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Ââåäåíèå

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîä-

íîñòè, ïîñòàâëåííàÿ äëÿ îïåðàòîðà Ëàïëàñà-Áåëüòðàìè íà åäèíè÷íîé (d-1)-ìåðîé ñôåðå.

Âåäåòñÿ ïîèñê îïòèìàëüíîãî ðåøåíèÿ â íåêîòîðûé ìîìåíò âðåìåíè ïî íà÷àëüíûì äàííûì,

çàäàííûì ñî ñëó÷àéíîé ïîãðåøíîñòüþ. Àíàëîãè÷íàÿ çàäà÷à äëÿ ñëó÷àÿ äåòåðìèíèðîâàííîé

ïîãðåøíîñòè áûëà ðàññìîòðåíà â [1]. Îáùóþ ïîñòàíîâêó ïîäîáíûõ çàäà÷ ìîæíî íàéòè â [2].

Óðàâíåíèå òåïëîïðîâîäíîñòè íà (d-1)-ìåðíîé ñôåðå

Îïðåäåëèì â Rd åäèíè÷íûé øàð ñ öåíòðîì â íà÷àëå êîîðäèíàò:

Bd =

{
x = (x1, ..., xd) : |x|2 =

d∑
j=1

x2
j < 1

}

è åãî ãðàíèöó - (d-1)-ìåðíóþ ñôåðó

Sd−1 = {x ∈ Rd : |x| = 1}.

Ââåäåì íà Sd−1 îïåðàòîð Ëàïëàñà-Áåëüòðàìè.

Ðàññìîòðèì Pk - ìíîæåñòâî âñåõ îäíîðîäíûõ ìíîãî÷ëåíîâ ñòåïåíè k:

P (x) =
∑

|α|=k

cαx
α, α = (α1, ..., αd), αj ∈ Z+ äëÿ j = 1, ..., d; |α| = α1+ ...+αd, x

α = xα1
1 ...xαd

d , cα ∈ R.

Ýòî ìíîæåñòâî ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì. Ïóñòü Dα := ∂|α|

∂x
α1
1 ...∂x

αd
d

.

Äëÿ ìíîãî÷ëåíà P ∈ Pk îïðåäåëèì P (D) =
∑

|α|=k

cαD
α - äèôôåðåíöèàëüíûé îïåðàòîð. Åñëè

P (x) = x2
1 + ... + x2

d, òî P (D) = ∆ - îïåðàòîð Ëàïëàñà. Ìíîæåñòâî îäíîðîäíûõ ãàðìîíè÷åñêèõ

ìíîãî÷ëåíîâ ñòåïåíè k ñîñòîèò èç ìíîãî÷ëåíîâ P ∈ Pk : ∆P = 0. Îáîçíà÷èì åãî ÷åðåç Ak.

Côåðè÷åñêèå ãàðìîíèêè ïîðÿäêà k - ìíîæåñòâî Hk - ýòî ñóæåíèå Ak íà Sd−1. Ðàññìîòðèì

ñóæåíèå Y ìíîãî÷ëåíà P ∈ Ak. Y (x′) = P (x′) ïðè x′ ∈ Sd−1. Êðîìå òîãî, P (x) = xkY
(

x
|x|

)
.

Ïîýòîìó òàêîå ñóæåíèå ÿâëÿåòñÿ èçîìîðôèçìîì, è dimHk = dimAk = ak.

Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ (ñì. È. Ñòåéí, Ã. Âåéñ [3]).

Óòâåðæäåíèå 1.

ak = (d+ 2k − 2)
(d+ k − 3)!

(d− 2)!k!
, a0 = 1, a1 = d.

Óòâåðæäåíèå 2.
∞∑
k=0

Hk = L2(Sd−1).

Ââåäåì íà Hk êàê íà ïîäïðîñòðàíñòâå L2(Sd−1) ñêàëÿðíîå ïðîèçâåäåíèå ïî ôîðìóëå

(f, g)L2(Sd−1) =

∫
Sd−1

f(x′)g(x′)dx′, x′ ∈ Sd−1.
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Â êàæäîì Hk ñóùåñòâóåò îðòîíîðìèðîâàííûé áàçèñ
{
Y

(k)
j

}
j=1,...,ak

. Èç óòâåðæäåíèÿ 2

ñëåäóåò, ÷òî ñèñòåìà
{
Y

(k)
j

}k=0,1,2,...

j=1,...,ak
ÿâëÿåòñÿ îðòîíîðìèðîâàííûì áàçèñîì L2(Sd−1).

Ïîýòîìó ∀f ∈ L2(Sd−1) èìååò ìåñòî ðàçëîæåíèå ïî ýòîìó áàçèñó: f(x′) =
∞∑
k=0

ak∑
j=1

ckjY
(k)
j (x′), (1)

ãäå ckj åñòü êîýôôèöèåíòû Ôóðüå ôóíêöèè f :

ckj = (f, Y
(k)
j )L2(Sd−1) =

∫
Sd−1

f(x′)Y
(k)
j (x′)dx′, x′ ∈ Sd−1.

Òåïåðü çàäàäèì îïåðàòîð Ëàïëàñà-Áåëüòðàìè äëÿ ôóíêöèé íà åäèíè÷íîé ñôåðå ïî ïðàâèëó

∆SY (x′) = ∆Y (x/|x|)|x=x′ , x′ ∈ Sd−1.

Óòâåðæäåíèå 3. (ñì. È. Ñòåéí, Ã. Âåéñ [3]). Ïóñòü Y (k) ∈ Hk íà Sd−1. Òîãäà∆SY
(k) = −ΛkY

(k),

ãäå Λk = k(k + d− 2).

Ñîñòàâèì çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà åäèíè÷íîé ñôåðå äëÿ îïåðàòîðà (−∆S)
α/2:

ut + (−∆S)
α/2u = 0, α > 0

u|t=0 = f(x′) (2)

x′ ∈ Sd−1, f(x′) ∈ L2(Sd−1)

ãäå (−∆S)
α/2 èç çàäà÷è (2) îïðåäåëÿåòñÿ ðàâåíñòâîì:

(−∆S)
α/2Y =

∞∑
k=0

Λ
α/2
k

ak∑
j=1

ckjY
(k)
j ,

Y =
∞∑
k=0

ak∑
j=1

ckjY
(k)
j .

Òîãäà äëÿ òàêîãî îïåðàòîðà è ôóíêöèè f , äëÿ êîòîðîé èìååì ðàçëîæåíèå (1), ìåòîäîì Ôóðüå

ïîëó÷àåì ðåøåíèå çàäà÷è (2):

u(x′, t) =
∞∑
k=0

e−Λ
α/2
k t

ak∑
j=1

ckjY
(k)
j (x′), x′ ∈ Sd−1. (3)
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Ïîñòàíîâêà çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà åäèíè÷íîé ñôåðå

Ðàññìîòðèì ôóíêöèþ f(x′) èç çàäà÷è (2), x′ ∈ Q,Q = Sd−1. Ïóñòü Wα
2 (Q) - ïðîñòðàíñòâî

ôóíêöèé f(x′), äëÿ êîòîðûõ âûïîëíåíî ||(−∆S)
α/2f(x′)||L2(Q) ≤ ∞.

Ðàññìîòðèì êëàññ

Wα
2 (Q) = {f(x′) ∈ Wα

2 (Q) : ||(−∆S)
α/2f(x′)||L2(Q) ≤ 1}.

Óñëîâèå ïðèíàäëåæíîñòè f(x′) êëàññó Wα
2 (Q):

∫
Sd−1

∣∣∣∣∣
∞∑
k=1

Λ
α/2
k

ak∑
j=1

ckjY
(k)
j (x′)

∣∣∣∣∣
2

dx′ ≤ 1.

Èç îðòîíîðìèðîâàííîñòè ñèñòåìû
{
Y

(k)
j

}k=0,1,2,...

j=1,...,ak
ïîëó÷àåì, ÷òî ýòî ðàâíîñèëüíî ñëåäóþùåìó

íåðàâåíñòâó:
∞∑
k=1

Λα
k

ak∑
j=1

|ckj|2 ≤ 1 (4).

Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû Ôóðüå ckj ôóíêöèè f(x′) çàäàíû ñî ñëó÷àéíîé îøèáêîé.

Îïðåäåëèì ëèíåéíûé îïåðàòîð I : Wα
2 (Q) → RN , ãäå N = a0 + ...+ an.

Îí çàäàåò êîýôôèöèåíòû Ôóðüå: If = (c01(f), c11(f)..., c1d(f), ......, cn1(f), ..., cnan(f)).

Èìååì ëèíåéíûé îïåðàòîð T : Wα
2 (Q) → L2(Q), êîòîðûé êàæäîé f(x′) â ôèêñèðîâàííûé

ìîìåíò âðåìåíè τ ñòàâèò â ñîîòâåòñòâèå ôóíêöèþ u(x′, τ), ïîëó÷åííóþ ñ ïîìîùüþ (3).

Çàäà÷à ñîñòîèò â îïòèìàëüíîì âîññòàíîâëåíèè çíà÷åíèé îïåðàòîðà Ò íà êëàññå

Wα
2 (Q) ïî çíà÷åíèÿì ëèíåéíîãî îïåðàòîðà I, çàäàííûì ñî ñëó÷àéíîé îøèáêîé.

À èìåííî, çàôèêñèðóåì δ > 0 è äëÿ êàæäîé ôóíêöèè f(x′) ∈ Wα
2 (Q) ðàññìîòðèì ìíîæåñòâî

ñëó÷àéíûõ âåêòîðîâ

Yδ(f) = {y = (y01, y11..., y1d, ......, yn1, ..., ynan) : M(y) = If ;D(ykj) ≤ δ2; j = 1, ..., ak; k = 0, .., n)}.

Ïóñòü çàäàí ìåòîä âîññòàíîâëåíèÿ - îòîáðàæåíèå φ : RN → L2(Q).

φ ñîïîñòàâëÿåò ñëó÷àéíîìó âåêòîðó y ∈ Yδ(f) ýëåìåíò èç ïðîñòðàíñòâà L2(Q), ÿâëÿþùèéñÿ

ïðèáëèæåíèåì çíà÷åíèÿ Tf.

Ïîãðåøíîñòü ìåòîäà âîññòàíîâëåíèÿ - ýòî âåëè÷èíà

e(T,Wα
2 (Q), I, δ, φ) =

(
sup

f∈Wα
2 (Q),y∈Yδ(f)

M(∥Tf − φ(y)∥2L2(Q))

)1/2

.
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Ðàññìàòðèâàåì òîëüêî òå ìåòîäû, äëÿ êîòîðûõ âåëè÷èíà e(T,Wα
2 (Q), I, δ, φ) îïðåäåëåíà.

Òðåáóåòñÿ íàéòè ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ

E(T,Wα
2 (Q), I, δ) = inf

φ:RN→L2(Q)
e(T,Wα

2 (Q), I, δ, φ)

è ìåòîä φ, íà êîòîðîì äîñòèãàåòñÿ ýòà íèæíÿÿ ãðàíü - îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ.

Îáùèé ñëó÷àé

Ðàññìîòðåííóþ âûøå çàäà÷ó ìîæíî îáîáùèòü íà ñëó÷àé ïðîèçâîëüíîãî ëèíåéíîãî

ïðîñòðàíñòâà X íàä ïîëåì K = R èëè C. Ïóñòü Z - ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî.

Ðàññìîòðèì ëèíåéíûé îïåðàòîð T : X → Z. Âîññòàíàâëèâàåì çíà÷åíèÿ Ò íà êëàññå W ⊂ X

ïî çíà÷åíèÿì ëèíåéíîãî îïåðàòîðà I : X → Kn+1. Çíà÷åíèÿ I çàäàíû ñî ñëó÷àéíîé îøèáêîé.

À èìåííî, äëÿ ôèêñèðîâàííîãî δ > 0 è äëÿ êàæäîãî x ∈ W ðàññìîòðèì ìíîæåñòâî ñëó÷àéíûõ

âåêòîðîâ

Yδ(x) = {y = (y0, y1, ..., yn) : M(y) = Ix;D(yj) ≤ δ2; j = 0, 1, ..., n}

Èìååì ìåòîä âîññòàíîâëåíèÿ φ : Kn+1 → Z, êîòîðûé çàäà¼òñÿ ïî ïðàâèëó y 7→ φ(y) ≈ Tx,

y ∈ Yδ(x), φ(y) ∈ Z.

Ïîãðåøíîñòü ìåòîäà âîññòàíîâëåíèÿ:

e(T,W, I, δ, φ) =

(
sup

f∈W,y∈Yδ(x)

M(∥Tx− φ(y)∥2Z)

)1/2

Ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ - E(T,W,I,δ) = inf
φ
e(T,W, I, δ, φ).

Ðàññìîòðèì

W =

{
x ∈ l2 :

∞∑
j=1

νj|xj|2 < ∞

}
,W =

{
x ∈ l2 :

∞∑
j=1

νj|xj|2 ≤ 1

}
, νj > 0, j = 1, 2, . . .

Ïóñòü µj ̸= 0, j = 0, 1, 2, . . . è óäîâëåòâîðÿþò óñëîâèþ: ∃C > 0 : |µj|2 ≤ Cνj, j = 1, 2, . . .

Çàäàäèì ëèíåéíûå îïåðàòîðû T : W → l2 è I : W → Kn+1 ïî ïðàâèëó:

Tx = (µ0x0, µ1x1, . . .), Ix = (x0, x1, ..., xn).

Îáîçíà÷èì

γj =

√
νj

|µj|
, j = 1, 2, . . . ; ξj =

(
j∑

k=1

νk

(
γj
γk

− 1

))1/2

, j = 1, ..., n+ 1

Ñ÷èòàåì, ÷òî ïîñëåäîâàòåëüíîñòü {γj} âîçðàñòàåò.

4



Òåîðåìà 1 (îáùèé ñëó÷àé)

Ñëåäóþùèé ðåçóëüòàò áûë ïîëó÷åí â ðàáîòå Êðèâîøååâà Ê. Þ. [4]

(ñì. òàêæå Îñèïåíêî Ê. Þ. [2]):

Ïóñòü j òàêîâî, ÷òî 1/δ ∈ (ξj, ξj+1]. Òîãäà

E(T,W, I, δ) =

(
δ2|µ0|2 + δ2

j∑
k=1

|µk|2
(
1− γk(1− c1)

γ1

))1/2

,

ãäå

c1 = 1−
δ2γ1

j∑
k=1

νk
γk

1 + δ2
j∑

k=1

νk

,

à ìåòîä

φ(y) = µ0y0e0 +

j∑
k=1

(
1− γk(1− c1)

γ1

)
µkykek,

({ek} - ñòàíäàðòíûé áàçèñ l2) - ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ.

Åñëè 1/δ > ξn+1, òî

E(T,W, I, δ) =

(
δ2|µ0|2 +

1

γ2
n+1

+ δ2
n∑

k=1

|µk|2
(
1− γk

γn+1

)2
)1/2

,

à ìåòîä

φ(y) = µ0y0e0 +
n∑

k=1

(
1− γk

γn+1

)
µkykek,

({ek} - ñòàíäàðòíûé áàçèñ l2) - ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ.

Ïðèìåíåíèå äëÿ ñëó÷àÿ óðàâíåíèÿ íà åäèíè÷íîé ñôåðå

Ïîëó÷èì àíàëîãè÷íûé ðåçóëüòàò äëÿ çàäà÷è (2) è åå ðåøåíèÿ (3). Ðàññìàòðèâàåì ôèêñèðîâàí-

íûé ìîìåíò âðåìåíè τ . Îïåðàòîðó Ò ñîïîñòàâëÿåì âåêòîð

(c01(f)e
−Λ

α/2
0 τ , c11(f)e

−Λ
α/2
1 τ , ..., c1d(f)e

−Λ
α/2
1 τ , ......, cn1(f)e

−Λ
α/2
n τ , ..., cnan(f)e

−Λ
α/2
n τ , ...),

÷òî ñëåäóåò èç (4). If = (c01(f), c11(f)..., c1d(f), ......, cn1(f), ..., cnan(f)) - âåêòîð äëèíû

N = a0 + ...+ an. Íàïîìíèì, ÷òî óñëîâèåì ïðèíàäëåæíîñòè f(x′) êëàññó Wα
2 (Q) ÿâëÿåòñÿ

íåðàâåíñòâî (4). Òîãäà ïîëó÷àåì:

(µ11, ..., µ1d, ......, µn1, ..., µnan , ...) = (e−Λ
α/2
1 τ , ..., e−Λ

α/2
1 τ , ......, e−Λ

α/2
n τ , ..., e−Λ

α/2
n τ , ...),

(ν11, ..., ν1d, ......, νn1, ..., νnan , ...) = (Λα
1 , ...,Λ

α
1 , ......,Λ

α
n, ...,Λ

α
n, ...).

Ïðè÷¼ì ∃C > 0 : e−Λ
α/2
k τ ≤ C · Λα

k , k = 1, 2, ... .
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Îòñþäà ïîëó÷àåì, ÷òî

(γ11, ..., γ1d, ......, γn1, ..., γnan , ...) = (Λ
α/2
1 eΛ

α/2
1 τ , ...,Λ

α/2
1 eΛ

α/2
1 τ , ......,Λ

α/2
n eΛ

α/2
n τ , ...,Λ

α/2
n eΛ

α/2
n τ , ...)

Ñîñòàâèì âåêòîð èç {ξlm : l ∈ {1, ..., n},m ∈ {1, ..., al}} ∪ {ξn+1,1} äëèíû N .

ξ11 =

(
ν11

(
γ11
γ11

− 1
))1/2

, ...,

ξ1d =

(
ν11

(
γ1d
γ11

− 1
)
+ ...+ ν1d

(
γ1d
γ1d

− 1
))1/2

, ......,

ξn1 =

(
ν11

(
γn1

γ11
− 1
)
+ ...+ ν1d

(
γn1

γ1d
− 1
)
+ ......+ νn1

(
γn1

γn1
− 1
))1/2

, ...,

ξnan =

(
ν11

(
γnan

γ11
− 1
)
+ ...+ ν1d

(
γnan

γ1d
− 1
)
+ ......+ νn1

(
γnan

γn1
− 1
)
+ ...+ νnan

(
γnan

γnan
− 1
))1/2

,

ξn+1,1 =

(
ν11

(
γn+1,1

γ11
− 1
)
+ ...+ ν1d

(
γn+1,1

γ1d
− 1
)
+ ......+

+νn1

(
γn+1,1

γn1
− 1
)
+ ...+ νnan

(
γn+1,1

γnan
− 1
)
+ νn+1,1

(
γn+1,1

γn+1,1
− 1
))1/2

.

Òîãäà

ξlm =

(
l−1∑
k=1

ak∑
j=1

νkj

(
γlm
γkj

− 1

)
+ νl1

(
γlm
γl1

− 1

)
+ ...+ νlm

(
γlm
γlm

− 1

))1/2

. (5)

Çàìåòèì ÷òî ïðè ôèêñèðîâàííîì k ∈ {1, ..., l} (l ∈ {1, ..., n+ 1}) çíà÷åíèÿ γkj, νkj

îäèíàêîâû ∀j ∈ {1, ..., ak}, ïîýòîìó ïîñëåäíèå m ñëàãàåìûõ â (5) áóäóò íóëåâûìè, è ñóììà (5)

ïðåîáðàçóåòñÿ ê âèäó:

ξlm =

(
l−1∑
k=1

akνkak

(
γlm
γkak

− 1

))1/2

=

(
l−1∑
k=1

akνkak

(
γlal
γkak

− 1

))1/2

=: ηl. (6)

Òåîðåìà 2 (çàäà÷à íà ñôåðå)

Ïóñòü ∃j ∈ {1, ..., n}: 1/δ ∈ (ηj, ηj+1], òîãäà

E(T,Wα
2 (Q), I, δ) = δ

[
1 +

j∑
k=1

ake
−2Λ

α/2
k τ

(
1−

(
Λk

Λ1

)α/2

e(Λ
α/2
k −Λ

α/2
1 )τ (1− c1)

)]1/2
,
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c1 = 1−
δ2Λ

α/2
1 eΛ

α/2
1 τ

(
j∑

k=1

ak
Λ
α/2
k

e
Λ
α/2
k

τ

)
1 + δ2

(
j∑

k=1

akΛα
k

) ,

À ìåòîä

φ(y) = y01Y
(0)
1 +

j∑
k=1

ak∑
m=1

e−Λ
α/2
k τ

(
1−

(
Λk

Λ1

)α/2

e(Λ
α/2
k −Λ

α/2
1 )τ (1− c1)

)
ykmY

(k)
m

- ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ.

Ïóñòü 1/δ > ηn+1, òîãäà

E(T,W r
2 (T), I, δ) =

[
δ2 +

1

Λ
α/2
n+1

e−Λ
α/2
n+1τ + δ2

n∑
k=1

ake
−2Λ

α/2
k τ

(
1−
(

Λk

Λn+1

)α/2

e(Λ
α/2
k −Λ

α/2
n+1)τ

)2]1/2
.

À ìåòîä

φ(y) = y01Y
(0)
1 +

n∑
k=1

ak∑
m=1

e−Λ
α/2
k τ

(
1−
(

Λk

Λn+1

)α/2

e(Λ
α/2
k −Λ

α/2
n+1)τ

)
ykmY

(k)
m

- ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ.

Äîêàçàòåëüñòâî

Â ñëó÷àå 1/δ ∈ (ηj, ηj+1] ïðèìåíåíèå Òåîðåìû-1 äàåò:

E(T,Wα
2 (Q), I, δ) =

[
δ2e−2Λ

α/2
0 τ + δ2

j∑
k=1

akµ
2
k1

(
1− γk1(1− c1)

γ11

)]1/2
=

=

[
δ2 + δ2

(
j∑

k=1

ake
−2Λ

α/2
k τ

(
1−

(
Λk

Λ1

)α/2
e(Λ

α/2
k −Λ

α/2
1 )τ (1− c1)

)]1/2
.

Ïðè ýòîì

c1 = 1−
δ2γ11

(
j∑

k=1

ak
νk1
γk1

)
1 + δ2

(
j∑

k=1

akνk1

) = 1−
δ2Λ

α/2
1 eΛ

α/2
1 τ

(
j∑

k=1

ak
Λ
α/2
k

e
Λ
α/2
k

τ

)
1 + δ2

(
j∑

k=1

akΛα
k

) ,

Îòêóäà ñëåäóåò óòâåðæäåíèå. À â âûðàæåíèè ìåòîäà èñïîëüçóåì ðàçëîæåíèå ïî âñåì ñôåðè÷å-

ñêèì ãàðìîíèêàì
{
Y

(k)
j

}k=0,1,...,n

j=1,...,ak
.
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Â ñëó÷àå 1/δ > ηn+1 ïðèìåíåíèå Òåîðåìû-1 äàåò:

E(T,W r
2 (T), I, δ) =

[
δ2e−2Λ

α/2
0 τ +

1

γn+1,1

+ δ2
n∑

k=1

akµ
2
k1

(
1− γk1

γn+1,1

)2
]1/2

=

=

[
δ2 +

1

Λ
α/2
n+1

e−Λ
α/2
n+1τ + δ2

n∑
k=1

ake
−2Λ

α/2
k τ

(
1−
(

Λk

Λn+1

)α/2

e(Λ
α/2
k −Λ

α/2
n+1)τ

)2]1/2
.

Âûðàæåíèå äëÿ ìåòîäà ïîëó÷àåòñÿ àíàëîãè÷íî ïåðâîìó ñëó÷àþ.
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