 3s1eMeHT. MuHMMAIbHAS CTOMMOCTD MEPEBO3KH JOCTUIAETCA HA
c21 = 4. HaznaunM MakcuMaabHO BO3SMOXKHYIO MTEPEBO3KY, paBHy0 30, U3 U3 MyHKTa,
ormpaBienusi A B MyHKT HazHadenusi By. Ilpu sToM myHKT HazHadenusi B oka-
KETC MOJTHOCTHIO 0bOcayxkenubiM. B miparexnoit marpure 2 X 4 nepsbIit croabert
BBIBOJUTCH W3 JAJIBHEHIErO0 PACCMOTPEHUS.

B nepBoMm crosibite ocTaBIIeiicst 9aCTH IIATEKHON MATPHUITHL 2 X 3 BHOBD HIETCS
MUHUMATBLHBIH 371eMeHT. VM aBIsieTCss CTOMMOCTD c32 = 2. HazHaunM MaKCUMaThHO
BO3BMOXKHYIO MTEPEBO3KY, PaBHYIO 15, U3 MyHKTa OTMpaBjienus A3z B MyHKT Ha3HAYE-
uust Bo. Ilpu arom nyHKT HaznadeHust By OKaxKeTcst HOJHOCTHIO 00CTyKeHHbIM. B
IJIATEXKHOM MATPHUIE BTOPOI CTOIOEI BHIBOTUTCA U3 JAJTLHEHINEro pacCMOTPEHU.

IIpomomzkas 9TOT MpOIECC, TPHUAEM K HAYAJIBHOMY ILIAHY TEPEBO3OK, OTOOpa-
2KeHHOMY Ha puc. 13.

b1 =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 42
az = 20 15

Puc. 13

Ob611ast CTOMMOCTD TIEPEBO30K MO TAKOMY HAYAIBHOMY TLIAHY DABHA
¢ x=2-10+4-30+2-15+4-42+2-8+8-5=39%4.

Meroa “mMuHEMYMA IO CTOJIOMY” B JAHHOM IIpUMepe oKa3ascsa Hanbosaee 3 deKTrB-
HBIM 10 CPABHEHUIO C NPYTUMU METOJAMHU.

[TPEJIOKEHUE 21. Onucannsie unuie memodv, HATONCIEHUA NEPEOHANAND-
HO20 NAGHE NEPEBOZOK NPUBOIAN K NEPEORAUALbHOT KPaliHel Mowke MHONCECTEA
JONYCMUMLET IAEMEHMOB.

HOKABATEJIBLCTBO. W3 upenyioxkenus 17 ciaemyer, 4T0O [HOCTATOYHO JOKA3ATh,
YTO CTOJBIBI MATPUITHI A, COOTBETCTBYIONTHE OA3UCHBIM 3JIEMEHTAM, JIHHEHHO He3a-
BUCHMBI.

OrmeTnM, 9TO BO BCEX OMMCAHHBIX METOIAX HA KAXKJIOM ITalle Mbl BHIBOIUM W3
paccmorpenna ubo cTosder], Aub0 CTPOKY MATPUIlbl X .
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JlokazaTeabCTBO MpoBeaeM nHAyKIimei mo n+m = k. Ilpu n+m = 2 maTpuna
A cOCTOMT U3 OJHOrO CTOJIONA U yTBEPNKJACHUE PEIIOKeHus oueBuIHO. [Ipeno-
JIOXKUM, 9TO A N + m = k cTOAOIBI, TONydaeMble 3TUMU MeTONAME JUHENHO
He3aBUCUMBL. JloKaxkeM cOOTBeTCTByMOIee yreepxkaenue aus n +m = k + 1. He
OTpaHUYuBast OOIHOCTH MOXKHO CUYMTATH, YTO HA TIEPBOM ITAlle W3 PACCMOTDEHHUsI
BBIBOIUTCS IIEPBAasl CTPOKA WJIM MEPBbIii crosiber (B IPOTUBHOM CJIy4ae Mbl MOXKEM
CTPOKHU UK CTONOIBI 1ePEOBO3HAUUTS ).

Ecsiu Mbl BBIBOJMM U3 PACCMOTPEHUS IEPBYIO CTPOKY MATPHIIBI, TO 3TO O3HA-
YaeT, YTO TIEPBBIN MyHKT OTnpasjieHus Ay 0OCIYIKeH TOMHOCTBIO, £11 — DA3UCHBIA
aseMenT, a £1; = 0, j = 2,...,m. IlepBoe orpamntenne ypasuenuit (58) BBIIOIHE-
uo. [Tosromy B Marpurie orpanuderuii A MOXKHO yOpaTh MEpBYIO CTPOKY U TEPBHIE
m cTonbroB. i HOBOM MATPHIIBI IO MPEANOJIOKEHUIO UHTYKIIUY [0y YeHHbIE JTI0-
OBbIM M3 PACCMOTPEHHBIX METO/IOB OA3MCHBIE JIEMEHTHI CTOAT B 1 + M — 2 JTHHEHHO
HE3aBUCUMBIX cTONIONaxX. JTobasmenue cTosabua ¢ equnuieil Ha nepsoM Mecre (U erre
Ha OIHOM) K 1+ m — 2 JIMHEIHO HE3ABUCUMBIM CTOIOIAM ¢ PACIIMPEHUEM U JI00aB-
JIEHWEM HYJIs Ha TIePBOE MECTO K KaXKIOMY U3 STUX CTOJIOIOB MPUBOIUT K CHCTEME
u3 n +m — 1 quHeliHO HE3ABUCUMBIX CTOJIOIOB.

Eciu Mbl BBIBOTUM U3 pACCMOTPEHUS TIEPBbIT CTOJIOEI, MATPHUIIBI, TO ITO O3HA-
YaeT, UYTO MEPBBIA MYHKT Ha3HAUeHUs B OOCIyKeH MOJHOCThIO, T11 — Oa3WCHBIN
asemenT, a 1 = 0, k = 2,...,n. [lepsoe orpannuenue ypasHenuii (59) BbITOJ-
ueno. Ilosromy B Marpure orpanudenuit A MoxHO y6pars n + 1 cTpoky u erre n
cTosibnoB. JIJg HOBOM MATPHUILI MO MPEIIONOKEHUI0 UHIYKIUN IOy Y€HHBIE JTEO-
OBIM W3 PACCMOTPEHHBIX METOOB OA3UCHBIE JIEMEHTBI CTOAT B 1 4 M — 2 JHHEHHO
HezaBucuMbIX crosibuax. Jdobasaenue crosnbua ¢ eaununeii na n+ 1 mecre (u ewe
HA OIHOM) K 1+ m — 2 JIUHEHHO HE3ABUCUMBIM CTOJIOIAM ¢ PACIIUPEHUEM U JT00aB-
JIeHWeM HyJs Ha N + 1 MEeCTO K KaXKJAOMYy U3 THUX CTOJIOMOB MPUBOIUT K CHCTEME
n3 n +m — 1 guHeiiHO HEe3aBUCUMBIX CTOJIOIIOB. O

16. 3amaua, ABoiicTBeHHad K TpaHCHOOPTHOMU 3amade. Meto/,
IOTEHINAJIOB

[Toub3ysich 3a1MCHI0 TPAHCHOPTHON 3a/4a4u B KAHOHU1ecKOi (opme (61) u Bu-
JIOM JIBOHCTBEHHOI eif 3ama4u (cM. (38)), mosydaem 3a1a4y, IBOHCTBEHHYIO K TPAHC-
TIOPTHOIA:

y*-b— max, y*A<ch

Ecau nmonoxuth

*
Yy = (U]_,...,U/n,’Ul,.. '7Um)a
TO ,HBOIL/'ICTBGHHaH 3aJa49a MOXKeT 6bITb InepernucaHa B BUIeE:

n

m
E upay + E v;b; — max,

(62) k=1 j=1
up+v; <cg;, k=1,...,m, j=1,...,m.

JBoiicTBeHHbIe NepeMeHHbIe U = (U1, ..., Uy,) U U = (V1,..., Uy, ) HASBIBAIOTCS
NOMEHYUAAGMU.

OHOBpEMEHHOE PACCMOTPEHME UCXOIHON U JABOMCTBEHHON 338491 IPUBOIUT K
METO/Y PELIeHM, HA3bIBAEMOMY MEMOJoM NOMEHUUAAOE.

IIycts st mcxomHON TPAHCIOPTHOM 3aa4u HAMIeH TIepBOHAYAILHBIN TIJIaH TIe-
PEBO30OK X, ABJIAIONUNCS KpaiiHeil TOUYKOM MHOMXKECTBA MOMYyCTUMbIX 3HadeHuil. OH
COIEPKUT N + M — 1 HEOTPHUIIATEIbHBIX KOMIIOHEHT, KOTOPbIEe MBI HA3bIBAEM 0a-
BUCHBIME (I[IPH €r0 HAXOXKJIEHUU MOYKHO MCIOJIb30BATD JII0O0H U3 OIMCAHHBIX BBIIIE
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meroznos). Manexcer (k,j) cooTBeTCTByYOmMME GAMCHBIM KOMIIOHEHTAM OymeM Ha-
3BIBATDH Gasuchvimy uhdexcamu. MHOXKeCTBO GasucHbIX nHAECKCOB (K, j) obo3HaYMM
qepe3 B.

Paccmorpum cucremy 3 n+m — 1 ypaBHeHWIT 7 OnpeIeeHus n + m moTeH-
IIIAJIOB Uk, Vj:

(63) up +vj =cj, (k,j) € B.
Crpokm Marpuupl 9TOl cucTeMbl (€CAHM DPACIONOKHUTH HEN3BECTHBIE B IIOPS/IKE
UL, Uy - e vy U,y UL, V2, .« .« Upy) COBTIATAIOT ¢ GABUCHBIME CTOJOIAMM W TOITOMY JIU-

HetiHo HesaBucuMbl. M3 jgoKazaTebecTBa JIEMMBL 5 CleIyeT, dTo Jioboi croaberr
cucreMbl (63) ecThb uHelinas KoMOGHUHAIMS OCTANIbHBIX. OTCIONa BLITEKAET, 9TO JII0-
6y10 HeusBecTHYIO B cucreMe (63) MOXKHO NPHHSTH 33 CBOOOAHYIO HEM3BECTHYIO, &
OCTAJIBHBIE TOTJa OJHO3HAYHO BBIPA3ATCA depe3 Hee. Ilomoxkum, Hampumep, uy = 0.
Torma ocTagbHBIE 1 + M — 1 TOTEHIWAIOR OMPENEIATCS OIHOIHAMHO.

Honoxum C = {e;}, tiae ey = up, +vj, k=1,...,n,j=1,...,m, a Marpuiy
A ompenenum creayiomum obpazom: A = C — C.

TEOPEMA 26. Ecau x — xpaiinas mouka 6 mpancnopmuoti 3adauwe u A > 0,
MO T ABAAETNCA DEWEHUEM MPAHCNOPMHOU 36064 U.

JTOKA3ATEJBLCTBO. Yciorue A > 0 03HAYAET, UTO HANWIEHBI TOTEHITHABI Uk
U vj Takue, 9TO

up+v; <cgj, k=1,....n, j=1,...,m,
npuuem uy + v; = cg; upm (k,j) € B. Takum 06pa3om, BEKTOP
(Ugy.onyUp, V1, .., V) ABIAETCA AOMYCTUMBIM B ABONCTBEHHOM 3amade (62).

C apyroit cTropoHs!, TOCKONBKY Zk; = 0 npu (k,j) ¢ B, To

ZZ CkjTkj = Z CkjTrj = Z (uk—i—vj)xkj

k=1 (k,j)EB (k,j)€B

D (un +v5)an.

=1j=1

M=

=

Pasbusas nocsentiono cymmy Ha ape U yuurbiBas ycuaosus (58) u (59), nouyuaem

m m n
- r = E g URTE; + g E VjTg; = g U g Tk + g v Tkj
k=1j=1 k=1 j=1 j=1 k=1
n m
= g ULay + g v;b;.
k=1 j=1
Orciona u3 crencTBrst 7 BBITEKAET, UTO & — PEIeHne UCXOMHON 3amaun, a (u, v) —
pellienre B JBOWCTBEHHOIT 3a1a4e€. U

Vemosue A > 0 aBjasercss HE TOILKO JOCTATOUHBLIM, HO U HEOOXOIUMBIM JIJIsI
HEBBIPOXKICHHBIX TPAHCIOPTHHIX 3a1ad. /I JoKa3aTeabeTBa 3TOro (pakTa HAM MO~
TPeOYIOTCS HEKOTOPBIE BCIIOMOTATETHHBIE YTBEPIKIEHUSI.

JIEMMA 6. Jl0601 munop mampuys, A (60) pasen aubo 0, aubo £1.

HOKABATEJIBCTBO. [I0Ka3aTeabCTBO MPOBEIEM C TIOMOIIBIO WHIYKITUN TI0 TI0-
psiaKy MUHOPOB. Jjis MUHOPOB nopsizika 1 yrBep:k/ieane jJeMmMbl ogeBuanHo. [Ipeno-
JIOXKHUM, UTO YTBEPIKICHUE JOKA3AHO I BCeX MUHOPOB A mopsinka k — 1. JTokarxkem
CIIPABEINBOCTD YTBEPXKIEHUS JIEMMBI I8 MUHOPOB mopsiaka k. Pazmenum crpoku
MaTpuilbl A Ha JBe TPYTMIBL HEPBbIE N CTPOK OTHECEM K MEPBON I'PYIINE, a MOCe-
ayiomye m cTpok — Ko Bropoil. Ilycts Ay — mpoM3BOABHBIN MUHOD MOpsaaka k.
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Kazxapiid cronben Ap MOXKET coaepxKaTh JU00 ABe €IUHUIbI, JU00 ONHY €IUHUILY,
b0 CIJIOLIb COCTOATH M3 HyJeil. B mociegdem ciydae odeBuano, dro Ay = 0.
IIycrs KaxkApIiA cToberr Ay, COmEpKUT XOTs Obl OAHY enuHuIly. Torma BO3MOXKHBI
JIBa CAyYas:

a) xors Obl B oqHOM crosbie Ay COIep:KUTCS ONHA eJIUHUIA,

6) BO BCcex crosbiax Ay COIEPKUTCA POBHO /IBE €IUHUIIBL.

B cayuae a) Boibepem cronbew, couepKaliuil OAHY €IUHULY U PA3JIOKUM 1O
HeMy uccaenyeMerii Munop. Iomyumm, aro Ay = £A}_ |, roe A} | — HEKOTOPBIi
Munop A nopsinka k — 1. VI3 npeamonoxkenus HHAYKIMH BBITEKAET, 9T0 A paBeH
aubo 0, audo +1.

B cayuae 6) cpeau crpok Ay UMEOTCs OPEACTABUTENN KaK IepPBOil, TaK U BTO-
poit rpynn crpok. Bosemem m100y10 cTpoky Ay, NPHHAIIEKANIYIO NEPBO rpyme,
¥ pubaBUM K Hell BCe OCTAJIbHBIE CTPOKH M3 3TOH Ke rpynnbl. [loyuuM cTpoky,
COIEPIKAIIYIO BCE eIUHUIBI. AHAJIOTUYIHO, TPpUHABJIsA K JTI0O0H CTPOKE BTOPOH rpyIi-
Bl BCE OCTAJIbHBIE CTPOKU U3 TOH 2KE IPYIIIIHI, CHOBA MTOJIYYNM CTPOKY, COCTOSIILYIO
u3 Bcex egunuil. Ilosromy B paccmarpuBaeMmoM ciaydae Ay = 0. U

JIEMMA 7. Jaa aobwz (ko,jo) ¢ B cywecmeyem sexmop t = {tx;} maxod,
wmo At =0 u
+1 wau 0, (k,j) € B,

tk] = 17 (k7j) = (k07j0>7
0, 6 OCMANDHBIL CAYHAAL.

JIOKABATE/ILCTBO. BekTop  m10mKeH yIOBIeTBOPATH CHCTEMe
D Akitrg = —Akgjos
(k.j)eB

rae Ayp; — coorBercrBytommit cronben marpuinst A. Boibpas n 4+ m — 1 nuneiino
HE3aBUCUMBIX CTPOK B 9TOIi cucreme (4T0 BO3MOXKHO CJEJIaTh, TaK Kak rg A = n +
m — 1), Hosly4uM cucreMy C HEBBIPOKEHHOM marpuueil A

At = —b,
e t = {tx;}, (k,7) € B, a cronbern; b — nomyden u3 croabua Ay,;, BHGOPOM
COOTBETCTRYIOIINX CTPOK. Pemast sty cucremy 1o npasniy Kpamepa, 6ynem nvmern
b = | A

i
|A]

TIe MaTPHUIIA, Akj TIOTyI€HA, U3 MATPHUIIBI A zamemoit crontua (k, j) ma cronber b. 13

jmemMer 6 craenyet, uro |A| = £1. Marpuna Ay, ¢ TOIHOCTLIO 0 3HAKA U [EPECTa-
HOBKHA CTO.TI6L[OB TaKZKe ABJIA€TCA HEKOTOPBIM MHHOPOM A HOSTOMy OIIpeacjnTeJIb
stoft Mmarpuiibl paBen 0 wim +1. U

TEOPEMA 27. Ecau x — kpalinas mowka 6 mpancnopmmot 3adawe ¢ n+m —1
NONOAHCUMEALHBMU KOMNOHEHMAMU U
min Akj <0,
k,j

*

Mo cywecmeyem naar T maxod, umo ¢* - T < ¢* - x.

JOKA3ATEJILCTBO. IlycThb

min Akj = Akojo'
k.j

Iomoxkum T = x +tt, Tae t n3 memmer 7. Beibepem ¢ > 0 10CTATOIHO MAJIBIM, 9TOOBI
x +tt > 0 (B KawecTBe t MOXKHO BBIOPATH MUHHMAJIBHOE T;; U3 TEX, AJII KOTOPBIX
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COOTBETCTBYIOIIME Tf; = —1). Torma z + tt — monycrumbliil SJeMeHT B 3a1a4e U B
CHUJIy TOT'O, YTO

crj = Dij + ik = Dy + ug + vy,

UMEIOT MECTO PABEHCTBA

3

m n m
cFT—c'x=t Z(Akj + ug +’Uj)tkj = tZZAkjtkj
k=1 j=1 h=1j—1

n m m n
—l—tZuth}gJ‘ -‘rﬁzvj Ztkj = tAgy5 < 0.
k=1  j=1 j=1 k=1

TIMoceaue IBa CaraeMble B 9TOH CyMMe PaBHBI HYJIIO B Ciiy Toro, uro Af = 0.
Craraemere Agjty; = 0 mpu (k,7) # (ko,Jjo), Tax xak Ag; = 0 upu (k,j) € B, a
lfkj =0 upu (k/’,j) ¢ Bu (k,j) 75 (ko,jo). O

M3 Teopem 26 u 27 HemoCcpeaCTBEHHO BBITEKAET

CHEICTBUE 8. Kpatinas mouka T AGAACMCA PEULEHUEM 6 HEBHLPOHCIEHHOT
mpancnopmmot aadave mozda u moavko mozda, xozda A > 0.

17. AaropuTm pelieHNs TPAHCOOPTHON 3a/aY¥y ¢ HOMOIIBIO MeTOoJa
MOTEHINAJIOB

CdopmynupyeM TpaBuo perreHnsi TPAHCIIOPTHOM 331491 METOIOM TIOTEHITAA~
JioB. Iyt penienust TPAHCIIOPTHOM 331891 CJIeIyeT:

1. TIpuBecty 3ama49y K 3aMKHYTOH MOJIEH.

2. HajiTy mepBOHAYANIBHBIH IJIQH IEPEBO30K X, ABIAIOMIAICS KpafiHei TOIKOit
MHOKECTBA, JIOLYCTUMBIX TOYEK (LpU HAXOXKIAEHUU MOXKHO HUCIOJIB30BATH
JIOBO# U3 OMUCAHHBIX BBIIIE METOIOB).

3. Haiitu norenumanst ug, v; U3 cucrembl (63) U LHOCTPOUTH MATPUILY C =
{ek;j}, tme Gy =ur +vj, k=1,....,n,j=1,...,m.

4. Ilposecru uccaenosanue Marpunpl A = C' — C. Ecau A > 0, o uccuenye-
MBI TJIAH & ABJSETCS PEleHueM.

5. Ecin

mi_n Akj = Akojo <0,
k,j

TO CTPOHUTH HOBBIfl ILUIAH [EPEBO30K CJEAYOmUM O00pPa30M: IIOJIOKUM

:E;WO =1, I;Cj = 2p; £ t WM T}; A7a 6a3MCHBIX WHIEKCOB j, k Tak, ITO0B!

x;j O-TIpeskHeMY OBbLIN HEOTPHUIIATEIbHBI, HO OHA W3 OA3MCHBIX KOMIIO-

HeHT obparuiach 661 B HOTh. BekTop MaTpunpl A, COOTBETCTRYIONINH STOM

KOMITOHEHTE, BBIBOJUTCS U3 YHCIa OA3UCHBIX, a BEKTOp Marpunbl A, co-

OTBETCTBYIOIIUI WHAEKCAM kg, jo BBOIUTCS B YUCIO OA3MCHBIX BEKTOPOB.

3areM BHOBb HAYMHACTCA HCCICIOBAHME IMOMYYeHHOH KpaiiHeil Touku ',

T.€. IEPEXOAUM K . 3.

B neBbIpoxK/I€HHOI 33/1a4€ B HOJIb MOXKET OOPATUTHCH TOJBKO OHA

M3 KOMIIOHEHT BeKTOpa ='. B BLIDOKICHHON 3a7a9¢ TAKOBBIX MOMKET OLITH

HECKOJIbKO. B 3TOM ciydae u3 uucia 6a3uCHBIX 3JEMEHTOB HCKJIIOYAeTCs

Ji00ast KOMITOHEHTA, C HYJIeBBIM 3HAYEHUEM, KaK TPABUJIO UCKITI0YAETCI KOM-

TIOHEHTA C HAMOOJIBINEH CTOMMOCTHIO IIEPEBO30K.

IIpumep 17.1. PaccMOTpuM TPaHCIOPTHYIO 337a9y u3 mpumMepa 15.1.

Bribepem B KauecTBe HAYAIBHOTO TJIAHA TOT, KOTOPBIN MOIYYAJICA 110 METOIY
“ceBepo-3ammaHOro yriia’.

Haitiem norenmnuansl 1 nocrpouM Marpuiy C.
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b1 =40 | bo =15 | b3 =42 | by =13
a; =10 2 1 5 11
as = 80 4 3 4
asz =20 6 2 7 8
Puc. 14
b1 =40 | bo =15 | b3 =42 | by =13
a; =10 10
as = 80 30 15 35
asz = 20 7 13
Puc. 15
1)1:2 1)2:]. U3:2 U4:3
u; =0 2 1 2 3
ug = 2 4 3 4 5
ug = 7 6 7 8
Puc. 16
Nmeem
0 0 3 8
A=C-C=|0 0 0 -3
-1 -4 0 O
MunuMmanbabii saeMenT Azy = —4 < 0. Jlo6apissa B IepBOHAYAILHBIA IIJIAH HA,

MECTO HYJIEBOTO HEDA3NCHOTO 3JIEMEHTA T3z BEJIUIHHY ¢, TIOTYUNM

by =40 | bo =15 | b3 =42 | by =13
a1 =10 10
as = 80 30 15—t | 35+t
as =20 t 7T—1 13

Puc. 17

IMonoxwus t = 7, mosy4uum BTOpoOil mwiaH nepeBo3ok (puc. 18).

BHaueHue MUHUMU3UPYeMOro yHKIHMOHANA s droro 1uana 450 (na nepso-
HAYAJILHOM TLIaHe OHO ObLIo 479).

Haiinem BHOBL HOTEHIMAIBI 1 mOcTponM Marpuiy C.

Nwmeem
00 3 4
A=C-C=10 0 0 -7
3 04 0
MunuManbHbii 3emMenT Aoy = —7 < 0. Jobapiss B MepBOHAYAILHLIA ILJIAH HA

MECTO HYJIEBOrO HEDAZMCHOIO SJIEMEHTA To4 BEJTUIHHY b, IOy IUM
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b1 =40 | by =15 | b3 =42 | by =13
a1 = 10 10
az = 80 30 8 42
az =20 7 13
Puc. 18
U1—2 U2=1 U3—2 U4—7
Uy = 4 3 4 9
uz =1 3 2 3 8
Puc. 19
b1 =40 | by =15 | b3 =42 | by =13
a; =10 10
az = 80 30 88—t 42 t
as =20 7T+t 13—+t

Pnuc. 20

IMonoxkus t = 8, mosyuuM TpeTuil mian nepeso3ok (puc. 21).

by =40 | bo =15 | b3 =42 | by =13
a; =10 10
az = 80 30 42
az =20 15

Puc. 21

SHadeHre MUHUMH3UpyeMoro (GpyHKIMOHANa st 3Toro miaHa 394. Haiinem
BHOBb MOTEHMUANLI U TocTpouM Marpuiry C.

Nmeem
0 7 3 11
A=C-C=|0 7 0 o0
—4 0 -3 0
MunnManbuniii snement Az = —4 < 0. Jobapnss B NepBOHAYANLHBIN ILJIaH HA

MEeCTO HYJIEBOr0 HEDA3ZUCHOIO JIEMEHTA, T3] BEJIUIUHY b, TOTyIUM

IMosnoxkus ¢ = 5, mOJy4UM 9€TBEPTHIH IJIAH NePeBO30K (puc. 24).

SHadeHne MUHIMU3UPYEMOro pyHKIMOHAIA A1 3Toro 1iana 374. Haiinem mo-
Tennuabl 1 nocrpoum marpuiy C (puc. 25).

Nmeem

—
—_

0 3
A=C-C=|0 3
0 0

_ O W
=~ O
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U1:2 U2:—6 ’1)3:2 ’04:0
U = 2 —6 2 0
Ug = 2 4 —4 4 2
ug =8 10 2 10 8
Puc. 22
by =40 | by =15 | b3 =42 | by = 13
a; =10 10
as =280 | 30—t 42 8+t
az = 20 t 15 5—1t
Puc. 23
by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 25 42 13
az = 20 5 15
Puc. 24
v =2 |ve==2|v3=2|v4=0
up =0 2 -2 2 0
Ug = 4 4 2
Us = 4 6 6 4
Puc. 25

B cuny toro, uro A > 0, mOCTpOEHHBIH YeTBepTHINA TIJIaH MePEeBO30K SIBJISIETCS OIl-
TUMAJbHBIM U CYMMapHas CTOUMOCTD TIEPEBO30K paBHa 374.



T'nasa 3

JlonosiHeHMeE

1. Hanayuinee npubJin>keHne B JIMHEHHOM HOPMHUPOBAaHHOM
IIPOCTPaHCTBE

IIycts X — nmbeiiHOe HOPMUPOBAHHOE IIPOCTPAHCTBO U Y — HEKOTOPOE MHO-
xectBo n3 X. Jlns GpukcupoBaHHOTO 3meMenTa £ € X PacCMOTPUM 3339y O Ha-
XOXKIEHUU BEJTUIUHBL

B(x,Y) = inf [l —llx,

HA3LIBAEMON HAUAYYULUM NPUOAUNCEHUEM INEMENMA T MHONHCecmeom Y . Ecmu cy-
mecTByeT § € Y, mist KOToporo

e = yllx = E(z,Y),
TO z:l\ Ha3bIBACTCA INEMEHTNOM HAUAYUULE2O npu6JLu9fcesz.

TrEOPEMA 28. Iycmo X — Auneltinoe HOPMUPOBAHHOE NPOCTPAHCME0, 6 Y —
KOHEUYHOMEPHOE AuHeTHoe nodnpocmpancmeo X . Tozda das awbozo x € X cywe-
CMBYEM, INEMEHM, HAUAYHULE20 NPUOIUNCEHUA.

HOKABATEJILCTBO. Ilycts x — mpousBombHbIi daemenT u3 X . Ilo onpenene-
HWIO HUKHEH MPAHW HANIETCS MOCIe0BATENBHOCTD { Yy, b, JJTs1 KOTOPO#

1
|2 —ynllx < E(z,Y) + n
Torma mpu Bcex n € N
[ynllx < llyn — zllx + [[zllx < E(z,Y) + 1+ [lz]lx.

TeM caMbIM TIOCTIEIOBATENBHOCTE {Yy, } OpAHUYEHA, &, 3HAYUT, U3 HEE MOXKHO BbI-
JIEJTATH CXOMSAIIYIOCS TIOITOCTIEI0BATENLHOCTD Yy, — Y € Y. Nmeem

E(,Y) <l =ylx <o —ynllx + lyn, —Vllx
1 ~
< E(I,Y) +—+ ||ynk - yHX
N
Yerpemass k K GECKOHEIHOCTH, MOIYTaeM
lz = ¥llx = E(z,Y).
d

2. Hauaydinmee paBHOMepHOe IIpUOJINXKeHNe MHOroOYJeHaMu. TeopeMa
YeobbIm1eBa

O6osnaunm yepes C([a, b]) muneitnoe npocrpancTso dyHKIMA 2(+), HEMTPEPHIB-
HBIX HA OTpe3Ke [a,b], ¢ HOpMOil

()l e(an) = t)].
=) llcqosy = ma [(t)

65
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Yepes P,, 6yaem 0603HAYATH MHOXKECTBO AJIT€OPANIECKUX MHOTOUYIEHOB CTEIIEHN HE
Boime n. Paccmorpum 3anaay mammywmero npubnmxkenns Gyaxkmun (-) € C([a, b))
anreOpamdecKUMi MHOTOYICHAME U3 P, T. €. 3a/1a49y O HAXOXKJICHUH BETHINHDI

Ew().Pu) = inf (o) = puCllegias)

~,

B cusy teopembr 28 cyriecrByer Muorowien p(-) € P, Takoi, 4To

E(z(-), Pn) = ll2(-) = Pu()llc(a)-
Meuoro4nen p(-) HA3BIBAETCA MHOLOYACHOM HAUAYHULE20 PASHOMEPHOZ0 NPUBAUICE-

Hua st x(-).

TrEOPEMA 29 (Bamne-Tlyccen). IIpednosooicum, 4mo cyuwecmeytom n—+ 2 mou-
xua <ty <...<tpia<b, 6 komopwx das nexomopozo p,(-) € Py, svinosnstomes
PABEHCMEA

sign(z(t;) —pa(t;)) =o(=1)7, j=1,...,n+2,
20e 0 = 1 uau —1. Tozda

BE(x(),Pn) > min _[x(t;) — pa(t;)]

T 1<j<n42
HOKABATEJABLCTBO. Ilpemamonoxum, 910 /1t MHOIOY/IEHA HAUJIYYINErO IIPU-

GavsKeHnst P, (+)

z() = Pn()lle(ap) < 1S§11§15+2|x(tj) — pn(ty)]-

Torna

sign(pn (t;) — pn(t;)) = sign(pn(t;) — x(t;) + x(t;) — pa(t;))
= sign(z(t;) —pu(t;)) = o(=1)7, j=1,...,n+2.
Tem cambiM MHOTOUNEH Dy (+) — P (+) € P, Menser 3nak me menee (n + 1)-ro pasa,

9TO HEBO3MOXKHO, T. K. MHOTOYWIEHBI U3 Py, OTJIUYHBIE OT TOXKIECTBEHHOI'O HYJIsd, HE
MOT'YyT UMeTh DoJiee n HyJeil. U

TEOPEMA 30 (Uebbmmen). Muozowien Dp(-) € Pp ACAAEMCH MHOZOUACHOM
HAUAYUWERD PasHoMepHozo npubiusicenusn das Pynkuuu x(-) € C([a,b]) 6 mom u
MOABKO 8 MOM cAYy“ae, Ko2da cywecmeyrom n+ 2 mouku a <t; < ... <tpy2 <b
MaKue, 4mo

2(t;) = pu(t;) = o(=1)[|2(-) = Pulle(aey, F=1,...,n+2,
20e 0 = 1 uau —1.
JIOKABATEJILCTBO. Heobxomumocts. Ilycrs D,(1) € P, — MHOrOYIEH Hau-

Jyamero papaomMeproro npubmukenus g byakmun z(-) € C([a, b]). O6o3naunm
9epes ] MUHUMAJBHYIO U3 TOYEK OTPE3Ka [a, b], B KOTOPBIX

|£L’(t) _ﬁn(t” = E(x()>7)n)

Mycre aya onpenenennoctu z(t1) — pn(t1) = E(x(), Pn). Yepes ty oboznauum
MHUHHMAJBHYIO U3 TOUEK OTPe3Ka [t1, )], B KOTOPBIX

l‘(t) _ﬁn(t) = —E(JJ(),Pn)
IIpomoskast 9TOT mporece, moayuum To9ku a < t; < ... < t,, < b, B KOTOPBIX
w(t;) = Palty) = (=17 E(2(:),Pa), j=1,....m.
Mpeanonoxkum, a0 m < n + 2. B cuny HenpepbiBrocTH byHKINH Z(-) — Dp(-) Ha

KaXKIOM U3 HHTEpBaJOB (t;,t;41), j =1,...,m — 1, Haifigerca ToUKa s;, B KOTOPOit
x(sj) — Pn(sj) = 0. ITonoxum sp = a u S, = b. Torma us mocrpoenns: Touek t;
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BBITEKAET, YTO Ha KAXK/JOM U3 OTPE3KOB 55, S;41], j = 0,1,...,m—1, BbimonusaoTcs
HEDPABEHCTBA,

—E(z(-), Pn) < (2(t) — pu(t))(—1)! < E(z(-), Py).
[Tosromy naiinercs Takoe € > 0, aro npu t € [s;,s541], 7 =0,1,...,m —1
—B(x(),Pn) +& < (x(t) — Du(t))(=1)! < E(2(-), Pn).

Iomozxum
m—1

q(t) =\ H (sj —t) € Py,
=1
rie A > 0 BoibepeM Tak, 9T00bI

la()lle(ap) <

DO ™

Torma mpu t € (s;,8;41), 7 =0,1,...,m — 1, umeem

(@(t) = Pu(t) = a(®)(=1)7 < B(2(), Pn) = q(t)(=1) < E(x(:),Pn)

1, KPOMe TOTO,

(@(t) = Pu(t) — a(t))(=1)) = —E(x(-), Pa) + € — q(t)(~1)’

> ~E(a(),Pu) + 5 > ~E(a(),Pu).

Tem cambim gt MEOTOWIEHA T (1) = Dp(+) + ¢(+) € Py,

HJ?() - Tn(')”C([a,b]) < E(x()77)n)

Tloyuennoe mpoTUBOpEYHE NOKA3BIBAET, YTO M > N + 2.
Hocrarouanoctsh. U3 TeopeMbr 29 BBITEKaET, 9TO

E(z(-),Pn) = |2(-) = Du ()l c(tan)-

CuenoBareibHO, Dp(-) — MHOrOWIEH HAMIYYIIEr0 PABHOMEPHOrO INIPUOJIUIKE-
HUA. U

Ecmu y menpepeisrOil Ha oTpeske [a, b] GyHKIHE cymecTByer n Touek a <t <
ty < ... <t, <b, B KOTOPBIX OHA IPUHUMAET, YePeaysl 3HAKHU, 3HAYECHHUS, PABHbBIE
no momymo ee Hopme B merpuke C([a, b]), To roBopaT, 9TO y 9T0# DyHKIMYN nMeeTcst
N-AADMEPHANC.

Takum 00pazom, Teopema HebblleBa yTBEPKIAET, 4TO MHOrOYIEH Py (-) € Py
ABIAETCA MHOTOWIEHOM HAMIYYIIEr0 PABHOMEPHOTO MPHOIMAKEHUA I DyHKIUT
z(+) € C([a,b]) B ToM 1 TONBKO B TOM Caryuae, koraa y dyakmun x(-) — Dy, (-) umeercs
(n + 2)-anprepHanC.

3. Muorowiennsr YebbirieBa
Mnozouren Jebvuesa wHa orpeske [—1, 1] onpenensiercss paBeHCTEOM

T, (t) = cos(n arccost).
N3 ToxaecTra
cos(n + 1)p + cos(n — 1) = 2 cos ¢ cos nyp,
noJsiaras p = arccos t, moJjy4aem

(64) Tpar(t) = 2T (t) — Tar(t), n=1,2,... .

Tax kak Tp(t) = 1, a T1(t) = cosarccost = t, To u3 papeHcTBa (64) BBITEKAET, UTO
T, () — meficTBUTENIEHO MHOTOUJIEH CTEIIEHU N, TIPH 9TOM HETPY/IHO YOEUTHCS, UTO
y Hero ko3¢ duInnenT npu crapimeil cremenn pases 27 L.
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OTveTnM pam BAXKHBIX CBOHCTB MHOrOwieHOB Uebbrmesa. ¥ T),(-) mMeercs n
Pa3/IMYHBIX BEIIECTBEHHBIX KOPHEH

t A
j = cos ——, =1,...,n.
/ 2n J
U3 onpenenenus T,,(+) caemyer, 4ro
IT.(t)] <1, te[-1,1].
Ha orpeske [—1, 1] umeercst n + 1 Touka
8 ZCOSE, j=0,1,...,n,
n

B KOTOPBIX |1}, (+)| mpuHEMAET MAKCUMATBHBIE SHAYEHWST
(65) Tn(s;) = (-1), j=0,1,...,n.

Paccmorpum crenyroryto srcTpemanbhyio 3agady. Cpeau Bcex anrebpamde-
CKUX MHOTOYJIEHOB CTEIEHN 7 CO CTAPIUM KO3 DUITMeHTOM, paBHBIM eINHUIIE, Hal-
TH TOT, /i KOTOPOr0 MaKCUMAJIBHOE 3HAUEHHE €ro MOAyJ/Is Ha oTpeske [—1, 1] 6buio
OBl HAMMEHBIIUM. JTY 33449y MOXKHO CHOPMYIUPOBATH KAK 33Ty HAVIIYUIIErO
paBHOMEpHOro npubarKenus PYHKINA t"° MHOTOUIEHAMHA CTEIIeHN He BbIme 1 — 1,
T. €. 33724y O HaxOKAeHann Bemmaunbl E (1", P, _1). U3 reopemer 30 u pasencrs (65)
[IOJIy9aeM, 9TO PEIIEHUEM HOCTABJIEHHON 38/1a49U ABJISIETCS MHOIOYJIEH

— 1
T,0) = WT"(t)'
A mmenHoO, UMeeT MeCTo

TeorPEMA 31. Ilpu ecexn € N

" — 1
E@t", Pn-1) = Tn()llcq-1.1) =

on—1"
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